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Counting embedded curves in symplectic 6-manifolds

Aleksander Doan and Thomas Walpuski

Abstract. Based on computations of Pandharipande (1999), Zinger (2011) proved that the
Gopakumar–Vafa BPS invariants BPSA;g.X; !/ for primitive Calabi–Yau classes and arbitrary
Fano classes A on a symplectic 6-manifold .X; !/ agree with the signed count nA;g.X; !/
of embedded J -holomorphic curves representing A and of genus g for a generic almost com-
plex structure J compatible with !. Zinger’s proof of the invariance of nA;g.X; !/ is indirect,
as it relies on Gromov–Witten theory. In this article we give a direct proof of the invari-
ance of nA;g.X; !/. Furthermore, we prove that nA;g.X; !/ D 0 for g � 1, thus proving
the Gopakumar–Vafa finiteness conjecture for primitive Calabi–Yau classes and arbitrary Fano
classes.

1. Introduction

Are there invariants of symplectic manifolds which count embedded pseudo-holomor-
phic curves? Such counts can fail to be invariants for two reasons:

(a) pseudo-holomorphic embeddings can degenerate to multiple covers, and

(b) they can undergo bubbling and their domains can degenerate.

In the following we consider two situations in which both of these can be ruled out.
Let .X; !/ be a closed symplectic 6-manifold equipped with an almost complex

structure J compatible with !. Denote by M?
A;g.X; J / the moduli space of simple J -

holomorphic maps representing a homology class A 2 H2.X;Z/ and of genus g. For
a generic choice of J the moduli space M?

A;g.X; J / is an oriented smooth manifold
of dimension

dimM?
A;g.X; J / D 2hc1.X; !/; Ai:

If A is a Calabi–Yau class, that is, hc1.X; !/; Ai D 0, then M?
A;g.X; J / is a finite set

of signed points and can be counted. IfA is primitive inH2.X;Z/, then multiple cover
phenomena can be ruled out, and it will be proved that this count defines an invari-
ant nA;g.X; !/. If A is a Fano class, that is, hc1.X; !/; Ai > 0, then M?

A;g.X; J /
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can be cut-down to a finite set of signed points by imposing incidence conditions
governed by suitable cohomology classes ; : : : ; ƒ 2H even.X;Z/. In this case, mul-
tiple cover phenomena can be ruled out regardless of whether A is primitive or not,
and it will be proved that counting the cut-down moduli space defines an invariant
nA;g.X; !I 1; : : : ; ƒ/.

These invariants are not new. They were considered by Zinger [39, Theorem 1.5
and footnote 11], who proved that they agree with Gopakumar and Vafa’s BPS invari-
ants. The proof of the invariance of nA;g.X; !/ and nA;g.X; !I 1; : : : ; ƒ/ in [39] is
indirect: it relies on these numbers satisfying the Gopakumar–Vafa formula and the
invariance of Gromov–Witten invariants. The novelty in the present work is that we
give a much simpler direct proof of invariance. Furthermore, we prove that the invari-
ants vanish for g sufficiently large; thus establishing the Gopakumar–Vafa finiteness
conjecture for primitive Calabi–Yau classes and arbitrary Fano classes.

1.1. Ghost components

The main technical result of this paper allows us to rule out, in certain situations,
degenerations in which the limiting nodal pseudo-holomorphic map has a ghost com-
ponent, that is, a component on which it is constant. The precise definitions used in
the following statement are given in Section 2 and Section 3.

Theorem 1.1. Let .X; g1; J1/ be an almost Hermitian manifold and let .Jk/k2N be
a sequence of almost complex structure on X converging to J1 in the C 1 topology. If
.uk W .†k;jk/! .X;Jk//k2N is a sequence of pseudo-holomorphic maps from smooth,
closed Riemann surfaces which Gromov converges to the nodal J1-holomorphic map
u1W .†1; j1; �1/! .X; J1/, then one of the following holds:

(1) .†1; j1; �1/ has no ghost components;

(2) .†1; j1; �1/ has a ghost component C with at least two non-ghost compo-
nents attached to C ;

(3) .†1; j1; �1/ has a ghost component C with a non-ghost component att-
ached to C in at least two nodes;

(4) .†1; j1; �1/ has a ghost component C with precisely one non-ghost compo-
nent attached to C at a single node n 2 C ; in that case, d�1.n/u1 D 0, that
is, the corresponding node �1.n/ in the non-ghost component is a critical
point of u1.

Remark 1.2. Zinger [38, Theorem 1.2] has analyzed in detail when a nodal pseudo-
holomorphic map whose domain has arithmetic genus one appears as a Gromov limit
of pseudo-holomorphic maps with smooth domain. Jingchen Niu’s PhD thesis [25]
extends Zinger’s analysis to genus two. Their results are based on analyzing the
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obstruction map of a Kuranishi model of a neighborhood of the limiting pseudo-
holomorphic map. The proof of Theorem 1.1 in Section 5 uses similar methods. This
idea goes back to Ionel [18, Proposition 1.20] and Pandharipande [27, Lemma 1].
Recently, a different proof of a result similar to Theorem 1.1 has appeared in the work
of Ekholm and Shende [9, Lemma 4.9].

Given a symplectic manifold .X; !/ of dimension at least 6, denote by J.X; !/

the set of almost complex structures J compatible with ! and denote by Jemb.X; !/

the subset of those J for which the following hold:

(a) there are no simple J -holomorphic maps of negative index,

(b) every simple J -holomorphic map is an embedding, and

(c) every two simple J –holomorphic maps of index zero either have disjoint
images or are related by a reparametrization;

see Definition 2.34. The complement of Jemb.X; !/ in J.X; !/ has codimension two;
in particular: Jemb.X; !/ is open and dense, and every path .Jt /t2Œ0;1� in J.X; !/

with end points in Jemb.X; !/ is homotopic relative to the end points to a path in
Jemb.X; !/.

Theorem 1.3. Let .X; !/ be a compact symplectic 6-manifold, let .Jk/k2N be a
sequence of almost complex structures compatible with ! converging to J1, and let
.uk W .†k; jk/! .X;Jk//k2N be a sequence of pseudo-holomorphic maps which Gro-
mov converges to the nodal J1-holomorphic map u1W .†1; j1; �1/! .X; J1/.
Set A´ .u1/�Œ†1� 2 H2.X;Z/. If A is primitive, satisfies hc1.X; !/; Ai D 0, and
J1 2 Jemb.X; !/, then .†1; j1; �1/ is smooth and u1 is an embedding.

There is a variant of the definition of J.X; !/ adapted to pseudo-holomorphic
maps withƒmarked points constrained by pseudo-cycles f1; : : : ; fƒ. (See Section B
for a review of the theory of pseudo-cycles.) The precise definition of this subspace
J.X; !If1; : : : ; fƒ/ is rather lengthy and deferred to Definition 2.42.

Theorem 1.4. Let .X; !/ be a compact symplectic 6-manifold, let .Jk/k2N be a
sequence of almost complex structures compatible with ! converging to J1, and let
.uk W .†k; jk/! .X;Jk//k2N be a sequence of pseudo-holomorphic maps which Gro-
mov converges to the nodal J1-holomorphic map u1W .†1; j1; �1/! .X;J1/. Set
A´ .u1/�Œ†1� 2 H2.X;Z/. Let f1; : : : ; fƒ be even-dimensional pseudo-cycles of
positive codimension in general position. If

(1) imuk \ imf� ¤ ¿ for every � D 1; : : : ; ƒ,

(2) 2hc1.X; !/; Ai D
Pƒ
�D1.codimf� � 2/ > 0, and

(3) J1 2 Jemb.X; !If1; : : : ; fƒ/,
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then .†1; j1; �1/ is smooth and u1 is an embedding with imu1 \ imf� ¤ ¿ for
every � D 1; : : : ; ƒ.

1.2. Embedded curve counts

Denote by J?emb.X; !/ the subset of those J 2 Jemb.X; !/ for which every simple
J -holomorphic map is unobstructed; see Definition 2.34.

Theorem 1.5. Let .X; !/ be a symplectic 6-manifold. Let A 2 H2.X;Z/ be a primi-
tive class such that hc1.X; !/; Ai D 0.

(1) For every g 2N0 and J 2 J?emb.X;!/, the moduli space M?
A;g.X;J / of simple

J -holomorphic maps representing the class A and of genus g is a compact
oriented zero-dimensional manifold, and the signed count

nA;g.X; !/´ #M?
A;g.X; J /

is independent on the choice of J .

(2) There is a g0 2 N0, depending on .X; !/ and A, such that

nA;g.X; !/ D 0 for every g > g0:

Remark 1.6. In fact, nA;g.X; !/ depends on ! only up to deformation.

Again, there is a variant J?emb.X;!If1; : : : ; fƒ/ of J?emb.X;!/ adapted to pseudo-
holomorphic maps with ƒ marked points constrained by pseudo-cycles f1; : : : ; fƒ;
see Definition 2.43.

Theorem 1.7. Let .X; !/ be a symplectic 6-manifold, let A 2 H2.X; Z/, and let
1; : : : ; ƒ 2 H

even.X;Z/ be such that deg.�/ > 0 and

2hc1.X; !/; Ai D

ƒX
�D1

.deg.�/ � 2/ > 0:

(1) Let f1; : : : ; fƒ be pseudo-cycles in X which are Poincaré dual to 1; : : : ; ƒ
and in general position. For every g 2 N0 and J 2 J?emb.X; !I f1; : : : ; fƒ/

the moduli space M?
A;g.X;J If1; : : : ; fƒ/ of simple J -holomorphic maps rep-

resenting the class A, of genus g, and intersecting f1; : : : ; fƒ is a compact
oriented zero-dimensional manifold, and the signed count

nA;g.X; !I 1; : : : ; ƒ/´ #M?
A;g.X; J If1; : : : ; fƒ/

is independent on the choice of f1; : : : ; fƒ and J .
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(2) There exists a g0 2 N0, depending on .X; !/, A, and 1; : : : ; ƒ, such that

nA;g.X; !I 1; : : : ; ƒ/ D 0 for all g > g0:

Remark 1.8. Remark 1.6 applies mutatis mutandis.

1.3. Gopakumar and Vafa’s BPS invariants

Using ideas from M -theory, Gopakumar and Vafa [10, 11] predicted that there are
integer invariants BPSA;g.X; !/ associated with every closed symplectic 6-manifold
.X;!/, a class A 2 H2.X;Z/ with hc1.X;!/;Ai D 0, and g 2 N0, which count BPS
states supported on embedded J -holomorphic curves representing A and of genus g.
Gopakumar and Vafa did not give a direct mathematical definition of BPSA;g.X; !/;
however, they conjectured that their invariants are related to the Gromov–Witten
invariants GWA;g.X; !/ by the marvelous formulaX

A

1X
gD0

GWA;g.X; !/ � t
2g�2qA

D

X
A

1X
gD0

BPSA;g.X; !/ �
1X
kD1

1

k
.2 sin.kt=2//2g�2qkA (1.9)

with the sum taken over all non-zero Calabi–Yau classes A and, moreover, that

BPSA;g.X; !/ D 0 for g � 1:

In algebraic geometry, there are approaches to defining the BPS invariants for
projective Calabi–Yau three-folds [15, 21, 23, 29, 30]. These satisfy the Gopakumar–
Vafa formula (1.9) in some cases, but it is not currently known whether the formula
holds in general.

An alternative approach is to take (1.9) as the definition of BPSA;g.X; !/; see [3,
Section 2]. This approach leads to the following conjecture.

Conjecture 1.10 (Gopakumar and Vafa [10, 11]; see also [3, Conjecture 1.2]). The
numbers BPSA;g.X; !/ defined by (1.9) satisfy

(integrality) BPSA;g.X; !/ 2 Z, and

(finiteness) BPSA;g.X; !/ D 0 for g � 1.

The Gopakumar–Vafa integrality conjecture has been proved by Ionel–Parker [19].
Zinger [39, footnote 11] has proved that for primitive Calabi–Yau classes

BPSA;g.X; !/ D nA;g.X; !/I

see also Section C. Therefore, Theorem 1.5 implies the following.
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Corollary 1.11. The Gopakumar–Vafa finiteness conjecture holds for primitive Cal-
abi–Yau classes; that is, for every closed symplectic 6-manifold .X; !/ and every
primitive Calabi–Yau class A 2 H2.X; Z/, there is a g0.!; A/ such that for every
g > g0.!;A/,

BPSA;g.X; !/ D 0:

Remark 1.12. The finiteness conjecture for general Calabi–Yau classes has been
resolved recently [6].

The genus bound in Corollary 1.11 is not effective; therefore, it is natural to ask
the following.

Definition 1.13. Let .X; !/ be a closed symplectic 6-manifold and A 2 H2.X;Z/ a
Calabi–Yau class. Define the BPS Castelnuovo number A.X; !/ by

A.X; !/´ inf¹g 2 N W BPSA;g.X; !/ D 0º 2 N0

Question 1.14. Is there an bound on A.X; !/ analogous to Castelnuovo’s bound
for the genus of an irreducible degree d curve in Pn (see [4] and [2, Chapter III,
Section 2]); that is, a bound of A.X; !/ by a formula involving A and the geometry
of X? (See [16, 22] for some work in this direction.)

There is an analogue of the Gopakumar–Vafa formula for Fano classes. Given
A 2 H2.X;Z/, g 2 N0, and 1; : : : ; ƒ 2 H even.X;Z/ satisfying deg.�/ > 0 and

2hc1.X; !/; Ai D

ƒX
�D1

.deg.�/ � 2/ > 0; (1.15)

denote by GWA;g.X; !I 1; : : : ; ƒ/ be the corresponding Gromov–Witten invariant.
The analogue of (1.9) isX

A

1X
gD0

GWA;g.X; !I 1; : : : ; ƒ/ � t
2g�2qA

D

X
A

1X
gD0

BPSA;g.X; !I 1; : : : ; ƒ/ � .2 sin.t=2//2g�2Chc1.X;!/;AiqA

with the sum taken over all A 2H2.X;Z/ satisfying (1.15). Zinger [39, Theorem 1.5]
has proved that

BPSA;g.X; !I 1; : : : ; ƒ/ D nA;g.X; !I 1; : : : ; ƒ/I

thus establishing the analogue of the Gopakumar–Vafa integrality conjecture. Further-
more, Theorem 1.7 implies the following.
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Corollary 1.16. The analogue of the Gopakumar–Vafa finiteness conjecture holds for
all Fano classes.

Of course, there is an analogue of Question 1.14 in the Fano case.

2. Nodal pseudo-holomorphic maps

This section reviews a few definitions and results regarding nodal pseudo-holomor-
phic maps.

2.1. Nodal manifolds

Definition 2.1. Let X be a manifold, possibly disconnected. A nodal structure on X
is an involution �WX ! X whose fixed-point set has a discrete complement. (This
involution is discontinuous unless � D id.) The set of points not fixed by � is called
the nodal set. A nodal manifold is a manifold together with a nodal structure.

The quotient X=� should be considered as the topological space underlying the
nodal manifold .X; �/. The atlas of X induces a “nodal atlas” for X=� consisting of
“charts” mapping either to Rn or Rn � ¹0º [ ¹0º �Rn � R2n. The nodes of X=� are
precisely the points mapping to .0; 0/ 2R2n in some chart or, equivalently, the images
of the points in the nodal set.

Definition 2.2. Let .X1; �1/ and .X2; �2/ be nodal manifolds. A nodal map

f W .X1; �1/! .X2; �2/

is a smooth map f WX1 ! X2 such that

f ı �1 D �2 ı f:

Definition 2.3. Let .X; �/ be a nodal manifold. A diffeomorphism of .X; �/ is an
element of

Diff.X; �/´ ¹� 2 Diff.X/ W � ı � D � ı �º:

Every manifoldX canonically is a nodal manifold with �D idX and a smooth map
between manifolds, trivially, is a nodal map. In other words, the category of manifolds
is a full subcategory of the category of nodal manifolds.

Definition 2.4. Let .X; �/ be a nodal manifold, Y be a manifold, and f W .X; �/! Y

be a nodal map. For a vector bundle E ! Y , set

�.X; �If �E/´ ¹� 2 �.X; f �E/ W � ı � D �º:
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Remark 2.5. In the situation of the preceding definition, set n´ dimX and let
p > n. Given a Riemannian metric on X , a Euclidean metric on E, and a metric
covariant derivative on E, denote byW 1;p�.X; f �E/ the completion of �.X; f �E/
with respect to the corresponding W 1;p norm. By Morrey’s embedding theorem,

W 1;p ,! C 0;1�n=p:

Therefore, the evaluations maps evx W�.X;f �E/!Ef .x/ extend toW 1;p�.X;f �E/

and

W 1;p�.X; �If �E/ D ¹� 2 W 1;p�.X If �E/ W �.�.x// D �.x/ for every x 2 Xº:

For p < n, it can be shown that the W 1;p completion of �.X; �I f �E/ agrees with
the W 1;p completion of �.X If �E/.

2.2. Nodal Riemann surfaces

Definition 2.6. A nodal Riemann surface is a Riemann surface .†; j / together with
a nodal structure �.

Definition 2.7. Let C be a complex analytic curve. A point of C is a node if it has a
neighborhood which is isomorphic to a neighborhood of the point .0; 0/ in the curve

¹.z; w/ 2 C2 W zw D 0º:

A nodal curve is a complex analytic curve all of whose points are either smooth or a
node.

Let C be a nodal curve and denote by � W zC ! C its normalization. The complex
analytic curve zC is smooth and, hence, equivalent to a closed Riemann surface .†;j /.
Since zC is obtained from C by replacing every node with a pair of points, † inherits
a canonical nodal structure �. This sets up an equivalence between complete, nodal
curves C and closed, nodal Riemann surfaces .†; j; �/.

Definition 2.8. The automorphism group of a nodal Riemann surface .†; j; �/ is

Aut.†; j; �/´ ¹� 2 Diff.†; �/ W ��j D j º:

A nodal Riemann surface .†; j; �/ is stable if Aut.†; j; �/ is finite.

Definition 2.9. Let .†; �/ be a nodal surface with nodal set S . The arithmetic genus
of .†; �/ is

pa.†; �/´ 1 �
1

2
.�.†/ � #S/: (2.10)
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Remark 2.11. If .z†; z�/ denotes a nodal surface obtained from .†; �/ by attaching a
1-handle at some pairs of nodes ¹n; �.n/º, then

pa.†; �/ D pa.z†; z�/:

2.3. Nodal J -holomorphic maps

Throughout the next four subsections, let .X; J / be an almost complex manifold of
dimension 2n.

Definition 2.12. A nodal J -holomorphic map uW .†; j; �/! .X; J / is a nodal Rie-
mann surface .†; j; �/ together with a nodal map uW .†; �/! X which is J -holo-
morphic; that is,

x@J .u; j /´
1

2
.duC J.u/ ı du ı j / D 0:

Definition 2.13. If uW .†; j; �/ ! .X; J / is a nodal J -holomorphic map and � 2
Diff.†; �/, then the reparametrization

��u´ u ı ��1W .†; ��j; �/! .X; J /

is a nodal J -holomorphic map as well. The automorphism group of a nodal J -holo-
morphic map uW .†; j; �/! .X; J / is

Aut.u/´ ¹� 2 Aut.†; j; �/ W u ı � D uº:

The map u is said to be stable if Aut.u/ is finite.

Definition 2.14. Let .†;j / and .z†; zj / be smooth Riemann surfaces. Let uW .†;j /!
.X;J / be a J -holomorphic map and let � W .z†; zj /! .†; j / be a holomorphic map of
degree deg.�/ > 2. The composition u ı � W .z†; zj /! .X; J / is said to be a multiple
cover of u. A J -holomorphic map is simple if it is not constant and not a multiple
cover.

2.4. Ghost components

Let uW .†; j; �/ ! .X; J / be a nodal J -holomorphic map. Let S be the nodal set
of .†; �/.

Definition 2.15. Suppose C � † is a union of connected components of †. Set

S int
C ´¹n 2 S W n 2 C and �.n/ 2 C º and S ext

C ´¹n 2 S W n 2 C and �.n/ … C º;

and denote by �C the nodal structure on C which agrees with �0 on S int
C and the

identity on the complement of S int
C . Denote by LC the nodal curve associated with

.C; j; �/.
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Definition 2.16. A ghost component of u is a union C of connected components of†
such that ujC is constant, LC is connected, and which is a maximal subset satisfying
these properties.

Proposition 2.18 below, which will be used in the proof of Theorem 1.1 (specifi-
cally in Section 5.7), concerns the dualizing sheaf of a nodal curve C . The dualizing
sheaf is a generalization of the canonical sheaf of a smooth curve; for the reader’s
convenience, we describe its construction in the proof of Proposition 2.18.

Definition 2.17. Let C be a nodal curve. The dual graph of C is the weighted graph
whose set of vertices is the set of irreducible components of C with the genus as
the weight function, and edges between two vertices if and only if the corresponding
irreducible components of C intersect.

Proposition 2.18. Let C be a nodal curve. Denote the dual graph of C by � . Denote
by !C the dualizing sheaf of C and by B its base-locus:

B ´ ¹x 2 C W �.x/ D 0 for every � 2 H 0.C; !C /º:

The base-locus has the following description:

(1) B is a union of irreducible rational components of C .

(2) The dual graph of B is the subgraph � � � obtained by

(a) removing every vertex of non-zero weight, and

(b) removing every simple cycle in � .

In particular, � is a forest with weight zero. Moreover, if e1; e2 are distinct
vertices of a tree T ��, then they cannot be connected by a path in .�nT /[
¹e1; e2º.

The proof relies on the following.

Proposition 2.19. Let† be a connected smooth curve. For every three p;q; r distinct
points on † there is a � 2 H 0.K†.p C q// with

Resp � D �Resq � ¤ 0 and �.r/ ¤ 0:

Here Resp � denotes the residue at p of the meromorphic 1-form �.

Proof. For † D P1 without loss of generality p D 0 and q D 1; hence, the mero-
morphic 1-form can be taken to be z�1dz.

Suppose † ¤ P1. Consider the exact sequence

H 0.K†/ H 0.K†.p C q// H 0.Op ˚ Oq/ Š C˚ C H 1.K†/ Š C� ı
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with �.�/´ .Resp �;Resq �/ and ı.a; b/´ a � b. This implies that there is a � 2
H 0.K†.pC q//with non-vanishing residues at p and q. SinceK† is base-point-free,
� can be arranged not to vanish at r .

Proof of Proposition 2.18. The dualizing sheaf of C is constructed as follows; see [1,
p. 91]. Denote by � W†! C the normalization map. Denote by S the set of nodal
points of C . Denote by z!C the subsheaf of K†.S/ whose sections � satisfy

Resn � C Res�.n/ � D 0

for every n 2 S . Here � denotes the obvious involution on ��1.S/. The dualizing
sheaf !C then is

!C D �� z!C :

The base-locus ofK† are precisely the rational connected components of†. This
implies Proposition 2.18 (1). It follows from the above Proposition 2.19 that the dual
graph of B is contained in �. By the Residue theorem any meromorphic 1-form with
simple poles must have at least two poles. This implies that the dual graph ofB agrees
with �.

2.5. Moduli spaces of nodal pseudo-holomorphic maps

Definition 2.20. Given A 2 H2.X;Z/ and g 2 N0, the moduli space of stable nodal
J -holomorphic maps representing A and of genus g is the set

xMA;g.X; J /

of equivalence classes of stable nodal J -holomorphic maps uW .†; j; �/! .X; J / up
to reparametrization with

u�Œ†� D A and pa.†; �/ D g:

The subset of xMA;g.X; J / parametrizing simple J -holomorphic maps is denoted by

M?
A;g.X; J /:

At this stage, xMA;g.X; J / is just a set. In Section 3.2, it will be equipped with the
Gromov topology. This topology induces the C1 topology on M?

A;g.X; J /.

Definition 2.21. Let .X; !/ be a symplectic manifold. Denote by J.X; !/ the space
of almost complex structures on X which are compatible with !; that is,

g.�; �/´ !.�; J �/

defines a Riemannian metric on X . Equip J.X; !/ with the C1 topology.



A. Doan and T. Walpuski 704

Definition 2.22. Given A 2 H2.X;Z/ and g 2 N, set

xMA;g.X; !/´
a

J2J.X;!/

xMA;g.X; J / and M?
A;g.X; !/´

a
J2J.X;!/

M?
A;g.X; J /:

Denote by � W xMA;g.X; !/! J.X; !/ the canonical projection.

2.6. Linearization of the J -holomorphic map equation

Let uW .†;j; �/! .X;J / be a nodal J -holomorphic map. Let h be a Hermitian metric
on .X; J / and let r be a torsion-free connection on TX . Throughout the remainder
of this article, let p > 2.

Definition 2.23. Given � 2 W 1;p�.†; �Iu�TX/, set

u� ´ expu.�/

and denote by

‰� WL
p�0;1.†; u�TX/! Lp�0;1.†; u��TX/

the map induced by parallel transport along the geodesics t 7! expu.t�/. Define

Fu;j;�IJ WW
1;p�.†; �Iu�TX/! Lp�0;1.†; u�TX/

by
Fu;j;�IJ .�/´ ‰�1�

x@J .u� ; j /:

Definition 2.24. Define the linear operator

du;j;�IJ WW
1;p�.†; �Iu�TX/! Lp�0;1.†; u�TX/

by

du;j;�IJ � ´ d0Fu;j;�IJ � D
1

2
.r� C J.u/ ı .r�/ ı j C .r�J / ı du ı j /:

Remark 2.25. If u is J -holomorphic, then du;j;�IJ does not depend on the choice of
torsion-free connection r on TX ; see [24, Proposition 3.1.1].

The operator du;j;�IJ is the restriction to W 1;p�.†; �Iu�TX/ of the operator

du;j IJ WW
1;p�.†; u�TX/! Lp�0;1.†; u�TX/

given by the same formula. The former controls the deformation theory of u as a
nodal J -holomorphic map from the nodal Riemann surface .†; j; �/ whereas the
latter controls the deformation theory of u as a smooth J -holomorphic map from the
smooth Riemann surface .†; j /, ignoring the nodal structure.
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Proposition 2.26. The index of du;j;�IJ is given by

index du;j;�IJ D 2hŒ†�; u
�c1.X; J /i C 2n.1 � pa.†; �//: (2.27)

Proof. The inclusion

W 1;p�.†; �Iu�TX/! W 1;p�.†; u�TX/

has index �n#S . By the Riemann–Roch theorem,

index du;j IJ D 2hŒ†�; u
�c1.X; J /i C n�.†/:

These together with (2.10) imply the index formula.

Remark 2.28. For our discussion in Section 5.7, which establishes the key technical
result of this article, the following detailed description of the kernel and cokernel of
du;j;�IJ will be important. Denote by

V� �
M
n2S

Tu.n/X

the subspace of those .vn/n2S satisfying

v�.n/ D �vn:

Define diffW ker du;j IJ ! V� by

diff� ´ .�.n/ � �.�.n///n2S :

Evidently,
ker du;j;�IJ D ker diff:

The map diff is induced by the analogously defined map W 1;p.†; u�TX/ ! V�,
which fits in to the following commutative diagram with exact rows

0 W 1;p.†; �Iu�TX/ W 1;p.†; u�TX/ V� 0

0 Lp�0;1.†; u�TX/ Lp�0;1.†; u�TX/ 0 0:

du;j;�IJ du;j IJ

D

Therefore, the Snake lemma yields the short exact sequence

0 coker diff coker du;j;�IJ coker du;j IJ 0:

The dual sequence

0 .coker du;j IJ /
� .coker du;j;�IJ /

� .coker diff/� 0
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can be understood as follows. Let q 2 .1; 2/ be such that 1=p C 1=q D 1. The dual
space .coker du;j�IJ /

� can be identified via the pairing between Lp and Lq with the
space H consisting of those � 2 Lq�0;1.†; u�TX/ which satisfy a distributional
equation of the form

d�u;j;J � D
X
n2S

vnın:

with vD .vn/n2S 2 .imdiff/?Š .cokerdiff/� and ın denoting the Dirac ı distribution
at n. The map .coker du;j;�IJ /

� ! .coker diff/� maps � to v.

Definition 2.29. Define the map

nu;j;�IJ WW
1;p�.†; �Iu�TX/! Lp�0;1.†; u�TX/

by
nu;j;�IJ .�/´ Fu;j;�IJ .�/ � x@J .u; j / � du;j;�IJ �:

Proposition 2.30 ([24, Proposition 3.5.3 and Remark 3.5.5]). Denote by cS > 0 an
upper bound for the norm of the embeddingW 1;p.†/ ,!C 0;1�2=p.†/ and let c� > 0.
For every �1; �2 with k�1kW 1;p 6 c� and k�2kW 1;p 6 c� ,

knu;j;�IJ .�1/ � nu;j;�IJ .�2/kLp

6 c.cS ; c� ; kdukLp / � .k�1kW 1;p C k�2kW 1;p / � k�1 � �2kW 1;p :

So far, the complex structure j has been held fixed. Denote by J.†/ the space of
complex structures on† and by Diff0.†; �/ the group of diffeomorphism of† which
are isotopic to the identity and commute with �. Denote by

T´ J.†/=Diff0.†; �/

the corresponding Teichmüller space. This is a complex manifold whose real dimen-
sion satisfies

dimT � dim aut.†; j; �/C #S D 6.pa.†; �/ � 1/:

For every j 2 J.†/, there is a Teichmüller slice through j ; that is, an open neighbor-
hood � of 0 2 CdimC T together with a Aut.†; j; �/-equivariant map | W�! J.†/

such that |.0/ D j .

Definition 2.31. Consider the bundle over � whose fiber over � 2 � is the Banach
space

Lp�0;1.†; u�TX/:
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Here the space of .0; 1/ forms on† is defined with respect to complex structure |.�/.
A choice of a trivialization of this bundle gives rise to the map

W 1;p�.†; �Iu�TX/ ��! Lp�0;1.†; u�TX/;

.�; �/ 7! Fu;|.�/;�IJ .�/:
(2.32)

Define du;jx@�IJ WW 1;p�.†;�Iu�TX/˚ T0�!Lp�0;1.†;u�TX/ to be the deriva-
tive of the map (2.32) at .0; 0/.

Definition 2.33. The index of u is

index.u/´ index.du;jx@�IJ / � dim aut.†; j; �/C #S

D 2hŒ†�; u�c1.X; J /i C 2.n � 3/.1 � pa.†; �//:

The map uW .†; j; �/! .X; J / is said to be unobstructed if du;jx@�IJ is surjective.

Henceforth, to simplify notation, we will often drop some or all of the subscripts
j , �, J from the maps defined above.

2.7. Transversality for simple maps

Throughout the remainder of this section, .X; !/ is a compact symplectic manifold
of dimension 2n > 6 and we only consider pseudo-holomorphic maps from smooth
Riemann surfaces.

Definition 2.34. Denote by Jemb.X;!/ � J.X;!/ the subspace of those almost com-
plex structures compatible with ! for which the following hold:

(1) there are no simple J -holomorphic maps with negative index,

(2) every simple J -holomorphic map with index.u/ < 2n � 4 is an embedding,
and

(3) every pair of simple J -holomorphic maps u1, u2 satisfying

index.u1/C index.u2/ < 2n � 4

either have disjoint images or are related by a reparametrization.

Denote by J?emb.X; !/ � Jemb.X; !/ the subset of those J for which, moreover,

(4) every simple J -holomorphic map is unobstructed.

Definition 2.35. Given J0; J1 2 J.X; !/, denote by J.X; !I J0; J1/ the space of
smooth paths .Jt /t2Œ0;1� in J.X;!/ from J0 and J1. Given J0;J1 2 J?emb.X;!/, denote
by J?emb.X; !; J0; J1/ the subset of those .Jt /t2Œ0;1� 2 J.X; !I J0; J1/ such that for
every t 2 Œ0; 1�:
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(1) Jt 2 Jemb.X; !/, and

(2) if uW .†; j /! .X; Jt / is a simple Jt -holomorphic map, then either

(a) coker du;jx@Jt D ¹0º, or

(b) dim coker du;jx@Jt D 1 and the map ker du;jx@Jt ! coker du;jx@Jt defined
by

� 7! pr
� d

ds

ˇ̌̌
sDt

du;jx@Js�
�
;

with prW�0;1.†; u�TX/! coker du;jx@Jt denoting the canonical projec-
tion, is surjective.

Proposition 2.36. Let A 2 H2.X;Z/ and g 2 N0.

(1) For every J 2 J?emb.X;!/, the moduli space M?
A;g.X;J / is an oriented smooth

manifold of dimension

2hc1.X; !/; Ai C 2.n � 3/.1 � g/:

(2) For every pair J0; J1 2 J?emb.X; !/ and .Jt /t2Œ0;1� 2 J?emb.X; !I J0; J1/, the
moduli space

M?
A;g.X; .Jt /t2Œ0;1�/´

a
t2Œ0;1�

M?
A;g.X; Jt /;

is an oriented smooth manifold with boundary

M?
A;g.X; J1/q�M

?
A;g.X; J0/:

This is a consequence of the Implicit function theorem; see [24, Theorem 3.1.6
and Theorem 3.1.7]. The orientation on the moduli spaces is obtained by trivializing
the determinant line bundle of the family of operators du;jx@J ; see [24, Proof of The-
orem 3.1.6, Remark 3.2.5, Appendix A.2]. If the moduli space is zero-dimensional,
that is, a discrete set, then every Œu� 2M?

A;g.X; J / is assigned a sign

signŒu� 2 ¹C1;�1º:

The signed count of M?
A;g.X; J / is then

#M?
A;g.X; J /´

X
Œu�2M?

A;g
.X;J /

signŒu�:

Proposition 2.37. The following hold:

(1) J?emb.X; !/ � J.X; !/ is residual.
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(2) For every pair

J0; J1 2 J?emb.X; !/; J?emb.X; !IJ0; J1/ � J.X; !IJ0; J1/

is residual.

The proof is a standard application of the Sard–Smale theorem; cf. [26, Theo-
rem 1.2], [19, Proposition A.4], and [24, Sections 3.2 and 6.3]. Some details of the
proof will be reviewed in the proof of Proposition 2.45.

2.8. J -holomorphic maps with constraints

Definition 2.38. Let ƒ 2 N. A J -holomorphic map with ƒ marked points is a J -
holomorphic map uW .†; j /! .X; J / together with ƒ distinct labeled points z1; : : : ;
zƒ 2 †.

The reparametrization of .uI z1; : : : ; zƒ/ by � 2 Diff.†/ is the J -holomorphic
map with ƒ marked points ��.uI z1; : : : ; zƒ/´ .u ı ��1I�.z1/; : : : ; �.zƒ//.

A J -holomorphic map .uI z1; : : : ; zƒ/ with ƒ marked points is said to be simple
if u is simple.

Definition 2.39. Given A 2 H2.X;Z/, g 2 N0, ƒ 2 N, and J 2 J.X;!/, the moduli
space of simple J -holomorphic maps with ƒ marked points representing A and of
genus g is the set

M?
A;g;ƒ.X; J /

of equivalence classes J -holomorphic maps uW .†;j /! .X;J /withƒmarked points
z1; : : : ; zƒ up to reparametrization with

u�Œ†� D A and g.†/ D g:

Define the evaluation map evWM?
A;g;ƒ.X; J /! Xƒ by

ev.ŒuI z1; : : : ; zƒ�/´ .u.z1/; : : : ; u.zƒ//:

Remark 2.40. Given two maps f WX ! Z and gWY ! Z, the fiber product is

X f �g Y ´ .f � g/�1.�/

with��Z �Z denoting the diagonal. IfX , Y ,Z are smooth manifolds and f and g
are transverse smooth maps, then X f �g Y is a submanifold of X � Y of dimension
dim.X/C dim.Y / � dim.Z/.

Let .f�WVƒ! X/ƒ
�D1

be aƒ-tuple of pseudo-cycles in general position such that

codim.f�/´ dimX � dimV�
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is even and positive for every �. The following discussion assumes some famil-
iarity with the notions of pseudo-cycle, pseudo-cycle cobordism, and pseudo-cycle
transversality. In particular, we make use of the following facts, which are discussed
in Section B:

(a) For every �2¹1; : : : ;ƒº, there is a manifold V @
�

of dimension dim.V�/ � 2 and
a smooth map f @

�
WV @
�
!X whose image contains the pseudo-cycle boundary

bd.f�/.

(b) A smooth map gWM ! X is said to be transverse to the pseudo-cycle f� if it
is transverse to both f� and f @

�
in the usual sense.

(c) For every I � ¹1; : : : ; ƒº the product
Q
�2I f� is a pseudo-cycle and f @

�

induces in a natural way a map from a smooth manifold whose image contains
bd.
Q
�2I f�/.

In the following, f �
�
WV �
�
! X stands for either f�WV� ! X or f @

�
WV @
�
! X .

Definition 2.41. Given A 2 H2.X;Z/, g 2 N0, and J 2 J.X; !/, set

M?
A;g.X; J If

�
1 ; : : : ; f

�
ƒ/´M?

A;g;ƒ.X; J / ev�f �
1
�����f �

ƒ
V �1 � � � � � V

�
ƒ:

The expected dimension of M?
A;g.X; J If1; : : : ; fƒ/ is defined to be

vdimM?
A;g.X; J If1; : : : ; fƒ/´ 2hc1.X; !/; Ai

C .n � 3/.2 � 2g/C

ƒX
�D1

.2 � codim.f�//:

The following are analogues of Definition 2.34 and Definition 2.35 in the setting
of J -holomorphic maps with constraints.

Definition 2.42. Denote by

Jemb.X; !If1; : : : ; fƒ/ � J.X; !/

the subset of those almost complex structures J compatible with ! for which the fol-
lowing conditions hold for everyA;A1;A2 2H2.X;Z/, g;g1;g2 2N0, and I;I1; I2�
¹1; : : : ; ƒº with I1 \ I2 D ¿:

(1) if vdimM?
A;g.X; J I .f

�
�
/�2I / < 0, then M?

A;g.X; J I .f
�
�
/�2I / D ¿;

(2) if vdimM?
A;g.X;J I .f

�
�
/�2I /<2n� 4, then every J -holomorphic map under-

lying an element of M?
A;g.X; J I .f

�
�
/�2I / is an embedding; and

(3) if vdimM?
A1;g1

.X; J I .f �
�
/�2I1/C vdimM?

A2;g2
.X; J I .f �

�
/�2I2/ < 2n � 4,

then every pair of every J -holomorphic maps underlying elements of

M?
A1;g1

.X; J I .f �� /�2I1/ and M?
A2;g2

.X; J I .f �� /�2I2/

either have disjoint images or are related by a reparametrization.
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Denote by
J?emb.X; !If1; : : : ; fƒ/

the subset of those elements of Jemb.X; !If1; : : : ; fƒ/ for which, moreover:

(4) every simple J -holomorphic map is unobstructed, and

(5) for everyA2H2.X;Z/, g 2N, and I �¹1; : : : ;ƒº, the pseudo-cycle
Q
�2I f�

is transverse to
evWM?

A;g;jI j.X; J /! X jI j

in the sense of Definition B.3.

Definition 2.43. Given J0; J1 2 J?emb.X; !If1; : : : ; fƒ/, denote by

J?emb.X; !If1; : : : ; fƒIJ0; J1/

the space of smooth paths .Jt /t2Œ0;1� in J.X; !/ from J0 and J1 such that for every
t 2 Œ0; 1�:

(1) Jt 2 Jemb.X; !If1; : : : ; fƒ/,

(2) if uW .†; j /! .X; Jt / is a simple Jt -holomorphic map, then either

(a) coker du;jx@Jt D ¹0º, or

(b) dim coker du;jx@Jt D 1 and the map ker du;jx@Jt ! coker du;jx@Jt defined
by

� 7! pr
� d

ds

ˇ̌̌
sDt

du;jx@Js�
�
;

with prW�0;1.†;u�TX/! coker du;jx@Jt denoting the canonical projec-
tion, is surjective; in particular, for everyA2H2.X;Z/, g 2N, and k 2N
the moduli space

M?
A;g;k.X; .Jt /t2Œ0;1�/´

G
t2Œ0;1�

M?
A;g;k.X; Jt /

is an oriented smooth manifold with boundary

M?
A;g;k.X; J1/q�M

?
A;g;k.X; J0/;

and

(3) for everyA2H2.X;Z/, g 2N, and I � ¹1; : : : ;ƒº the pseudo-cycle
Q
�2I f�

is transverse to the evaluation map

evWM?
A;g;jI j.X;AI .Jt /t2Œ0;1�/! X jI j

in the sense of Definition B.3.
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The next two results are analogues of Proposition 2.36 and Proposition 2.37.

Proposition 2.44. Let A 2 H2.X;Z/ and g 2 N0.

(1) For every J 2 J?emb.X; !If1; : : : ; fƒ/, the moduli space

M?
A;g.X; J If

�
1 ; : : : ; f

�
ƒ/

is an oriented smooth manifold of dimension

vdimM?
A;g.X; J If

�
1 ; : : : ; f

�
ƒ/:

(2) For every pair

J0; J1 2 J
?
emb.X;!If1; : : : ; fƒ/; .Jt /t2Œ0;1� 2 J

?
emb.X;!If1; : : : ; fƒIJ0; J1/;

the moduli space

M?
A;g.X; .Jt /t2Œ0;1�/If

�
1 ; : : : ; f

�
ƒ/´

a
t2Œ0;1�

M?
A;g.X; Jt If

�
1 ; : : : ; f

�
ƒ/

is an oriented smooth manifold with boundary

M?
A;g.X; J If

�
1 ; : : : ; f

�
ƒ/q�M

?
A;g.X; J If

�
1 ; : : : ; f

�
ƒ/:

Proposition 2.45. The following hold:

(1) J?emb.X; !If1; : : : ; fƒ/ � J.X; !/ is residual.

(2) For every pair J0; J1 2 J?emb.X; !If1; : : : ; fƒ/,

J?emb.X; !If1; : : : ; fƒIJ0; J1/ � J.X; !IJ0; J1/

is residual.

Proof. We will prove the first part; the proof of the second part is similar. It follows
from Proposition A.2, proved in Section A, that the set of J 2 J.X; !/ satisfying
conditions (4) and (5) from Definition 2.42 is residual. Note that condition (4) implies
condition (1). To prove that condition (2) is also satisfied by a generic J , consider the
evaluation map

evWM?
A;g;2.X; J I .f

�
� /�2I /! X2:

If ev is transverse to the diagonal X D � � X2, then ev�1.�/ is a submanifold of
codimension

dimM?
A;g;2.X; J I .f

�
� /�2I / � 2n D dimM?

A;g.X; J I .f
�
� /�2I / � .2n � 4/:

Therefore, if dim M?
A;g.X; J I .f

�
�
/�2I / < 2n � 4, then ev�1.�/ is empty and two

distinct maps in M?
A;g.X; J I .f

�
�
/�2I / have disjoint images. By Proposition A.2, the
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set of J for which the map ev is transverse to the diagonal X ,! X2 is residual. This
shows that the set of J satisfying condition (2) from Definition 2.42 is residual. In the
same way, we conclude that the set of J satisfying condition (3) is residual.

The following will be important for relating moduli spaces defined using cobor-
dant pseudo-cycles. Let F WW ! X be a cobordism between two pseudo-cycles f 01
and f 11 in X , and let F @WW @ ! X be such that bd.F / is contained in the image
of F @; see Definition B.1 for the notation and the definition of a pseudo-cycle cobor-
dism. In what follows, F � denotes either F or F @. Let f2; : : : ; fƒ be pseudo-cycles
in X such that F; f2; : : : ; fƒ are in general position, as in Definition B.4.

Given J 2 J.X; !/ and a subset I � ¹2; : : : ; ƒº, set

M?
A;g.X; J IF

�; .f �� /�2I /´M?
A;g;jI jC1.X; J / ev�F ��

Q
�2I f

�
�
W � �

Y
�2I

V �� :

Definition 2.46. Let

J?emb.X;!IF;f2; : : : ;fƒ/� J?emb.X;!If
0
1 ;f2; : : : ;fƒ/\ J?emb.X;!If

1
1 ;f2; : : : ;fƒ/

be the subset of those J for which the following conditions hold for everyA;A1;A2 2
H2.X;Z/, g; g1; g2 2 N0, and I; I1; I2 � ¹2; : : : ; ƒº with I1 \ I2 D ¿:

(1) if vdimM?
A;g.X; J IF

�; .f �
�
/�2I / < 2n � 4, then every J -holomorphic map

underlying an element of M?
A;g.X; J IF

�; .f �
�
/�2I / is an embedding;

(2) if vdimM?
A1;g1

.X;J IF �; .f �
�
/�2I1/CvdimM?

A2;g2
.X;J I .f �

�
/�2I2/<2n�4,

then every pair of J -holomorphic maps underlying elements of

M?
A1;g1

.X; J IF �; .f �� /�2I1/ and M?
A2;g2

.X; J IF �; .f �� /�2I2/

either have disjoint images or are related by a reparametrization; and

(3) for every A 2 H2.X;Z/, g 2 N, and I � ¹2; : : : ; ƒº, the pseudo-cycle F �Q
�2I f� is transverse as pseudo-cycle with boundary to

evWM?
A;g;jI jC1.X; J /! X jI jC1

in the sense of Definition B.3.

It follows from this definition that for every J 2 J?emb.X; !IF; f2; : : : ; fƒ/, the
pseudo-cycle F � f2 � : : : � fƒ is transverse as a pseudo-cycle cobordism to

evWM?
A;g;ƒ.X; J /! Xƒ:

In this case, M?
A;g.X; J IF; f2; : : : ; fƒ/ is an oriented cobordism from

M?
A;g.X; J If

0
1 ; f2; : : : ; fƒ/

to M?
A;g.X; J If

1
1 ; f2; : : : ; fƒ/.
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Proposition 2.47. J?emb.X; !IF; f2; : : : ; fƒ/ is residual in J.X; !/.

The proof is almost identical to that of Proposition 2.45.

3. Gromov compactness

3.1. Deformations of nodal Riemann surfaces

Definition 3.1. Let X and A be complex manifolds and let � WX ! A be a holo-
morphic map. Set n´ dimC A and suppose that dimC X D nC 1. A critical point
x 2 X of � is called nodal if there are holomorphic coordinates at x and holomorphic
coordinates at �.x/ with respect to which

�.z;w; t2; : : : ; tn/ D .zw; t2; : : : ; tn/:

A nodal family is a surjective, proper, holomorphic map � WX! A between complex
manifolds of dimension dimC X D dimC AC 1 such that every critical point of � is
nodal. The fiber over a 2 A is the nodal Riemann surface .†; j; �/ associated with
the nodal curve ��1.a/. Henceforth, we engage in the abuse of notation of identifying
��1.a/ with .†; j; �/.

Definition 3.2. Let .†; j; �/ be a nodal Riemann surface. A deformation of .†; j; �/
is a nodal family � WX! A, together with a base-point ? 2 A, and a nodal, biholo-
morphic map �W .†; j; �/! ��1.?/.

Definition 3.3. Let .†; j; �/ be a nodal Riemann surface, and let .� WX! A; ?; �/

and .�W Y! B; �; �/ be two deformations of .†; j; �/. A pair of holomorphic maps
ˆWX! Y and �WA! B forms a morphism .ˆ; �/W .�; ?; �/! .Y; �; �/ of deforma-
tions if

�.?/ D �; � ıˆ D � ı �; ˆ ı � D �

and for every a 2 A the restriction ˆW��1.a/! ��1.�.a// induces a nodal, biholo-
morphic map.

Definition 3.4. A deformation .�WY! B; �; �/ of .†; j; �/ is (uni)versal if for every
deformation (� WX ! A; ?; �/ of .†; j; �/ there exists an open neighborhood U of
? 2 A and a (unique) morphism of deformations .� W��1.U /! U; ?; �/! .�; �; �/.

A nodal Riemann surface .†; j; �/ admits a universal deformation if and only if it
is stable (see [5], [1, Chapter XI, Theorem 4.3], and [33, Theorem A]). However, every
nodal Riemann surface .†; j; �/ admits a versal deformation. This will be discussed
in detail in Section 4.
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Definition 3.5. Let .� WX! A; ?; �/ be a deformation of a nodal Riemann surface
.†;j;�/. Denote by S the nodal set of �. A framing of .�;?; �/ is a smooth embedding
‰W .†nS/ � A! X such that

� ı‰ D prA and ‰.�; ?/ D �:

3.2. The Gromov topology

LetX be a manifold and denote by H.X/ the set of almost Hermitian structures .J;h/
on X equipped with the C1 topology. The following defines a topology on

xMA;g.X/´
a

.J;h/2H.X/

xMA;g.X; J /:

Definition 3.6. Let .X; J; h/ be an almost Hermitian manifold. Let .†; j; �/ be a
closed, nodal Riemann surface. The energy of a nodal map uW .†; �/! X is

E.u/´
1

2

Z
†

jduj2 vol:

Implicit in this definition is a choice of Riemannian metric in the conformal class
determined by j . The right-hand side, however, is independent of this choice.

Definition 3.7. Let .J0;h0/2H.X/. Let Œu0W .†0; j0; �0/! .X;J0/�2 xMA;g.X;J0/,
let .� WX! A; ?; �/ be a versal deformation of .†0; j0; �0/, let ‰ be a framing of
.�;?; �/, and let " > 0. LetU0 �C1.†0nS;X/ be an open neighborhood of u1j†0nS
in theC1loc topology, and letUH be an open neighborhood of .J0;h0/ in H.X/. Define

U.u0; "; U0; UH/ � xMA;g.X/

to be the subset of the equivalences classes of nodal J -holomorphic maps uW .†; j; �/
! .X; J / satisfying the following:

(1) .J; h/ 2 UH,

(2) jE.u/ �E.u0/j < ",

(3) .†; j; �/ D ��1.a/ for some a 2 A, and

(4) zu´ u ı‰.�; a/ 2 U0,

The Gromov topology on xMA;g.X/ is the coarsest topology with respect to which
every subset of the form U.u0; "; U0; UH/ is open.

In practice, it is more convenient to use the notion of Gromov convergence defined
on the level of nodal maps.
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Definition 3.8. Let .X;J1;h1/ be an almost Hermitian manifold and let .Jk;hk/k2N

be a sequence of almost Hermitian structures on X converging to .J1; h1/ in the
C1 topology. For every k 2 N [ ¹1º let uk W .†k; jk; �k/! .X; Jk/ be a nodal Jk-
holomorphic map. Denote by S the nodal set of .†1; �1/. The sequence .uk; jk/k2N

Gromov converges to .u1; j1/ if

(1) limk!1E.uk/ D E.u1/, and

(2) there are:

(a) a deformation .� WX!A;a1; �1/ of .†1; j1; �1/ together with a fram-
ing ‰,

(b) a sequence .ak/k2N in A converging to a1, and

(c) a nodal, biholomorphic map �k W .†k; jk; �k/! ��1.ak/ for every suffi-
ciently large k 2 N,

such that the sequence of maps

zuk ´ uk ı �
�1
k ı‰.�; ak/ ı �1W†1nS ! X

converges to u1j†1nS in the C1loc topology.

Remark 3.9. If .�; ?; �/ is a versal deformation of .†1; j1; �1/ and ‰ is a framing
of this deformation, then for every sequence .uk; jk/k2N which Gromov converges
to .u1; j1/ the deformation in Definition 3.8 can be assumed to be .�; ?; �/ and the
framing can be assumed to be ‰. This is an immediate consequence of the definition
of a versal deformation.

Theorem 3.10 (Gromov [13]; see also [17, 32, 36] and [24, Chapters 4 and 5]). Let
.X;J1;h1/ be a closed almost Hermitian manifold and let .Jk;hk/k2N be a sequence
of almost Hermitian structures onX converging to .J1; h1/ in the C1 topology. For
every k 2 N, let

uk W .†k; jk; �k/! .X; Jk/

be a stable nodal J -holomorphic map. Denote by #�0.†k/ the number of connected
components of †k . If

lim sup
k!1

#�0.†k/ <1; lim sup
k!1

pa.†k; �k/ <1; and lim sup
k!1

E.uk/ <1;

then there exists a stable nodal J1-holomorphic map u1W .†1; j1; �1/! .X;J1/

and a subsequence of .uk; jk/k2N, which Gromov converges to .u1; j1/. The limit
.u1; j1; �1/ is unique up to automorphism.

Remark 3.11. The Gromov topology on xMA;g.X/ is metrizable, which can be seen
as follows. Theorem 3.10 implies that it is Hausdorff and the projection map

xMA;g.X/! H.X/ � R
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is proper and closed. This implies, in particular, that xMA;g.X/ is a regular topological
space. (In general, if A is a Hausdorff space, B is a regular space, and f WA! B is
a proper, closed map, then A is a regular space.) Urysohn’s metrization theorem says
that a second countable, Hausdorff, regular space is metrizable.

Henceforth, let .X; !/ be a symplectic manifold. The set J.X; !/ of almost com-
plex structures compatible with ! injects into H.X/.

Proposition 3.12 (Gromov [13]; see also [24, Lemma 2.2.1]). Let .X; !/ be a sym-
plectic manifold and J 2 J.X; !/. Let .†; �; j / be a closed, nodal Riemann surface.
For every nodal map uW .†; �/! X ,

E.u/ > hu�Œ!�; Œ†�i;

and the equality holds if and only if u is J -holomorphic. Here E is to be understood
with respect to the Riemannian metric h D !.�; J �/ on X .

Set
xMA;g.X; !/´

a
J2J.X;!/

xMA;g.X; J /:

By the above energy identity, in the symplectic context, Theorem 3.10 is equivalent
to the map

� W xMA;g.X; !/! J.X; !/

being proper.

3.3. Behavior near the vanishing cycles

The results of this subsection will be important for proving the surjectivity of the glu-
ing construction in Section 5.6. Assume the situation of Definition 3.8. By condition
Definition 1 for every ı > 0 there are K 2 N0 and r > 0 such that for every k > K,

E.ukjN r
k
/ 6 ı

with
N r
k ´ †kn¹‰.z; ak/ W z 2 †0 with d.z; S/ > rº: (3.13)

The subsetN r
k

can be partitioned into regionsN r
k;n

corresponding to the nodes n 2 S .
If n is not smoothed out in †k , then the corresponding region is biholomorphic to

B1.0/q B1.0/

with �k identifying the origins. If n is smoothed out in †k , then the corresponding
region is biholomorphic to

S1 � .�Lk; Lk/

with limk!1Lk D1.
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The behavior of J -holomorphic maps from such domains and with small energy
can be understood through the following two results.

Lemma 3.14 ([24, Lemma 4.3.1]). Let .X; J; h/ be an almost Hermitian manifold.
There is a constant ı D ı.X; J; h/ > 0, depending continuously on .J; h/, such that
for every r > 0 the following holds. If uW .B2r.0/; i/! .X; J / is a J -holomorphic
map with

E.u/ 6 ı;

then
kdukL1.Br .0// 6 cr�1E.u/1=2:

Lemma 3.15 ([24, Lemma 4.7.3]). Let .X; J; h/ be an almost Hermitian manifold.
For every � 2 .0; 1/ there are constants: ı D ı.X; J; h; �/ > 0, depending continu-
ously on .J; h/, and c D c.�/ > 0 such that for every L > 0 the following holds. If
uW .S1 � .�L;L/; jcyl/! .X; J / is a J -holomorphic map with

E.u/ 6 ı;

then for every ` 2 .0; L/,

E.ujS1�.LC`;L�`// 6 ce�2�.L�`/E.u/;

and for every � 2 S1 and ` 2 Œ�LC 1;L � 1�,

jduj.�; `/ 6 ce��.L�j`j/E.u/1=2:

Proof. The first assertion is [24, Lemma 4.7.3]. The second assertion follows from
the first by Lemma 3.14.

The following is an important consequence of the previous two lemmas.

Proposition 3.16. Let .uk W .†k; jk; �k/!.X;Jk//k2N be a sequence of nodal pseudo-
holomorphic maps which Gromov converges to

u1W .†1; j1; �1/! .X; J1/:

Denote by S the nodal set of .†1; �1/ and let N r
k

be as in (3.13). For every ı > 0,
there are r > 0 and K 2 N such that for every k > K and n 2 S ,

uk.N
r
k;n/ � Bı.u1.n//I

in particular, provided ı is sufficiently small,

.uk/�Œ†k� D .u1/�Œ†1�:
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4. Versal deformations of nodal Riemann surfaces

The purpose of this section is to construct a versal deformation of a nodal Riemann
surface in a rather explicit manner.

4.1. Deformations of nodal curves

Let us briefly review parts of the deformation theory of nodal curves in the complex
analytic category. For further details and proofs we refer the reader to [1, Chapter XI,
Section 3]. A thorough discussion of deformation theory in the algebraic category can
be found in [14].

Definition 4.1. Let C be a nodal curve. A deformation of C consists of

(1) a proper flat1 morphism � WX! A between analytic spaces such that every
fiber of � is a nodal curve,

(2) a base-point ? 2 A, and

(3) an isomorphism �WC ! ��1.?/.

Proposition 4.2. Every nodal family � WX! A is flat. In particular, a deformation
of a nodal Riemann surface .†; j; �/ is also a deformation of the associated nodal
curve C .

Definition 4.3. Let C be a nodal Riemann surface and let .� W X ! A; ?; �/ and
.�W Y! B; �; �/ be two deformations of C . A pair of analytic maps ˆWX! Y and
�WA! B forms a morphism .ˆ; �/W .�; ?; �/! .Y; �; �/ of deformations if

�.?/ D �; � ıˆ D � ı �; ˆ ı � D �;

and for every a 2 A the restriction ˆW��1.a/! ��1.�.a// induces an analytic iso-
morphism.

Definition 4.4. A deformation .�WY! B; �; �/ of C is (uni)versal if for every defor-
mation (� WX! A; ?; �/ of .†; j; �/, there exists an open neighborhood U of ? 2 A
and a (unique) morphism of deformations .� W��1.U /! A; ?; �/! .�; �; �/.

Definition 4.5. Denote by CŒ"�="2 the ring of dual numbers and set

D´ Spec.CŒ"�="2/:

A first order deformation is a deformation over D.

1A morphism f WA! B between two analytic spaces is flat if it makes the stalk OA;a into
a flat OB;f.a/-module for every a, that is, tensoring by OA;a preserves short exact sequences
of OB;f.a/-modules.
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Let C be a nodal curve. Every first order deformation .� W X ! D; 0; �/ of C
induces a short exact sequence

0! OC Š �
��1D ! �1X ˝ OC

��

�! �1C ! 0:

The map ���1D ! �1X ˝ OC is given by pulling-back forms from D to X and
�1X ˝ OC ! �1C is given by restricting forms on X to C . The extension class ı 2
Ext1.�1C ;OC / of this sequence depends on the first order deformation only up to iso-
morphism of deformations. Indeed, two first order deformation of C are isomorphic
if and only if they yield the same extension class ı.

Definition 4.6. Let C be a nodal curve and let .� WX ! A; ?; �/ be a deformation
of C . Every v 2 T?A corresponds to an analytic map �WD! A mapping 0 to ?. The
pullback of .�;?; �/ via � is a first order deformation. Denote by ı.v/2Ext1.�1C ;OC /
the corresponding extension class. The map ıWT?A! Ext1.�1C ;OC / thus defined is
called the Kodaira–Spencer map.

It is instructive to analyze Ext1.�1C ;OC / more closely. The local-to-global Ext
spectral sequence yields a short exact sequence

0! H 1.C;Hom.�1C ;OC //! Ext1.�1C ;OC /! H 0.C;Ext1.�1C ;OC //! 0:

This can be interpreted in terms of the normalization � W zC ! C as follows. Denote
by S the set of nodes of C and set zS ´ ��1.S/. It can be shown that

Hom.�1C ;OC / D ��T zC .�zS/I

hence,
H 1.C;Hom.�1C ;OC // D H

1. zC ;T zC .�
zS//:

The space H 1. zC ; T zC .�
zS// parametrizes the deformations of the marked curve

. zC ; zS/; that is, deformations of zC which fix zS point-wise. The sheaf Ext1.�1C ;OC /
is supported on the nodes of C :

Ext1.�1C ;OC / D
M
n2S

Ext1.�1C;n;OC;n/:

For every n 2 zS and ¹n1; n2º D ��1.n/,

Ext1.�1C;n;OC;n/ D Tn1 zC ˝ Tn2 zC :

If we consider the deformation ¹zw D "º of the node ¹zw D 0º, then the space
Ext1.�1C;n;OC;n/ can be seen to parametrize smoothings of the node n. The above
discussion show that to first order all deformations of C arise from smoothing nodes
and deforming its normalization while fixing the points mapping to the nodes. In the
following we construct a deformation of C which induces all of these deformations
to first order.
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4.2. Smoothing nodal Riemann surfaces

Let .†0; j0; �0/ be a closed, nodal Riemann surface with nodal set S . Let g0 be a
Riemannian metric on†0 in the conformal class determined by j0 and such that there
is a constant R0 > 0 such that for every n 2 S the restriction of g0 to B4R0.n/ is
flat and for every n1; n2 2 S the balls B4R0.n1/ and B4R0.n2/ are disjoint. For every
n 2 S , define the holomorphic charts �nWB4R0.n/ � Tn†0 ! †0 by

�n.v/´ expn.v/

and define rnW†0 ! Œ0;1/ by

rn.z/´ max¹d.n; z/; 4R0º:

Given a pair of complex vector spaces V andW , denote by � WV ˝W !W ˝ V

the isomorphism defined by �.v ˝ w/´ w ˝ v.

Definition 4.7. A smoothing parameter for .†0; j0; �0/ is an element

� D .�n/n2S 2
Y
n2S

Tn†0 ˝C T�.n/†0

such that for every n 2 S , we have ��.n/ D �.�n/ and j�nj < R20. Given a smoothing
parameter � , for every n 2 S , set

"n´ j�nj and y�n´ �n=j�nj if �n ¤ 0I

furthermore, set
"´ max¹"n W n 2 Sº:

Henceforth, let � D .�n/n2S be a smoothing parameter for .†0; j0; �0/.

Definition 4.8. Set

A� ´ ¹w 2 †0 W "n=R0 < rn.w/ < R0 for some n 2 S with "n ¤ 0º

and denote by �� WA� ! A� the biholomorphic map characterized by

��1�.n/ ı �� ı �n.v/˝ v D �n

for every n 2 S and v 2 Tn†0 with "n=R0 < jvj < R0.

Definition 4.9. Consider the Riemann surface with boundary

†ı� ´ ¹z 2 †0 W rn.z/ > "1=2n for every n 2 Sº:
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Denote by �� the equivalence relation on †ı� generated by identifying the boundary
components via �� . The quotient

†� ´ †ı�= ��

is a closed surface. The restrictions of the complex structure j0 and the nodal struc-
ture �0 to †ı� descends to a complex structure j� and a nodal structure �� on †� . The
nodal Riemann surface .†� ; j� ; �� / is called the partial smoothing of .†0; j0; �0/
associated with � .

Remark 4.10. The above construction smooths out every node with "n > 0. In partic-
ular, if all of the "n are positive, then �� is the trivial nodal structure and .†� ; j� ; �� /
is simply the Riemann surface .†� ; j� /.

Definition 4.11. Denote by � the space of smoothing parameters for .†0; j0; �0/.
Set

X´ ¹.z; �/ 2 †0 �� W z 2 †
ı
�º= �

with .z1; �1/� .z2; �2/ if and only if �1 D �2 and z1 ��1 z2 or z1; z2 2 S , �.z1/D z2,
and "z1 D "z2 D 0. Denote by � WX! � the canonical projection.

The following example will be important in the proof of Theorem 1.1 in Sec-
tion 5.8.

Example 4.12. Let .†1; j1; �1/ and .†2; j2; �2/ be two nodal Riemann surfaces with
nodal sets S1 and S2. Given xi 2 †inSi for i D 1; 2, we define a new nodal Riemann
surface .†|; j|; �|/ by setting †| D †1 q †2 and �|.x1/ D x2 (and otherwise
agreeing with �1 and �2). The nodal set of .†|; j|; �|/ is

S| D ¹x1; x2º q S1 q S2:

Accordingly, the space of smoothing parameters for .†|; j|; �|/ is

�| D �0 ��1 ��2;

where �0 is an open neighborhood of zero in Tx1†1 ˝C Tx2†2.
Suppose now that .†1; j1; �1/ is a tree of spheres. It is easy to see that for every

smoothing parameter �| D .�0; �1; �2/ such that �0 ¤ 0 and �1;n ¤ 0 for every node
n 2 S1, there is a biholomorphism

.†|;�| ; j�| ; ��|/ Š .†2;�2 ; j�2 ; ��2/:

In particular, if �0 ¤ 0, �1;n ¤ 0 for every n 2 S1, and �2 D 0, there is a biholomor-
phism

.†|;�| ; j�| ; ��|/ Š .†2; j2; �2/:
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Proposition 4.13. The space X defined in Definition 4.11 is a smooth manifold and
the complex structure on †0 �� induces a complex structure on X such that � is a
nodal family and for every � 2 � the canonical map †� ! ��1.�/ induces a nodal,
biholomorphic map

�� W .†� ; j� ; �� /! ��1.�/:

Proof. It suffices to consider the local model of a node C0´¹.z;w/ 2C2 W zw D 0º.
zX´¹.z;w;�/2C2 �C W zwD �º is a complex manifold. The map z� W zX!C defined
by z�.z; w; �/´ t has only nodal critical points and its fiber over 0 is C0. The nodal
Riemann surface associated with C0 is †0 D Cq C with the complex structure i
on both components and the nodal structure which interchanges the origins of the
components. The partial smoothing defined in Definition 4.9 is

†� D
�
¹z 2 C W jzj > j� j1=2º q ¹w 2 C W jwj > j� j1=2º

�ı
�� :

The map ˆWX! zX defined by ˆ.Œz�; �/´ .z; �=z; �/ and ˆ.Œw�; �/´ .�=z; z; �/

is biholomorphic. This implies the assertion.

4.3. Construction of a versal deformation

Let .†0; j0; �0/ be a nodal Riemann surface with nodal set S . Denote by J.†0/ the
space of almost complex structures on †0 and by Diff0.†0; �0/ the group of diffeo-
morphism of †0 which are isotopic to the identity and commute with �0. Denote by

T´ J.†0/=Diff0.†0; �0/

the corresponding Teichmüller space. This is a complex manifold and there is an open
neighborhood �1 of 0 2 CdimC T together with a map | W�1 ! J.†0/ such that:

(1) |.0/ D j0,

(2) for every � 2 �1 the almost complex structure |.�/ agrees with j0 in some
neighborhood U of S , and

(3) the map Œ| �W�1 ! T is an embedding.

For every � 2 �1, set

†�;0´ †0; j�;0´ |.�/; and ��;0´ �0:

Choose a family of metrics .g�;0/�2�1 whose restriction to the neighborhood U of S
is independent of � and such that g�;0 is in the conformal class determined by j�;0 for
every � 2 �1. Let R0 > 0 be such that the conditions at the beginning of Section 4.2
hold for every � 2 �1 and B4R0.S/ � U .
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Denote by �2 the space of elements

� D .�n/n2S 2
Y
n2S

Tn†0 ˝C T�.n/†0

such that for every n 2 S , we have ��.n/ D �.�n/ and j�nj < R20.

Definition 4.14. Set �´ �1 ��2. Set

X´ ¹.zI �; �/ 2 †0 ��1 ��2 W z 2 †
ı
�;�º= �

with .z1I�1; �1/� .z2I�2; �2/ if and only if �1D �2, �1D �2 and z1 ��1 z2 or �1D �2
and z1 ��1 z2 or z1; z2 2 S , �.z1/ D z2, and "z1 D "z2 D 0. Denote by � WX! �

the canonical projection.

Proposition 4.15. The space X defined in Definition 4.14 is a smooth manifold and
the complex structure on †0 �� induces a complex structure on X such that � is a
nodal family and for every .�; �/ 2 � the canonical map †�;� ! ��1.�; �/ induces
a nodal, biholomorphic map

��;� W .†�;� ; j�;� ; ��;� /! ��1.�; �/:

Theorem 4.16 (cf. [1, Chapter XI, Theorem 3.17 and Section 4]). Set ?´ .0; 0/ and
�´ �0;0. The deformation .�; ?; �/ of .†0; j0; �0/ is versal.

Proof. Denote by C the nodal curve associated with .†0; j0; �0/. It is proved in [1,
Chapter XI, Theorem 3.17] that the Kodaira–Spencer map

ıWT0�1 � T0�2 ! Ext1.�1C ;OC /

is an isomorphism. This implies that the deformation is versal. Indeed, C has some
versal family .�WY!B;�;�/ for which the Kodaira–Spencer map is an isomorphism.
Therefore, after possibly shrinking �, there exists a morphism of deformations

.ˆ; �/W .�; ?; �/! .�; �; �/:

Since both Kodaira–Spencer maps are isomorphism, after possibly shrinking �, � is
a holomorphic embedding. Therefore, after possibly shrinking both � and A, both
deformations become isomorphic.

To define a framing of the deformation .�; ?; �/, choose an increasing, smooth
function �W Œ0; 2�! Œ1; 2� such that

�.0/ D 1 and �.r/ D r

for every 3=2 6 r 6 2.
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Definition 4.17. Define the framing ‰W†0nS ��! X of .�; ?; �/ by

‰.zI �; �/´

´
 n.z/ if rn.z/ 6 2"

1=2
n for some n 2 S;

.zI �; �/ otherwise;

with  n.z/ defined by

 n.z/ D �n

�
�.rn.z/="

1=2
n / �

��1n .z/

rn.z/="
1=2
n

�
:

Observe that  n is defined so that:

(1) rn. n.z// > "
1=2
n , so that indeed  n.z/ corresponds to a point in X,

(2)  n defines an embedding from a punctured neighborhood of n in †0 to X,

(3)  n.z/ D z when rn.z/ > 3=2"
1=2
n , so that ‰ is continuous.

Remark 4.18. Let .�; �/ 2 � and r 2 .2"1=2; R0/. Set

†r0´ ¹z 2 †0 W rn.z/ > r for every n 2 Sº:

Denote by
N r
�;� ´ †�;�n‰

�
†r0 � ¹.�; �/º

�
the part of†�;� not covered by†r0 under the framing ‰, cf. Section 3.3. By construc-
tion,

N r
�;� D

[
n2S

N r
�;� In

with

N r
�;� In D N

r
�;� I�.n/´ ¹z 2 †

ı
�;� W rn.z/ < r or r�.n/.z/ < rº= �� :

If "n D 0, thenN r
�;� In is biholomorphic to Br.0/qBr.0/ and the nodal structure ��;�

identifies the two origins. If "n ¤ 0, then N r
�;� In is biholomorphic to

¹z 2 C W "n=r < jzj < rº Š S1 �
�
� log.r"�1=2n /; log.r"�1=2n /

�
:

5. Smoothing nodal J -holomorphic maps

The purpose of this section is to prove Theorem 1.1. The strategy is to construct a
Kuranishi model for a Gromov neighborhood of u1 and analyze the obstruction map.
This idea goes back to Ionel [18] and has been used by Zinger [38] and Niu [25] to
give a sharp compactness results for genus one and two pseudo-holomorphic maps.
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Throughout this section, fix a smooth function �W Œ0;1/! Œ0; 1� with

�jŒ0;1� D 1 and �jŒ2;1/ D 0 (5.1)

and, moreover, fix p 2 .2;1/.

5.1. Riemannian metrics on smoothings

Let .†0; j0; �0/ be a nodal Riemann surface with nodal set S . Denote by g0 a Rie-
mannian metric on †0 as at the beginning of Section 4.2. In Section 4.2 we discussed
the construction of a smoothing †� of †0 for every smoothing parameter � . In this
section we construct a Riemannian metric g� on †� which is uniformly equivalent to
the metric g0 on †0 in the smoothing region. This property will be useful for prov-
ing estimates in the construction of a smoothing of a nodal pseudo-holomorphic map
from †0.

Definition 5.2. Given a smoothing parameter � , let†ı� be as in Definition 4.9. Recall
that for every node n 2 S we have the corresponding number "n D j�nj, the size of
the smoothing parameter at n, and local radial coordinate rnW†0 ! Œ0;1/.

Define the Riemannian metric gı� on †ı� by

gı� ´ g0 C
X
n2S

�
� rn

2"
1=2
n

�
�
�
"n � .�n/�.r

�2dr ˝ dr C � ˝ �/ � g0
�

with r denoting the distance from origin in Tn†0 Š C and � D �dr ı j0. Since
the Riemannian metric r�2dr ˝ dr C � ˝ � on C� is invariant under the involution
z 7! "=z, gı� descends to a Riemannian metric g� on †� .

Proposition 5.3. There is a constant c > 1 such that for every nodal Riemann surface
and every smoothing parameter � ,

c�1g0 < g
ı
� < cg0:

Proof. Let n 2 S and let r and � be as in Definition 5.2. On the annulus

¹z 2 †0 W "
1=2
n 6 rn.z/ 6 4"1=2n º;

we have ��ng0 D dr ˝ dr C r2� ˝ � and, therefore,

gı� D .F"n ı rn/ � g0 with F"n.r/´ 1C �
� r

2"
1=2
n

�
� ."nr

�2
� 1/:

This implies the assertion because c�1 < F"n.r/ < c for "1=2n 6 r 6 4"
1=2
n .
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Henceforth, the Lp and W 1;p norms of all sections and differential forms on †�
are understood with respect to the metric g� . The above proposition will often be
implicitly used to bound these norms by estimating various expressions with respect
to g0 over the corresponding region in †0.

5.2. Approximate smoothing of nodal J -holomorphic maps

Throughout the next four sections, let .X; J; h/ be an almost Hermitian manifold,
let cu > 0, let u0W .†0; j0; �0/! .X; J / be a nodal map, and let � be a smoothing
parameter. Furthermore, choose g0 and R0 as at the beginning of Section 4.2.

Definition 5.4. For every point x 2 X , denote by zUx � TxX the segment/injectivity
domain and set Ux ´ expx. zUx/ and 1

2
Ux ´ expx.

1
2
zUx/. The map expx W zUx ! Ux

is a diffeomorphism and its inverse is denoted by exp�1x WUx ! zUx .

Furthermore, we assume the following.

Hypothesis 5.5. The map u0 and R0 > 0 satisfy

ku0kC2 6 cu and u0.B4R0.n// � Uu0.n/ for every n 2 S:

Convention 5.6. Henceforth, constants may depend on p, .†0; j0; �0/, .X; J; h/, cu,
and R0, but not on � .

Definition 5.7. For n 2 S , define �n� W†� ! Œ0; 1� by

�n� .z/´ �
�rn.z/
R0

�
:

Let �� be the map defined in Definition 4.8. Define zuı� W†
ı
� ! X by

zuı� .z/´

´
expu0.n/

�
exp�1

u0.n/
ıu0.z/C�

n
� .z/ � exp�1

u0.n/
ıu0.�� .z//

�
if rn.z/62R0;

u0.z/ otherwise:

Since u0.�0.n// D u0.n/, the restriction of zuı� to

¹z 2 †ı� W rn.z/ 6 R for some n 2 Sº

is invariant under �� . Therefore, zuı� descends to a smooth map

zu� W†� ! X:

This map is called the approximate smoothing of u associated with � .
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Remark 5.8. This construction differs from that found, for example, in [24, Sec-
tion 10.2] and [31, Section B.3] in which the approximate smoothing is constant in the
middle of the neck region. The above construction is very similar to that in [12, Sec-
tion 2.1]. It leads to a smaller error term and significantly simplifies the discussions
in Section 5.7. Morally, this section analyzes how the interaction between the differ-
ent components of u0 affects whether u0 can be smoothed or not. The constructions
in [24, Section 10.2] and [31, Section B.3] make it difficult to see such interactions.

Proposition 5.9. For every nodal map u0W†0! X (not necessarily J -holomorphic)
the map zu� satisfies

kx@J .zu� ; j� /kLp 6 ckx@J .u0; j0/kLp C c"
1
2C

1
p ;

with " D max¹"n W n 2 Sº as in Definition 4.7.

For the proof of this result and for future reference let us observe that for every
k > 1, �Z

"
1=2
n 6rn62R0

r�kpn

� 1
p

6
�

2�

kp � 2

� 1
p

"
1
p�

k
2

n : (5.10)

Proof of Proposition 5.9. The map zuı� agrees with u0 in the region where rn > 2R0

for every n2 S . Therefore, it suffices to consider the regions where rn 6 2R0 for some
n 2 S . To simplify notation, identify Ux with zUx via expx for x ´ u.n/. Here Ux
and zUx are as in Definition 5.4. Having made this identification, in such a region, zuı�
is given by

zuı� D u0 C �
n
� � u0 ı �� :

Note that addition is well defined since, with respect to the above identification, u0
takes values in an sufficiently small open subset of TxX . Therefore,

x@J .zu
ı
� ; j� / D

1

2
.dzuı� C J.zu

ı
� / ı dzuı� ı j /

D x@J .u0; j0/C �
n
� �
x@J .u0 ı �� ; j0/„ ƒ‚ …

µI

C
1

2
.J.zuı� / � J.u0// ı du0 ı j0„ ƒ‚ …

µII1

C �n� �
1

2
.J.zuı� / � J.u0 ı �� // ı d.u0 ı �� / ı j0„ ƒ‚ …

µII2

Cx@�n� � u0 ı ��„ ƒ‚ …
µIII

:

The Lp norm of the term I is controlled by the Lp norm of x@J .u0; j0/ over the
regions of †0, where "n=2R0 6 rn 6 2R0 for some n 2 S . By Taylor expansion,

jII1j 6 ckJ kC1 � ju0 ı �� j � jdu0j 6 c"n=rn
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and

jII2j 6 ckJ kC1 � .ju0j C .1 � �
n
� / � ju0 ı �j/ � jd.u0 ı �� /j

6 c � .rn C .1 � �
n
� /"n=rn/ � "n=r

2
n 6 c"n=rn:

On †ı� , by definition, rn > "
1=2
n . Therefore and by (5.10),

kII1 C II2kLp 6 c"
1
2C

1
p

n :

The term III is supported in the region where R0 6 rn 6 2R0, whose area is
independent of "n, and satisfies

jIIIj 6 cjd�n� jju0 ı �� j 6 crn � ."n=rn/ D c"n;

where in the last inequality we use that, with respect to the identifications introduced
earlier, u0.0/ D 0 so ju0.z/j 6 cjzj in a neighborhood of 0. Therefore,

kIIIkLp 6 c"n:

5.3. Fusing nodal vector fields

The purpose of this section is to introduce the fusing operator. This operator assigns
to every vector field � along u0 a vector field fuse� .�/ along zu� , which agrees with �
outside the gluing region. The construction of the fusing operator makes use of the
following local trivializations of TX .

Definition 5.11. For every x 2 X and y 2 Ux , define an isomorphism

ˆy D ˆ
x
y WTxX ! TyX

by
ˆxy .v/´ dexp�1x .y/ expx.v/

As y varies in Ux , these maps define a trivialization ˆ D ˆx WUx � TxX ! TX jUx .

The definition of the fusing operator uses a different cutoff function than the defi-
nition of the approximate smoothing u� .

Definition 5.12. For n 2 S , define �n� W†� ! Œ0; 1� by

�n� .z/´ �
�rn.z/
"
1=4
n

�
:

Here � is the cutoff function (5.1); that is, �n� D 1 in the region where rn 6 "
1=4
n , and

�n� D 0 in the region where rn > 2"
1=4
n .
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Definition 5.13. Define fuseı� WW
1;p�.†0; �0Iu

�
0TX/! W 1;p�.†ı� ; �0I .zu

ı
� /
�TX/

by

fuseı� .�/.z/´

8̂̂<̂
:̂
ˆzu� .Œz�/

�
ˆ�1
u0.z/

�.z/C �n� .z/ � .ˆ
�1
u0ı�� .z/

�.�� .z// �ˆ
�1
u0
�.n//

�
if rn.z/ 6 2"

1=4
n ;

�.z/ otherwise:

In the above formula, ˆ D ˆx with x D u0.n/. For every n 2 S the restriction of
fuseı� .�/ to

¹z 2 †ı� W rn.z/ 6 "1=4n for some n 2 Sº

is invariant under �� . Therefore, fuseı� induces a map

fuse� WW 1;p�.†0; �0Iu
�
0TX/! W 1;p�.†� ; �� I zu

�
�TX/:

The following is a counterpart of Proposition 5.9.

Proposition 5.14. For every � 2 W 1;p�.†0; �0Iu
�
0TX/,

kdzu� fuse� .�/kLp 6 ckdu0�kLp C c
X
n2S

�
"
1
2p
n C "

1
2�

1
p

n

�
k�kW 1;p :

The proof requires the following results as a preparation.

Proposition 5.15. For every n 2 S and � 2 W 1;p�.†0; �Iu
�
0TX/,

kd�n� � .� ı �� � �.n//kLp 6 c"
1
2�

1
p

n k�kW 1;p :

Proof. Morrey’s embedding theorem asserts that W 1;p ,! C 0;1�2=p . Hence,

j� ı �� .z/ � �.n/j 6 c."n=rn.z//
1�2=p

k�kW 1;p :

The term d�n� is supported in the annulus P n� D ¹"
1=4
n 6 rn 6 2"

1=4
n º and satisfies

jd�n� j 6 c"�1=4n :

Since the area of P n� is proportional to "1=2n ,

kd�n� � .� ı �� � �.n//kLp 6 c"�1=4n "3=4.1�2=p/n "1=2pn k�kW 1;p

D c"
1
2�

1
p

n k�kW 1;p :

Proposition 5.16. Let U � †0 be an open subset. Let u1; u2WU ! Ux and set

v´ exp�1x ı u2 � exp�1x ı u1:

For every � 2 C1.U; TxX/,

j.ˆu1 ı du1 ıˆ
�1
u1
�ˆu2 ı du2 ıˆ

�1
u2
/�j 6 c

�
jvjjd�j C jdvjj�j C jdu1jj�jjvj

�
:
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Proof. To simplify notation, identify Ux with zUx via expx . Having made this identi-
fication, ˆ becomes the identity map and v D u2 � u1. Therefore,

du1� � du2� D
1

2
.J.u1/ � J.u2// ı r� ı j

C
1

2
..r�J /.u1/ � .r�J /.u2// ı du1 ı j

C
1

2
.r�J /.u2/ ı .du1 � du2/ ı j:

This implies the asserted inequality.

Proof of Proposition 5.14. Outside the regions where rn 6 2R0 for some n 2 S , the
operators du0 and dzu� agree. Within such a region and with the usual identifications

dzuı� fuseı� .�/ D du0� C .dzuı� � du0/�„ ƒ‚ …
µI

Cx@�n� � .� ı �� � �.n//„ ƒ‚ …
µII

C �n� � dzuı� .� ı �� /„ ƒ‚ …
µIII

� �n� � dzuı� �.n/„ ƒ‚ …
µIV

:

The difference v´ zuı� � u0 D �
n
� � u0 ı �� satisfies

jvj 6 c"n=rn 6 c"1=2n ;

jdvj 6 jd�n� � u0 ı �� j C j�
n
� d.u0 ı �� /j 6 c"n=r

2
n :

Therefore, by Proposition 5.16 and (5.10),

kIkLp 6 c"
1
p
n k�kW 1;p :

By Proposition 5.15,

kIIkLp 6 c"
1
2�

1
p

n k�kW 1;p :

The term III can be written as

III D �n� � .dzuı� �/ ı �� C �
n
� � .dzuı� � dzuı�ı�� /.� ı �� /:

The first term in this sum satisfies

k�n� � .dzuı� �/ ı ��kLp 6 kdu0�kLp C kIkLp :

To estimate the second term, consider the difference

w´ zuı� � zu
ı
� ı �� D .1 � �

n
� /.u0 � u0 ı �� /:

It satisfies
jwj 6 crn and jdwj 6 c:
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Since �n� is supported in the region where "1=4n 6 rn 6 2"
1=4
n , Proposition 5.16 implies

that
k�n� � .dzuı� � dzuı�ı�� /.� ı �� /kLp 6 c"1=2pn k�kW 1;p :

Therefore,
kIIIkLp 6 kdu0�kLp C c"

1=2p
n k�kW 1;p :

To estimate the term IV, write it in the form

IV D �n� � .dzuı� � du.n//�.n/;

with du.n/ denoting the operator associated with the constant map with value u.n/.
Since the difference uı� � u.n/ and its derivative are bounded, again from Proposi-
tion 5.16 we conclude that

kIVkLp 6 c"1=2pn k�kW 1;p :

5.4. Construction of right inverses

Throughout this subsection, let O� Lp�0;1.†0; u�0TX/ be a finite-dimensional sub-
space such that

im du0 C O D Lp�0;1.†0; u
�
0TX/: (5.17)

In particular, O surjects onto coker du0 .

Definition 5.18. Define pull� WL
p�0;1.†0; u

�
0TX/! Lp�0;1.†� ; zu

�
�TX/ by

pull� .�/.Œz�/´

´
ˆzu� .Œz�/ˆ

�1
u0.z/

�.z/ if "1=2n 6 rn.z/ 6 2R0;

�.z/ otherwise:

Recall that †� is defined in Definition 4.9 by identifying the boundary compo-
nents of ¹rn > "

1=2
n º and ¹r�.n/ > "

1=2
n º using �� . The operator pull� is obtained by

simply restricting .0; 1/-forms to these regions. The resulting .0; 1/-form on †� is
typically not continuous but it is still in Lp . In particular, the ambiguity at rn D "

1=2
n

in Definition 5.18 is immaterial. The reader should contrast Definition 5.18 with the
definition of fuse� , cf. Definition 5.13, which produces sections of class W 1;p , and
therefore continuous.

Definition 5.19. Define xdu0 WW
1;p�.†0; �0Iu

�
0TX/˚O! Lp�0;1.†0; u

�
0TX/ by

xdu0.�; o/´ du0� C o:

Define xdzu� WW
1;p�.†� ; �� I zu

�
�TX/˚ O! Lp�0;1.†� ; zu

�
�TX/ by

xdzu� .�; o/´ dzu� � C pull� .o/:
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By construction, xdu0 is surjective and, hence, has a right inverse

ru0 WL
p�0;1.†0; u

�
0TX/! W 1;p�.†0; �0Iu

�
0TX/˚ O

of du0 . Henceforth, fix a choice of ru0 . The purpose of this subsection is to construct
a right inverse rzu� to xdzu� for sufficiently small ".

Definition 5.20. Define push� WL
p�0;1.†� ; zu

�
�TX/! Lp�0;1.†0; u

�
0TX/ by

push� .�/.z/´

8̂̂<̂
:̂
0 if rn.z/ < "

1=2
n ;

ˆu0.z/ˆ
�1
zu� .Œz�/

�.Œz�/ if "1=2n 6 rn.z/ 6 2R0;

�.Œz�/ otherwise:

Definition 5.21. Define zrzu� WL
p�0;1.†� ; zu

�
�TX/! W 1;p�.†� ; �� I zu

�
�TX/˚O by

zrzu� ´ .fuse� ˚ idO/ ı ru0 ı push� :

Proposition 5.22. The linear operator zrzu� satisfies

kxdzu� ı zrzu� � idk 6 c
X
n2S

�
"
1
2p
n C "

1
2�

1
p

n

�
kru0k;

kzrzu� k 6 ckru0k:

(5.23)

Proof. The map push� is bounded by a constant independent of � and, by Proposi-
tion 5.15, so is fuse� . This implies the estimate on kzrzu� k.

Let � 2 Lp�0;1.†� ; zu��TX/. In order to prove Proposition 5.23, we estimate
kxdzu�zrzu�� � �kLp as follows. Set

.�; o/´ ru0 ı push� .�/;

so that
du0� C o D push� .�/:

By Proposition 5.16 applied to zuı� and u0 and using (5.10) and the fact that on †ı� we
have pull� .o/ D o,

kdzuı� � C pull� .o/ � �kLp 6 c"
1
p k�kW 1;p 6 c"

1
p kru0kk�kLp :

Therefore, it remains to estimate

dzuı� .�
n
� � .� ı �� � �.n/// D

x@�n� � .� ı �� � �.n//„ ƒ‚ …
µI

C �n� � dzuı� .� ı �� /„ ƒ‚ …
µII

� �n� � dzuı� �.n/„ ƒ‚ …
µIII

:
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By Proposition 5.15,

kIkLp 6 c"
1
2�

1
p k�kW 1;p 6 c"

1
2�

1
p kru0kk�kLp :

To estimate the second term, observe that in the region where rn > "
1=2
n ,

du0ı�� .� ı �� / D �
�
� .du0�/ D �

�
� .push� .�// D 0:

To understand the last identity, observe that rn.�� .z// D "nr�1�.n/.z/ and push� .�/ is
defined to vanish in the region of †0 where r�.n/ 6 "

1=2
n . Thus, by Proposition 5.16

applied to zu� and u0 ı �� , and using the fact that �n� is supported in the region where
"
1=4
n 6 rn 6 2"

1=4
n whose area is proportional to "1=2n ,

kIIkLp 6 c"
1
2p k�kW 1;p 6 c"

1
2p kru0kk�kLp :

The vector field �.n/ is constant with respect the chosen trivialization. Since the oper-
ator du0.n/ associated with the constant map agrees with the standard x@-operator,

du0.n/�.n/ D 0:

Therefore, using Proposition 5.16 applied to zu� and the constant map u.n/, and the
estimate on the area of the support of �n� , we arrive at

kIIIkLp 6 c"
1
2p kru0kk�kLp :

Throughout the remainder of this subsection, suppose the following.

Hypothesis 5.24. The smoothing parameter � is such that the right-hand side of
Proposition 5.23 is at most 1=2.

Definition 5.25. Define the right inverse

rzu� WL
p�0;1.†� ; zu

�
�TX/! W 1;p�.†� ; �� I zu

�
�TX/˚ O

associated with ru0 by

rzu� ´ zrzu� .
xdzu�zrzu� /

�1
D zrzu�

1X
kD0

.id � xdzu�zrzu� /
k :

The following is an immediate consequence of the definition.

Proposition 5.26. The right inverse

rzu� WL
p�0;1.†� ; zu

�
�TX/! W 1;p�.†� ; �� I zu

�
�TX/˚ O

satisfies
xdu� rzu� D id and krzu� k 6 ckru0kI

furthermore,
im rzu� D imzrzu� :
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5.5. Complements of the image of rzu�

Proposition 5.27. Given cf > 0 there is a constant ı D ı.cf / > 0 such that the fol-
lowing holds. If � satisfies " < ı and K � W 1;p�.†0; �0Iu

�
0TX/ is a subspace with

dimK D dim ker xdu0 and such that for every � 2 K,

kdu0�kLp 6 ık�kW 1;p and k�kW 1;p 6 cf kfuse� .�/kW 1;p ;

then every .�; o/ 2 W 1;p�.†� ; �� I zu
�
�TX/˚ O can be uniquely written as

.�; o/ D rzu��C .�; 0/

with � 2 Lp�0;1.†� ; zu��TX/ and � 2 K; moreover,

k�kLp C k�kW 1;p 6 c.cf /
�
k�kW 1;p C joj

�
:

Here joj D kokLp is the norm of o induced by the inclusion O� Lp�0;1.†0; u
�
0TX/.

Proof. Because rzu� and fuse� jK are injective and given the hypothesis on fuse� jK ,
it suffices to show that W 1;p�.†� ; �� I zu

�
�TX/˚ O is the direct sum of im.rzu� / and

im.fuse� jK/˚ 0.
By the index formula (2.27), Remark 2.11, and Proposition 3.16,

index du0 D 2h.u
�
0c1.X; J /; Œ†0�i C 2n.1 � pa.†0; �0//

D 2h.zu� /
�c1.X; J /; Œ†� �i C 2n.1 � pa.†� ; �� //

D index dzu� :

Therefore and because du0 is surjective and rzu� is injective,

codim im.rzu� / D index dzu� D index du0 D dim ker xdu0 :

Hence, it remains to prove that im.rzu� / and im.fuse� jK/˚ 0 intersect trivially.
Suppose that � 2 Lp�0;1.†�;� ; zu��TX/ and � 2 K satisfy

rzu� .�/ D .fuse� .�/; 0/:

By Proposition 5.14 as well as the hypothesis on fuse� and for sufficiently small ı,

k�kLp D kdzu� fuse� .�/kLp

6 cŒı C #S � .ı
1
2p C ı

1
2�

1
p /�k�kW 1;p

6 ccf Œı C #S � .ı
1
2p C ı

1
2�

1
p /�k�kLp

6
1

2
k�kLp :

Therefore, � vanishes.
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5.6. Kuranishi model for a neighborhood of nodal maps

Throughout, let .†0;j0;�0/ be a nodal Riemann surface with nodal set S , let .X;J0;h/
be an almost Hermitian manifold, and let u0W .†0; j0; �0/ ! .X; J0/ be a nodal
J0-holomorphic map. Let .� W X ! �; ? D .0; 0/; �/ be the versal deformation of
.†0; j0; �0/ constructed in Section 4.3 with fibers

.†�;� ; j�;� ; ��;� / D �
�1.�; �/:

Let ıJ > 0 and let
U � ¹J 2 J.X/ W kJ � J0kC1 < ıJº

be such that for every k 2 N,

sup
J2U

kJ � J0kCk <1:

In the upcoming discussion we may implicitly shrink � and ıJ, in order to ensure
that Hypothesis 5.5 and Hypothesis 5.24 hold and various expressions involving j� j,
"´ max¹"n W n 2 Sº with "n´ j�nj, and kJ � J0kC1 are sufficiently small.

The purpose of this subsection is to analyze whether u0 can be slightly deformed
to a J -holomorphic map u�;� W .†�;� ; j�;� ; ��;� /! .X;J /with J 2U. More precisely,
we show that a Gromov neighborhood of u0 in the space of nodal J -holomorphic
maps with J 2 U is homeomorphic to the zero set of a continuous map

obW� � U � I! O;

where I an open subset of the deformation space ker du0;J0 and O Š coker du0;J0 is
the obstruction space. This is a local Kuranishi model at u0 for the universal moduli
space of pseudo-holomorphic nodal maps.

Remark 5.28. Since we are not interested here in the global properties of the univer-
sal moduli space, we do not require that u0 is a stable map. A local Kuranishi model
can be constructed around any pseudo-holomorphic map. However, the Gromov limit,
as defined in Definition 3.8, is not necessarily unique for unstable maps, so the uni-
versal moduli space of all nodal pseudo-holomorphic maps is not a Hausdorff space.

To facilitate the discussion in Section 5.7 (and although it makes the present dis-
cussion somewhat more awkward than it needs to be) the construction of the Kuranishi
model proceeds in two steps. Choose a partition

S D S1 q S2 with �0.S1/ D S1 and �0.S2/ D S2

and write every smoothing parameter � as

� D .�1; �2/ with �1 D .�1;n/n2S1 and �2 D .�2;n/n2S2 :
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The first step of our construction varies � and �1 but �2 D 0 is fixed. The second step
holds � and �1 fixed and varies �2.

Denote by u�;0W†�;0 ! X the smooth map underlying u0. Denote by

du0IJ0 WW
1;p�.†0; �0Iu

�
0TX/! Lp�0;1.†0; u

�
0TX/

the linear operator associated with u0 defined in Definition 2.24. Let

O � �0;1.†0; u
�
0TX/ � L

p�0;1.†0; u
�
0TX/

be a lift of coker du0IJ0 ; that is, dim O D dim coker du0 and (5.17) holds. We will
assume that all 1-forms in O are smooth on each component of †0. (The canonical
choice is O D ker d�u0IJ0 , but this choice is not always the most convenient.) Let �1
parametrize complex structures on .†0; �0/ as at the beginning of Section 4.3, and
let U be an open neighborhood of J0 as above. Trivialize the bundle over �1 � U

whose fiber over .�; J / 2 �1 � U is �0;1.†�;0; u��;0TX/ with the .0; 1/-part taken
with respect to j�;0 and J . This identifies �0;1.†0; u�0TX/ and �0;1.†�;0; u��;0TX/,
and thus exhibits O as a subset of Lp�0;1.†�;0; u��;0TX/ for which (5.17) holds for
dzu�;0IJ instead of du0 . Define

dzu�;�1;0IJ WW
1;p�.†�;�1;0; ��;0I zu

�
�;�1;0

TX/˚ O! Lp�0;1.†�;�1;0; zu
�
�;�1;0

TX/

as in Definition 5.19. The construction in Section 5.4 yields a right inverse

rzu�;�1;0IJ WL
p�0;1.†�;�1;0; zu

�
�;�1;0

TX/! W 1;p�.†�;�1;0; ��;�1;0I zu
�
�;�1;0

TX/˚ O:

of xdzu�;�1;0IJ .
The next two propositions build a Kuranishi model for a neighborhood of u0 in

the Gromov compactification of the moduli space of pseudo-holomorphic maps. In
essence, they assert that for every smoothing parameter � and an infinitesimal defor-
mation � the pseudo-holomorphic map equation can be solved modulo obstructions.
The construction of the Kuranishi model proceeds in two steps, described by Propo-
sition 5.29 and Proposition 5.33, in order to obtain better control of the obstruction
map. The first step is to smooth the nodes in S1.

Proposition 5.29. There are constants ı� ; ƒ > 0 such that for every .�; �1; 0/ 2 �
and � 2 ker du0 with j�j < ı� , there exists a unique pair

.�.�; �1IJ I �/; o.�; �1IJ I �// 2 im rzu�;�1;0IJ

� W 1;p�.†�;�1;0; ��;�1;0I zu
�
�;�1;0

TX/˚ O

with
k�.�; �1IJ I �/kW 1;p C jo.�; �1IJ I �/j 6 ƒ
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satisfying

Fzu�;�1;0IJ .fuse�1;0� C �.�; �1IJ I �//C pull�1;0.o.�; �1IJ I �// D 0; (5.30)

with F as in Definition 2.23. Furthermore,

k�.�; �1IJ I �/kW 1;p C jo.�; �1IJ I �/j

6 c
�
j� j C j�1j

1
2C

1
p C kJ � J0kC0 C j�j

�
: (5.31)

Proof. Since rzu�;�1;0IJ is injective, (5.30) is equivalent to the fixed-point equation

� D F.�/´ � �Fzu�;�1;0IJ .fuse�1;0� C pr1rzu�;�1;0IJ �/ � pull�1;0.pr2rzu�;�1;0IJ �/:

Here pr1 and pr2 denote the projections to the first and second summand of

W 1;p�.†�;�1;0; ��;�1;0I zu
�
�;�1;0

TX/˚ O;

respectively. By Proposition 2.30,

F.�/ D �x@J .zu�;�1;0; j�;�1;0/ � dzu�;�1;0IJ fuse�1;0�

� nzu�;�1;0IJ .fuse�1;0� C pr1 ı rzu�;�1;0IJ �/:

By Proposition 5.9 and Proposition 2.30,

kF.0/kLp 6 c
�
j� j C kJ � J0kC0 C j�1j

1
2C

1
p C j�j C j�j2

�
:

Moreover, by Proposition 5.26 and Proposition 2.30,

kF.�1/ � F.�2/kLp 6 c
�
j�j C k�1kLp C k�2kLp

�
k�1 � �2kLp :

Therefore, provided ı� is sufficiently small, there is an R > 0 such that kF.0/kLp 6
R=2 and for every �1; �2 2 xBR.0/ � LP�0;1.†�;� ; zu��;�TX/,

kF.�1/ � F.�2/kLp 6
1

2
k�1 � �2kLp :

This shows that F maps xBR.0/ into xBR.0/ and FW xBR.0/! xBR.0/ is a contraction.
Thus, the first assertion follows from Banach’s fixed-point theorem. The second fol-
lows from the above and Proposition 5.9.

This completes the first step. In the second step, we smooth the nodes in S2. This
step is analogous to the first one, with u0 being replaced by the maps obtained from
Proposition 5.29. For .�; �/ 2 � and � 2 ker du0 with k�kW 1;p < ı� set

u�;�1;0IJ I� ´ expzu�;�1;0.fuse�1;0� C �.�; �1IJ I �//; zu�;� IJ I� ´E.u�;�1;0IJ I�/� I

that is, zu�;� IJ I� is obtained from u�;�1;0IJ I� by the construction in Definition 5.7.
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Definition 5.32. Define

pull�;�1;0IJ I� WL
p�0;1.†0; u

�
0TX/! Lp�0;1.†�;�1;0; u

�
�;�1;0IJ I�

TX/

to be the composition of pull�1;0 with the map induced by parallel transport along the
geodesics

t 7! expzu�;�1;0
�
t .fuse�1;0� C �.�; �1IJ I �//

�
:

Furthermore, denote by

pull�;� IJ I� WL
p�0;1.†0; u

�
0TX/! Lp�0;1.†�;� ; zu

�
�;� IJ I�TX/

the composition of pull�;�1;0IJ I� with

pull�2 WL
p�0;1.†�;�1;0; u

�
�;�1;0IJ I�

TX/! Lp�0;1.†�;� ; zu
�
�;� IJ I�TX/

defined in Definition 5.18.

The subspace pull�;�1;0IJ I�.O/ satisfies (5.17) for u�;�1;0IJ I� instead of u0. Define

dzu�;�IJ I� WW
1;p�.†�;� ; ��;� I zu

�
�;� IJ I�TX/˚ O! Lp�0;1.†�;� ; zu

�
�;� IJ I�TX/

as in Definition 5.19. The construction in Section 5.4 yields a right inverse

rzu�;�IJ I� WL
p�0;1.†�;� ; zu

�
�;� IJ I�TX/! W 1;p�.†�;� ; ��;� I zu

�
�;� IJ I�TX/˚ O

of xdzu�;�IJ I� .

Proposition 5.33. There are constants ı� ;ƒ > 0 such that for every .�; � IJ / 2��U
and � 2 ker du0 with k�kW 1;p < ı� , there exists a unique pair�
y�.�; � IJ I �/; yo.�; � IJ I �/

�
2 im rzu�;�I� IJ � W

1;p�.†�;� ; ��;� I zu
�
�;� I�TX/˚ O

with
ky�.�; � IJ I �/kW 1;p C jyo.�; � IJ I �/j 6 ƒ

satisfying

Fzu�;�IJ I� .
y�.�; � IJ I �//C pull�;� IJ I�.o.�; �1IJ I �/C yo.�; � IJ I �// D 0:

Furthermore,

ky�.�; � IJ I �/kW 1;p C jyo.�; � IJ I �/j

6 ckx@J .zu�;� IJ I� ; j�;� /C pull�;� IJ I�.o.�; �1IJ I �//kLp : (5.34)

Proof. This is similar to the proof of Proposition 5.29.
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Definition 5.35. Set I´ Bı� .0/ � ker du0 . The Kuranishi map obW� � U � I! O

is defined by
ob.�; � IJ I �/´ o.�; �1IJ I �/C yo.�; � IJ I �/;

with o and yo as in Proposition 5.29 and Proposition 5.33.

The upshot of the preceding discussion is that u0 can be slightly deformed to a
J -holomorphic map

u�;� W .†�;� ; j�;� ; ��;� /! .X; J /

if and only if there is a � 2 I with ob.�; � I J I �/ D 0. The following shows that
this Kuranishi model indeed describes a Gromov neighborhood of u0W .†0; j0; �0/!
.X; J0/.

Proposition 5.36. Let .�k; �k/k2N be a sequence in � converging to .0; 0/ and let
.Jk/k2N be a sequence in U converging to J0. If�

uk W .†�k ;�k ; j�k ;�k ; ��k ;�k /! .X; Jk/
�
k2N

is a sequence of nodal pseudo-holomorphic maps which Gromov converges to

u0W .†0; j0; �0/! .X; J0/;

then there is a K 2 N such that for every k > K there are �k 2 ker du0 and .�k; 0/ 2
im rzu�k;�k I�k IJk with

uk D expzu�k;�k I�k .�k/I

moreover,
lim
k!1
j�kj D 0 and lim

k!1
k�kkW 1;p D 0:

In particular,
ob.�k; �kIJkI �k/ D 0:

The proof of this proposition relies on the following result.

Proposition 5.37. Assume the situation of Proposition 5.36. There areK 2N, ı� > 0,
and c > 0 such that for every k > K and � 2 ker du0 with k�kW 1;p < ı� , there is a
�kI� 2 �.†�k ;�k ; zu

�
�k ;�k IJk I�

TX/ with

uk D expzu�k;�k IJk IJk I� .�kI�/I

moreover,
lim sup
k!1

k�kI�kW 1;p 6 cj�j:

Proof. The proof has two steps: the construction of �kI� and the proof of the estimate.
Recall the definition of Ux from Definition 5.4.
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Step 1. There are K 2 N and ı� > 0 such that for every k > K, � 2 ker du0 with
k�kW 1;p < ı� and z 2 †�k ;�k ,

uk.z/ 2 Uzu�k;�k IJk I�.z/
I

in particular, there is a section �kI� 2 �.†�k ;�k ; zu
�
�k ;�k IJk

TX/ given by

�kI� ´ exp�1
zu�k;�k IJk I�

ı uk :

By (5.31), (5.34), and Proposition 5.9,

d.zu�k ;�k IJk I� ; zu�k ;�k IJk I0/ 6 c
�
j�kj C "

1
2C

1
p

k
C kJk � J0kC0 C j�j

�
: (5.38)

Therefore, it suffices to consider � D 0 and prove that there exists a K 2 N such that
for every k > K,

uk.z/ 2
1

2
Uzu�k;�k IJk I0.z/

:

Using the framing‰ from Definition 4.17, define vk W†0nS!X , zv�;k W†0nS!X

by

vk ´ uk ı �
�1
k ı‰. � I �k; �k/ ı �0;

zvk ´ zu�k ;�k IJk I0 ı �
�1
k ı‰. � I �k; �k/ ı �0;

respectively, cf. Definition 3.8. Both of the sequences .vk/k2N and .zvk/k2N converge
to u0W†0nS ! X in the C1loc topology – the former by Definition 3.8 and the latter
by construction.

With the notation of Remark 4.18 for r > 0 and n 2 S , set

N r
k;n´ N r

�k ;�k In
:

Choose r > 0 as in Proposition 3.16 with ı´ 1
8

injg.X/. By the preceding paragraph,
the assertion holds for sufficiently large k and z … N r

k;n
. By Proposition 3.16 and by

construction of zu�;� , for sufficiently large k

uk.N
r
k;n/ � Bı.u0.n// and zu�k ;�k IJk I0.N

r
k;n/ � Bı.u0.n//I

hence, for every z 2 N r
k;n

uk.z/ 2
1

2
Uzu�k;�k IJk I0.z/

:

Step 2. There is a constant c > 0 such that the sections �kI� defined in the preceding
step satisfy

lim sup
k!1

k�kI�kW 1;p 6 cj�j:
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By (5.31), (5.34), and Proposition 5.9, we can restrict to � D 0. Furthermore, it
suffices to prove that for every n 2 S

lim
s#0

lim sup
k!1

k�kI0kW 1;p.N s
k;n
/ D 0: (5.39)

The case when n is not smoothed is straightforward. The framing extends to iden-
tify a neighborhood of n in †�k ;�k with a neighborhood of n in †0. It follows from
Lemma 3.14 and elliptic regularity that, on this subset, the maps uk converge to u0
in the C1loc topology. Let us therefore assume that n is smoothed out; that is, "kIn ¤ 0
for sufficiently large k.

Define �k 2 C1.N r
kIn
; Tu0.n/X/ and z�k 2 C1.N r

kIn
; Tu0.n/X/ by

�k ´ exp�1u0.n/ ı uk and z�k ´ exp�1u0.n/ ı zu�k ;�k IJk I0:

By construction,
lim
k!1
kz�kkW 1;p D 0:

Therefore, it suffices to prove that

lim
s#0

lim sup
k!1

k�kkW 1;p.N s
k;n
/ D 0:

As explained in Remark 4.18, the subset N r
kIn

is biholomorphic to the cylinder

S1 � .�Lk; Lk/ with Lk ´ log.r"�1=2
nIk

/:

Hence, �k can be thought of as a map �cyl
k
W S1 � .�Lk; Lk/! Tu0.n/X . More con-

cretely, the canonical chart �n defines a holomorphic embedding

�nW ¹v 2 Tn†0 W "
1=2

nIk
6 jvj < rº ! N r

kIn

which glues via �� with the embedding ��.n/ to a biholomorphic map

Br.0/n xB"nIk=r.0/ Š N
r
kIn:

Choose identifications Tn†0 Š CŠ T�.n/†0 such that �� .z/D "n=z. The map �cyl
k

is
then defined by

�
cyl
k
.�; `/´

´
�k ı �n."

1=2

nIk
e`Ci� / if t > 0;

�k ı ��.n/."
1=2

nIk
e�`�i� / if t 6 0:

Since uk is Jk-holomorphic, �cyl
k

is exp�
u0.n/

.Jk/-holomorphic. Since the energy
is conformally invariant,

E.�
cyl
k
/ D E.ukjN r

kIn
/:
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Choose � 2 .1 � 2=p; 1/. By Lemma 3.15,

jr�
cyl
k
.�; `/j 6 ce��.Lk�j`j/E.ukjN r

kIn
/1=2:

By the above and Proposition 5.3, for z 2 †ı�;� with rn.z/ < r

jr�k.z/j 6 cr��rn.z/
��1E.ukjN r

kIn
/1=2:

There is a corresponding estimate with n replaced with �.n/. Hence,

kr�k.z/k
p

Lp.N s
kIn
/

6
cr��p

.� � 1/p C 2
s.��1/pC2E.ukjN r

kIn
/p=2:

Since .� � 1/p C 2 > 0, the right-hand converges to zero as s converges to zero.

Proof of Proposition 5.36. Let k > K and � 2 ker du0 with j�j < ı� . Let �kI� be as
in Proposition 5.37. By Proposition 5.27 the latter can be uniquely written as

�k;� D fuse�k .�kI�/C pr1 ı rzu�k;�k IJk I�
�kI� with �kI� 2 ker du0 :

It remains to be proved that after possibly increasing K for every k > K there exists
a � 2 ker du0 with j�j < ı� and �kI� D 0. The following statement is a consequence
of (5.38), (5.39), and the fact that rzu�k;�k IJk I�

depends smoothly on � when interpreted
as a family of operators on a fixed Banach spaceLp�0;1.†�k ;�k ; zu

�
�k ;�k IJk I0

TX/˚O

using parallel transport along geodesics. If ı� is sufficiently small, then for every �,
uk can be written in the form

uk D expzu�k;�k IJk;0
�
fuse�k .� C �kI�/C rzu�k;�k IJk I0

y�kI� C ekI�
�
;

with ekI� satisfying
lim sup
k!1

kekI0kW 1;p D 0

and a quadratic estimate

kekI�1 � ekI�2kW 1;p 6 c
�
j�1j C j�2j

�
j�1 � �2j (5.40)

It follows from Proposition 5.27 that for j�j 6 ı� ,

� C �kI� C �.ekI�/ D 0;

where � denotes the projection on fuse�k .ker du0/ precomposed fuse�1�k ; the latter is
defined because fuse�k is injective on ker du0 provided k is sufficiently large. Thus,
the existence of a unique small � such that �kI� D 0 is a consequence of (5.40) and
the Banach fixed point theorem applied to the map � 7! ��.ekI�/.
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5.7. The leading order term of the obstruction on ghost components

Assume the situation of Section 5.6. The purpose of this subsection is to analyze the
leading order term of part of the obstruction map ob constructed in Section 5.6. This
construction requires a choice of partition of S and a choice of lift

O � Lp�0;1.†0; u
�
0TX/

of coker du0 . The following paragraphs introduce a particular choice tailored to the
upcoming discussion.

Let C � †0 be a ghost component of u0; see Section 2.4 for the definitions of a
ghost component and related notation. Denote by x0 2 X the constant value which u0
takes on C .

To simplify the upcoming discussion, we will make the following assumption,
which will be satisfied in the situation considered in the proof of Theorem 1.1.

Hypothesis 5.41. S ext
C consists of one point, that is, C and †0nC meet at one node.

Denote by B � C the base-locus of the dualizing sheaf of LC , cf. Proposition 2.18.
If B does not contain the node at which C and †0nC meet, then set B0´ ¿; other-
wise, denote by B0 the connected component of B containing the node. Set

C�´ CnB0 and †|´ †0nC�

and abbreviate
��´ �C� and �|´ �†| :

The significance of this construction is as follows. By Proposition 2.18, every con-
nected component of C� attaches to †| at a unique node; moreover: these nodes are
not contained in the base-locus of the dualizing sheaf of C�.

The partition of the set of nodes we choose is, with the notation from Section 2.4,

S D S1 q S2 with S1´ S int
†|
q S int

C�
and S2´ S ext

†|
q S ext

C�
; (5.42)

that is, first, we will smooth the interior nodes of †| and C� and then the exterior
nodes connecting them.

Next we discuss the choice of the obstruction space O. Set du0;| ´ du0j†| and
let

O| � �
0;1.†|; u

�
0TX/ � L

p�0;1.†|; u
�
0TX/

be a lift of coker du0;| such that every o 2 O| vanishes in a neighborhood of S ext
†|

if B0 is empty, and over all of B0 if B0 is non-empty. Furthermore, let

O� � �
0;1.C�;C/˝C Tx0X � L

p�0;1.C�; u
�
0TX/

be a lift of coker.x@˝C 1/.
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Every � 2 W 1;p�.†|; �|I u
�
0TX/ can be extended to †0 in the following way.

Given n 2 S ext
†|

, extend � to a constant section taking value �.n/ over the connected
component of the nodal curve .C�; ��/ containing �.n/. This defines an inclusion

W 1;p�.†|; �|Iu
�
0TX/ � W

1;p�.†0; �0Iu
�
0TX/: (5.43)

Furthermore, extension by zero defines inclusions

Lp�0;1.†|; u
�
0TX/ � L

p�0;1.†0; u
�
0TX/;

Lp�0;1.C�; u
�
0TX/ � L

p�0;1.†0; u
�
0TX/:

Set O´ O| ˚ O�.

Proposition 5.44. The map (5.43) induces an isomorphism kerdu0;|Š kerdu0 and O

is a lift of coker du0 .

Proof. Denote by �q the nodal structure on †0 which agrees with �0 on the comple-
ment of S2 and is the identity on S2. This nodal structure disconnects †| and C�.
Denote by

du0;qWW
1;p�.†0; �qIu

�
0TX/! Lp�0;1.†0; u

�TX/

the operator induced by du0 . Define V� and diffW ker du0;q ! V� as in Remark 2.28
with S2 instead of S . As is explained in Remark 2.28,

ker du0 D ker diff

and there is a short exact sequence

0 coker diff coker du0 coker du0;q 0:

The domain and codomain of du0;q decompose as

W 1;p�.†0; �qIu
�
0TX/ D W

1;p�.†|; �|Iu
�
0TX/˚W

1;p�.C�; ��IC/˝C Tx0X;

Lp�0;1.†0; u
�
0TX/ D L

p�0;1.†|; u
�
0TX/˚ L

p�0;1.C�;C/˝C Tx0X:

With respect to these decompositions

du0;q D

 
du0;| 0

0 x@˝C 1

!
with du0;| D du0j†| and x@˝C 1D du0jC� is the standard Cauchy–Riemann operator
since u0 is constant on C�. Therefore,

ker du0;q D ker du0;| ˚ ker.x@˝C 1/;
coker du0;q D coker du0;| ˚ coker.x@˝C 1/:

The task at hand is to understand ker du0 and coker du0 in terms of the above.
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Since elements of ker.x@ ˝C 1/ are locally constant, ker.x@ ˝C 1/ has a direct
summand Tx0X for every connected component of .C�; ��/. Hypothesis 5.41 and
Proposition 2.18 imply that there is one connected component for each node in S ext

†|
.

Therefore,
ker.x@˝C 1/ D V� D Map.S ext

†|
; Tx0X/:

With respect to this identification the map diffWkerdu0;|˚ ker.x@˝C 1/! V� is given
by

diff.�; v/.n/ D �.n/ � v.n/:

Therefore,
ker diff Š ker du0;| and coker diff D ¹0º;

which, by Remark 2.28, completes the proof of the proposition.

Construct the Kuranishi model as in Section 5.6 for the above choices of S D
S1 q S2 and O.

As a final piece of preparation, let us make the following observation, which by
Remark 2.28, in particular, gives an explicit description of O�� D coker.x@˝C 1/�.

Proposition 5.45. Let .C; �/ be a nodal Riemann surface with nodal set S . Denote
the corresponding nodal curve by LC and its dualizing sheaf by ! LC . Let q 2 .1; 2/ be
such that 1=p C 1=q D 1. Define

H � Lq�0;1.C;C/

to be the subspace of solutions x� of the distributional equation

x@�x� D
X
n2S

f .n/ı.n/ (5.46)

for some weight function f WS ! C with f ı � D �f . Here ı.n/ is the Dirac delta
distribution at n. The subspace H satisfies

xH D H 0. LC ;! LC /:

Proof. If LC is smooth, then LC DC and the dualizing sheaf !C is simply the canonical
sheaf KC . By the Kähler identities,

xH D ker.x@�W�0;1.C;C/! �0.C;C//

D ker.@W�0;1.C;C/! �1;1.C;C//
Š ker.x@W�1;0.C;C/! �1;1.C;C//
Š H 0.C;KC /:
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Recall from the proof of Proposition 2.18, that the dualizing sheaf of LC is constructed
as follows; Denote by � WC ! LC the normalization map. Denote by z! LC the subsheaf
of KC .S/ whose sections � satisfy

Resn � C Res�.n/ � D 0

for every n 2 S , with Resn � being the residue of the meromorphic 1-form � at n. The
dualizing sheaf ! LC is then

! LC D �� z! LC :

Therefore,H 0. LC ;! LC /DH
0.C; z! LC /. By definition every � 2H 0.C; z! LC / is smooth

away from S and blows-up at most like 1=dist.n; �/ at n for n 2 S ; hence, � 2
Lq�0;1.C;C/. The residue condition amounts to (5.46). This shows that

H 0. LC ;! LC / � H:

Conversely, by elliptic regularity every � 2 H defines an element of H 0. LC ;! LC /.

The following is the technical backbone of the proof of Theorem 1.1. The reader
is advised to recall Definition 5.35 and Proposition 5.36 because these are the main
ingredients of the proof.

Lemma 5.47. Denote by LC� the nodal curve corresponding to .C�; ��/. There is a
constant c > 0 such that the obstruction map defined in Definition 5.35 satisfies the
following. For every .�; � IJ I �/ 2 � � U � I, � 2 H 0. LC�; ! LC�/, and v 2 Tx0X ,

hpull�;� IJ I�.ob.�; � IJ I �//; pull�;� IJ I�.x� ˝C v/iL2

D

X
n2Sext

C�

�h.�.n/˝C d�0.n/u�;�1;0IJ I�/.�n/; vi C e

with

jej 6 cj�jjvj"1=2�

X
n2Sext

C�

"n and "�´ max¹"n W n 2 S int
C�
[ S ext

C�
º:

Example 5.48. To understand better the significance of Lemma 5.47, it is helpful to
consider the following example. Suppose that .†0; j0; �0/ consists of two compo-
nents: the higher genus ghost C D C� and a spherical bubble †| D CP 1 meeting at
points n 2 C and �.n/ 2 CP 1. (In that case, B D B0 D ¿.) In that case, there is only
one smoothing parameter � , which, after trivializing the tangent spaces of C and †|
at the nodes, can be thought of as a complex number, and " D j� j. By Lemma 5.47,
for every holomorphic 1-form � 2 H 0.C; !C /,

hpull�;� IJ I�.ob.�; � IJ I �//; pull�;� IJ I�.x� ˝C v/iL2

D �h.�.n/˝C d�0.n/u�;0IJ I�/.�/; vi C e (5.49)
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with
jej 6 cj�jjvj"3=2:

Since C has positive genus, there exists � 2 H 0.C; !c/ such that �.n/ ¤ 0. If the
restriction of u0 to the bubble CP 1 is unobstructed, then u�;0IJ I� D u0 on CP 1 for
all � and �. If, moreover, d�.n/u0 ¤ 0, it follows that the right-hand side of (5.49) is
never zero unless " D 0, and so ob.�; �; J I �/ ¤ 0 for � ¤ 0. We conclude that in that
case u0 cannot be smoothed.

Proof of Lemma 5.47. The proof is based on analyzing the expression

0 D
˝
Fzu�;�IJ I� .

y�.�; � IJ I �//C pull�;� IJ I�.o.�; �1IJ I �/C yo.�; � IJ I �//;

pull�;� IJ I�.x� ˝C v/
˛
L2

and the identity

ob.�; � IJ I �/´ o.�; �1IJ I �/C yo.�; � IJ I �/:

Step 1. The vector field �.�; �1IJ I�/ is constant on C� and o.�; �1IJ I�/ is supported
on †|; in particular,

hpull�;� IJ I�.o.�; �1IJ I �//; pull�;� IJ I�.x� ˝C v/iL2 D 0:

The construction in Proposition 5.29 can be carried out for u0j†| with the choice
of ODO| and S2D¿. For every .�; �1; 0IJ /2��U and � 2 kerdu0;? with j�j< ı�
denote by �.�; �1IJ I �/ and o.�; �1IJ I �/ the solution of (5.30) obtained in this way.

Henceforth, regard �.�; �1I J I �/ as an element of W 1;p�.†0�0I u
�
0TX/ and

o.�; �1IJ I �/ as an element of O. By construction these satisfy (5.30) for u0 and with
the choices of O and S D S1 q S2 made in the discussion preceding Lemma 5.47.
Therefore, and since kerdu0;? D kerdu0 , �.�; �1IJ I�/ and o.�; �1IJ I�/ are precisely
the output produced by Proposition 5.29. The first part of the assertion thus holds by
construction.

Step 2. The term

x@J .zu�;� IJ I� ; j�;� /C pull�;� IJ I�.o.�; �1IJ I �//

is supported in the regions where rn 6 2R0 for some n2 S ext
C�

. Set xn´ u�;�1;0IJ I�.n/.
Identifying Uxn with zUxn via expxn in the region where rn 6 2R0, the error term can
be written as

x@�n�2 � u�;�1;0IJ I� ı ��2 C q

with
jx@�n�2 � u�;�1;0IJ I� ı ��2 j 6 c"n and jqj 6 c"2n: (5.50)
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The proof is a refinement of that of Proposition 5.9. A priori, the error term
x@J .zu�;� IJ I� ; j�;� /C pull�;� IJ I�.o.�; �1IJ I�// is supported in the in the regions where
rn 6 2R0 for some n 2 S2. If n 2 S ext

†|
, then it is immediate from Definition 5.7

that zu�;� IJ I� agrees with u�;�1;0IJ I� in the region under consideration; hence, the error
term vanishes. For n 2 S ext

C�
, in the region under consideration and with the identifica-

tions having been made,

zuı�;� IJ I� D �
n
�2
� u�;�1;0IJ I� ı ��2 :

Therefore,

x@J .zu
ı
�;� IJ I� ; j�;� / D

x@�n�2 � u�;�1;0IJ I� ı ��2

C �n�2 �
1

2

�
J.zuı�;� IJ I�/ � J.u�;�1;0IJ I� ı ��2/

�
ı d.u�;�1;0IJ I� ı ��2/ ı j�;�1;0„ ƒ‚ …

µI

C �n�2 �
x@J .u�;�1;0IJ I� ı ��2 ; j�;�1;0/„ ƒ‚ …

µII

:

(Observe that by elliptic regularity and (5.30), the map u�;� IJ I� is smooth in the region
in question, so we can take its derivative. We will use this fact in the remaining part
of the proof.) The term I is supported in the region where R0 6 rn 6 2R0. By Taylor
expansion at �0.n/, in this region

ju�;�1;0IJ I� ı ��2 j 6 c"n=rn;

jd.u�;�1;0IJ I� ı ��2/j 6 c"n=r
2
n :

Therefore,
jIj 6 c"2n and jx@�n�2 � u�;�1;0IJ I� ı ��2 j 6 c"n:

Since ��2 is holomorphic and o.�; �1I �/ is defined by (5.30),

II D �n�2 � �
�
�2
x@J .u�;�1;0IJ I� ; j�;�1;0/ D ��

n
�2
� ���2o.�; �1IJ I �/;

and thus II vanishes by our choice of O.

Step 3. For every n 2 S ext
C�

,

hx@�n�2 � u�;�1;0IJ I� ı ��2 ; pull�;� IJ I�.x� ˝C v/iL2

D ��h.� ˝C d�0.n/u�;�1;0IJ I�/.�n/; vi C e2

with
je2j 6 c"2nj�jjvj:
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To simplify the notation, we choose an identification TnC D C and work in the
canonical holomorphic coordinate z on C at n and the coordinate system at �0.n/
with respect to which w D ��2.z/ D "n=z. In particular, with respect to the induced
identification T�0.n/C D C the gluing parameter is simply �n D "n � 1˝C 1.

Since u�;�1;0IJ I� is J -holomorphic, by Taylor expansion,

u�;�1;0IJ I�."n=z/ D @wu�;�1;0IJ I�.0/ � "n=z C r with jrj 6 c"2n=jzj
2:

The term e02´ h
x@�n�2 � r; pull�;� IJ I�.� ˝C v/iL2 satisfies

je02j 6 c"2nj�jjvj:

Since � is holomorphic, Z
S1
�.rei˛/ d˛ D 2� � �.0/:

Therefore,

hx@�n�2 � z
�1; x�iL2 D

Z
R06jzj62R0

1

2
�0
�
jzj

R0

� �.z/
R0jzj

vol

D

Z 2R0

R0

1

2
�0
� r
R0

� 1
R0
�

�Z
S1
�.rei˛/ d˛

�
dr

D

Z 2R0

R0

�0
� r
R0

� 1
R0

dr � ��.rei˛/:

The integral evaluates to �1. Thus, the assertion follows because the term

h�.0/ � @wu�;�1;0IJ I�.0/; vi

can be written in coordinate-free form as

�h.� ˝C d�0.n/u�;�1;0IJ I�/.�n/; vi:

Step 4. The term

e3´ hdzu�;�IJ I�
y�.�; � IJ I �/C nzu�;�IJ I� .

y�.�; � IJ I �//; pull�;� IJ I�.x� ˝C v/iL2

satisfies
je3j 6 c"1=2�

X
n2Sext

C�

"nj�jjvj:

By Step 2 and Proposition 5.33,

ky�.�; � IJ I �/kW 1;p 6 c"n:
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This immediately implies that

e03´ hnzu�;�IJ I� .
y�.�; � IJ I �//; pull�;� IJ I�.x� ˝C v/iL2

satisfies
je03j 6 c

X
n2Sext

C�

"2nj�jjvj:

It remains to estimate

e003´ hdzu�;�IJ I�
y�.�; � IJ I �/; pull�;� IJ I�.x� ˝C v/iL2 :

Set
C ı�;� ´ C� \†

ı
�;� :

Since � and �.�; �1I �/ are constant on C , Proposition 5.16 implies that the term

dzu�;�IJ I�
y�.�; � IJ I �/ � x@y�.�; � IJ I �/;

defined overC ı�;� , is supported in the regions where "1=2n 6 rn 6 2R0 for some n2 S ext
C�

and satisfiesX
n2Sext

C�

Z
"
1=2
n 6rn62R0

jdzu�;�IJ I�
y�.�; � IJ I �/ � x@y�.�; � IJ I �/j

6 c
X
n2Sext

C�

Z
"
1=2
n 6rn62R0

jy�.�; � IJ I �/jjry�.�; � IJ I �/j C jy�.�; � IJ I �/j2

6 cky�.�; � IJ I �/k2
W 1;p

6 c
X
n2Sext

C�

"2n:

Therefore,

je003j 6 c
X
n2Sext

C�

"2n C jh
x@y�.�; � IJ I �/; x� ˝C viL2.Cı�;� /j:

Since x@�� D 0 on C ı�;� , integration by parts yields

jhx@y�.�; � IJ I �/; x� ˝C viL2.Cı�;� /j 6 c"1=2�

X
n2Sext

C�

ky�.�; � IJ I �/kW 1;p j�jjvj

6 c"1=2�

X
n2Sext

C�

"n:

Combining the above estimates yields the asserted estimate on e3.
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Step 5. Conclusion of the proof.

By Step 1, Step 2, Step 3, and Step 4 the term

o´ hpull�;� IJ I�.ob.�; � IJ I �//; pull�;� IJ I�.x� ˝C v/iL2

satisfies

o D �hFzu�;�IJ I� .
y�.�; � IJ I �//; pull�;� IJ I�.x� ˝C v/iL2

D

X
n2Sext

C�

�h.� ˝C d�0.n/u�;�1;0IJ I�/.�n/; vi C e1 C e2 C e3

with the error terms arising from the corresponding terms in the preceding steps. The
term e1 arises from the L2 inner product of the sum, over all nodes n 2 S ext

C�
, of

error terms from Step 2 and pull�;� IJ I�.x� ˝C v/, which multiplies the estimate (5.50)
by j�jjvj. The preceding steps thus yield the asserted estimate on eD e1C e2C e3.

5.8. Proof of Theorem 1.1

Without loss of generality, suppose that

.†k; jk/ D .†�k ;�k ; j�k ;�k /

with �kIn ¤ 0 for every k 2 N and n 2 S ; that is, all nodes are smoothed and ��k ;�k
is the trivial nodal structure. By Proposition 5.37 there is a sequence .�k/�2N in I

corresponding to .uk/k2N.
Again, without loss of generality, u1W .†1; j1; �1/! .X; J1/ has at least one

ghost component C with one non-ghost component

†bubble D †1nC

attached at a single node, so that Hypothesis 5.41 is satisfied. Denote by LC the nodal
curve corresponding to C and let B be the base-locus of the dualizing sheaf of LC .
Define B0 � B and

C�´ CnB0 and †|´ †0nC�

as at the beginning of Section 5.7. Observe that

†| D B0 q†bubble

so that †1 decomposes into

†1 D C� q B0 q†bubble„ ƒ‚ …
†|

:
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Write �k D .�k;1; �k;2/ with �k;1 and �k;2 denoting the smoothing parameters
corresponding to the sets of nodes S1 and S2 defined in (5.42). Since B0 is a tree
of spheres, the partial smoothing †�k ;�k;1;0 contains a component biholomorphic
to †bubble, as discussed in Example 4.12. Let

bk W†bubble ! X

be the restriction of u�;�k;1;0I�k to this component. After reparametrizing bk by biholo-
morphisms of †bubble we can guarantee that bk converges to u0j†bubble in the C1

topology. Let x be any node in S ext
C�

; the point �k.x/ under the above biholomorphisms
it is mapped to a point xk 2 †bubble and the sequence .xk/ satisfies

lim
k!1

xk D �1.n/:

Let LC� be the nodal curve corresponding to C�. By the construction of C�, for
every node n2C� such that �.n/2†|, there is a holomorphic section �2H 0. LC�;! LC�/

with �.n/ ¤ 0. Since ob.�k; �kIJkI �k/ D 0, it follows from Lemma 5.47 that

jdxkbkj 6 "
1=2

kIghost:

(Observe that reparametrizing bk by biholomorphisms of †bubble does not affect the
estimate in Lemma 5.47, which is independent of the choice of a Riemannian metric
in the given conformal class.) Passing to the limit k !1 yields that d�1.n/u0 D 0.

6. Calabi–Yau classes in symplectic 6-manifolds

6.1. Proof of Theorem 1.3

Denote by C1; : : : ;CI the connected components of†1 on which u1 is non-constant
and set ui1´ u1jCi and Ai ´ .ui1/�ŒCi �. By the index formula (2.27),

IX
iD1

index.ui1/ D
IX
iD1

2hc1.X; !/; Ai i D 2hc1.X; !/; Ai D 0

Since J1 2 Jemb.X; !/, for every i D 1; : : : ; I , we have index.ui1/ > 0, and thus
index.ui1/D 0. Consequently, the images of the simple maps underlying ui1 and uj1
either agree or are disjoint. However,

imu1 D

I[
iD1

imui1
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is connected. Therefore and since A is primitive, I D 1 and u11 is simple and, hence,
an embedding because J 2 Jemb.X;!/. Given the above, it follows from Theorem 1.1
that .†1; j1; �1/ is smooth.

6.2. Proof of Theorem 1.5

The proof of Theorem 1.5 (1) is completely standard and straightforward. Neverthe-
less, let us spell it out. Let J 2 J?emb.X; !/. By Proposition 2.36 and Theorem 1.3,
M?
A;g.X; J / is a compact oriented zero-dimensional manifold; that is, a finite set of

points with signs. The signed count #M?
A;g.X; J / is independent of the choice of J .

To see this, let J0; J1 2 J?emb.X; !/ and .Jt /t2Œ0;1� 2 J?emb.X; !IJ0; J1/. By Proposi-
tion 2.36 and Theorem 1.3, M?

A;g.X; .Jt /t2Œ0;1�/ is a compact oriented manifold with
boundary

M?
A;g.X; J1/q�M

?
A;g.X; J0/:

Therefore,
#M?

A;g.X; J1/ D #M?
A;g.X; J0/:

Theorem 1.5 (2) follows from [7, Theorem 1.6]. Indeed, the latter asserts that for
every J 2 J?.X; !/, the set

1a
gD0

M?
A;g.X; J /

is a finite set. Therefore, there exists a g0 2 N0 such that for every g > g0 the moduli
space M?

A;g.X;AIJ / is empty; in particular, nA;g.X; !/ D 0 for g > g0.

7. Fano classes in symplectic 6-manifolds

The proofs in this section make use of definitions and results from Section 2.8.

7.1. Proof of Theorem 1.4

Denote by zC1; : : : ; zCI the connected components of†1 on which u1 is non-constant,
set zui1´ u1j zCi

, denote by ui1WCi ! X the simple map underlying zui1, let di 2 N
be the degree of the covering map relating zui1 and ui1, set Ai ´ .ui1/�ŒCi �, and set
gi ´ g.Ci /. Since .uk/k2N Gromov converges to u1,

(1) uk.†k/ converges to u1.†1/ in the Hausdorff topology, and

(2)
PI
iD1 diAi D A.

These are the only two consequences of Gromov convergence that will be used in the
following argument.
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Denote by I0 the subset of those i 2 ¹1; : : : ; I º with hc1.X; !/; Ai i D 0 and set
IC ´ ¹1; : : : ; I ºnI0. Without loss of generality all of the pseudo-cycles f� have
codim.f�/ > 4. For every i 2 IC, denote by ƒi the subset of those � 2 ¹1; : : : ; ƒº
such that

imui1 \ imf� ¤ ¿: (7.1)

Since J1 2 Jemb.X; !I f1; : : : ; fƒ/, for every i 2 I0 and � 2 ¹1; : : : ; ƒº we have
im ui1 \ imf� D ¿. Therefore, and since uk.†k/ converges to u1.†1/ in the
Hausdorff topology, for every � 2 ¹1; : : : ; ƒº there exists at least one i 2 IC such
that (7.1) holds. For every i 2 ¹1; : : : ; I º and � 2 ƒi set

f i� ´

´
f� if imui1 \ imf� ¤ ¿;
f @
�

otherwise;

with f @
�

as in Section 2.8; in particular: codim f� 6 codim f i
�

with equality if and
only if

imui1 \ imf� ¤ ¿:

By definition, ui1 represents an element of M?
A;g.X; J I .f

i
�
/�2ƒi /. Therefore, and

since J 2 Jemb.X; !; f1; : : : ; fƒ/,

2hc1.X; !/; Ai i �
X
�2ƒi

.codim.f i� / � 2/ > 0:

On the one hand, multiplying by di and summing yieldsX
i2IC

X
�2ƒi

.codim.f i� / � 2/ 6
X
i2IC

X
�2ƒi

di .codim.f i� / � 2/

6
IX
iD1

2hc1.X; !/; diAi i

D 2hc1.X; !/; Ai

D

ƒX
�D1

.codim.f�/ � 2/:

On the other hand, by the preceding discussion, the reverse inequality also holds.
Therefore, equality holds and this implies that

(1) di D 1 for every i 2 IC,

(2) 2hc1.X; !/; Ai i D
P
�2ƒi

.codim.f i
�
/ � 2/,

(3) f i
�
D f�, and

(4) the subsets ƒi are non-empty and pairwise disjoint.
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This implies that for every i 2 IC the map zui1 agrees with ui1 and thus is simple;
moreover, this map has index zero (in the sense of (2.27)) and its image intersects f�
for every � 2ƒi . Furthermore, every f� intersects the image of precisely one map ui1
with i 2 IC. Therefore, the images of the maps ui1 with i 2 IC are pairwise disjoint.

Since 2hc1.X; !/; Ai > 0, IC is non-empty. For i 2 IC and j 2 I0, the images
of ui1 and uj1 must also be disjoint, because otherwise they would have to agree –
contradicting Ai ¤ Aj . However,

imu1 D

I[
iD1

imui1

is connected. Therefore, if I0 ¤ ¿, then there is are i 2 I0 and j 2 IC such that the
images of ui1 and uj1 intersect. The preceding discussion shows this to be impossible;
hence: I0 D ¿. Similarly, if IC were to contain more than one element, then there are
i; j 2 IC with such that the images of ui1 and uj1 intersect – which is impossible.
Therefore, I D 1 and zu11 D u

1
1 is an embedding.

Given the above, it follows from Theorem 1.1 that .†1; j1; �1/ is smooth and
imu1 \ imf� ¤ ¿ every � D 1; : : : ; ƒ.

7.2. Proof of Theorem 1.7

Given Gromov compactness, Theorem 1.4, and Proposition 2.44, the proof that

nA;g.X; !I 1; : : : ; ƒ/

is well defined and independent of the choice of J is identical to that of Theorem 1.5
up to changes in notation.

To prove that nA;g.X;!I1; : : : ; ƒ/ is independent of the choice of pseudo-cycle
representatives, suppose that f 01 and f 11 are two representatives of PDŒ1� such that
f i1 ; f2; : : : ; fƒ are in general position for i D 0; 1. Let F WW ! X be a pseudo-
cycle cobordism between f 01 and f 11 such that F; f2; : : : ; fƒ are in general position.
Let J be an element of the set J?emb.X; !IF; f2; : : : ; fƒ/ defined in Definition 2.46,
which is residual by Proposition 2.47. It follows that M?

A;g.X; J I f
0
1 ; : : : ; fƒ/ and

M?
A;g.X; J If

1
1 ; : : : ; fƒ/ are finite sets of points with orientations and

M?
A;g.X; J IF; f2; : : : ; fƒ/

is an oriented 1-dimensional cobordism between them. This cobordism is compact by
Gromov compactness and the argument used in the proof in Theorem 1.4. Thus,

#M?
A;g.X; J If

0
1 ; : : : ; fƒ/ D #M?

A;g.X; J If
1
1 ; : : : ; fƒ/:
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The fact that nA;g.X; !I 1; : : : ; ƒ/ D 0 for g � 1 is a consequence of the fol-
lowing analogue of [7, Theorem 1.6] for Fano classes.

Theorem 7.2. Let .X; !/ be a compact symplectic 6-manifold, f1; : : : ; fƒ be a col-
lection of even-dimensional pseudo-cycles in general position, and let A2H2.X;Z/
be such that

2hc1.X; !/; Ai D

ƒX
�D1

.codimf� � 2/ > 0:

For every J 2 J.X;!If1; : : : ; fƒ/ there are only finitely many simple J -holomorphic
maps representing A and passing through imf� for every � D 1; : : : ; ƒ.

Proof. The proof is a minor variation of the proof of [7, Theorem 1.6]. Suppose, by
contradiction, that there are infinitely many distinct J -holomorphic curves Ck repre-
senting A and passing through imf� for all � D 1; : : : ;ƒ. Here, by a J -holomorphic
curve we mean the image of a simple J -holomorphic map. Considering Ck as J -
holomorphic cycles, we can pass to a subsequence which converges geometrically to
a J -holomorphic cycle C1 D

PI
iD1 diC

i
1, see [7, Definitions 4.1, 4.2, Lemma 1.9].

Here di > 0 are integers and each C i1 is a J -holomorphic curve. Geometric conver-
gence implies that

IX
iD1

di ŒC
i
1� D ŒC1� D A

and that .Ck/k2N converges to C1 in the Hausdorff topology. Since these were the
only two conditions needed for the argument in the proof Theorem 1.4, the same
argument shows that:

(1) di D 1 for every i 2 I ,

(2) C1 has only one connected component,

(3) C1 intersects every imf�, and consequently

(4) C1 is embedded and unobstructed by the condition J2J?emb.X;!If1; : : : ;fƒ/.

We will now adapt the rescaling argument from the proof of [7, Proposition 5.1]
– originally due to Taubes in the 4-dimensional setting [35] – to the present situation.
Let N ! C1 be the normal bundle of C1 in X . Identify a neighborhood of C1
with a neighborhood of the zero section in N using the exponential map. For suffi-
ciently large k, Ck is contained in that neighborhood and by abuse of notation we will
consider Ck as an exp� J -holomorphic curve in N and f� as maps to N .

Since the Ck are distinct, Ck ¤ C1. For " > 0 denote by �"WN ! N the map
which rescales the fibers by ". Let ."k/k2N be the sequence of positive numbers such
that the rescaled sequence

zCk ´ .�"k /
�1.Ck/
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satisfies
dH . zCk; C1/ D 1;

where dH is the Hausdorff distance. The sequence ."k/k2N converges to zero. The
curves zCk are Jk-holomorphic where Jk ´ ��"k exp� J . The sequence of rescaled
almost complex structures .Jk/k2N converges to an almost complex structure J1
which is tamed by a symplectic form [7, Proposition 3.10]. In the same way as in the
proof of [7, Proposition 5.1] we conclude that the sequence . zCk/k2N converges geo-
metrically to a J1-holomorphic cycle whose support is a union of J1-holomorphic
curves zC1 � N satisfying

dH . zC1; C1/ D 1:

Since Œ zCk� D ŒC1� D A for all k, and the bundle projection � WN ! C1 is J1-
holomorphic, � induces an isomorphism zC1 Š C1. Let �WC1! X be the inclusion
map and denote by d� the deformation operator corresponding to �, as in Defini-
tion 2.24. By [7, Proposition 3.12], zC1 is the graph of a non-zero section

� 2 �.C1; N / � �.C1; �
�TX/

satisfying d�� D 0. In Proposition 7.3 below we show that there is an algebraic con-
straint for the values of � at the points of intersection of C1 with each pseudo-cycle.

For every � D 1; : : : ; ƒ, denote by V� the domain of f�, and let z�;k 2 Ck and
x�;k 2 V� be such that

z�;k D f�.x�;k/:

After passing to a subsequence, we may assume that

lim
k!1

z�;k D z� 2 C1 and lim
k!1

x�;k D x� 2 V�;

and z� D f�.x�/.

Proposition 7.3. For � D 1; : : : ; ƒ, there exist v� 2 Tz�C1 and w� 2 Tx�V� such
that

�.z�/C dz� � � v� D dx�f� � w�: (7.4)

Equation (7.4) can be understood as the limit as k !1 of the condition that Ck
intersects each of the im f�. The proof is deferred to the end of this section. We will
now show that Proposition 7.3 implies Theorem 7.2. Let g be the genus of C1, so
that the embedding �WC1 ! X corresponds to an element in M?

A;g;ƒ.X; J /. Since
J 2 J?emb.X; !; f1; : : : ; fƒ/,

(1) the derivative of evƒWM?
A;g;ƒ.X; J /! Xƒ at Œ�; z1; : : : ; zƒ�, and

(2) the derivative of
Qƒ
�D1 f�W

Qƒ
�D1 V� ! Xƒ at

Qƒ
�D1 x�
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are transverse to each other. Since

dimM?
A;g;ƒ.X; J /C

ƒX
�D1

dimV� D ƒ dimX;

the images of these two maps intersect trivially. Since � ¤ 0, this contradicts the exis-
tence of v� and w� satisfying (7.4). The contradiction shows that the sequence .Ck/
cannot exist.

Proof of Proposition 7.3. Set zz�;k ´ ��1"k .z�;k/. After possibly passing to a further
subsequence,

lim
k!1

zz�;k D �.z�/: (7.5)

Let prN dx�f�WTx�V�!Nz� be the projection of the derivative of f� at x� onNz� �
Tz�X . We will show that for every � there exists w� 2 Tx�V� such that

lim
k!1

zz�;k D prN dx�f� � w�:

The fact that the images of the maps (1) and (2) introduced above intersect trivially
implies that prN dx�f� is injective for every �. Indeed, otherwise there would exist
v 2 Tz�C1 and w 2 Tx�V� for some � such that

dz� � � v D dx�f� � w;

violating the above transversality condition. Fix a trivialization of N in a neighbor-
hood of z� and a chart centered at x� in V�. Denoting by prN the projection on the
fiber Nz� in the given trivialization, Taylor expansion gives us

prN z�;k D prNf�.x�;k/ D prN dx�f�.x�;k � x�/CO
�
jx�;k � x�j

2
�
:

Since prN dx�f� is injective, there is a constant c > 0 such that

jx�;k � x�j 6 cjprN z�;kj 6 c"k :

Thus, after passing to a subsequence, we may assume that the sequence "�1
k
.x�;k�x�/

converges to a limit w� 2 Tx�V�. By construction,

lim
k!1

zz�;k D lim
k!1

prN zz�;k D prN dx�f� � w�:

Comparing this with (7.5), we see that for every � there exists v� 2 Tz�C1 such
that (7.4) holds.
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A. Transversality for evaluation maps

Throughout this section, .X;!/ is a symplectic manifold of dimension dimX > 6 and
J.X; !/ denotes the space of almost complex structures on X compatible with !.

Definition A.1. Letƒ 2N. Given a partition into non-empty pairwise disjoint subsets

¹1; 2; : : : ; ƒº D I1 t : : : t Ik with k < ƒ;

the generalized diagonal associated with the partition is the submanifold � � Xƒ

consisting of the points .x1; : : : ; xƒ/ such that for every pair of indices ˛; ˇ 2 Ii we
have x˛ D xˇ .

Generalized diagonals are partially ordered by inclusion and each point of Xƒ

which belongs to a generalized diagonal belongs to a unique one which is minimal
with respect to the partial order.

Proposition A.2. Let V be a manifold and let f WV ! Xƒ be a map which is trans-
verse to every generalized diagonal. Denote by J?.X;!If / the set of all J 2 J?.X;!/
such that:

(1) every simple J -holomorphic map is unobstructed, and

(2) for every A 2 H2.X;Z/ and g 2 N0, the evaluation map from the ƒ-pointed
moduli space (cf. Definition 2.39)

evWM?
A;g;ƒ.X; J /! Xƒ

is transverse to f .

The set J?.X; !If / is residual in J 2 J?.X; !/.

Proof. The proof that condition (1) is generic is a standard application of the Sard–
Smale theorem [26, Theorem 1.2], [19, Proposition A.4], [24, Sections 3.2 and 6.3].
Below we outline this proof and adapt it to show that condition (2) is generic.

Let .†;j0/ be a closed Riemann surface of genus g, and letA2H2.X;Z/. Denote
byW 1;p

inj .†;X IA/ the subset ofW 1;p.†;X/ consisting of functions uW†!X which
represent A and are somewhere injective in the sense that there exist z0 2† and ı > 0
such that for all z 2 †

distX .u.z0/; u.z// > ıdist†.z0; z/:

A J -holomorphic map is somewhere injective if and only if it is simple [24, Propo-
sition 2.5.1]. Given a slice S � J.†/ for the action of Diff0.†/ on J.†/ passing
through j0, set

X D W
1;p

inj .†;X IA/ � S



Counting embedded curves in symplectic 6-manifolds 761

and let E! X be a Banach vector bundle whose fiber over .u; j / is the space

Lp�0;1.†; u�TX/

defined using the complex structure j .
Let sWJ.X;!/�X! E be a section given by s.J;u;j /Dx@J .u;j /. The following

hold; see, for example, [24, Section 3.2]:

• this section is Fredholm,

• it is transverse to the zero section, therefore

• s�1.0/ is a submanifold of X; in particular, it is a Banach manifold, and

• the universal moduli space M?
A;g.X; !/ can be covered by a countable number of

submanifolds of the form s�1.0/, for different choices of .†; j0/.

The projection � W s�1.0/! J.X; !/ is a Fredholm map of index vdimM?
A;g.X; J /;

in fact, the kernel and cokernel of d�u;j are isomorphic to the kernel and cokernel
of du;jx@J , and therefore finite-dimensional. It follows from the implicit function the-
orem that if J is a regular value of this map, the preimage

��1.J / DM?
A;g.X; J /

is a manifold of dimension vdimM?
A;g.X; J / and every map in M?

A;g.X; J / is unob-
structed. Since � W s�1.0/! J.X; !/ is a Fredholm map between separable Banach
manifolds, the Sard–Smale theorem implies that the set of regular values of � is resid-
ual in J.X; !/. This shows that condition (1) holds for a generic J .

Using a similar argument, we will show for a generic J , the evaluation map

evWM?
A;g;ƒ.X; J /! Xƒ

is transverse to f . With the notation introduced above, consider the Fredholm map

S W J.X; !/ � X �†ƒ ! E �Xƒ;

S.J; .u; j /; z1; : : : ; zƒ/ D .s.J; u; j /; u.z1/; : : : ; u.zƒ//:

We will show that S is transverse to the map

zero section � f WX � V ! E �Xƒ: (A.3)

Since s is transverse to the zero section X ! E, it suffices to show that whenever
.J; .u; j /; z1; : : : ; zƒ/ and x 2 V satisfy

s.J; u; j / D 0 and .u.z1/; : : : ; u.zƒ// D f .x/;
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then

im dS C im dxf D Tf .x/Xƒ D
ƒM
iD1

Tu.zi /X:

Here we have used dS to denote the projection on Tf .x/Xƒ of the derivative of S at
.J; .u; j /; z1; : : : ; zƒ/ and dxf is the derivative of f at x. The variation of S in the
direction of a vector field

� 2 W 1;p�.†; u�TX/

is
dS.�/ D .�.z1/; : : : ; �.zƒ//: (A.4)

If .u.z1/; : : : ; u.zƒ// does not lie on any generalized diagonal in Xƒ, we can find �
with any prescribed values at z1; : : : ; zƒ, and

im dS D Tf .x/Xƒ:

Suppose, on the other hand, that .u.z1/; : : : ; u.zƒ// belongs to a generalized diagonal
� � Xƒ, and let � be the minimal such diagonal. In that case, (A.4) implies that

im dS D Tf .x/�:

Since f is transverse to �, we have

im dS C im dxf D Tf .x/�C im dxf D Tf .x/Xƒ;

as desired. This shows that S is transverse to the map (A.3). It follows from the Sard–
Smale theorem that the set of J such that S.J; �/ is transverse to (A.3) is residual
in J.X; !/. This completes the proof that condition (2) is generic.

B. Pseudo-cycles

Given a collection of homology classes, we are interested in counting J -holomorphic
maps passing through cycles representing these classes. Since not every homology
class is represented by a map from a manifold, it is convenient to use the language
of pseudo-cycles. We briefly review the theory of pseudo-cycles below; for details,
see [24, Section 6.5] and [20, 34, 37].

Definition B.1. We make the following definitions:

(1) A subset of a smooth manifold X is said to have dimension at most k if it is
contained in the image of a smooth map from a smooth k-dimensional manifold.
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(2) A k-pseudo-cycle is a smooth map f WV !X from an oriented k-dimensional
manifold V such that the closure f .V / is compact and the boundary of f , defined by

bd.f /´
\

K�V compact

f .V �K/;

has dimension at most k � 2. We will use notation

codim.f /´ dim.X/ � dim.V /:

(3) Two k-pseudo-cycles fi WVi ! X , for i D 0; 1, are cobordant if there exists a
smooth, oriented .k C 1/-dimensional manifold with boundary W and a smooth map
F WW ! X such that F.W / is compact, bd.F / has dimension at most k � 1, and

@W D V1 q�V0 and F jV1 D f1; F jV0 D f0:

(4) Denote byH pseudo
k

.X/ the set of equivalence classes of k-pseudo-cycles up to
cobordism. The disjoint union operation endows H pseudo

k
.X/ with the structure of an

abelian group.

A smooth map gWX ! Y between two smooth manifolds induces a group homo-
morphism g�WH

pseudo
� .X/! H

pseudo
� .Y / by composing pseudo-cycles with g. Thus,

H
pseudo
� .�/ is a functor from the category of smooth manifolds to the category of Z-

graded abelian groups.

Theorem B.2 ([20,34,37]). There exists a natural isomorphismH pseudo
� .�/ŠH�.�;Z/

as functors from the category of smooth manifolds to the category of Z-graded abelian
groups.

In what follows we will use this isomorphism to identify these two homology
theories and represent any class in H�.X;Z/ by a pseudo-cycle.

Definition B.3. Let M be a smooth manifold and let gWM ! X be a smooth map.
We say that a k-pseudo-cycle f WV ! X is transverse2 as a pseudo-cycle to g if

(1) there exists a smooth manifold V @ of dimension dim V @ 6 dim V � 2 and a
smooth map f @WV @ ! X such that bd.f / � imf @, and

(2) f and f @ are transverse to g as smooth maps from manifolds.

2McDuff and Salamon [24, Definition 6.5.10] use the term weakly transverse, which we
prefer to avoid, regarding that this notion of transversality is stronger than the transversality
of f and g as smooth maps in the usual sense.
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If W is a manifold with boundary @W , we require additionally that f is transverse as
a pseudo-cycle to gj@W W @W ! X .

Similarly, if M is a manifold without boundary and F WW ! X is a cobordism
between two pseudo-cycles f0 and f1, we say that F is transverse as a pseudo-cycle
cobordism to g if

(1) there exists a smooth manifold with boundary W @ of dimension dimW @ 6
dimW � 2 and a smooth map F @WW @ ! X such that bd.F / � imF @ and
bd.fi / � imF @j@W @ for i D 0; 1,

(2) F and F @ are transverse to g as smooth maps from manifolds with boundary.

Note that if f WV ! X be a k-pseudo-cycle and gWW ! X is an `-pseudo-cycle,
then f � gWV �W ! X2 is a .k C `/-pseudo-cycle.

Definition B.4. Let .f�WV�!X/ be a collection of pseudo-cycles indexed by a finite
set I . We say that .f�/�2I are in general position if the pseudo-cycleY

�2I

f�W
Y
�2I

V� ! X jI j

is transverse as a pseudo-cycle to all generalized diagonals inX jI j; see Definition A.1
for the definition of a generalized diagonal. This is equivalent to the following con-
dition: for every subset S � I , the pseudo-cycle

Q
�2S f� is transverse as a pseudo-

cycle to the diagonal X ,! X jS j.
Similarly, if one of f� is a cobordism between two pseudo-cycles, then so isQ

�2I f� and we require that it is transverse to all generalized diagonals as a pseudo-
cycle cobordism.

Proposition B.5. Given a finite collection of pseudo-cycles .f�WV�!X/�2I , the set

¹.��/�2I 2 Diff.X/jI j W .�� ı f�/�2I are in general positionº

is residual in Diff.X/jI j.

Proof. The proof is similar to that of [24, Lemma 6.5.5]. Let us work with the group
Diffk.X/ of C k diffeomorphism for any integer k > 1; the corresponding statement
for Diff.X/ follows then using standard arguments [24, Remark 3.2.7, pp. 52–54]. A
countable intersection of residual sets is residual; therefore, without loss of generality,
consider the case S D I in Definition B.4. Define the map

FWDiffk.X/jI j �
Y
�2I

V� ! X jI j

by
F..��/�2I ; .x�/�2I /´ .�� ı f�.x�//�2I :
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Let � � X jI j be the diagonal. If we show that F is transverse to �, then it follows
from the Sard–Smale theorem that for all .��/�2I from a residual subset of Diffk.X/
the maps

Q
�� ı f� is transverse to �. (The same argument can be applied to f @

�
to

conclude transversality as pseudo-cycles.) In fact, the derivative of F is surjective at
every point x D ..��/�2I ; .x�/�2I /. Without loss of generality suppose that �� D id
for all � 2 I . Let Vectk.X/ denote the space of C k vector fields on X . Given

� D .��/�2I 2
Y
�2I

Tid Diffk.X/ D
Y
�2I

Vectk.X/;

we have
dxF.�/ D .��.f�.x�///�2I 2

Y
�2I

Tf�.x�/X:

Since for every p 2 X the evaluation map Vect.X/! TpX is surjective, the map dxF

is surjective, which finishes the proof.

C. Proof of nA;g D BPSA;g

In this section, we outline Zinger’s proof that for a primitive Calabi–Yau class

nA;g.X; !/ D BPSA;g.X; !/;

where BPSA;g.X; !/ is the Gopakumar–Vafa invariant, which is defined in terms of
the Gromov–Witten invariants via (1.9). We use the same notation as in the proof of
Theorem 1.5.

Given J 2 J?emb.X; !/, every stable J -holomorphic map of arithmetic genus h
factors through a J -holomorphic embedding from a smooth domain of genus g 6 h.
In other words, every element of xMA;h.X; J / is of the form Œu ı '� for some Œu� 2
M?
A;g.X; J / with g 6 h, and Œ'� 2 xMŒ†�;h.†; j /. Here .†; j / is the domain of u.

Denote by .z†; z�; zj / the domain of '. Given such J -holomorphic maps, let N be the
normal bundle of u.†/, and let

dNu WW
1;p�.†; u�N/! Lp�0;1.†; u�N/

be the restriction of the operator duD du;j IJ to the subbundle u�N � u�TX followed
by the projection on zu�N . Similarly, we define

dN
zu WW

1;p�.z†; z�I zu�N/! Lp�0;1.z†; zu�N/:

The spaces cokerdN
zu

, as ' varies, play an important role in computing the contribution
of maps factoring through u to the Gromov–Witten invariant of .X; !/. In this case,
there is a simple description of these spaces.
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First, we will see that ker dNu D ¹0º and coker dNu D ¹0º. Indeed, the Hermitian
metric on u�TX induced fromX gives us a splitting u�TX D T†˚Nu, with respect
to which

du D

 
x@T† �

0 dNu

!
I

see, for example, [8, Appendix A]. Since u is unobstructed, i.e., coker du D ¹0º, and
index.u/ D 0, we have ker dNu D ¹0º and coker dNu D ¹0º.

Second, since 'W .z†; z�; zj /! .†; j / has degree one, .z†; z�; zj / has a unique irre-
ducible component which is mapped by ' biholomorphically to .†; j /, and ' is
constant on the other components. In particular, zu�N is trivial over these compo-
nents. It follows that kerdN

zu
Š¹0º and cokerdN

zu
is the direct sum of the corresponding

spaces for the standard x@-operator with values in the trivial bundle zu�N over the com-
ponents which are mapped to a point by '.

In this situation, the following is a special instance of [39, Theorem 1.2].

Proposition C.1. The following hold:

(1) The family of vector spaces coker dNuı' , as Œz†; z�; zj ; '� 2 xMŒ†�;h.†; j / varies,
forms an oriented orbibundle Oh.†;j;u/! xMŒ†�;h.†;j /, called the obstruc-
tion bundle.

(2) Denoting by Œ xMŒ†�;h.†; j /�
vir the virtual fundamental class and denoting by

e.Oh.†; j; u// the Euler class of the obstruction bundle, we have

GWA;h.X; !/

D

hX
gD0

X
Œu�2M?

A;g
.X;J /

sign.†; j; u/he.Oh.†; j; u//; Œ xMŒ†�;h.†; j /�
vir
i:

Pandharipande [28, Section 2.3] proved that for g´ g.†/,

1X
hDg

he.Oh.†; j; u//; Œ xMŒ†�;h.†; j /�
vir
it2h�2 D t2g�2

�
sin.t=2/
t=2

�2g�2
Therefore, after changing the order of summation

P1
hD0

Ph
gD0 D

P1
gD0

P1
hDg , we

obtain
1X
hD0

GWA;h.X; !/t
2h�2

D

1X
gD0

nA;g.X; !/t
2g�2

�
sin.t=2/
t=2

�2g�2
:

Since the numbers BPSA;g.X; !/ are uniquely determined by the Gopakumar–Vafa
formula (1.9) (see [3, Section 2]), nA;g.X; !/ D BPSA;g.X; !/.
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