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Counting embedded curves in symplectic 6-manifolds
Aleksander Doan and Thomas Walpuski

Abstract. Based on computations of Pandharipande (1999), Zinger (2011) proved that the
Gopakumar—Vafa BPS invariants BPS 4, ¢ (X, @) for primitive Calabi—Yau classes and arbitrary
Fano classes A on a symplectic 6-manifold (X, w) agree with the signed count n4 ¢ (X, ®)
of embedded J-holomorphic curves representing A and of genus g for a generic almost com-
plex structure J compatible with w. Zinger’s proof of the invariance of n4 ¢ (X, w) is indirect,
as it relies on Gromov—Witten theory. In this article we give a direct proof of the invari-
ance of ny ¢ (X, w). Furthermore, we prove that n4 ¢(X, w) = 0 for g > 1, thus proving
the Gopakumar—Vafa finiteness conjecture for primitive Calabi—Yau classes and arbitrary Fano
classes.

1. Introduction

Are there invariants of symplectic manifolds which count embedded pseudo-holomor-
phic curves? Such counts can fail to be invariants for two reasons:

(a) pseudo-holomorphic embeddings can degenerate to multiple covers, and
(b) they can undergo bubbling and their domains can degenerate.

In the following we consider two situations in which both of these can be ruled out.
Let (X, w) be a closed symplectic 6-manifold equipped with an almost complex
structure J compatible with w. Denote by M} < (X, J) the moduli space of simple J -
holomorphic maps representing a homology class A € H,(X, Z) and of genus g. For
a generic choice of J the moduli space M ¢ (X, J) is an oriented smooth manifold
of dimension
dim M} , (X, J) = 2(c1(X, w), 4).

If A is a Calabi-Yau class, that is, {c1 (X, ®), A) = 0, then Mz’g (X, J) is a finite set
of signed points and can be counted. If A4 is primitive in H, (X, Z), then multiple cover
phenomena can be ruled out, and it will be proved that this count defines an invari-
ant n4 ¢ (X, w). If A is a Fano class, that is, (c;(X, w), A) > 0, then M:l,g(X, J)
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can be cut-down to a finite set of signed points by imposing incidence conditions
governed by suitable cohomology classes y, ..., ya € H®"(X,Z). In this case, mul-
tiple cover phenomena can be ruled out regardless of whether A is primitive or not,
and it will be proved that counting the cut-down moduli space defines an invariant
nae (X, ;y1,...,7A).

These invariants are not new. They were considered by Zinger [39, Theorem 1.5
and footnote 11], who proved that they agree with Gopakumar and Vafa’s BPS invari-
ants. The proof of the invariance of n4, ¢ (X, w) and ng,¢ (X, w; y1,...,ya) in [39] is
indirect: it relies on these numbers satisfying the Gopakumar—Vafa formula and the
invariance of Gromov—Witten invariants. The novelty in the present work is that we
give a much simpler direct proof of invariance. Furthermore, we prove that the invari-
ants vanish for g sufficiently large; thus establishing the Gopakumar—Vafa finiteness
conjecture for primitive Calabi—Yau classes and arbitrary Fano classes.

1.1. Ghost components

The main technical result of this paper allows us to rule out, in certain situations,
degenerations in which the limiting nodal pseudo-holomorphic map has a ghost com-
ponent, that is, a component on which it is constant. The precise definitions used in
the following statement are given in Section 2 and Section 3.

Theorem 1.1. Let (X, goo, Joo) be an almost Hermitian manifold and let (Ji)ren be
a sequence of almost complex structure on X converging to Joo in the C! topology. If
(ug: (Zk, jr) = (X, Ji))ken is a sequence of pseudo-holomorphic maps from smooth,
closed Riemann surfaces which Gromov converges to the nodal J-holomorphic map
Uoo: (Zoo, Joor Voo) = (X, Joo), then one of the following holds:

(1) (Zoos joo» Voo) has no ghost components;

2) (Zoo, Joos Voo) has a ghost component C with at least two non-ghost compo-
nents attached to C;

3) (oo, joo» Voo) has a ghost component C with a non-ghost component att-
ached to C in at least two nodes;

4) (Zoo, joos Voo) has a ghost component C with precisely one non-ghost compo-
nent attached to C at a single node n € C; in that case, d,_(n)Uco = 0, that
is, the corresponding node voo(n) in the non-ghost component is a critical

point of Ueo.

Remark 1.2. Zinger [38, Theorem 1.2] has analyzed in detail when a nodal pseudo-
holomorphic map whose domain has arithmetic genus one appears as a Gromov limit
of pseudo-holomorphic maps with smooth domain. Jingchen Niu’s PhD thesis [25]
extends Zinger’s analysis to genus two. Their results are based on analyzing the
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obstruction map of a Kuranishi model of a neighborhood of the limiting pseudo-
holomorphic map. The proof of Theorem 1.1 in Section 5 uses similar methods. This
idea goes back to Ionel [18, Proposition 1.20] and Pandharipande [27, Lemma 1].
Recently, a different proof of a result similar to Theorem 1.1 has appeared in the work
of Ekholm and Shende [9, Lemma 4.9].

Given a symplectic manifold (X, ) of dimension at least 6, denote by J(X, w)
the set of almost complex structures J compatible with w and denote by Jemp (X, @)
the subset of those J for which the following hold:

(a) there are no simple J-holomorphic maps of negative index,
(b) every simple J-holomorphic map is an embedding, and

(c) every two simple J-holomorphic maps of index zero either have disjoint
images or are related by a reparametrization;

see Definition 2.34. The complement of Jemp (X, w) in J(X, @) has codimension two;
in particular: Jemy(X, @) is open and dense, and every path (J;);e[0,1] in J(X, )
with end points in Jemp (X, @) is homotopic relative to the end points to a path in
Hemb (X, a))

Theorem 1.3. Let (X, w) be a compact symplectic 6-manifold, let (Ji)ren be a
sequence of almost complex structures compatible with w converging to Joo, and let
(up: (Zg, jr) = (X, Jr))ken be a sequence of pseudo-holomorphic maps which Gro-
mov converges to the nodal Jeo-holomorphic map Ueo: (X, joos Voo) = (X, Joo)-
Set A := (Uoo)x[Zoo] € Ha(X,Z). If A is primitive, satisfies {(c1(X,w), A) = 0, and
Joo € Jemb (X, @), then (Zeo, joo, Voo) IS Smooth and U is an embedding.

There is a variant of the definition of J(X, w) adapted to pseudo-holomorphic
maps with A marked points constrained by pseudo-cycles fi,..., fa. (See Section B
for a review of the theory of pseudo-cycles.) The precise definition of this subspace
J(X,w; f1,..., fa) is rather lengthy and deferred to Definition 2.42.

Theorem 1.4. Let (X, w) be a compact symplectic 6-manifold, let (Ji)ren be a
sequence of almost complex structures compatible with @ converging to Joo, and let
(ug: (Zk, Jr) = (X, Jp))ken be a sequence of pseudo-holomorphic maps which Gro-
mov converges to the nodal Joo-holomorphic map Ueo: (oo, Joos Voo) = (X, Joo). Set
A= (Uoo)x[Zoo] € H2(X,Z). Let f1,..., fa be even-dimensional pseudo-cycles of
positive codimension in general position. If

(1) imug Nim f) # @ forevery A = 1,..., A,

2) 2(c1(X.w), A) = Y 4_, (codim f —2) > 0, and

(3) JOO € gemb(X7a);flv~~va),
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then (Xoo, joos Voo) is smooth and U is an embedding with imue, Nim fy # & for
every A =1,...,A.

1.2. Embedded curve counts

Denote by J7 (X, w) the subset of those J € Jemp(X, w) for which every simple
J -holomorphic map is unobstructed; see Definition 2.34.

Theorem 1.5. Let (X, w) be a symplectic 6-manifold. Let A € H,(X,Z) be a primi-
tive class such that {c1(X,w), A) = 0.

(1) Forevery g € Ngand J € 33, (X, w), the moduli space M} (X, J) of simple
J-holomorphic maps representing the class A and of genus g is a compact
oriented zero-dimensional manifold, and the signed count

nag(X, o) :=#M} (X, J)

is independent on the choice of J.

(2) Thereis a gy € Ny, depending on (X, w) and A, such that
nag(X,w) =0 foreveryg = go.

Remark 1.6. In fact, ng ¢ (X, w) depends on @ only up to deformation.

Again, there is a variant J7_, (X, @; fi,..., fa) of J5,, (X, w) adapted to pseudo-

holomorphic maps with A marked points constrained by pseudo-cycles f1,..., fa;
see Definition 2.43.

Theorem 1.7. Let (X, ) be a symplectic 6-manifold, let A € Hy(X,Z), and let
Vis..., YA € H®"(X, Z) be such that deg(y;) > 0 and

A

2(c1(X. @), A) = Y (deg(y2) —2) > 0.
A=1

(1) Let f1,..., fa be pseudo-cycles in X which are Poincaré dual to y1, ..., YA
and in general position. For every g € No and J € 3% (X, w; fi,..., fA)
the moduli space Mz’g (X,J; f1,..., fa) of simple J -holomorphic maps rep-
resenting the class A, of genus g, and intersecting f1, ..., fA is a compact
oriented zero-dimensional manifold, and the signed count

nae(X, 0 ¥1,...,¥n) = #szg(X,J;fl,...,fA)

is independent on the choice of f1,..., fa and J.
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(2) There exists a go € Ny, depending on (X, w), A, and y1, ..., Y, such that
na,g(X,w;y1,...,yA) =0 forall g = go.

Remark 1.8. Remark 1.6 applies mutatis mutandis.

1.3. Gopakumar and Vafa’s BPS invariants

Using ideas from M -theory, Gopakumar and Vafa [10, 11] predicted that there are
integer invariants BPS4 ¢ (X, w) associated with every closed symplectic 6-manifold
(X,w), aclass A € Hy(X,Z) with {¢1(X,w), A) = 0, and g € Ny, which count BPS
states supported on embedded J-holomorphic curves representing A and of genus g.
Gopakumar and Vafa did not give a direct mathematical definition of BPS4 ¢ (X, ®);
however, they conjectured that their invariants are related to the Gromov—Witten
invariants GW 4 ¢ (X, w) by the marvelous formula

Z i GWy (X, 0)- [28—2qA

A g=0
A

with the sum taken over all non-zero Calabi—Yau classes A and, moreover, that

oo

o0
1
BPS,,(X.0)- ) £ (2sin(kr /2))28724kA (1.9)
g=0 k=1

BPS4¢(X,w) =0 forg > 1.

In algebraic geometry, there are approaches to defining the BPS invariants for
projective Calabi—Yau three-folds [15,21, 23,29, 30]. These satisfy the Gopakumar—
Vafa formula (1.9) in some cases, but it is not currently known whether the formula
holds in general.

An alternative approach is to take (1.9) as the definition of BPS4 ¢ (X, w); see [3,
Section 2]. This approach leads to the following conjecture.

Conjecture 1.10 (Gopakumar and Vafa [10, 11]; see also [3, Conjecture 1.2]). The
numbers BPS 4 ¢ (X, ) defined by (1.9) satisfy

(integrality) BPS4 ¢ (X, ®) € Z, and
(finiteness) BPS4 ¢ (X, w) = 0for g > 1.

The Gopakumar—Vafa integrality conjecture has been proved by lonel-Parker [19].
Zinger [39, footnote 11] has proved that for primitive Calabi—Yau classes

BPS4¢(X, ) = nae(X, w);

see also Section C. Therefore, Theorem 1.5 implies the following.
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Corollary 1.11. The Gopakumar—Vafa finiteness conjecture holds for primitive Cal-
abi-Yau classes; that is, for every closed symplectic 6-manifold (X, w) and every
primitive Calabi—Yau class A € Hy(X, Z), there is a go(w, A) such that for every
g = go(w, A),

BPS4,.(X,w) =0.

Remark 1.12. The finiteness conjecture for general Calabi—Yau classes has been
resolved recently [6].

The genus bound in Corollary 1.11 is not effective; therefore, it is natural to ask
the following.

Definition 1.13. Let (X, @) be a closed symplectic 6-manifold and A € H>(X,Z) a
Calabi—Yau class. Define the BPS Castelnuovo number y4(X, ) by

va(X,w) :=inf{g € N: BPS4 (X, w) =0} € Ny

Question 1.14. Is there an bound on y4(X, ) analogous to Castelnuovo’s bound
for the genus of an irreducible degree d curve in P” (see [4] and [2, Chapter III,
Section 2]); that is, a bound of y4(X, @) by a formula involving A and the geometry
of X? (See [16,22] for some work in this direction.)

There is an analogue of the Gopakumar—Vafa formula for Fano classes. Given
A€ Hy(X,Z), g € Ng,and y1,...,yA € HV" (X, Z) satisfying deg(y,) > 0 and

A
2(c1(X.w). A) = Y (deg(y2) —2) > 0. (1.15)
A=1
denote by GW4 ¢ (X, @; y1, ..., yA) be the corresponding Gromov—Witten invariant.

The analogue of (1.9) is

o
ZZGWAyg(Xva)/ly...,yA) .t2g_2qA
A g=0

o0
=3 Y BPSu (X, wip1.....ya) - (2sin(1/2)) % 2HA KA 4
A g=0

with the sum taken over all A € H,(X,Z) satisfying (1.15). Zinger [39, Theorem 1.5]
has proved that

BPS4g(X,wi¥1,....VA) =n4,g (X, 0;¥1,...,VA);

thus establishing the analogue of the Gopakumar—Vafa integrality conjecture. Further-
more, Theorem 1.7 implies the following.
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Corollary 1.16. The analogue of the Gopakumar—Vafa finiteness conjecture holds for
all Fano classes.

Of course, there is an analogue of Question 1.14 in the Fano case.

2. Nodal pseudo-holomorphic maps

This section reviews a few definitions and results regarding nodal pseudo-holomor-
phic maps.

2.1. Nodal manifolds

Definition 2.1. Let X be a manifold, possibly disconnected. A nodal structure on X
is an involution v: X — X whose fixed-point set has a discrete complement. (This
involution is discontinuous unless v = id.) The set of points not fixed by v is called
the nodal set. A nodal manifold is a manifold together with a nodal structure.

The quotient X /v should be considered as the topological space underlying the
nodal manifold (X, v). The atlas of X induces a “nodal atlas” for X /v consisting of
“charts” mapping either to R” or R” x {0} U {0} x R” C R?". The nodes of X /v are
precisely the points mapping to (0,0) € R?" in some chart or, equivalently, the images
of the points in the nodal set.

Definition 2.2. Let (X1, v;) and (X3, v;) be nodal manifolds. A nodal map
fi(X1,v1) = (X2,02)
is a smooth map f: X; — X, such that
fovi=vy0 f

Definition 2.3. Let (X, v) be a nodal manifold. A diffeomorphism of (X, v) is an
element of
Diff(X,v) := {¢ € Diff(X) : p ov = v 0 ¢}.

Every manifold X canonically is a nodal manifold with v = idyx and a smooth map
between manifolds, trivially, is a nodal map. In other words, the category of manifolds
is a full subcategory of the category of nodal manifolds.

Definition 2.4. Let (X, v) be a nodal manifold, ¥ be a manifold, and f:(X,v) - Y
be a nodal map. For a vector bundle £ — Y, set

T(X.v; f*E):={ e (X, f*E) : ov = £}.
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Remark 2.5. In the situation of the preceding definition, set n := dim X and let
p > n. Given a Riemannian metric on X, a Euclidean metric on E, and a metric
covariant derivative on E, denote by W 2T (X, f*E) the completion of I'(X, f*E)
with respect to the corresponding W !*? norm. By Morrey’s embedding theorem,

wblp s cOl-n/p

Therefore, the evaluations maps evy: ' (X, f*E) — E(y) extend to WPT (X, f*E)
and

WLPT(X,v; f*E) = {£ e WHPT(X; f*E) : £(v(x)) = £(x) for every x € X ).

For p < n, it can be shown that the W!:? completion of I'(X, v; f*E) agrees with
the WP completion of I'(X; f*E).

2.2. Nodal Riemann surfaces

Definition 2.6. A nodal Riemann surface is a Riemann surface (X, j) together with
a nodal structure v.

Definition 2.7. Let C be a complex analytic curve. A point of C is a node if it has a
neighborhood which is isomorphic to a neighborhood of the point (0, 0) in the curve

{(z,w) € C?: zw = 0}.

A nodal curve is a complex analytic curve all of whose points are either smooth or a
node.

Let C be a nodal curve and denote by 7: C — C its normalization. The complex
analytic curve C is smooth and, hence, equivalent to a closed Riemann surface (X, j ).
Since C is obtained from C by replacing every node with a pair of points, ¥ inherits
a canonical nodal structure v. This sets up an equivalence between complete, nodal
curves C and closed, nodal Riemann surfaces (%, j, v).

Definition 2.8. The automorphism group of a nodal Riemann surface (X, j, v) is
Aut(Z, j,v) := {¢ € Diff(Z,v) : p«j = j}.
A nodal Riemann surface (X, j, v) is stable if Aut(Z, j, v) is finite.

Definition 2.9. Let (2, v) be a nodal surface with nodal set S. The arithmetic genus
of (X,v)is

pa(Z,v) i =1-— %(X(E) —#9). (2.10)
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Remark 2.11. If (£, 7) denotes a nodal surface obtained from (X, v) by attaching a
1-handle at some pairs of nodes {n, v(n)}, then

Pa(Z.v) = pa(E.7).

2.3. Nodal J-holomorphic maps

Throughout the next four subsections, let (X, J) be an almost complex manifold of
dimension 2n.

Definition 2.12. A nodal J-holomorphic map u: (2, j,v) — (X, J) is a nodal Rie-
mann surface (X, j, v) together with a nodal map u: (X, v) — X which is J-holo-
morphic; that is,

= 1
0y, j) = S (du+ J@)oduo j) =0.

Definition 2.13. If u: (¥, j,v) — (X, J) is a nodal J-holomorphic map and ¢ €
Diff(XZ, v), then the reparametrization

P i =uod (T, psj.v) > (X, J)

is a nodal J-holomorphic map as well. The automorphism group of a nodal J-holo-
morphic map u: (X, j,v) — (X, J) is

Aut(u) :={¢p € Aut(Z, j,v) i uo¢ = uj}.
The map u is said to be stable if Aut(u) is finite.

Definition 2.14. Let (2, j) and (£, j) be smooth Riemann surfaces. Let u: (2, j) —
(X, J) be a J-holomorphic map and let 7: (E,7)>(=,j)bea holomorphic map of
degree deg(;r) = 2. The composition u o 7: Z, 7) = (X, J) is said to be a multiple
cover of u. A J-holomorphic map is simple if it is not constant and not a multiple
cover.

2.4. Ghost components

Let u: (X, j,v) — (X, J) be a nodal J-holomorphic map. Let S be the nodal set
of (X, v).

Definition 2.15. Suppose C C X is a union of connected components of X. Set
Sf:={neS:neCandv(n)eC} and S&':={neS:neCandv(n)g¢C},

and denote by vc the nodal structure on C which agrees with vy on S}}“ and the
identity on the complement of Sicm. Denote by C the nodal curve associated with

(C.j.v).
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Definition 2.16. A ghost component of u is a union C of connected components of 3
such that u|¢ is constant, C is connected, and which is a maximal subset satisfying
these properties.

Proposition 2.18 below, which will be used in the proof of Theorem 1.1 (specifi-
cally in Section 5.7), concerns the dualizing sheaf of a nodal curve C. The dualizing
sheaf is a generalization of the canonical sheaf of a smooth curve; for the reader’s
convenience, we describe its construction in the proof of Proposition 2.18.

Definition 2.17. Let C be a nodal curve. The dual graph of C is the weighted graph
whose set of vertices is the set of irreducible components of C with the genus as
the weight function, and edges between two vertices if and only if the corresponding
irreducible components of C intersect.

Proposition 2.18. Let C be a nodal curve. Denote the dual graph of C by I'. Denote
by wc the dualizing sheaf of C and by B its base-locus:

B:={xeC :{(x)=0foreveryl € H*(C,wc)}.

The base-locus has the following description:
(1) B is a union of irreducible rational components of C.
(2) The dual graph of B is the subgraph A C T obtained by
(a) removing every vertex of non-zero weight, and
(b) removing every simple cycle in T'.

In particular, A is a forest with weight zero. Moreover, if eq, ex are distinct
vertices of a tree T C A, then they cannot be connected by a path in (I'\T') U

{€1 , €2 }
The proof relies on the following.

Proposition 2.19. Let ¥ be a connected smooth curve. For every three p,q,r distinct
points on I there isa t € H*(Ks(p + q)) with

Res, { = —Resy; § #0 and {(r) # 0.

Here Res), ¢ denotes the residue at p of the meromorphic 1-form ¢.

Proof. For ¥ = P! without loss of generality p = 0 and ¢ = oo; hence, the mero-
morphic 1-form can be taken to be z~!dz.
Suppose ¥ # P'. Consider the exact sequence

H(Ks) — H*(Ks(p +q)) = HY0,®0,) =C&C - H!(Ky)=C
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with p(¢) := (Res, ¢, Res,; ) and §(a, b) := a — b. This implies that there is a { €
H°(Ks(p + ¢)) with non-vanishing residues at p and g. Since K, is base-point-free,
¢ can be arranged not to vanish at r. |

Proof of Proposition 2.18. The dualizing sheaf of C is constructed as follows; see [1,
p-91]. Denote by : 3 — C the normalization map. Denote by S the set of nodal
points of C. Denote by @c the subsheaf of K5 (S) whose sections ¢ satisfy

Res, { +Res,() { =0

for every n € S. Here v denotes the obvious involution on 7 ~!(S). The dualizing
sheaf w¢ then is
we = T0C .

The base-locus of Ky, are precisely the rational connected components of X. This
implies Proposition 2.18 (1). It follows from the above Proposition 2.19 that the dual
graph of B is contained in A. By the Residue theorem any meromorphic 1-form with
simple poles must have at least two poles. This implies that the dual graph of B agrees
with A. ]

2.5. Moduli spaces of nodal pseudo-holomorphic maps

Definition 2.20. Given A € H»(X,Z) and g € Ny, the moduli space of stable nodal
J -holomorphic maps representing A and of genus g is the set

Mag(X,J)

of equivalence classes of stable nodal J-holomorphic maps u: (X, j,v) — (X, J) up
to reparametrization with

UL[X]=A and py(Z,v) =g.
The subset of My, ¢ (X, J) parametrizing simple J-holomorphic maps is denoted by
My (X, ).

At this stage, JV[A, ¢ (X, J) is just a set. In Section 3.2, it will be equipped with the
Gromov topology. This topology induces the C > topology on M} < (X, J).

Definition 2.21. Let (X, w) be a symplectic manifold. Denote by J(X, w) the space
of almost complex structures on X which are compatible with w; that is,

g(" ) = a)(" J)

defines a Riemannian metric on X . Equip J(X, w) with the C* topology.
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Definition 2.22. Given A € Hy(X,Z) and g € N, set

MagX.w):= [ Mag(X.J) and Mj, (X.0):= [] Mi (X.J)).
Jed(X,w) Jed(X,w)

Denote by : J\_/EA,g (X, w) = J(X, w) the canonical projection.

2.6. Linearization of the J-holomorphic map equation

Letu: (X, j,v) = (X, J) be anodal J-holomorphic map. Let s be a Hermitian metric
on (X, J) and let V be a torsion-free connection on 7X. Throughout the remainder
of this article, let p > 2.

Definition 2.23. Given £ € WLPT(Z, v;u*TX), set
ug = exp, (§)
and denote by
We: LPQON(Z, u*TX) - LPQY (2, u;TX)
the map induced by parallel transport along the geodesics ¢ > exp,, (¢£). Define
Fujvs: WHPT(Z,v;u*TX) — LPQN (2, u*TX)

by B
Sujwsa (8) 1= Wy '3y (g ).

Definition 2.24. Define the linear operator
Dy jvis: WHPT(Z, 00 TX) — LPQON (S, u*TX)

by

bujois € = o i€ = 5 (VE+ 1000 (VE) 0 j + (VeJ) o duo j).
Remark 2.25. If u is J-holomorphic, then by ;..s does not depend on the choice of
torsion-free connection V on TX; see [24, Proposition 3.1.1].

The operator dy, ;.7 is the restriction to WPT(Z, v;u*TX) of the operator
by WHPT (S, u*TX) — LPQYN (2, u*TX)

given by the same formula. The former controls the deformation theory of u as a
nodal J-holomorphic map from the nodal Riemann surface (¥, j, v) whereas the
latter controls the deformation theory of u as a smooth J-holomorphic map from the
smooth Riemann surface (X, j), ignoring the nodal structure.
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Proposition 2.26. The index of by, j ,.s is given by
index by, ;0.7 = 2([Z). u*c1(X, J)) + 2n(1 — pa(Z,v)). (2.27)
Proof. The inclusion
WLPT (S, v;u*TX) - WEPT (2, u*TX)
has index —n#S. By the Riemann—Roch theorem,
index by, j.; = 2([Z],u*c1(X, J)) + ny(2).
These together with (2.10) imply the index formula. |

Remark 2.28. For our discussion in Section 5.7, which establishes the key technical
result of this article, the following detailed description of the kernel and cokernel of
Dy, jv;7 will be important. Denote by

Vo TumX

nes
the subspace of those (v,),cs satisfying
Vy(n) = —Vn.
Define diff: ker b, ;.7 — V_ by
diffk 1= (k(n) — k(v(n)))nes.

Evidently,
ker Dy, j,v;s = kerdiff.

The map diff is induced by the analogously defined map W17 (2, u*TX) — V_,
which fits in to the following commutative diagram with exact rows

0 — WLP(S, v;u*TX) — WLP(S,u*TX) — Vo —3 0

lbu.j,v:J lbu.j;.l l

0 — LPQYY(Z,u*TX) — LPQY(Z,u*TX) — 0 — 0.
Therefore, the Snake lemma yields the short exact sequence
0 —> coker diff — coker by, j,,; —> cokerd, ;;; — 0.

The dual sequence

0 —> (coker Dy, j.7)* — (coker by j.7)* —> (cokerdiff)* — 0
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can be understood as follows. Let ¢ € (1,2) be such that 1/p + 1/¢g = 1. The dual
space (coker Dy, j,;7)* can be identified via the pairing between L? and L¢ with the
space JH consisting of those ¢ € LIQ%! (X, u*TX) which satisfy a distributional

equation of the form
570 = Unbn.

nes

with v = (V,)nes € (imdiff)* 2 (cokerdiff)* and §, denoting the Dirac § distribution
at n. The map (coker by, j,v;7)* — (coker diff)* maps ¢ to v.

Definition 2.29. Define the map
Yy WEPT (S, viu*TX) — LPQON (S, u*TX)

by

a3 7 (§) 1= Su,jw;a (§) — 95 (u, ) — Du,jwis§.
Proposition 2.30 ([24, Proposition 3.5.3 and Remark 3.5.5]). Denote by cs > 0 an
upper bound for the norm of the embedding WP () — C®%'72/P () and let cg > 0.
For every &1, & with ||&1||w1.p < cg and ||&2||y1.0 < cg,

i (61) — 1, v (E2) [l Lr
s cles. e [dullLr) - (Eillwre + 182llwrp) - 161 = E2llw1.r.
So far, the complex structure j has been held fixed. Denote by J(X) the space of

complex structures on X and by Diffy (X, v) the group of diffeomorphism of ¥ which
are isotopic to the identity and commute with v. Denote by

T := J(T)/ Diffo(Z, v)

the corresponding Teichmiiller space. This is a complex manifold whose real dimen-
sion satisfies

dim T —dim aut(X, j,v) +#S = 6(p.(Z,v) — 1).

For every j € J(X), there is a Teichmiiller slice through j; that is, an open neighbor-
hood A of 0 € C4mc7 together with a Aut(Z, j, v)-equivariant map j: A — J(X)
such that j(0) = ;.

Definition 2.31. Consider the bundle over A whose fiber over o € A is the Banach
space
LPQON (X, u*TX).
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Here the space of (0, 1) forms on X is defined with respect to complex structure j (o).
A choice of a trivialization of this bundle gives rise to the map
WUPT(S,v;u*TX) x A - LPQY (T, u*TX),

(2.32)
(Sv U) = gju,](o),v;l(%')

Define du,]ﬁv;J: WULPT(Z,v;u*TX) ® ToA — LPQO(Z,u*TX) to be the deriva-
tive of the map (2.32) at (0, 0).

Definition 2.33. The index of u is

index(u) := index(dy, ;dy:7) — dim aut(Z, j,v) + #S
=2([Z],u"c1(X, J)) + 2(n = 3)(1 = pa(Z, v)).

The map u: (X, j,v) — (X, J) is said to be unobstructed if d, ; 5\,;1 is surjective.

Henceforth, to simplify notation, we will often drop some or all of the subscripts
j, v, J from the maps defined above.

2.7. Transversality for simple maps

Throughout the remainder of this section, (X, w) is a compact symplectic manifold
of dimension 2n = 6 and we only consider pseudo-holomorphic maps from smooth
Riemann surfaces.

Definition 2.34. Denote by Jemb (X, ®) C J(X, ) the subspace of those almost com-
plex structures compatible with @ for which the following hold:
(1) there are no simple J-holomorphic maps with negative index,
(2) every simple J-holomorphic map with index(u) < 2n — 4 is an embedding,
and

(3) every pair of simple J-holomorphic maps u, u, satisfying
index(u1) + index(u,) < 2n — 4

either have disjoint images or are related by a reparametrization.

Denote by J* . (X, w) C Jemp (X, w) the subset of those J for which, moreover,

:mb
(4) every simple J-holomorphic map is unobstructed.

Definition 2.35. Given Jy, J1 € J(X, w), denote by J(X, w; Jo, J1) the space of

smooth paths (J;);e[o,1] in (X, w) from Jo and J;. Given Jo, J; € 37, (X, ®), denote

by 3%.,(X, @, Jo, J1) the subset of those (J;);e0,1] € I(X, w; Jo, J1) such that for

every t € [0, 1]:
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(1) Jt € 3emb(Xa Cl)), and
) ifu: (2, j) = (X, J;) is a simple J;-holomorphic map, then either
(a) cokerdy, ;jdy, = {0}, or

(b) dimcokerd,, jg J, = 1 and the map kerd,, jﬁ J, — cokerd,, jg J, defined
by

d _
| dudsg).
S ~ pr(ds ‘s=t "I J‘Sg
with pr: Q%1 (3, u*TX) — cokerd, 37, denoting the canonical projec-
tion, is surjective.

Proposition 2.36. Let A € H»(X,Z) and g € Np.

(1) Forevery J € 3% (X,w), the moduli space M:l,g (X, J) is an oriented smooth
manifold of dimension

2{c1(X,w), A) +2(n —3)(1 — g).

(2) For every pair Jo, J1 € 3%, (X, ®) and (J1)ie[o,1] € %(X, @5 Jo, J1), the
moduli space

Mi (X (o) = [ ] Mi(X.J0).
t€f0,1]
is an oriented smooth manifold with boundary

M:l,g(X7 Jl) o _M:l,g(X7 JO)

This is a consequence of the Implicit function theorem; see [24, Theorem 3.1.6
and Theorem 3.1.7]. The orientation on the moduli spaces is obtained by trivializing
the determinant line bundle of the family of operators d,,, ; F] 7, see [24, Proof of The-
orem 3.1.6, Remark 3.2.5, Appendix A.2]. If the moduli space is zero-dimensional,
that is, a discrete set, then every [u] € J\/[Z, g (X, J) is assigned a sign

sign[u] € {+1, —1}.

The signed count of M:l,g (X, J) is then

#M (X, ) = Z sign[u].
[ulen , (X.J)
Proposition 2.37. The following hold:
1) Jr (X,w) C J(X,w) is residual.

emb
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(2) For every pair

is residual.

The proof is a standard application of the Sard—Smale theorem; cf. [26, Theo-
rem 1.2], [19, Proposition A.4], and [24, Sections 3.2 and 6.3]. Some details of the
proof will be reviewed in the proof of Proposition 2.45.

2.8. J-holomorphic maps with constraints

Definition 2.38. Let A € N. A J-holomorphic map with A marked points is a J -
holomorphic map u: (X2, j) — (X, J) together with A distinct labeled points z1, .. .,
ZA € X

The reparametrization of (u;zy,...,z) by ¢ € Diff(¥) is the J-holomorphic
map with A marked points ¢« (u; z1,...,2z7) := W o d L1 p(z1).....0(24)).

A J-holomorphic map (u; z1, ..., zx) with A marked points is said to be simple
if u is simple.

Definition 2.39. Given A € H>(X,Z), g € No, A € N,and J € J(X, w), the moduli
space of simple J-holomorphic maps with A marked points representing A and of
genus g is the set

MZ,g,A (X» J)

of equivalence classes J -holomorphic maps u: (X, j) — (X, J) with A marked points
Z1,...,ZA Up to reparametrization with

UL[X]=A4 and g(¥)=g.
Define the evaluation map ev: M.:l,g,A(X’ J) = X% by
ev([u;z1,...,2zA]) := (u(z1),...,u(zp)).
Remark 2.40. Giventwomaps f: X — Z and g: Y — Z, the fiber product is
X rxg Y= (f xg)~ ()

with A C Z x Z denoting the diagonal. If X, Y, Z are smooth manifolds and f and g
are transverse smooth maps, then X s X, Y is a submanifold of X x Y of dimension
dim(X) + dim(Y) — dim(Z).

Let (f: VA —> X )le be a A-tuple of pseudo-cycles in general position such that

codim( f3) := dim X — dim V},
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is even and positive for every A. The following discussion assumes some famil-
iarity with the notions of pseudo-cycle, pseudo-cycle cobordism, and pseudo-cycle
transversality. In particular, we make use of the following facts, which are discussed
in Section B:

(a) Forevery Ae{l,..., A}, there is a manifold Vf of dimension dim(V;) — 2 and
a smooth map f’ f: Vf — X whose image contains the pseudo-cycle boundary

bd(f3).

(b) A smooth map g: M — X is said to be transverse to the pseudo-cycle f if it
is transverse to both f and f. /{’ in the usual sense.

(c) For every I C {1,..., A} the product [[,<; fa is a pseudo-cycle and ff
induces in a natural way a map from a smooth manifold whose image contains

bd([Trer f2)-

In the following, f;*: V;> — X stands for either f3: V3 — X or ff: Vf - X.
Definition 2.41. Given A € Hy(X,Z), g € Ng,and J € J(X, w), set
My (X, T3 f7 s fh) = MY, A (X, J) evXfoxex f2 Ve xx V3.
The expected dimension of J\/[Zyg (X,J; f1,..., fa) is defined to be

vdim M} (X, J; f1, ..., fa) = 2{c1(X, @), A)

A
+(n—=3)(2-2¢) + Y _(2— codim(f3)).

A=1
The following are analogues of Definition 2.34 and Definition 2.35 in the setting
of J-holomorphic maps with constraints.
Definition 2.42. Denote by
gemb(Xaw; flﬂ LI ] fA) C H(X,C())

the subset of those almost complex structures J compatible with @ for which the fol-
lowing conditions hold for every A, A1, A> € Hy(X,Z), g,21,82 € Ng,and I, 11,1, C
{1,...,A}ywith I; N [, = @:

(1) i vdim M, (X J: (f)aer) < O, then M, (X. J5 (f)aer) = @

(2) if vdim M (X, T () aer) <2n — 4, then every J -holomorphic map under-
lying an element of M (X, J: (f;’)ser) is an embedding; and

3 if vdimMy (X, T (f)aer,) +vdim My o (X, T3 (f)ren,) <2n—4,
then every pair of every J-holomorphic maps underlying elements of

Moo (X T (f)ner) and - My, o (X, T3 (f)er)

either have disjoint images or are related by a reparametrization.
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Denote by
Hgmb(Xvw; Jio-ooi fA)
the subset of those elements of Jemp (X, @; f1,..., fa) for which, moreover:
(4) every simple J-holomorphic map is unobstructed, and

(5) forevery A€ Hy(X,Z),g €N,and I C{l,..., A}, the pseudo-cycle [[,c; fa
is transverse to
eviMy o 1 1(X, ) — X1

in the sense of Definition B.3.

Definition 2.43. Given Jy, J; € 35 (X, w; f1,..., fa), denote by

emb
Jrw X, w5 fio..o, fas Jo, J1)
the space of smooth paths (J;)se[o,1] in (X, ) from Jo and Jy such that for every
t €]0,1]:
(1) Jt € Jemn(X, @5 fr...., fa),
2) ifu: (X, j) — (X, Jy) is a simple J;-holomorphic map, then either
(a) cokerdu,jg.;, = {0}, or

(b) dimcokerd, ;jd;, = 1 and the map kerd,, ;d, — cokerd, ;d;, defined
by

EH pr(; ‘ =tdu,j5J‘\E),

Sls
with pr: Q01 (2, u*TX) — cokerd,, ;d;, denoting the canonical projec-
tion, is surjective; in particular, for every A € H>(X,Z), g € N,andk €N
the moduli space

MY o k(X (D eefon) = |_| My k(X Jr)
te0,1]

is an oriented smooth manifold with boundary

ek (X T T =0, (X, o).

and

(3) forevery A€ H»(X,Z),geN,and I C{1,..., A} thepseudo-cycle [[,c; fa
is transverse to the evaluation map

ev: M} |(X,A§(Jt)te[0,1]) — x !l

58|11

in the sense of Definition B.3.
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The next two results are analogues of Proposition 2.36 and Proposition 2.37.
Proposition 2.44. Let A € Hy(X,Z) and g € Ny.
(1) Forevery J € 33 (X, w;: fi,..., fa), the moduli space

M{;’g(X,J;fl',...,fx)
is an oriented smooth manifold of dimension
vdim My (X, J; f17s oo fR)-
(2) For every pair
Jo.J1 € P (X. @3 f1... . fA)s (U)eefo,1] € Odmp (X. @5 f1a. .o fa: Jo. J1),

the moduli space

Mo (X veton)i fireeeen S o= || Mo (X fe oo )

t€[0,1]
is an oriented smooth manifold with boundary
M;;,g(X, i fS oo —M;;,g(X, I £ fa)-
Proposition 2.45. The following hold:
) 3% (X 05 fi...., fa) CI(X,w) is residual.
(2) For every pair Jo, J1 € 3%, (X, @; fi..... fa),
Lo (X, @3 fr. ..., faiJo. J1) CI(X, w5 Jo, 1)
is residual.

Proof. We will prove the first part; the proof of the second part is similar. It follows
from Proposition A.2, proved in Section A, that the set of J € J(X, w) satisfying
conditions (4) and (5) from Definition 2.42 is residual. Note that condition (4) implies
condition (1). To prove that condition (2) is also satisfied by a generic J, consider the
evaluation map

ev: M, o (X, T (f)rer) —> X2

If ev is transverse to the diagonal X = A C X2, then ev_!(A) is a submanifold of
codimension

dim M, 5 (X, T3 (f)aer) — 20 = dim M, (X, J5 (/) aer) — 2n — 4).

Therefore, if dim M:l,g (X, J; (f)rer) < 2n — 4, then ev_!(A) is empty and two
distinct maps in M} (X, J: (f;’)ser) have disjoint images. By Proposition A.2, the
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set of J for which the map ev is transverse to the diagonal X < X? is residual. This
shows that the set of J satisfying condition (2) from Definition 2.42 is residual. In the
same way, we conclude that the set of J satisfying condition (3) is residual. |

The following will be important for relating moduli spaces defined using cobor-
dant pseudo-cycles. Let F: W — X be a cobordism between two pseudo-cycles f10
and fi' in X, and let F 9: W9 — X be such that bd(F) is contained in the image
of F?; see Definition B.1 for the notation and the definition of a pseudo-cycle cobor-
dism. In what follows, F* denotes either F or F?. Let f»,..., fa be pseudo-cycles
in X such that F, f5,..., fa are in general position, as in Definition B.4.

Given J € J(X,w) and asubset [ C {2,..., A}, set

M:l,g(Xﬂ J3 F.v (f},.)AEI) = M:{,g’”‘_l,_](X’ J) eVXF.Xl_[AE[ f/\. W. X 1_[ VA.
Arel

Definition 2.46. Let
3;mb(X’w;F’f2""’fA) ngmb(X7a);f10?f27' . '7fA) mg;mb(X’w;fllyf2s- -'afA)

be the subset of those J for which the following conditions hold for every A4, A, A, €
H>(X,Z),g,81,82 € No,and I, I, 1, C{2,..., A} with [y N [, = @:

(1) if vdim M:l,g (X, J; F*, (f{)aer) < 2n — 4, then every J-holomorphic map
underlying an element of M . (X, J: F*, (f})ser) is an embedding;

() ifvdimMy (X, T F° () rer) +vdimMy (X, T (f)rer,) <2n—4,
then every pair of J-holomorphic maps underlying elements of

My oo (X T F (fiDner,) and My, o (X, T2 F® (f)rer)

either have disjoint images or are related by a reparametrization; and

(3) forevery A € Hy(X,Z), g € N,and I C {2,..., A}, the pseudo-cycle F x
[11es fa is transverse as pseudo-cycle with boundary to

ev: M) oy 14 (X, T) > XVIH
in the sense of Definition B.3.

It follows from this definition that for every J € 3% (X, w; F, f2,..., fa), the

pseudo-cycle F X f, x ... X fp is transverse as a pseudo-cycle cobordism to
ev:i My, A (X, J) — XA,
In this case, M}i,g (X,J:; F, fa,..., fo) is an oriented cobordism from
Mg (XT3 f2, fouos fa)
to M} (X, I3 fil, far oo os fA)-
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Proposition 2.47. J* (X, w; F, f2,..., fA) is residual in J(X, w).

emb

The proof is almost identical to that of Proposition 2.45.

3. Gromov compactness

3.1. Deformations of nodal Riemann surfaces

Definition 3.1. Let X and A be complex manifolds and let 7: X — A be a holo-
morphic map. Set n := dim¢ A and suppose that dim¢ X = n + 1. A critical point
x € X of & is called nodal if there are holomorphic coordinates at x and holomorphic
coordinates at 7 (x) with respect to which

w(z,w,ta,...,.ty) = (Zw,t2,...,1,).

A nodal family is a surjective, proper, holomorphic map 7: X — A between complex
manifolds of dimension dim¢ X = dim¢ A + 1 such that every critical point of 7 is
nodal. The fiber over a € A is the nodal Riemann surface (X, j, v) associated with
the nodal curve 7~ (a). Henceforth, we engage in the abuse of notation of identifying
7Y (a) with (Z, j,v).

Definition 3.2. Let (X, j, v) be a nodal Riemann surface. A deformation of (X, j, v)
is a nodal family r: X — A, together with a base-point » € A, and a nodal, biholo-
morphic map t: (2, j,v) — 7w~ 1(%).

Definition 3.3. Let (X, j, v) be a nodal Riemann surface, and let (7: X — A, %, 1)
and (p:Y — B, T, k) be two deformations of (X, j, v). A pair of holomorphic maps
®: X — Yand ¢p: A — B forms a morphism (®, @): (p, *,t) — (Y, T, k) of deforma-
tions if

p(x) =1, pod=¢on, Por=«

and for every a € A the restriction ®: 77! (a) — p~(¢(a)) induces a nodal, biholo-
morphic map.

Definition 3.4. A deformation (p:Y — B, T,«) of (X, j,v) is (uni)versal if for every
deformation (7r: X — A, %, 1) of (X, j, v) there exists an open neighborhood U of
* € A and a (unique) morphism of deformations (7: 7~ (U) — U, *,1) — (p, T, k).

A nodal Riemann surface (X, j, v) admits a universal deformation if and only if it
is stable (see [5], [1, Chapter X1, Theorem 4.3], and [33, Theorem A]). However, every
nodal Riemann surface (X, j, v) admits a versal deformation. This will be discussed
in detail in Section 4.
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Definition 3.5. Let (7: X — A, %, () be a deformation of a nodal Riemann surface
(X2, j,v). Denote by S the nodal set of v. A framing of (i, x,t) is a smooth embedding
W: (X\S) x A — X such that

moW=pry and W(,*) =1

3.2. The Gromov topology

Let X be a manifold and denote by (X ) the set of almost Hermitian structures (J, /)
on X equipped with the C*° topology. The following defines a topology on

MagX):= [ Magx. ).
(J,h)eH(X)

Definition 3.6. Let (X, J, i) be an almost Hermitian manifold. Let (X, j, v) be a
closed, nodal Riemann surface. The energy of a nodal map u: (X,v) — X is

1
E() := —/ |du|? vol.
2 s

Implicit in this definition is a choice of Riemannian metric in the conformal class
determined by j. The right-hand side, however, is independent of this choice.

Definition 3.7. Let (Jo, o) € H(X). Let [uo: (Zo. jo. vo) = (X, Jo)] € M4 ¢ (X, Jo),
let (m: X — A, *,t) be a versal deformation of (X, jo, vo), let ¥ be a framing of
(7w, %,t),and let e > 0. Let Uy C C*°(Xo\ S, X) be an open neighborhood of #o |5\ s
in the C,°° topology, and let Ug¢ be an open neighborhood of (Jg, ¢) in H(X). Define

loc

U(ug, &, Up, Us) C j\_/[A,g (X)

to be the subset of the equivalences classes of nodal J-holomorphic maps u: (X, j, v)
— (X, J) satisfying the following:

(1) (J.h) € Ux,

(2) |E(u) — E(uo)| <,

(3) (=, j,v) = 7~ Ya) for some a € A, and

@ u:=uoW(,a) e Uy,
The Gromov topology on J\_/[A,g (X) is the coarsest topology with respect to which

every subset of the form U(ug, &, Uy, Usg¢) is open.

In practice, it is more convenient to use the notion of Gromov convergence defined
on the level of nodal maps.
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Definition 3.8. Let (X, Joo,1o0) be an almost Hermitian manifold and let (Jx, /g ) ren
be a sequence of almost Hermitian structures on X converging to (Joo, fioo) in the
C > topology. For every k € N U {oco} let uy: (Zg, jx,vr) — (X, Jx) be a nodal J-
holomorphic map. Denote by S the nodal set of (2o, Voo ). The sequence (g, ji)ken
Gromov converges t0 (Uoso, joo) if

(1) limg 00 E(ug) = E(uxo), and
(2) there are:
(a) adeformation (771: X — A, o, loo) Of (Zoo, joo» Voo) together with a fram-
ing W,
(b) asequence (ax)ren in A converging to d, and
(c) a nodal, biholomorphic map tx: (g, jk.vi) — 7~ ' (ax) for every suffi-
ciently large k € N,

such that the sequence of maps
U = ug ot o W(,ag) oloo: Too\S = X

converges to Uso |z, \s in the C,5 topology.

Remark 3.9. If (1, x, ) is a versal deformation of (Xcc, joo, Voo) and W is a framing
of this deformation, then for every sequence (ug, jx)ren Which Gromov converges
t0 (Yoo, joo) the deformation in Definition 3.8 can be assumed to be (i, *, ) and the
framing can be assumed to be W. This is an immediate consequence of the definition
of a versal deformation.

Theorem 3.10 (Gromov [13]; see also [17,32,36] and [24, Chapters 4 and 5]). Let
(X, Joo, hoo) be a closed almost Hermitian manifold and let (Ji, hi ) ren be a sequence
of almost Hermitian structures on X converging to (Joo, hoo) in the C*° topology. For
every k € N, let
ug: (Zis Jies vie) = (X, Ji)
be a stable nodal J -holomorphic map. Denote by #1o(Xy ) the number of connected
components of . If
limsup #m(Zy) < 0o, limsup pa(Zk,vg) < oo, and limsup E(up) < oo,
k—o00 k—00 k—00
then there exists a stable nodal Joo-holomorphic map Use: (Lo, Joos Voo) = (X, Joo)
and a subsequence of (Ug, jk)ren, Which Gromov converges t0 (Uoo, Jjoo). The limit
(Moo, Joos Moo) IS unique up to automorphism.

Remark 3.11. The Gromov topology on JV[A’g (X) is metrizable, which can be seen
as follows. Theorem 3.10 implies that it is Hausdorff and the projection map

Ma o (X) - H(X) xR
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is proper and closed. This implies, in particular, that My, ¢ (X) is aregular topological
space. (In general, if A is a Hausdorff space, B is a regular space, and f: A — B is
a proper, closed map, then A is a regular space.) Urysohn’s metrization theorem says
that a second countable, Hausdorff, regular space is metrizable.

Henceforth, let (X, @) be a symplectic manifold. The set J(X, w) of almost com-
plex structures compatible with w injects into H(X).

Proposition 3.12 (Gromov [13]; see also [24, Lemma 2.2.1]). Let (X, w) be a sym-
plectic manifold and J € J(X, w). Let (X, v, j) be a closed, nodal Riemann surface.
For every nodal map u: (X,v) — X,

E() = (u™[o]. [Z]).

and the equality holds if and only if u is J-holomorphic. Here E is to be understood
with respect to the Riemannian metric h = w(-, J-) on X.

Set
MagXo0):= [ Mag(X. ).
Jed(X,w)
By the above energy identity, in the symplectic context, Theorem 3.10 is equivalent
to the map
T Mg (X, 0) = J(X, 0)

being proper.

3.3. Behavior near the vanishing cycles

The results of this subsection will be important for proving the surjectivity of the glu-
ing construction in Section 5.6. Assume the situation of Definition 3.8. By condition
Definition | for every § > O there are K € N and r > 0 such that for every k = K,
E(uilyy) <68
with
Ny = Z\{¥(z,ar) : z € o withd(z,S) = r}. (3.13)

The subset N} can be partitioned into regions N; , corresponding to the nodes n € S.
If n is not smoothed out in X, then the corresponding region is biholomorphic to

B,(0) 1T B, (0)

with vg identifying the origins. If n is smoothed out in X, then the corresponding
region is biholomorphic to
St x (=Lg, L)

with limy_, oo L = 00.
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The behavior of J-holomorphic maps from such domains and with small energy
can be understood through the following two results.

Lemma 3.14 ([24, Lemma 4.3.1]). Let (X, J, h) be an almost Hermitian manifold.
There is a constant § = §(X, J, h) > 0, depending continuously on (J, h), such that
for every r > 0 the following holds. If u: (B,,(0),i) — (X, J) is a J-holomorphic
map with

E(u) <6,

then
I dull oo, 0y < cr " E(u)'/>.

Lemma 3.15 ([24, Lemma 4.7.3]). Let (X, J, h) be an almost Hermitian manifold.
For every i € (0, 1) there are constants: § = §(X, J, h, ) > 0, depending continu-
ously on (J, h), and ¢ = c(u) > 0 such that for every L > O the following holds. If
u: (S x (=L, L), jey) = (X, J) is a J -holomorphic map with

E(u) <34,
then for every £ € (0, L),
EulstxrieL-p) <ce EOE®@),
and for every § € St and £ € [-L + 1, L — 1],
|du (8, €) < ce MEHD Eyy)1/2,

Proof. The first assertion is [24, Lemma 4.7.3]. The second assertion follows from
the first by Lemma 3.14. ]

The following is an important consequence of the previous two lemmas.

Proposition 3.16. Let (ur: (Zx, ji, Vi) = (X, Ji))ken be a sequence of nodal pseudo-
holomorphic maps which Gromov converges to

Uoo: (Zoos Joor Voo) = (X, Jso).

Denote by S the nodal set of (Yoo, Voo) and let Ni be as in (3.13). For every § > 0,
there are r > 0 and K € N such that for everyk = K andn € S,

uk(Ng,) C Bs(uoo(n));
in particular, provided § is sufficiently small,

(Ur)«[Zk] = (Uoo)x[Zoo]-
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4. Versal deformations of nodal Riemann surfaces

The purpose of this section is to construct a versal deformation of a nodal Riemann
surface in a rather explicit manner.

4.1. Deformations of nodal curves

Let us briefly review parts of the deformation theory of nodal curves in the complex
analytic category. For further details and proofs we refer the reader to [1, Chapter XI,
Section 3]. A thorough discussion of deformation theory in the algebraic category can
be found in [14].

Definition 4.1. Let C be a nodal curve. A deformation of C consists of

(1) a proper flat' morphism 7: X — A between analytic spaces such that every
fiber of 7 is a nodal curve,

(2) abase-point x € A, and
(3) an isomorphism t: C — 771 ().
Proposition 4.2. Every nodal family 7w: X — A is flat. In particular, a deformation

of a nodal Riemann surface (2, j,v) is also a deformation of the associated nodal
curve C.

Definition 4.3. Let C be a nodal Riemann surface and let (7: X — A, , () and
(p:Y — B, T,k) be two deformations of C. A pair of analytic maps ®: X — Y and
¢: A — B forms a morphism (®, ¢): (p, x,t) — (Y, T, k) of deformations if

() =1, pod=gon, Por=x

and for every a € A the restriction ®: 771 (a) — p~!(¢(a)) induces an analytic iso-
morphism.

Definition 4.4. A deformation (p:Y — B, T, ) of C is (uni)versal if for every defor-
mation (1: X — A, *,t) of (X, j, v), there exists an open neighborhood U of x € A
and a (unique) morphism of deformations (7: 7~ (U) — A, x,1) — (p, T, ).

Definition 4.5. Denote by C[¢]/&? the ring of dual numbers and set
D := Spec(Cle]/&?).

A first order deformation is a deformation over D.

' A morphism f: A — B between two analytic spaces is flat if it makes the stalk O 4 , into
a flat O, r(4)-module for every a, that is, tensoring by O 4, preserves short exact sequences
of Op, r(a)-modules.
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Let C be a nodal curve. Every first order deformation (7: X — D, 0,(¢) of C
induces a short exact sequence

0—0c =" Qb > QL ® 0¢ - QL — 0.

The map n*QlD — Q) ® O¢ is given by pulling-back forms from D to X and
Q :lx ® Oc — Q lc is given by restricting forms on X to C. The extension class § €
Ext!(QL, Oc¢) of this sequence depends on the first order deformation only up to iso-
morphism of deformations. Indeed, two first order deformation of C are isomorphic
if and only if they yield the same extension class 8.

Definition 4.6. Let C be a nodal curve and let (: X — A, %, () be a deformation
of C. Every v € T, A corresponds to an analytic map ¢: D — A mapping O to x. The
pullback of (7, *,t) via ¢ is a first order deformation. Denote by §(v) € Ext! (QL,0¢)
the corresponding extension class. The map §: T, A — Ext!(QL, O¢) thus defined is
called the Kodaira—Spencer map.

It is instructive to analyze Ext!(QL, O¢) more closely. The local-to-global Ext
spectral sequence yields a short exact sequence

0 — H'(C,Hom(Q¢, Oc)) — Ext (Q¢, Oc) — HO(C, &t (QL,0¢)) — 0.

This can be interpreted in terms of the normalization 7: C — C as follows. Denote
by S the set of nodes of C and set S := 771(S). It can be shown that

FHom(QE, Oc) = 1Tz (=3);
hence,
H'(C,Hom(Q¢, 0¢)) = H'(C,Tz(=9)).
The space H 1(C, T& (=98)) parametrizes the deformations of the marked curve

(5 , S ); that is, deformations of C which fix § point-wise. The sheaf ext! (QL,0c¢)
is supported on the nodes of C:

&t'(Qe. 0¢) = PExt(QL,. Oc.).

nes
Forevery n € S and {ny,n>} = 7~ (n),
Ext'(Q¢,,. Ocn) = Tn,C ® T, C.

If we consider the deformation {zw = ¢} of the node {zw = 0}, then the space
Ext! (Q é’,n’ Oc.n) can be seen to parametrize smoothings of the node n. The above
discussion show that to first order all deformations of C arise from smoothing nodes
and deforming its normalization while fixing the points mapping to the nodes. In the
following we construct a deformation of C which induces all of these deformations
to first order.
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4.2. Smoothing nodal Riemann surfaces

Let (2o, jo, vo) be a closed, nodal Riemann surface with nodal set S. Let g be a
Riemannian metric on X in the conformal class determined by jy and such that there
is a constant Ro > 0 such that for every n € S the restriction of go to B4g,(n) is
flat and for every ny,n, € S the balls B4g, (1) and Bag,(n2) are disjoint. For every
n € §, define the holomorphic charts ¢,: Byr,(n) C T, X9 — Zg by

$n(v) 1= exp,(v)
and define r,: X9 — [0, 00) by
ra(z) == max{d(n, z),4Ry}.

Given a pair of complex vector spaces V and W, denotebyo: V Q W — W @ V
the isomorphism defined by o(v ® w) := w ® v.

Definition 4.7. A smoothing parameter for (X, jo, Vo) is an element

= (t)nes € [ | TuZo ®c Tumy Zo

nes

such that for every n € S, we have 7,(,) = 0(7,) and |7,| < R(z). Given a smoothing
parameter 7, for every n € S, set

en = |tn| and T, = t,/|tn| iftn #0;

furthermore, set
e:=max{e, :n € S}.

Henceforth, let T = (t,),es be a smoothing parameter for (X¢, jo, Vo).

Definition 4.8. Set
Ari={w € g : &,/Ro < rp(w) < Ry for some n € § with &, # 0}
and denote by (;: A; — A the biholomorphic map characterized by
¢v_(}1) ol 0Pu(V) QU =14

foreveryn € S and v € T, X with &,/ Ry < |v| < Ry.

Definition 4.9. Consider the Riemann surface with boundary

Y i={zeXy:irm(z)= 8,1/2 for every n € S}.
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Denote by ~; the equivalence relation on X7 generated by identifying the boundary
components via (. The quotient

X=X/ ~¢

is a closed surface. The restrictions of the complex structure jo and the nodal struc-
ture v to X7 descends to a complex structure j; and a nodal structure v; on X;. The
nodal Riemann surface (X;, j;, v¢) is called the partial smoothing of (X, jo, Vo)
associated with t.

Remark 4.10. The above construction smooths out every node with ¢, > 0. In partic-
ular, if all of the &, are positive, then v, is the trivial nodal structure and (X, jr, v¢)
is simply the Riemann surface (X, j;).

Definition 4.11. Denote by A the space of smoothing parameters for (X, jo, Vo).
Set
X:i={(z,1)eZoxA:ze X}/ ~

with (z1, 1) ~ (22, 72) ifand only if 71 = 12 and z1 ~¢, zp Or 21,22 € §, V(21) = 22,

and e;, = &;, = 0. Denote by m: X — A the canonical projection.

The following example will be important in the proof of Theorem 1.1 in Sec-
tion 5.8.

Example 4.12. Let (X1, j1,v1) and (23, j2, v2) be two nodal Riemann surfaces with
nodal sets S and S5. Given x; € X;\S; fori = 1,2, we define a new nodal Riemann
surface (X4, ja, va) by setting X g4 = X LI 35 and vg(x;) = x» (and otherwise
agreeing with v; and v,). The nodal set of (X g, j&, va) 1S

Sa = {x1,x2} I §; I S5.
Accordingly, the space of smoothing parameters for (X g, ja, Va) is
A‘ZA()XAlXAz,

where Ag is an open neighborhood of zero in Ty, 21 ®c Tx, X».

Suppose now that (X1, ji, v1) is a tree of spheres. It is easy to see that for every
smoothing parameter 7g4 = (79, 71, 72) such that 7o # 0 and 77, # 0 for every node
n € S, there is a biholomorphism

(2&,1'4,7 jr*’ Vr‘,) = (22,‘[25 Jta V12)~

In particular, if 79 # 0, 71, # 0 for every n € Sy, and 7, = 0, there is a biholomor-
phism
(E&,r‘s jr‘,s Vr&) = (EZa j2s VZ)'
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Proposition 4.13. The space X defined in Definition 4.11 is a smooth manifold and
the complex structure on Yo X A induces a complex structure on X such that 1 is a
nodal family and for every T € A the canonical map %, — w1 () induces a nodal,
biholomorphic map

et (Be, jeave) = 1 H(2).

Proof It suffices to consider the local model of a node Co := {(z,w) € C? : zw = 0}.

={(z,w,7) € C?> x C: zw = 7} is a complex manifold. The map 7: X — C defined
by 7(z,w, t) := t has only nodal critical points and its fiber over 0 is Cy. The nodal
Riemann surface associated with Cyp is X9 = C LI C with the complex structure i
on both components and the nodal structure which interchanges the origins of the
components. The partial smoothing defined in Definition 4.9 is

So=({zeC:lz| = [7|V* U{w e C: |w| = [t|V3)) /)~

The map &: X — X defined by ®([z],7) := (z,t/z,7) and ®([w], 7) := (t/z,z, 1)
is biholomorphic. This implies the assertion. ]

4.3. Construction of a versal deformation

Let (2o, jo, Vo) be a nodal Riemann surface with nodal set S. Denote by J(X¢) the
space of almost complex structures on X¢ and by Diffy (X, vg) the group of diffeo-
morphism of 3, which are isotopic to the identity and commute with vy. Denote by

T 1= J(Zo)/ Diffo(Zo, vo)

the corresponding Teichmiiller space. This is a complex manifold and there is an open
neighborhood A of 0 € C4™c7 together with amap j: A; — J(Z¢) such that:

1 (0) = Jo,
(2) for every 0 € A; the almost complex structure j (o) agrees with jo in some
neighborhood U of S, and

(3) the map [;7]: A; — T is an embedding.

For every 0 € Ay, set
Y60 =20, Joo:=Jj(0), and vgo = vg.

Choose a family of metrics (g4,0)cea, Whose restriction to the neighborhood U of S
is independent of ¢ and such that g4 ¢ is in the conformal class determined by j ¢ for
every 0 € Ay. Let Ry > 0 be such that the conditions at the beginning of Section 4.2
hold for every o0 € A and B4g,(S) C U.
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Denote by A, the space of elements

T = (Ty)nes € 1_[ Th20 ®c Tv(n)EO

nes
such that for every n € S, we have 7,(;) = 0 (1) and |1,| < R3.

Definition 4.14. Set A := A; x A,. Set
X:i={(z;0,1) € o x Ay x Ay iz € g}/ ~

with (z1;01,71) ~ (22;02,72) ifand only if 01 =02, 11 = 2 and z; ~¢, zz 0171 =12
and zy ~¢ zZp 0rzy,z3 € S, v(z1) = z2, and g5, = &5, = 0. Denote by 7: X — A
the canonical projection.

Proposition 4.15. The space X defined in Definition 4.14 is a smooth manifold and
the complex structure on Yo X A induces a complex structure on X such that 7 is a
nodal family and for every (0, ) € A the canonical map %y, — 7w~ (0, t) induces
a nodal, biholomorphic map

lo,t" (EO',‘L’v Jo,os Vo,r) - 77_1(0, 7).

Theorem 4.16 (cf. [1, Chapter XI, Theorem 3.17 and Section 4]). Set x := (0,0) and
L 1= tg,0. The deformation (7, ,t) of (X0, jo, Vo) is versal.

Proof. Denote by C the nodal curve associated with (X, jo, vo). It is proved in [1,
Chapter XI, Theorem 3.17] that the Kodaira—Spencer map

§:ToAy x ToAy — Ext' (%, 0¢)

is an isomorphism. This implies that the deformation is versal. Indeed, C has some
versal family (p:Y — B, T, k) for which the Kodaira—Spencer map is an isomorphism.
Therefore, after possibly shrinking A, there exists a morphism of deformations

(. ¢): (. %,0) = (p. T, 6).

Since both Kodaira—Spencer maps are isomorphism, after possibly shrinking A, ¢ is
a holomorphic embedding. Therefore, after possibly shrinking both A and A, both
deformations become isomorphic. |

To define a framing of the deformation (7, %, ¢), choose an increasing, smooth
function 7: [0, 2] — [1, 2] such that

n0)=1 and n()=r

forevery 3/2 < r < 2.
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Definition 4.17. Define the framing W: X9\ S x A — X of (7, , ) by

Yn(2) if r,(z) < 28,11/2 for somen € S,
Y(z;0,7) =

(z;0,7) otherwise,

with 1, (z) defined by
¢, '(2)
n(2) = (214 2 C ).
rn(2)/én
Observe that v, is defined so that:
1) ra(Yn(2)) = 8,1,/ 2. so that indeed Y, (z) corresponds to a point in X,
(2) Yy, defines an embedding from a punctured neighborhood of 7 in ¥¢ to X,

(3) Yu(z) =z whenr,(z) = 3/28,1,/2, so that W is continuous.

Remark 4.18. Let (0,7) € A and r € (2¢'/2, Ry). Set
Yo :={z€Xg:ru(z) =rforeveryn € S}.

Denote by
N;,t = Eg’r\lIJ(E(’) x {(o, r)})

the part of X, ; not covered by Xf under the framing W, cf. Section 3.3. By construc-

tion,
N;,r = U N;,r;n
nes
with
Ngow = (;J;v(n) ={z e X5 imn(z) <rorrym(z) <r}/ ~c.
If &, = 0, then N .., is biholomorphic to B, (0) LI B, (0) and the nodal structure vg,
identifies the two origins. If &, # 0, then N .., is biholomorphic to

{zeCien/r <|z| <r} = S" x (~log(re; /). log(re; /).

5. Smoothing nodal J-holomorphic maps

The purpose of this section is to prove Theorem 1.1. The strategy is to construct a
Kuranishi model for a Gromov neighborhood of u+, and analyze the obstruction map.
This idea goes back to Ionel [18] and has been used by Zinger [38] and Niu [25] to
give a sharp compactness results for genus one and two pseudo-holomorphic maps.
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Throughout this section, fix a smooth function y: [0, c0) — [0, 1] with

a1=1 and xl2,00)=0 5.1

and, moreover, fix p € (2, o).

5.1. Riemannian metrics on smoothings

Let (2o, jo, vo) be a nodal Riemann surface with nodal set S. Denote by g¢ a Rie-
mannian metric on X as at the beginning of Section 4.2. In Section 4.2 we discussed
the construction of a smoothing ¥, of X, for every smoothing parameter 7. In this
section we construct a Riemannian metric g, on X, which is uniformly equivalent to
the metric go on X in the smoothing region. This property will be useful for prov-
ing estimates in the construction of a smoothing of a nodal pseudo-holomorphic map
from X.

Definition 5.2. Given a smoothing parameter 7, let X7 be as in Definition 4.9. Recall
that for every node n € S we have the corresponding number &, = |t,|, the size of
the smoothing parameter at n, and local radial coordinate r,,: ¢ — [0, 00).

Define the Riemannian metric g; on X7 by

_g0+z ( 1/2) '(¢n)*(’”_2dr®dr+9®0)—g0)

nesS

with r denoting the distance from origin in 7,%¢ = C and 8 = —dr o j,. Since
the Riemannian metric 7 2dr ® dr + 8 ® 6 on C* is invariant under the involution
z + ¢/z, g7 descends to a Riemannian metric g on 2.

Proposition 5.3. There is a constant ¢ > 1 such that for every nodal Riemann surface
and every smoothing parameter T,

c gy < g2 < cgo.
Proof. Letn € S and let r and € be as in Definition 5.2. On the annulus
{zeXyp: 81/2 <rp(z) < 48,1,/2},
we have ¢*go = dr ® dr + r26 ® 6 and, therefore,

r —
.= (Fg,0ory)-go with Fg,(r) :=1+ X<2 1/2) enr ™2 = 1).

1/2

L < F, (r) < cforey? <r <4el/? ]

This implies the assertion because ¢
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Henceforth, the L? and W !*? norms of all sections and differential forms on X,
are understood with respect to the metric g,. The above proposition will often be
implicitly used to bound these norms by estimating various expressions with respect
to go over the corresponding region in 2.

5.2. Approximate smoothing of nodal .J-holomorphic maps

Throughout the next four sections, let (X, J, &) be an almost Hermitian manifold,
let ¢, > 0, let ugp: (2o, jo, vo) — (X, J) be a nodal map, and let T be a smoothing
parameter. Furthermore, choose go and Ry as at the beginning of Section 4.2.

Definition 5.4. For every pomt x € X, denote by U, C Ty X the segmentllnjectmty
domain and set Uy := expx(U ) and 2 SUx = expx(zU ). The map exp,: Uy — U,
is a diffeomorphism and its inverse is denoted by exp_1 Uy — Uy.

Furthermore, we assume the following.

Hypothesis 5.5. The map ug and Ry > 0 satisfy
luollc2 < cu and uo(Bary(n)) C Uyym) foreveryn € S.

Convention 5.6. Henceforth, constants may depend on p, (2o, jo, Vo), (X, J, h), ¢y,
and Ry, but not on 7.

Definition 5.7. Forn € §, define y?: ¥, — [0, 1] by

Xz (2) = x(r"R—(j))-

Let ¢, be the map defined in Definition 4.8. Define u7: £ — X by

7o (2) = { €XPyg () (€XPryg () OU0(2) + X7 (2) - exp; ) otto (2 (2)))  if 7 (2) <2Ro,
up(z) otherwise.
Since ug(vo(n)) = uo(n), the restriction of 3 to
{z € X} :rp(z) < Rforsomen € S}
is invariant under t,. Therefore, u#7 descends to a smooth map

U2 — X.

This map is called the approximate smoothing of u associated with t.
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Remark 5.8. This construction differs from that found, for example, in [24, Sec-
tion 10.2] and [31, Section B.3] in which the approximate smoothing is constant in the
middle of the neck region. The above construction is very similar to that in [12, Sec-
tion 2.1]. It leads to a smaller error term and significantly simplifies the discussions
in Section 5.7. Morally, this section analyzes how the interaction between the differ-
ent components of u affects whether 1y can be smoothed or not. The constructions
in [24, Section 10.2] and [31, Section B.3] make it difficult to see such interactions.

Proposition 5.9. For every nodal map uy: £9 — X (not necessarily J-holomorphic)
the map U satisfies

T o~ o . 1.1

19 G, jo)llLr < c95 (o, jo)llLr +ce2¥ 7,

with ¢ = max{e, : n € S} as in Definition 4.7.

For the proof of this result and for future reference let us observe that for every

k=1,
L 1
—kp\” 27 7 Lk
(/8\111/2$rn $2R0 rn ) S (kp — 2) 8” ° (510)

Proof of Proposition 5.9. The map u; agrees with ug in the region where r, > 2R

for every n € S. Therefore, it suffices to consider the regions where r,, < 2R for some
n € S. To simplify notation, identify Uy with U, via exp, for x := u(n). Here Uy
and U x are as in Definition 5.4. Having made this identification, in such a region, %7
is given by

Uy =uo+ )% -upo Ly

Note that addition is well defined since, with respect to the above identification, u
takes values in an sufficiently small open subset of 7 X . Therefore,

N (~o - 1 ~o0 ~0 ~o0 .
1 (@3, o) = 5 (i3 + () 0 i3 o )

N _ 1 .
= 7o, jo) + x7 - 07 (uo 0 Lz, jo) + E(J(ur) — J(uo)) o dug o jo

=1

=:1I;

| N .=
+X¥'_(J(uz)_J(”Oolr))od(uoolr)OJO'i‘aX::l'uOOLr'
2 ————

—1, =:11I

The L? norm of the term I is controlled by the L# norm of R (1o, jo) over the
regions of Xy, where e, /2R < r, < 2Ry for some n € §. By Taylor expansion,

[i| < cl|[J et - [uo o te| - [duo| < cen/rn
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and

2] < el llct - (ol + (1 = X7) - luo o t]) - [d(uo 0 1)

<c-(rp +(1_X’;)8n/rn)‘8n/r,% < cep/rn.

On X7, by definition, r, = 8,1,/ 2 Therefore and by (5.10),

1,1
Iy +a)lLr <cep 7.

The term III is supported in the region where Ry < r, < 2Ry, whose area is
independent of &, and satisfies

| < cldX-rL—l”“O ol Scry-(en/1n) = Cén,

where in the last inequality we use that, with respect to the identifications introduced
earlier, uo(0) = 0 so |uo(z)| < c|z| in a neighborhood of 0. Therefore,

|z, < cep. n

5.3. Fusing nodal vector fields

The purpose of this section is to introduce the fusing operator. This operator assigns
to every vector field £ along uq a vector field fuse.(§) along i, which agrees with &
outside the gluing region. The construction of the fusing operator makes use of the
following local trivializations of 7X .

Definition 5.11. For every x € X and y € Uy, define an isomorphism
Oy = O3 T X - T, X
by
o (v) 1= dexp=1 () XPx (V)
As y varies in Uy, these maps define a trivialization ® = ®*: Uy x Tx X — TX|y,.

The definition of the fusing operator uses a different cutoff function than the defi-
nition of the approximate smoothing u .

Definition 5.12. Forn € §, define p?: X, — [0, 1] by

pr(z) = x(r;(/?)-

Here y is the cutoff function (5.1); that is, p?! = 1 in the region where r,, < 8,1,/ 4

0% = 01in the region where r, = 25,1,/ .

, and
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Definition 5.13. Define fusel: WP (2, vo; ugTX) — WHPT (22, vo; (613)*TX)
by

O, (12 (P ()5 (2) + PEE) - (D, (1§ () — Dy 6(n)))
fuse7 (§)(z) := if ra(z) < 261/,

£(2) otherwise.

In the above formula, ® = ®* with x = u¢(n). For every n € S the restriction of
fuse? (£) to
{zeX}irm() < 8,11/4 for somen € S}

is invariant under ¢,. Therefore, fuse? induces a map
fuse.: WHPT (g, vo; uf TX) — WHPT (2., v 05 TX).
The following is a counterpart of Proposition 5.9.

Proposition 5.14. For every § € W'PT(Zg, vo; ugTX),

1 1_1
g, fusec ()l < cllbubllr +¢ 3 (62" + 61 )Elwrn.

nes

The proof requires the following results as a preparation.

Proposition 5.15. Foreveryn € S and § € WHPT (g, v;ugTX),

11
ldpg - (€ o te —Em)Lr <cen " Elwr.-

Proof. Morrey’s embedding theorem asserts that W17 < C%172/7_ Hence,

& 0 1o(2) — E(m)| < c(en/ (@) 2P E .0

The term dp? is supported in the annulus P = {8,11/ Y<r < 28,1,/ 4} and satisfies

~1/4
|dp?| < cey M/,

Since the area of P} is proportional to 8,1,/ 2

ldo? - (§ ot = EM)Lr < cey M ep/* 2P e, 2P gy
= ced Pl .
Proposition 5.16. Let U C X be an open subset. Let uy,u;: U — U, and set
vi= exp;1 oUy — exp;1 oui.

For every & € C*®(U, Ty X),

|(@uy 0 Duy 0 @y — Py 0 Dy 0 @ )E| < c([v]|dE] + |dvl|E] + [duIE][v]).
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Proof. To simplify notation, identify U, with U, via exp,. Having made this identi-
fication, ® becomes the identity map and v = u, — u. Therefore,

iy — Duk = 5(J(ur) — J(u2)) 0 VE© ]
+ 5 (Ve ) = (Ve Y(wz)) o duy o
45 (Ve )wa) o (duy — duz) o .

This implies the asserted inequality. ]

Proof of Proposition 5.14. Outside the regions where r, < 2R for some n € S, the
operators Dy, and by, agree. Within such a region and with the usual identifications

by fusel (§) = dug€ + (dge — dug)€ + p - (£ 0 1z — £(n))
=1 =:1
+ 07 - Do (§ 0 tg) — pf - Dok (n).

=:1I =1V

The difference v := U7 —ug = x% - ug o (; satisfies

1/2

vl < cen/ra < csl2,

|dv| < [dy? -ug o te| + [x2d(ug o t7)| < cen/ry.

Therefore, by Proposition 5.16 and (5.10),

1
Iy < ceq Elwr.p-

By Proposition 5.15,

1_ 1

IMLr < cen " lIEllwr.p.

The term III can be written as
I = pf - (bge§) ot + p7 - (Do — ooy, )(E 0 Lr).
The first term in this sum satisfies
6% - (dze8) o tellLr < IDuekllr + [LlLr.
To estimate the second term, consider the difference
wi=1u;,—Uy0t; = (1= x")(uo —upoty).

It satisfies
lw| < crp, and |dw| < c.
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Since p? is supported in the region where 8,1,/ * < rn < 28,1,/ 4 Proposition 5.16 implies
that
1P} - (D — Doy, ) 0 t)llLr < cey/*PlIEllwrp.

Therefore,
M| r < [[Dugkllze + cer/?P1Elw.n.

To estimate the term IV, write it in the form
IV =p7- (bfl;’ — Dum))€(n),

with b, (,) denoting the operator associated with the constant map with value u(n).
Since the difference u; — u(n) and its derivative are bounded, again from Proposi-
tion 5.16 we conclude that

Ve < ced/P||Ellyr.n. n

5.4. Construction of right inverses

Throughout this subsection, let O C LP Q%! (2, u§TX) be a finite-dimensional sub-
space such that
imby, + 0 = LPQY (Zo, ugTX). (5.17)

In particular, O surjects onto coker Dy, .

Definition 5.18. Define pull,: L?Q%! (S, ugTX) — LPQ%!(Z,,#*TX) by

Oi, (2 P Ly n(2) i £x> < ra(2) < 2R,

n(z) otherwise.

pull, (m([z]) := {

Recall that ¥; is defined in Definition 4.9 by identifying the boundary compo-
nents of {r, = 8,1,/ %) and {rvm) = 8,1,/ 2 using ¢;. The operator pull, is obtained by
simply restricting (0, 1)-forms to these regions. The resulting (0, 1)-form on X, is
typically not continuous but it is still in L?. In particular, the ambiguity at r,, = s,ll/ 2
in Definition 5.18 is immaterial. The reader should contrast Definition 5.18 with the
definition of fuse., cf. Definition 5.13, which produces sections of class WP and

therefore continuous.

Definition 5.19. Define Suo: WLPT (2o, v0;ug TX) & O — LPQY(Zo,ul TX) by
Euo(é,o) = dyy§ +o.

Define by, : WIPT (S, vo; 03TX) @ O — LPQOY(Z,, X TX) by

b7, (£,0) := bz, & + pull (o).
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By construction, Buo is surjective and, hence, has a right inverse
Tuy: LPQYN (S0, ug TX) — WHPT(Zo, vo; ug TX) & O

of by,. Henceforth, fix a choice of r,,,. The purpose of this subsection is to construct
aright inverse v, to by, for sufficiently small .

Definition 5.20. Define push,: L?Q%N (S, #XTX) — LPQ%(Zo,ujTX) by

0 if r,(z) < 8,11/2,
push,(n)(z) := dDMO(Z)d)E:([Z])n([z]) if 8,1,/2 < rp(z) < 2Ry,
n([z]) otherwise.

Definition 5.21. Define T;;_: L?Q%N (2., 0XTX) —» WUPT (S, v uTX) & O by
Ty, := (fuse; @ idp) o 1y, o push,.

Proposition 5.22. The linear operator Ty, satisfies

N

_ 1 1_
1oz, o Tz, —idll < ¢ ) (ea” +ex 7 )lvuol
nes (5.23)

I, | < cllvu -

Proof. The map push, is bounded by a constant independent of t and, by Proposi-
tion 5.15, so is fuse,. This implies the estimate on |75, |.

Let n € LPQYI(Z,, #*TX). In order to prove Proposition 5.23, we estimate
||5,7r?;;r n —n|lLr as follows. Set

(§,0) := 1y, © push. (1),

so that

Duo§ + 0 = push, ().
By Proposition 5.16 applied to %7 and 1o and using (5.10) and the fact that on X7 we
have pull, (0) = o,

1 1
bz + pullo(0) —nllLr < ce?[[Ellwrr < ce|lvugllInllLr-

Therefore, it remains to estimate

dae (07 - (§ 0tz —£()) = 9p - (§ 01z —£(n)) + p7 - Dy (§ 0 1)
=1 =1

—p7 - Daeé(n).
~———
=:11I
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By Proposition 5.15,

1

11
MLr < ce2 P lIEllwrr < ce2 7 |vylllinlze.

To estimate the second term, observe that in the region where r, = 5,1,/ 2,

Dugor, (€ 0 t7) = 17 (Dug§) = 17 (push () = 0.

To understand the last identity, observe that r, (t:(2)) = &, rv_(}l)(z) and push,(n) is

defined to vanish in the region of X where r, ;) < ex'?. Thus, by Proposition 5.16

applied to #; and ug o t, and using the fact that p7 is supported in the region where

1/4 1/4 . . 1/2
s,,/ <ry, < 25,,/ whose area is proportional to s,,/ ,

L L
Illzr < ce27 [[Ellwr.p < ce22|[vug |lInllLe-

The vector field £ (n) is constant with respect the chosen trivialization. Since the oper-
ator Dy, (») associated with the constant map agrees with the standard d-operator,

j(:)1,t0(n)é,~:(”l) = 0.

Therefore, using Proposition 5.16 applied to %, and the constant map u (), and the
estimate on the area of the support of p7, we arrive at

il
Izr < ce27 [lruy [lInllze- m
Throughout the remainder of this subsection, suppose the following.

Hypothesis 5.24. The smoothing parameter t is such that the right-hand side of
Proposition 5.23 is at most 1/2.

Definition 5.25. Define the right inverse
v, LPQUN(Z, 05 TX) — WHPT (2, v 05 TX) © O

associated with 1, by
o0
N N G LT~ 0k
vy, =715, (07, 75,) =Tz, Z(ld—bgrrgr) .
k=0

The following is an immediate consequence of the definition.
Proposition 5.26. The right inverse
v, LPQUN (S, 05 TX) — WHPT (S, v 5 TX) @ O

satisfies

by, v, =id and vz, || < cllvy, ;

furthermore,
imry, =im7y, .
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5.5. Complements of the image of rj;_

Proposition 5.27. Given cy > 0 there is a constant § = §(cy) > 0 such that the fol-
lowing holds. If T satisfies ¢ < § and K C WVPT (g, vo; uyT'X) is a subspace with
dim K = dimker by, and such that for every k € K,

[Duokllr < 8llllwr.r and |kllwr.r < crllfusec () y1.p,
then every (§,0) € WUPT (S, v 1ETX) @ O can be uniquely written as
(§.0) =g, n+ (x,0)
withn € LPQYYN (2., #*TX) and k € K; moreover,
Inllze + llwrr < cler)(IENwrr + lol).
Here |o| = |o||L» is the norm of 0 induced by the inclusion O C L? Q%! (Zo,usTX).

Proof. Because ry,_ and fuse;|x are injective and given the hypothesis on fuse;|x,
it suffices to show that WLPT (Z,, v 75 TX) @ O is the direct sum of im(v, ) and
im(fuse;|g) @ 0.

By the index formula (2.27), Remark 2.11, and Proposition 3.16,

index by, = 2{(ugc1(X, J), [Zol) + 2n(1 — pa(So. vo))
= 2((x) c1(X. J), [Ec]) 4+ 2n(1 = pa(Ec,ve))

= index by, .
Therefore and because by, is surjective and 7, is injective,
codimim(rz,) = index b, = index by, = dimKker dy,,.

Hence, it remains to prove that im(r5, ) and im(fuse,|x) @ O intersect trivially.
Suppose that n € LPQO1 (2, #1#TX) and k € K satisfy

vy, (1) = (fuse;(«), 0).
By Proposition 5.14 as well as the hypothesis on fuse, and for sufficiently small §,

InllLr = [Ibg, fuse: (k) ||L»
<[5+ #S - (577 + 83 H) |y
< ccp[8+#S - (627 + 827 7)]||nlLr

<L
\2 niLer.

Therefore, n vanishes. [
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5.6. Kuranishi model for a neighborhood of nodal maps

Throughout, let (X, jo, Vo) be a nodal Riemann surface with nodal set S, let (X, Jo, /)
be an almost Hermitian manifold, and let ug: (2o, jo, vo) — (X, Jo) be a nodal
Jo-holomorphic map. Let (7: X — A, x = (0, 0), ¢) be the versal deformation of
(20, jo, vo) constructed in Section 4.3 with fibers

(Ec,n ].a,r, Va,r) = ”_1(0, '5)-

Let §5 > 0 and let
Uc{J edX): 10 = Joller < 8)

be such that for every k € N,

sup||J — Jollck < o0.

Jeu
In the upcoming discussion we may implicitly shrink A and &3, in order to ensure
that Hypothesis 5.5 and Hypothesis 5.24 hold and various expressions involving ||,
¢ :=max{e, : n € S} with g, := |t,|, and ||J — Jo| 1 are sufficiently small.

The purpose of this subsection is to analyze whether u( can be slightly deformed
to a J-holomorphic map us 1 (X7, Jo,z> Vo,r) — (X, J) with J € U. More precisely,
we show that a Gromov neighborhood of u¢ in the space of nodal J-holomorphic
maps with J € U is homeomorphic to the zero set of a continuous map

ob: AxUxJT— 0O,

where J an open subset of the deformation space ker by, s, and O = coker Dy, j, is
the obstruction space. This is a local Kuranishi model at u( for the universal moduli
space of pseudo-holomorphic nodal maps.

Remark 5.28. Since we are not interested here in the global properties of the univer-
sal moduli space, we do not require that 1 is a stable map. A local Kuranishi model
can be constructed around any pseudo-holomorphic map. However, the Gromov limit,
as defined in Definition 3.8, is not necessarily unique for unstable maps, so the uni-
versal moduli space of all nodal pseudo-holomorphic maps is not a Hausdorff space.

To facilitate the discussion in Section 5.7 (and although it makes the present dis-
cussion somewhat more awkward than it needs to be) the construction of the Kuranishi
model proceeds in two steps. Choose a partition

S=85 1S, with U()(Sl) = §; and U()(Sz) =5,
and write every smoothing parameter 7 as

T = (11,72) with 11 = (T1,n)nes, and 72 = (t2,n)nes,-
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The first step of our construction varies o and 7; but 7, = 0 is fixed. The second step
holds o and t; fixed and varies 5.
Denote by u4,0: 24,0 — X the smooth map underlying uo. Denote by

dugito: WHPT (2o, vo; ug TX) — LPQYN (o, ugTX)
the linear operator associated with u¢ defined in Definition 2.24. Let
0 C Q¥ (2o, usTX) C LPQ" (20, ugTX)

be a lift of coker Dy, ,; that is, dim O = dim coker dy,, and (5.17) holds. We will
assume that all 1-forms in O are smooth on each component of ¥y. (The canonical
choice is O = ker b;o; J,» but this choice is not always the most convenient.) Let A,
parametrize complex structures on (X, vg) as at the beginning of Section 4.3, and
let U be an open neighborhood of Jy as above. Trivialize the bundle over A; x U
whose fiber over (0, J) € Ay x U is Q%1 (Zg,0, u o TX) with the (0, 1)-part taken
with respect to jq.0 and J. This identifies %! (2o, ugTX) and QYL(Z4.0, ”;,0 TX),
and thus exhibits O as a subset of L7 Q%! (26,0, u;,OTX) for which (5.17) holds for

D5, .7 instead of dy,. Define

Uo,05

b 7 WEPT (261,05 Vo051 TX)® O — LPQY N (Zg10.05, oTX)

3
0.71.05 0,71,0 0,71,0

as in Definition 5.19. The construction in Section 5.4 yields a right inverse

. 0,1 o~ 1, Nt
rﬁo,rl,o;-" LPQ (EUJ’I 0, Ug 7, ,OTX) - W pF(EU,TI .0, Vo,71,05 Ug 7, ,OTX) ® 0.

of bﬁa,rl,o;J-

The next two propositions build a Kuranishi model for a neighborhood of u¢ in
the Gromov compactification of the moduli space of pseudo-holomorphic maps. In
essence, they assert that for every smoothing parameter t and an infinitesimal defor-
mation k the pseudo-holomorphic map equation can be solved modulo obstructions.
The construction of the Kuranishi model proceeds in two steps, described by Propo-
sition 5.29 and Proposition 5.33, in order to obtain better control of the obstruction
map. The first step is to smooth the nodes in 5.

Proposition 5.29. There are constants 6,, A > 0 such that for every (o, 11,0) € A
and k € ker Dy, with |k| < 0y, there exists a unique pair

(o, 11:J5K),0(0,711; J;K)) € im iy 0 03]

C Wl’pr(za,rl ,0, Vo,71,05 ﬁg,rl,OTX) ®0

with
&0, ti: Jik) lwrp + oo, Tis Ji6)| < A
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satisfying
Bty 2, 00 (fusez) ok + (0, 713 J k) + pully 4(o(0, 715 J54)) =0, (5.30)
with §& as in Definition 2.23. Furthermore,
1E(o,t1: Ji ) lwrp + oo, T15 T 5 k)]
<c(lol+ [al2+7 + 17 = Jollco + Ix]). (5.31)
Proof. Since iy g 03 is injective, (5.30) is equivalent to the fixed-point equation
n=F) =n—Fu,,, o7 0user ok +priva, . o;on) —pully o(prova, . 607

Here pr; and pr, denote the projections to the first and second summand of

Wl,pF(EU,tl ,05 Vo’,rl ,0; ﬁ;,fl,OTX) @ O’
respectively. By Proposition 2.30,
F(n) = =07 (fio,2.0: Jor 0) — Dizy 4, o fuser ok

— N, ., ;7 (fuseq ok + pry o LY n).
By Proposition 5.9 and Proposition 2.30,
IFOzr < c(lo] + I/ = Jollco + 712+ + k| + [« ]?).
Moreover, by Proposition 5.26 and Proposition 2.30,
IF () = F@2)llLr < c(lcl+ lnllee + In2llee)lin = n2llee.
Therefore, provided § is sufficiently small, there is an R > 0 such that ||[F(0)|L» <

R/2 and for every 01,72 € Br(0) C LY QN (So., i1} TX),

1
IF(n1) —F(m2)llr < 5”’71 —n2llLr.

This shows that F maps Bz (0) into Bg(0) and F: Bg(0) — Bg(0) is a contraction.
Thus, the first assertion follows from Banach’s fixed-point theorem. The second fol-
lows from the above and Proposition 5.9. ]

This completes the first step. In the second step, we smooth the nodes in S,. This
step is analogous to the first one, with u being replaced by the maps obtained from
Proposition 5.29. For (0, 7) € A and k € ker by, with ||« 1., < 6, set

S
Uo,11,0;0 56 += expﬁa.r].o(fuserl ok +&(0,11: 1K), Uorauw = (Uozy,0005) 7

that is, U4, ¢; ¢ is obtained from u 4,7, 0;7:c by the construction in Definition 5.7.
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Definition 5.32. Define

pull CLPQYN (2o, ub TX) — LPQY (Zgy 0, uk TX)

UT]OJK U‘L’],O;J;K

to be the composition of pull; , with the map induced by parallel transport along the
geodesics
t e expg, ., (¢ (fuse, ok + (0. 715 J 1 1))).

Furthermore, denote by

pully ;.7 s LPQ% (S0, ugTX) — LPQ% (S q, i 0y .y TX)
the composition of pull, -, .. With
pull 1 LPQ% (So.c; 0. uj 1, 0.2 TX) = LPQO (S0 iy 1.y TX)

defined in Definition 5.18.

The subspace pull, ., o. ., (O) satisfies (5.17) for ug ¢, 05« instead of ug. Define

ity rse: WHPT (Soye, Voo g TX)® O — LPQY (24, 01F

orJ/c

TX)

G’TJK

as in Definition 5.19. The construction in Section 5.4 yields a right inverse

LPQO N (Sge, i 1.7y TX) = WHPT (Z0,0, Vot g TX) © O

ru(rrJK O"L’JK U‘EJK

of by

Uo,t;J k"

Proposition 5.33. There are constants &, A > 0 such that for every (o,7;J) € A xU
and k € ker Dy, with ||K|ly 1.0 < 8, there exists a unique pair

(E(0.7:J:K),0(0, 3 J:0)) € iz, ;5 © WIPT (o0, Voo i 00 TX) @ O
with
1E(o. t; J: k) ||wi.p + |00, 75 T3 0)] < A
satisfying

Biio e (g(a, t;J56)) +pully ..y (0(0, 713 J 1K) +0(0,T: J ;1)) = 0.
Furthermore,

[E@. v i) lwp + 1000, 72 T2
< |0y (Mo,e; 750 Joo) + puua,r;J;x(o(Uv 113 J56)) e (5.34)

Proof. This is similar to the proof of Proposition 5.29. ]
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Definition 5.35. Set J := Bs, (0) C ker by,,,. The Kuranishi map ob: A x U x J — O
is defined by
ob(o,7:J;k) :=0(0,11: J:k) + 0(0, T3 J 5 ),

with o and 0 as in Proposition 5.29 and Proposition 5.33.

The upshot of the preceding discussion is that 1o can be slightly deformed to a
J-holomorphic map
Ug,r: (Eo,rs Jo,os Va,r) — (X, J)

if and only if there is a k¥ € J with ob(o, t; J; k) = 0. The following shows that
this Kuranishi model indeed describes a Gromov neighborhood of ug: (29, jo, Vo) —
(X’ JO)

Proposition 5.36. Let (0%, tx)ren be a sequence in A converging to (0,0) and let
(Jx)ken be a sequence in U converging to Jo. If

(uk: (Eak,rk , jok,rk , Vcrk,rk) - (X, Jk))keN
is a sequence of nodal pseudo-holomorphic maps which Gromov converges to
uo: (Xo, jo,vo) = (X, Jo),

then there is a K € N such that for every k = K there are Ky € ker by, and (§;,0) €
im rﬁok,tk;Kk§Jk with

(€r):

U = CXpﬂnk T

moreover,
lim |Kk| =0 and lim ||§'k||W1,p = 0.
k—o00 k—o0

In particular,
ob(og, t; Jrs ki) = 0.

The proof of this proposition relies on the following result.

Proposition 5.37. Assume the situation of Proposition 5.36. There are K € N, §, > 0,
and ¢ > 0 such that for every k = K and k € ker by, with ||k||y1.» < 8, there is a
Cki € F(ng,,k,ﬁ;k,tk;Jk;KTX) with

Mk = eXpﬂ(’kaiJlik“f (g‘k,K)’

moreover,

lim sup|| Sk llwi.r < clk].
k—o00

Proof. The proof has two steps: the construction of {x., and the proof of the estimate.
Recall the definition of U, from Definition 5.4.
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Step 1. There are K € N and §, > 0 such that for every k > K, « € ker by, with
«llwir <6 andz € Xg, ¢,

Mk(Z) € Uﬁak.tk:./klk(z);

in particular, there is a section (i € I'(Zgy 7 » ﬁ(“;k ;T X) given by

. —1
g = ~ (o) .
Sk 1= eXPg, ., O Uk

By (5.31), (5.34), and Proposition 5.9,

_ _ 11
d(”ak,rk;Jk;K, uak,tk;Jk;O) < C(|0k| + 8]3 7+ ”Jk - JO”CO + |K|) (5-38)
Therefore, it suffices to consider k = 0 and prove that there exists a K € N such that
forevery k = K,
1
uk(Z) € EUﬁok,tk;Jk;O(Z)'
Using the framing W from Definition 4.17, define vg: Zo\S — X, U k1 Zo\S = X
by
Uk i=ug o o W(-10k, k) O Lo,
Tjk = ﬁO'k,tk;Jk;O o LI:I o lp(';oka Tk) o lo,

respectively, cf. Definition 3.8. Both of the sequences (vi)ren and (Vg )xen converge
to ug: Lo\S — X in the C,°° topology — the former by Definition 3.8 and the latter

loc
by construction.

With the notation of Remark 4.18 forr > Qandn € S, set

Nkr,n =N’

OfTgsn”

Choose r > 0 as in Proposition 3.16 with § := % inj, (X). By the preceding paragraph,
the assertion holds for sufficiently large k and z ¢ N/, . By Proposition 3.16 and by
construction of s, ., for sufficiently large k

ue(NL,) C Bs(uo(n) and i, 5700 (Nf ) C Bsuo(m)):

hence, for every z € N, k’ "

1
uk(Z) € EUﬁok.tk:JkZO(Z)'

Step 2. There is a constant ¢ > 0 such that the sections (i, defined in the preceding
step satisfy

lim supece lw.r < clel.

k—o0
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By (5.31), (5.34), and Proposition 5.9, we can restrict to ¥k = 0. Furthermore, it
suffices to prove that for every n € S

o T 5.39
510 im sup|[Cxollwrro vy ) 639

k—o00

The case when 7 is not smoothed is straightforward. The framing extends to iden-
tify a neighborhood of # in X, ;, with a neighborhood of n in Xg. It follows from
Lemma 3.14 and elliptic regularity that, on this subset, the maps uj converge to ug

in the C 5 topology. Let us therefore assume that n is smoothed out; that is, &, # 0

for sufficiently large k.
Define pr € C*(N[.,,» TugmyX) and px € C*(N[.,,, Tugm) X ) by

. -1 ~ -1 ~
Pk = €XPy, () © Uk and py = XDy (n) © Wor,x3J550-

By construction,
lim ||p [l 1.» = 0.
k—o00

Therefore, it suffices to prove that

lim lim su pnvs y = 0.
lim k_)oop”PkHWl P(NE,)

As explained in Remark 4.18, the subset N., is biholomorphic to the cylinder
S'x (—L.Ly) with Ly :=log(re, }/?).

Hence, py can be thought of as a map p,ccyl: St x (—Lk, Lg) = Tyym)X . More con-
cretely, the canonical chart ¢, defines a holomorphic embedding

On:{veT,Xo: 8,1/: <l <rj— N,
which glues via ¢; with the embedding ¢, ;) to a biholomorphic map
Br(O)\Esn;k/r(O) = N]:;n'

Choose identifications T, ¢ = C = T, (,) Zo such that ;(z) = &,/z. The map ,o,iyl is
then defined by

pi © pa(el/ZetHif) ift >0,
Pk © ¢v(n)(8’11;/]3€_e_i0) ifr <0.

Pl (6.0) = {

Since uy is Jx-holomorphic, p,ccy Lis expzo(n)(Jk)-holomorphic. Since the energy
is conformally invariant,
1
E(py") = Eugy,).
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Choose 1 € (1 —2/p,1). By Lemma 3.15,
Vo0, 0] < ce D Equg |y )2,
By the above and Proposition 5.3, for z € X7 _ with r, () <r
IVor(2)] < er™r ()" Eugly, ).
There is a corresponding estimate with n replaced with v(n). Hence,

cr—hkp
(u=Dp+2 p ~ )P/2
TR (uilwg, ).

Since (u — 1) p + 2 > 0, the right-hand converges to zero as s converges to zero. u

IV . <

Proof of Proposition 5.36. Let k = K and k € ker by, with |k| < ;. Let (i, be as
in Proposition 5.37. By Proposition 5.27 the latter can be uniquely written as

Cige = fuser, (k) +Pry 0¥z, oyl With Agge € ker by,

It remains to be proved that after possibly increasing K for every k = K there exists
a Kk € ker by, with |k| < 8¢ and Ag, = 0. The following statement is a consequence
of (5.38), (5.39), and the fact that vz, _ ., .. depends smoothly on k when interpreted
T ;ksfk§1k§0TX) ®0
using parallel transport along geodesics. If §, is sufficiently small, then for every «,
Uy can be written in the form

as a family of operators on a fixed Banach space L? Q%! (2, o, .1

Uk = expﬁok.rk:Jk,O (fuse":k (K + Akilf) + rﬁak,rk:lk:()ﬁkilf + ek;K)’

with ey, satisfying

limsupllegollw1.» = 0
k—o00

and a quadratic estimate
lerser — ks lwir < c(lia] + |i2]) k1 — K2 (5.40)
It follows from Proposition 5.27 that for |k| < &,
K+ Ak + 7(eky) =0,

where 7 denotes the projection on fuse, (ker d,,) precomposed fuser_kl; the latter is
defined because fuse, is injective on ker by, provided k is sufficiently large. Thus,
the existence of a unique small « such that Ax., = 0 is a consequence of (5.40) and
the Banach fixed point theorem applied to the map k > —m(egc)- ]
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5.7. The leading order term of the obstruction on ghost components

Assume the situation of Section 5.6. The purpose of this subsection is to analyze the
leading order term of part of the obstruction map ob constructed in Section 5.6. This
construction requires a choice of partition of S and a choice of lift

0 C LPQ% (2o, ugTX)

of coker dy,,. The following paragraphs introduce a particular choice tailored to the
upcoming discussion.

Let C C Zy be a ghost component of ug; see Section 2.4 for the definitions of a
ghost component and related notation. Denote by x¢ € X the constant value which u
takes on C.

To simplify the upcoming discussion, we will make the following assumption,
which will be satisfied in the situation considered in the proof of Theorem 1.1.

Hypothesis 5.41. SZ consists of one point, that is, C and Xo\C meet at one node.

Denote by B C C the base-locus of the dualizing sheaf of C,cf. Proposition 2.18.
If B does not contain the node at which C and ¥\ C meet, then set By := O; other-
wise, denote by By the connected component of B containing the node. Set

Ce = C\B() and Z‘ = Eo\c.

and abbreviate
Ve :=vc, and vg = vs,.

The significance of this construction is as follows. By Proposition 2.18, every con-
nected component of C, attaches to X 4 at a unique node; moreover: these nodes are
not contained in the base-locus of the dualizing sheaf of C,.

The partition of the set of nodes we choose is, with the notation from Section 2.4,

S=5 1S, withS; :=Sg, IS and S, := S5, L S, (5.42)

that is, first, we will smooth the interior nodes of X g and C, and then the exterior
nodes connecting them.

Next we discuss the choice of the obstruction space O. Set Dy, & 1= bu0|z‘ and
let
Oa C Q"N (Zp, ujTX) C LPQY (Za, uiTX)
be a lift of coker b, 4 such that every o € Og vanishes in a neighborhood of S%";

if By is empty, and over all of By if By is non-empty. Furthermore, let
e C Q%1(Ce,C) ®c Try X C LPQY(Co,ufTX)

be a lift of coker(d ®c 1).
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Every £ € WIPT (Zg, va;uiTX) can be extended to Xy in the following way.
Givenn € S g‘; extend £ to a constant section taking value £(n) over the connected
component of the nodal curve (C.,, ve) containing v(n). This defines an inclusion

WHLPT (Za, vasugTX) C WHPT (2o, vo; ug TX). (5.43)
Furthermore, extension by zero defines inclusions
LPQ% (Sa, ulTX) C LPQY (2o, ujTX),
LPQ%" Y (Co,uf TX) C LPQY (2o, us TX).
Set O := Og & Q..

Proposition 5.44. The map (5.43) induces an isomorphism ker by, & = ker by, and O
is a lift of coker Dy,

Proof. Denote by vy the nodal structure on 3¢ which agrees with vy on the comple-
ment of S, and is the identity on S5. This nodal structure disconnects X4 and C,.
Denote by

dug,1: WHPT (o, vin; ug TX) — LPQY (2o, u*TX)

the operator induced by b,,,. Define V_ and diff: ker b,,,u — V_ as in Remark 2.28
with S, instead of S. As is explained in Remark 2.28,

ker by, = ker diff
and there is a short exact sequence
0 —> cokerdiff —> coker b, , —> coker b, i1 — 0.

The domain and codomain of by, 11 decompose as

WEPT (S, v ugTX) = WHPT (Sa, vaiug TX) @ WHPT(Co, ve; C) ®c Txo X,
LPQ% (2o, ugTX) = LPQ% (Za, uyTX) ® LP?Q% (Ce, C) ®c Ty, X.

With respect to these decompositions

[ Dup.& 0
Dug, 11 = ( 0 9®c 1)

with Dy, & = buo\z“ and 9 ®c 1 = Dy, is the standard Cauchy—Riemann operator
since uq is constant on C,. Therefore,

ker Dy, 11 = ker dy,.a D ker(g ®c 1),
coker Dy, 11 = coker Dy, & B coker(§ ®c1).

The task at hand is to understand ker d,,, and coker b, in terms of the above.
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Since elements of ker(d ®c 1) are locally constant, ker(d ®¢ 1) has a direct
summand Ty, X for every connected component of (C,, ve). Hypothesis 5.41 and
Proposition 2.18 imply that there is one connected component for each node in § %";
Therefore,

ker(d ®c 1) = V- = Map(Sg} . T, X).

With respect to this identification the map diff: ker b, 4 ® ker(d ®c 1) — V_ is given
by
diff(x, v)(n) = k(n) —v(n).

Therefore,
ker diff = ker d,, &4 and cokerdiff = {0},

which, by Remark 2.28, completes the proof of the proposition. ]

Construct the Kuranishi model as in Section 5.6 for the above choices of § =
S 1 I S2 and O.

As a final piece of preparation, let us make the following observation, which by
Remark 2.28, in particular, gives an explicit description of O* = coker(d ®c¢ 1)*.

Proposition 5.45. Let (C,v) be a nodal Riemann surface with nodal set S. Denote
the corresponding nodal curve by C and its dualizing sheaf by w. Let q € (1,2) be
such that 1/p + 1/q = 1. Define

Hc LIQ%(C,C)
to be the subspace of solutions Eof the distributional equation

L= fmdn) (5.46)

nesS

Sfor some weight function f:S — C with f ov = — f. Here §(n) is the Dirac delta
distribution at n. The subspace H satisfies

H = Ho(é,a)é).

Proof. 1f C is smooth, then C = C and the dualizing sheaf w¢ is simply the canonical
sheaf K¢ . By the Kéihler identities,

H = ker(9*: Q01(C, C) — Q°(C, C))
= ker(9: 201(C, C) — QL1(C, C))
~ ker(3: Q1°(C, C) » QV(C, C))
~ H°(C,Kc¢).
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Recall from the proof of Proposition 2.18, that the dualizing sheaf of C is constructed
as follows; Denote by 7: C — C the normalization map. Denote by @ the subsheaf
of K¢ (S) whose sections ¢ satisfy

Res, { + Resym) ¢ =0

for every n € §, with Res,, n being the residue of the meromorphic 1-form » at . The
dualizing sheaf @ is then

W = Ta® .
Therefore, H°(C,wz) = H(C, ). By definition every { € H(C, &) is smooth
away from S and blows-up at most like 1/dist(n, ) at n for n € §; hence, ¢ €
LI1Q%1(C, C). The residue condition amounts to (5.46). This shows that

H(C,wg) C K.
Conversely, by elliptic regularity every ¢ € H defines an element of H°(C, ws). =

The following is the technical backbone of the proof of Theorem 1.1. The reader
is advised to recall Definition 5.35 and Proposition 5.36 because these are the main
ingredients of the proof.

Lemma 5.47. Denote by C. the nodal curve corresponding to (Ce, ve). There is a
constant ¢ > 0 such that the obstruction map defined in Definition 5.35 satisfies the
Jollowing. For every (o,7;J;k) € AxUXxJ, (e HO(C.,a)Cv.), and v € Ty, X,

(puuo,r;J;K (ob(o, 7: J ;1 k)), puua,r;];/c (E ®c v)>L2
= Z ﬂ((é‘(l’l) Rc dVO(n)ua,rl,O;J;/c)(fn)v U) +e

nesgﬁ
with

le| < c|¢||v]el/? Z en and ge:=max{e, :n € Sgl: U St

ext
neSe,

Example 5.48. To understand better the significance of Lemma 5.47, it is helpful to
consider the following example. Suppose that (X, jo, Vo) consists of two compo-
nents: the higher genus ghost C = C, and a spherical bubble X4 = CP! meeting at
points # € C and v(n) € CP!. (In that case, B = By = &.) In that case, there is only
one smoothing parameter t, which, after trivializing the tangent spaces of C and 2 4
at the nodes, can be thought of as a complex number, and ¢ = |7|. By Lemma 5.47,
for every holomorphic 1-form ¢ € H?(C, wc),

(pUHGJ;J;K(Ob(O', 1 J5K)), PUlla,z;J;x(Z ®c v))12
= 7((§(n) ®c dvy(m)Uo,0:75¢)(T), V) + e (5.49)
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with
le| < c[¢|[v]e*>.

Since C has positive genus, there exists ¢ € H%(C, w.) such that {(n) # 0. If the
restriction of g to the bubble CP! is unobstructed, then Ug,0:0:c = Up ON CP! for
all o and «. If, moreover, d, ,)uo # 0, it follows that the right-hand side of (5.49) is
never zero unless ¢ = 0, and so ob(o, 7, J; k) # 0 for T # 0. We conclude that in that
case U cannot be smoothed.

Proof of Lemma 5.47. The proof is based on analyzing the expression

0= (%ﬁm;,m(g(ﬁ, t;J56)) +pully .y (0(0, 715 T s k) + 0(0, T3 T ; K)),
puuo,r;J;/c(é- dc U))L2

and the identity
ob(o,7;J;k) :=0(0,11; J ;) + 0(0, T: J ; k).

Step 1. The vector field £ (o, 71; J; k) is constant on C, and o(0, t1; J ; k) is supported
on X ; in particular,

<pu110,r;J;/c(0(G’ 715 J5K)), pullo,r;J;/c (E ®c U))LZ =0.

The construction in Proposition 5.29 can be carried out for u¢|x, with the choice
of O =0Ogq and S, = @. Forevery (0,71,0; J) € A x UWand k € ker Dy« With |k| < 8
denote by £(o, 71; J; k) and o(0, 71; J ; k) the solution of (5.30) obtained in this way.

Henceforth, regard &(o, 71; J; k) as an element of Wl’PF(Eovo; ugTX) and
o(0,11; J; k) as an element of O. By construction these satisfy (5.30) for u¢ and with
the choices of O and S = S I S» made in the discussion preceding Lemma 5.47.
Therefore, and since ker by, » = ker by, (0, 71; J;«) and o(o, 71; J ; k) are precisely
the output produced by Proposition 5.29. The first part of the assertion thus holds by
construction.

Step 2. The term
5J (iZU,‘L';J;Kv jcr,r) + Pung,r;J;K (o(o, 715 J5K))

is supported in the regions where r,, < 2R for some n € Sé".‘ Set X, 1= Ug ;0,7 (1).
Identifying Uy, with U x, Via exp,  in the region where r, < 2Ry, the error term can
be written as
5)(-72 *Ug,11,0;0:6 O lry T G
with
|5X’r12 “Ug,r,00k Ol | S cen and  [g] < 653;' (5.50)
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The proof is a refinement of that of Proposition 5.9. A priori, the error term

kR (Uo,e:0:00 Jo,r) + pully ..;..(0(0, 715 J; k)) is supported in the in the regions where

n < 2Ry for some n € S,. If n € S%";, then it is immediate from Definition 5.7

that Uy, ¢; 7.« agrees with uq ¢, 0,7 in the region under consideration; hence, the error

term vanishes. Forn € S e".‘, in the region under consideration and with the identifica-
tions having been made,

~o o
Us ;T = X1y " Uo,11,05056 O Loy
Therefore,

- ) =
LU JU o) = asz *Uo,71,05J 5 © Loy

+ X::l2 (J( o ) — J(uo,rl ,0;J ;6 © er)) ° d(ua,rl ,0;J ;6 © lrz) ° jo,71,0

=:1

n s .
+ Xy ° aJ(uU,TI .05k O lys Jo,rg ,0) .

=:11I

(Observe that by elliptic regularity and (5.30), the map ug ;7 is smooth in the region
in question, so we can take its derivative. We will use this fact in the remaining part
of the proof.) The term I is supported in the region where Ry < r, < 2Ry. By Taylor
expansion at vg(#), in this region

[Uo,71,0:0 3k © Ley

|
|d(ua,r1 ,0;J ;6 © lr2)|

Therefore,
) _
II| <ce; and |8)(’r‘2 “Ug,z 0.0k O ley | < CEp.

Since t, is holomorphic and o(o, t1; 1) is defined by (5.30),
II= X';z : Ling (Uo,71,0;7 505 Jo,71,0) = _XZZ : [:20(0, 115 J 1K),
and thus II vanishes by our choice of O.

ext

Step 3. Foreveryn € S¢,,

(5)(:2 *Uo,71,0;J 56 O lrys PUHU,I;J;K(E ®cv))r2
= _7T<(§ ®c dvo(n)uo,rl,O;J;/c)(Tn)v U) + es

with
lea| < cenltllv].
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To simplify the notation, we choose an identification 7,,C = C and work in the
canonical holomorphic coordinate z on C at n and the coordinate system at vg(n)
with respect to which w = i, (z) = &,/z. In particular, with respect to the induced
identification 7},,(,)C = C the gluing parameter is simply 7, = &, - 1 Q¢ 1.

Since U, 7,0, 18 J-holomorphic, by Taylor expansion,

ud,‘[],O;J;K(En/Z) = aqu,TI,O;J;K(O) “en/z+ 1 with |r] < C8i/|Z|2,
The term e}, := (8)(12 v, pully ;.7 ( ®c v)) 2 satisfies
CARS AL

Since ¢ is holomorphic,

/ t(re'®)da = 27 - £(0).
S1

Therefore,

= 1 F (2)
I NP =/ 1 ,0lzl\ ¢ vol
O, O Ro<|z|<2Ro 2X <RO)RO|Z|

L) (f o)

2Ro ry 1 ;
A 1404
= X —)—=—dr azi(re'®).
[ ()%

The integral evaluates to —1. Thus, the assertion follows because the term

(€(0) - dwUg,r;,0;7:(0), V)
can be written in coordinate-free form as
(¢ ®c dvym)Uo,z1,0;7:)(Tn), V).
Step 4. The term
e3 := (dg, .., E(0, T3 J3k) + ug, . (0, T3 T:6)), pully 1.y (€ ®c V)12

satisfies

lesl < cel> 37 eultllvl.

nesext
Ce

By Step 2 and Proposition 5.33,

(o, T; T ) lwir < céen.
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This immediately implies that
6/3 = <nﬂg!r¢J;K (E(U» T; Jv K))v puua,r;J;/{(E Qc U)>L2

satisfies

sl <e Y enldllvl.

nESg%
It remains to estimate
6/3/ = <DEO'!T;J;KS(O" T, J! K)’ pu]]o’,t;J;K (é‘ ®C U))LZ

Set
Cor=CenNXy,

Since k and & (o, 11; k) are constant on C, Proposition 5.16 implies that the term

é(or J; K)—aé(ar J:K),

uO"L'JK

defined over C2

o,T°
and satisfies

> / D5, 0.y 60, T3 T 1K) — 3E(0. 71 T 1))
nesext <7'n 2R()
£ 0 J; £ - J- £ C T2
<c ) [ &(0, T; J;0)[|VE(0, T3 T3 )| + [E(0, 75 T 5 1))
nesg(t <7’;1$2R0

<clE@ w0130,

2
<c E &,

t
nes 8‘.
I'herefore,

sl <e Y &2+ (0 (0.7 J:6). T ®c v)race.,)l-

ext
neSC.

Since 3*¢ = O on Co o

integration by parts yields

(060 7: J:K). T ®c v)12(ce | < cel® Y NIE(@. T T:0) wrn 0]

ext
nesSe,

1/2
< cel/ E En.

ext
nesSg,

Combining the above estimates yields the asserted estimate on e3.

751

is supported in the regions where 8,1,/ 2 <ry <2Roforsomene S o
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Step 5. Conclusion of the proof.

By Step 1, Step 2, Step 3, and Step 4 the term
0= (pU1IG,T;J;K(Ob(G’ 7;J:K)), Pulla,z;J;K(E ®c V)2
satisfies

0 = ~(Fityrosu 60,75 J36)), pully . 7, (€ ®c )12
= > 7{(& ®c dygmUom.0:7:)(Tn) V) + €1 + €2 + €3

ext
n ESC.

with the error terms arising from the corresponding terms in the preceding steps. The
term e; arises from the L? inner product of the sum, over all nodes n € ng:, of
error terms from Step 2 and pull, .. ;.. (E ®c v), which multiplies the estimate (5.50)
by |€||v|. The preceding steps thus yield the asserted estimateone =ej; + e, +e3. =

5.8. Proof of Theorem 1.1

Without loss of generality, suppose that

(Ek, ]k) = (Eak,rk, jak,rk)

with 7., # 0 for every k € N and n € §; that is, all nodes are smoothed and vy, -,
is the trivial nodal structure. By Proposition 5.37 there is a sequence (k% )cen in J
corresponding to (U )ren-

Again, without loss of generality, #oo: (Xoo, Joos Voo) —> (X, Joo) has at least one
ghost component C with one non-ghost component

Shubble = oo \C

attached at a single node, so that Hypothesis 5.41 is satisfied. Denote by C the nodal
curve corresponding to C and let B be the base-locus of the dualizing sheaf of C.
Define By C B and

Coe:=C\By and Xg :=Xp\Ce
as at the beginning of Section 5.7. Observe that
Ya = Bo LI Zpubble
so that 3, decomposes into

Yoo = Co I By I Zpypple -
D e ——

Za
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Write tpx = (tk,1, Tk,2) With 1x,; and i, denoting the smoothing parameters
corresponding to the sets of nodes S; and S, defined in (5.42). Since By is a tree

of spheres, the partial smoothing X o contains a component biholomorphic

OksTk, 15
to Zpubble, as discussed in Example 4.12. Let

bi: Zvupble = X

be the restriction of us, 7, | 0:«, to this component. After reparametrizing by by biholo-
morphisms of Epppe We can guarantee that by converges to Ug|x,,,. in the C*
ext.

topology. Let x be any node in S¢;; the point vk (x) under the above biholomorphisms
it is mapped to a point x; € Zpupple and the sequence (xy ) satisfies

lim x; = veo(n).
k—o0

Let C, be the nodal curve corresponding to C,. By the construction of C,, for
every node 1 € C, such that v(n) € X, there is a holomorphic section ¢ € H°(C,, wg,)
with £ (n) # 0. Since ob(oy, Tk ; Ji: kx) = 0, it follows from Lemma 5.47 that

1/2

|dxk bk | S gk;ghost'

(Observe that reparametrizing by by biholomorphisms of ¥yppe does not affect the
estimate in Lemma 5.47, which is independent of the choice of a Riemannian metric
in the given conformal class.) Passing to the limit k — oo yields that d,__ (n)uo = 0.

—
6. Calabi-Yau classes in symplectic 6-manifolds
6.1. Proof of Theorem 1.3
Denote by Cy, ..., C; the connected components of ¥, on which u, is non-constant
and set ul_ := uoo|c; and A; := (ul,)«[C;]. By the index formula (2.27),
I I

Y index(uhe) = ) 2(e1(X. @), 4;) = 2c1(X, ). 4) =0

i=1 i=1
Since Joo € Jemp(X, w), forevery i = 1,..., 1, we have index(uéo) > 0, and thu_s

index(uéo) = 0. Consequently, the images of the simple maps underlying “éo and ul,
either agree or are disjoint. However,

1
imue = U imul
i=1
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is connected. Therefore and since A is primitive, / = 1 and uéo is simple and, hence,
an embedding because J € Jemp (X, ®). Given the above, it follows from Theorem 1.1
that (X0, Joo» Voo) 18 sSmooth.

6.2. Proof of Theorem 1.5

The proof of Theorem 1.5 (1) is completely standard and straightforward. Neverthe-
less, let us spell it out. Let J € J7 , (X, w). By Proposition 2.36 and Theorem 1.3,
M:l, < (X, J) is a compact oriented zero-dimensional manifold; that is, a finite set of
points with signs. The signed count #MZ, ¢ (X, J) is independent of the choice of J.
To see this, let Jo, J1 € 5., (X, ) and (J1)se0,1] € dop (X, @ Jo, J1). By Proposi-
tion 2.36 and Theorem 1.3, M{l ¢ (X, (J1)ref0,17) is a compact oriented manifold with
boundary

My o (X, J1) I =M} (X, Jo).
Therefore,

#Mf*l,g (X, J1) = #M:l,g (X, Jo).

Theorem 1.5 (2) follows from [7, Theorem 1.6]. Indeed, the latter asserts that for
every J € J.(X,w), the set

oo
L], x.)
g=0
is a finite set. Therefore, there exists a go € Ny such that for every g = g¢ the moduli
space M (X, A; J) is empty; in particular, ng ¢ (X, ®) = 0 for g = go. ]

7. Fano classes in symplectic 6-manifolds

The proofs in this section make use of definitions and results from Section 2.8.

7.1. Proof of Theorem 1.4

Denote by C Ioeees C 1 the connected components of ¥, on which 1, is non-constant,
set il := uoolgi, denote by u’ :C; — X the simplg map underlying il ,letd; €N
be the degree of the covering map relating u% and uf, set A; := (u},)«[C;], and set
gi = g(C;). Since (ug)ren Gromov converges to U o,

(1) ug(Xx) converges to 1 (X ) in the Hausdorff topology, and
@ Y diA = A

These are the only two consequences of Gromov convergence that will be used in the
following argument.
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Denote by [y the subset of those i € {1, ..., 1} with (c1(X,®), 4;) = 0 and set

Iy :={1,..., I}\1p. Without loss of generality all of the pseudo-cycles f; have

codim( f3) = 4. For every i € I, denote by A; the subset of those A € {1,..., A}
such that

imul, Nim f; # @. (7.1)

Since Joo € Jemp(X, w; f1,..., fa), foreveryi € Iy and A € {1,..., A} we have
imul_ Nim f3 = @. Therefore, and since uy(Zy) converges to uoo(Zoo) in the
Hausdorff topology, for every A € {1, ..., A} there exists at least one i € I such
that (7.1) holds. Forevery i € {1,...,1}and A € A; set

fi=

; foif imul Nim f; # @,
ff otherwise,

with f/.ka as in Section 2.8; in particular: codim f < codim f. A’ with equality if and
only if

imul, Nim f; # @.
By definition, u’ represents an element of My < (X, J;( f)f )aen,;)- Therefore, and
since J € Jemp(X, @, f1,..., fA),

2(c1(X.w). A;)) — Y (codim(f}) —2) = 0.
AEA;

On the one hand, multiplying by d; and summing yields

3 3 (codim(£)—2) < Y Y difcodim(f]) —2)

i€l A€A; i€l A€A;
1
< Zz(cl(X7w)»diAi)

A
= Z(codim(f;t) —2).
A=1

On the other hand, by the preceding discussion, the reverse inequality also holds.
Therefore, equality holds and this implies that

(1) d; = 1foreveryi € I,
() 2{c1(X, w), 4i) = Xse4, (codim(£}) —2),
3) fi = fr,and

(4) the subsets A; are non-empty and pairwise disjoint.
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This implies that for every i € I the map i’ agrees with u’_ and thus is simple;
moreover, this map has index zero (in the sense of (2.27)) and its image intersects f),
forevery A € A;. Furthermore, every f; intersects the image of precisely one map ugo
with i € ;. Therefore, the images of the maps uéo with i € I are pairwise disjoint.

Since 2{c1(X,w), A) > 0, I+ is non-empty. For i € I and j € Iy, the images
of u’o<> and uéo must also be disjoint, because otherwise they would have to agree —
contradicting A; # A;. However,

I
iMoo = U imul
i=1

is connected. Therefore, if Iy # &, then there is are i € Iy and j € I such that the
images of uéo and ugo intersect. The preceding discussion shows this to be impossible;
hence: Iy = &. Similarly, if 7 were to contain more than one element, then there are
i, j € I+ with such that the images of u’oo and uéo intersect — which is impossible.
Therefore, I = 1 and &1, = ul_ is an embedding.

Given the above, it follows from Theorem 1.1 that (X0, joo, Voo) iS smooth and
imug Nim f) # Tevery A =1,...,A. ]

7.2. Proof of Theorem 1.7

Given Gromov compactness, Theorem 1.4, and Proposition 2.44, the proof that

nag(X,0:y1,...,7YA)

is well defined and independent of the choice of J is identical to that of Theorem 1.5
up to changes in notation.

To prove that ng ¢ (X, w; y1,...,ya) is independent of the choice of pseudo-cycle
representatives, suppose that /> and f|! are two representatives of PD[y;] such that
fli, f2, ..., fa are in general position for i = 0, 1. Let F: W — X be a pseudo-
cycle cobordism between f,” and f;' such that F, f>,..., fa are in general position.
Let J be an element of the set J} , (X, w; F, f>,..., fa) defined in Definition 2.46,
which is residual by Proposition 2.47. It follows that M:l, ¢ (X, J; flo, ..., fa) and
My (X, T S, ..., fa) are finite sets of points with orientations and

My (X, T3 F, far..., fA)

is an oriented 1-dimensional cobordism between them. This cobordism is compact by
Gromov compactness and the argument used in the proof in Theorem 1.4. Thus,

#VG (X T S0 ) = #MG (XL T ).
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The fact that ng ¢ (X, w; y1,...,ya) = 0for g > 1 is a consequence of the fol-
lowing analogue of [7, Theorem 1.6] for Fano classes.

Theorem 7.2. Let (X, w) be a compact symplectic 6-manifold, fi,..., fa be a col-
lection of even-dimensional pseudo-cycles in general position, and let A€ Hy(X,Z)
be such that

A
2(c1(X,w). A) = Y _(codim f3 —2) > 0.
A=1
Forevery J € J(X,w; f1,..., fa) there are only finitely many simple J -holomorphic
maps representing A and passing through im f) for every A = 1,..., A.

Proof. The proof is a minor variation of the proof of [7, Theorem 1.6]. Suppose, by
contradiction, that there are infinitely many distinct J-holomorphic curves Cy repre-
senting A and passing through im f) forallA = 1,..., A. Here, by a J-holomorphic
curve we mean the image of a simple J-holomorphic map. Considering Cy as J -
holomorphic cycles, we can pass to a subsequence which converges geometrically to
a J-holomorphic cycle Coo = ZiI:l d; Cgo, see [7, Definitions 4.1, 4.2, Lemma 1.9].
Here d; > 0 are integers and each Céo is a J-holomorphic curve. Geometric conver-

gence implies that
I

3 di(CL) = [Cool = 4

i=1
and that (Cy)ren converges to Co, in the Hausdorff topology. Since these were the
only two conditions needed for the argument in the proof Theorem 1.4, the same
argument shows that:

(1) d; = 1foreveryi €1,

(2) C has only one connected component,

(3) Cw intersects every im f;, and consequently

(4) Cu is embedded and unobstructed by the condition J€7? (X, w;f1,..., fA).

We will now adapt the rescaling argument from the proof of [7, Proposition 5.1]
— originally due to Taubes in the 4-dimensional setting [35] — to the present situation.
Let N — Cs be the normal bundle of C, in X. Identify a neighborhood of Cs
with a neighborhood of the zero section in N using the exponential map. For suffi-
ciently large k, Cy, is contained in that neighborhood and by abuse of notation we will
consider Cy as an exp*® J-holomorphic curve in N and f; as maps to N.

Since the Cy are distinct, Cx # Co. For ¢ > 0 denote by 0.: N — N the map
which rescales the fibers by €. Let (¢ )xen be the sequence of positive numbers such
that the rescaled sequence

Cr := (05,) " (C)
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satisfies
dH(Ck’ COO) = 1’

where dg is the Hausdorff distance. The sequence (s;)ren converges to zero. The
curves ék are Jr-holomorphic where Ji := U:k exp* J. The sequence of rescaled
almost complex structures (Ji)ren converges to an almost complex structure Joo
which is tamed by a symplectic form [7, Proposition 3.10]. In the same way as in the
proof of [7, Proposition 5.1] we conclude that the sequence (ék)keN converges geo-
metrically to a J-holomorphic cycle whose support is a union of J-holomorphic
curves Cop C N satisfying
di(Coo, Coo) = 1.

Since [Cx] = [Coo] = A for all k, and the bundle projection 7: N — Coo i Joo-
holomorphic, 7 induces an isomorphism 500 >~ Cyxo. Let 1: Coo — X be the inclusion
map and denote by D, the deformation operator corresponding to ¢, as in Defini-
tion 2.24. By [7, Proposition 3.12], 500 is the graph of a non-zero section

£ € T(Coos N) C T(Coo, (*TX)

satisfying 5,6 = 0. In Proposition 7.3 below we show that there is an algebraic con-
straint for the values of £ at the points of intersection of C, with each pseudo-cycle.

For every A = 1,..., A, denote by V) the domain of f}, and let z) € Cx and
Xk €V, be such that

Zagk = fa(xak).

After passing to a subsequence, we may assume that

lim z) y =23 € Co and lim x, x =x) € V),
k—o00 k—o00

and z) = fi(x2)-

Proposition 7.3. For A = 1,..., A, there exist vy € T;, Coo and wy, € Tx, Vj, such
that

E(zp) +dz vy =dy, fo-wi. (7.4)

Equation (7.4) can be understood as the limit as k — oo of the condition that Cy
intersects each of the im f,. The proof is deferred to the end of this section. We will
now show that Proposition 7.3 implies Theorem 7.2. Let g be the genus of Cs, SO
that the embedding ¢: Coo — X' corresponds to an element in M} . , (X, J). Since
JedinX o, fi,..., ),

(1) the derivative ofevA:M;;g AXT) — XMat[i,zy,...,za], and

(2) the derivative of ]_[i\=1 fa: Hi\=1 V), — X2 at ]_[f=1 Xy
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are transverse to each other. Since
A
dimM , A (X.J)+ ) dim V) = AdimX,
A=1

the images of these two maps intersect trivially. Since & # 0, this contradicts the exis-
tence of vy and w), satisfying (7.4). The contradiction shows that the sequence (Cy)
cannot exist. ]

Proof of Proposition 7.3. Set Z j 1= Og_kl (za.k)- After possibly passing to a further
subsequence,

kll>n;o Zak = E(22). (7.5)

Let prydy, fa:Tx, Va4 — Nz, be the projection of the derivative of fj atx; on N;, C
T,, X. We will show that for every A there exists wy € Ty, V such that

lim Z; x = prydy, fi - wi.
k—o00

The fact that the images of the maps (1) and (2) introduced above intersect trivially
implies that prydy, f3 is injective for every A. Indeed, otherwise there would exist
v €T, Coand w € Ty, V) for some A such that

dz,t-v=dy, fa-w,

violating the above transversality condition. Fix a trivialization of N in a neighbor-
hood of z, and a chart centered at x, in V,. Denoting by pry the projection on the
fiber N;, in the given trivialization, Taylor expansion gives us

2
pryzik = pry fa(xak) = pryds, fo(xah, —x1) + O(Ixah — x21%).
Since prydy, f2 is injective, there is a constant ¢ > 0 such that
|Xak — X2 < clpryzail < cek.

Thus, after passing to a subsequence, we may assume that the sequence 8]:1 (X1 k—X1)
converges to a limit wy, € Tx, V3. By construction,

lim E)L,k = lim pI’NE)L,k = prNdfo,x Wy,
k—o0 k—o00

Comparing this with (7.5), we see that for every A there exists vy € T, Co such
that (7.4) holds. ]
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A. Transversality for evaluation maps

Throughout this section, (X, w) is a symplectic manifold of dimension dim X > 6 and
J(X, w) denotes the space of almost complex structures on X compatible with .

Definition A.1. Let A € N. Given a partition into non-empty pairwise disjoint subsets
{LL2,...,A} =L U...Ul; withk <A,

the generalized diagonal associated with the partition is the submanifold A C X4
consisting of the points (x1,...,xa) such that for every pair of indices «, 8 € I; we
have xo, = xg.

Generalized diagonals are partially ordered by inclusion and each point of X4
which belongs to a generalized diagonal belongs to a unique one which is minimal
with respect to the partial order.

Proposition A.2. Let V be a manifold and let f:V — X be a map which is trans-
verse to every generalized diagonal. Denote by J* (X, w; f) the set of all J € J* (X, w)
such that:

(1) every simple J-holomorphic map is unobstructed, and

(2) for every A € Hy(X,Z) and g € Ny, the evaluation map from the A-pointed
moduli space (cf. Definition 2.39)

evi My, A (X, J) — x4

is transverse to f.

The set 3* (X, w; ) is residual in J € J* (X, o).

Proof. The proof that condition (1) is generic is a standard application of the Sard—
Smale theorem [26, Theorem 1.2], [19, Proposition A.4], [24, Sections 3.2 and 6.3].
Below we outline this proof and adapt it to show that condition (2) is generic.

Let (X, jo) be a closed Riemann surface of genus g, and let A € H,(X,Z). Denote
by Wi;j’p(Z, X ; A) the subset of W17 (X, X) consisting of functions u: ¥ — X which
represent A and are somewhere injective in the sense that there exist zo € X and § > 0
such that forall z € X

disty (u(zo), u(z)) = édistx (2o, 2).

A J-holomorphic map is somewhere injective if and only if it is simple [24, Propo-
sition 2.5.1]. Given a slice 8 C J(X) for the action of Diffy(X) on J(X) passing
through jo, set

X=WEP(S,X;4) x 8

inj
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and let &€ — X be a Banach vector bundle whose fiber over (u, j) is the space
LPQYY(Z, u*TX)

defined using the complex structure ;.
Lets:J(X,w) x X — € be a section given by s(J, u, j) = ds(u, j). The following
hold; see, for example, [24, Section 3.2]:

e this section is Fredholm,
e it is transverse to the zero section, therefore
« s71(0) is a submanifold of X; in particular, it is a Banach manifold, and

* the universal moduli space M:L < (X, w) can be covered by a countable number of
submanifolds of the form s~1(0), for different choices of (X, jg).

The projection 7:s~1(0) — J(X, w) is a Fredholm map of index vdim M{l < (X,J);
in fact, the kernel and cokernel of drm,, ; are isomorphic to the kernel and cokernel
of d,, ; 7, and therefore finite-dimensional. It follows from the implicit function the-
orem that if J is a regular value of this map, the preimage

() = My (X, J)

is a manifold of dimension vdim M} , (X, J) and every map in M} , (X, J) is unob-
structed. Since 7:s71(0) — J(X, w) is a Fredholm map between separable Banach
manifolds, the Sard—Smale theorem implies that the set of regular values of r is resid-
val in J(X, ®). This shows that condition (1) holds for a generic J .

Using a similar argument, we will show for a generic J, the evaluation map

ev: M}, A (X, J) > XA
is transverse to f. With the notation introduced above, consider the Fredholm map

S:J(X,0) x X x TA > & x XA,
S, W, j),z1,....za) = (s(J,u, j),u(zy),...,u(zp)).

We will show that § is transverse to the map
zero section X f: X x V — & x x4, (A.3)

Since s is transverse to the zero section X — &, it suffices to show that whenever
(J,(u,j),z1,...,zp) and x € V satisfy

S(J’u’j):() and (M(Zl),...,u(ZA))=f(X),
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then
A
imdS +imdy f = T X* = @ Tuen X
i=1

Here we have used dS to denote the projection on Ty () X A of the derivative of S at
(J,(u, j),z1,...,zA) and dy f is the derivative of f at x. The variation of S in the
direction of a vector field

£ e WHPT(Z,u*TX)

is

dS(§) = (§(z1),....£(za)). (A4)
If (u(z1),...,u(za)) does not lie on any generalized diagonal in X2, we can find £
with any prescribed values at zy, ..., z, and

imdS = Ty XA,

Suppose, on the other hand, that (1#(z1),...,u(zA)) belongs to a generalized diagonal
A C X*, and let A be the minimal such diagonal. In that case, (A.4) implies that

imdS = Tf(x)A.
Since f is transverse to A, we have
imdS +imdy f = TrA +imdy f = Ty X2,

as desired. This shows that S is transverse to the map (A.3). It follows from the Sard—
Smale theorem that the set of J such that S(J,-) is transverse to (A.3) is residual
in J(X, w). This completes the proof that condition (2) is generic. ]

B. Pseudo-cycles

Given a collection of homology classes, we are interested in counting J -holomorphic
maps passing through cycles representing these classes. Since not every homology
class is represented by a map from a manifold, it is convenient to use the language
of pseudo-cycles. We briefly review the theory of pseudo-cycles below; for details,
see [24, Section 6.5] and [20, 34, 37].

Definition B.1. We make the following definitions:

(1) A subset of a smooth manifold X is said to have dimension at most k if it is
contained in the image of a smooth map from a smooth k-dimensional manifold.



Counting embedded curves in symplectic 6-manifolds 763

(2) A k-pseudo-cycle is a smooth map f:V — X from an oriented k-dimensional
manifold V such that the closure (V) is compact and the boundary of f, defined by

bd(f):= () V=K.

KCV compact

has dimension at most k — 2. We will use notation
codim( f) := dim(X) — dim(V).

(3) Two k-pseudo-cycles f;: Vi — X, fori = 0, 1, are cobordant if there exists a
smooth, oriented (k 4 1)-dimensional manifold with boundary W and a smooth map
F: W — X such that F (W) is compact, bd(F') has dimension at most k — 1, and

W = V] I —V() and F|V1 = fl, F|V0 = fo.

(4) Denote by H ,fseudo (X) the set of equivalence classes of k-pseudo-cycles up to
cobordism. The disjoint union operation endows H ,Ese"dO(X ) with the structure of an
abelian group.

A smooth map g: X — Y between two smooth manifolds induces a group homo-
morphism g.: H preudo (X) —> HESGUdO(Y) by composing pseudo-cycles with g. Thus,
H fseUdO (+) is a functor from the category of smooth manifolds to the category of Z-
graded abelian groups.

Theorem B.2 ([20,34,37]). There exists a natural isomorphism HY seudo ()= H«(-,Z)
as functors from the category of smooth manifolds to the category of Z-graded abelian
groups.

In what follows we will use this isomorphism to identify these two homology
theories and represent any class in H« (X, Z) by a pseudo-cycle.

Definition B.3. Let M be a smooth manifold and let g: M — X be a smooth map.
We say that a k-pseudo-cycle f:V — X is transverse’ as a pseudo-cycle to g if

(1) there exists a smooth manifold V? of dimension dim V? < dim V — 2 and a
smooth map f%: V? — X such that bd(f) C im f?, and

(2) f and f? are transverse to g as smooth maps from manifolds.

McDuff and Salamon [24, Definition 6.5.10] use the term weakly transverse, which we
prefer to avoid, regarding that this notion of transversality is stronger than the transversality
of f and g as smooth maps in the usual sense.
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If W is a manifold with boundary dWW, we require additionally that f is transverse as
a pseudo-cycle to glyw: OW — X.

Similarly, if M is a manifold without boundary and F': W — X is a cobordism
between two pseudo-cycles fo and f1, we say that F is transverse as a pseudo-cycle
cobordism to g if

(1) there exists a smooth manifold with boundary W? of dimension dim W? <
dim W — 2 and a smooth map F%: W? — X such that bd(F) C im F? and
bd(f;) C im F?|gy0 fori = 0,1,

(2) F and F? are transverse to g as smooth maps from manifolds with boundary.

Note that if f:V — X be a k-pseudo-cycle and g: W — X is an £-pseudo-cycle,
then f x g:V x W — X2 isa (k + £)-pseudo-cycle.

Definition B.4. Let ( f3: V) — X) be a collection of pseudo-cycles indexed by a finite
set 1. We say that ( f))aecs are in general position if the pseudo-cycle

[T ]V~ x"

Ael Ael

is transverse as a pseudo-cycle to all generalized diagonals in X 171 see Definition A. 1
for the definition of a generalized diagonal. This is equivalent to the following con-
dition: for every subset S C I, the pseudo-cycle [ [, g fa is transverse as a pseudo-
cycle to the diagonal X < X !SI,

Similarly, if one of f) is a cobordism between two pseudo-cycles, then so is
[ ;s f2 and we require that it is transverse to all generalized diagonals as a pseudo-
cycle cobordism.

Proposition B.5. Given a finite collection of pseudo-cycles (fi: V) — X)jeq, the set
{(p)rer € DIff(X)!: (¢ 0 fi)res are in general position}
is residual in Diff(X )],

Proof. The proof is similar to that of [24, Lemma 6.5.5]. Let us work with the group
Diffy (X) of C* diffeomorphism for any integer k > 1; the corresponding statement
for Diff(X) follows then using standard arguments [24, Remark 3.2.7, pp. 52-54]. A
countable intersection of residual sets is residual; therefore, without loss of generality,
consider the case S = I in Definition B.4. Define the map

F:Diff (X)) x [ va — x7!
A€l

by
F((P)rer> (x)aer) = (a0 fa(xa))rer-
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Let A C Xl be the diagonal. If we show that F is transverse to A, then it follows
from the Sard—Smale theorem that for all (¢) s from a residual subset of Diffy (X)
the maps [ | ¢ o f) is transverse to A. (The same argument can be applied to ff to
conclude transversality as pseudo-cycles.) In fact, the derivative of JF is surjective at
every point X = ((¢x)rer, (x2)rer). Without loss of generality suppose that ¢; = id
forall A € I. Let Vecty (X) denote the space of C¥ vector fields on X . Given

& = (el € 1_[ T4 Diff (X) = H Vecty (X),

rel rel

we have

4 FE) = EH e € [ [ Thon X,

A€l

Since for every p € X the evaluation map Vect(X) — T, X is surjective, the map dxJ
is surjective, which finishes the proof. ]

C. Proofof ng o = BPS4 ¢

In this section, we outline Zinger’s proof that for a primitive Calabi—Yau class
ng,q(X,w) = BPSy (X, w),

where BPS, ¢ (X, @) is the Gopakumar—Vafa invariant, which is defined in terms of
the Gromov—Witten invariants via (1.9). We use the same notation as in the proof of
Theorem 1.5.

Given J € J7,,(X, w), every stable J-holomorphic map of arithmetic genus h
factors through a J-holomorphic embedding from a smooth domain of genus g < A.
In other words, every element of JV[A,h (X, J) is of the form [u o ¢] for some [u] €
J\/[:Lg(X, J) with g < h, and [¢] € JV[[E]’;,(Z, j). Here (X, j) is the domain of u.
Denote by (E, 7, j) the domain of ¢. Given such J-holomorphic maps, let N be the
normal bundle of u(X), and let

N WP (S, u*N) — LPQ%(Z,u*N)

be the restriction of the operator d,, = b, ;;7 to the subbundle u* N C u*TX followed
by the projection on #* N . Similarly, we define

Y WIPT(E,3;,7*N) — LPQY (2, 7*N).

The spaces coker D g , as @ varies, play an important role in computing the contribution
of maps factoring through u to the Gromov—Witten invariant of (X, ). In this case,
there is a simple description of these spaces.
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First, we will see that ker Y = {0} and coker ¥ = {0}. Indeed, the Hermitian
metric on u*TX induced from X gives us a splittingu*TX = TX @ N,, with respect

to which B
ors  *
Dy, = ;
" ( 0 bdY )

see, for example, [8, Appendix A]. Since u is unobstructed, i.e., coker b,, = {0}, and
index (1) = 0, we have ker b2 = {0} and coker b)Y = {0}.

Second, since ¢: (£, 7, j) — (2, j) has degree one, (X, 7, /) has a unique irre-
ducible component which is mapped by ¢ biholomorphically to (X, j), and ¢ is
constant on the other components. In particular, #*N is trivial over these compo-
nents. It follows that ker bﬁN =~ {0} and coker d 1-1N is the direct sum of the corresponding
spaces for the standard d-operator with values in the trivial bundle %* N over the com-
ponents which are mapped to a point by ¢.

In this situation, the following is a special instance of [39, Theorem 1.2].

Proposition C.1. The following hold:

(1) The family of vector spaces coker bfyow, as[E.7,7.¢] € J\_/[[g],h(E, J) varies,

forms an oriented orbibundle O,(X, j,u) —>JV[[E]J, (X, ), called the obstruc-
tion bundle.

(2) Denoting by [J\_/E[E]J,(Z, O the virtual fundamental class and denoting by
e(Dy(X, j,u)) the Euler class of the obstruction bundle, we have

GW i (X, )

h
=2 ) sien(E 0 (e(®n(S. ). Va2 )1
&=0 [uleM} ,(X.J)

Pandharipande [28, Section 2.3] proved that for g := g(X),

sin(z/2)\ 8 2
)

oo

D (e(On(Z. j.w)). Mz a (S, )2 = ng—z(

h=g

Therefore, after changing the order of summation Y ;2 ZZ’:O =) e0 D neg WE
obtain

- ad 3 2g-2
t/2
§ GW 4 (X, w)1?" 72 = E nA,g(X,a))ng—Z(Sm(/ )) .

h=0 g=0 l/2

Since the numbers BPS, (X, w) are uniquely determined by the Gopakumar—Vafa
formula (1.9) (see [3, Section 2]), nq,¢ (X, w) = BPS4 ¢ (X, ®).
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