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Fluctuations of dimer heights on contracting
square-hexagon lattices

Zhongyang Li

Abstract. We study perfect matchings on the square-hexagon lattice with 1 � n periodic edge
weights and with one of the following boundary conditions: (1) each remaining vertex on the
bottom boundary is followed by .m � 1/ removed vertices; (2) the bottom boundary can be
divided into finitely many alternating line segments, each of which has a fixed positive length
in the scaling limit, such that all the vertices along each line segment are either removed or
retained. In case (1), we show that under certain homeomorphism from the liquid region to
the upper half-plane, the height fluctuations converge to the Gaussian free field in the upper
half-plane. In case (2), when the edge weights x1; : : : ; xn in one period satisfy the condition
that xiC1 D O.

xi
eN˛

/, where ˛ > 0 is a constant independent of N , we show that the height
fluctuations converge to a sum of independent Gaussian free fields.

1. Introduction

A perfect matching, or a dimer configuration, on a graph is a subset of edges such that
each vertex is incident to exactly one edge in the subset. Dimer configurations appear
naturally in statistical physics to model the structure of matter, for example, the perfect
matchings on the hexagon lattice is a mathematical model for the molecule structure
of graphite. Through explicit combinatorial correspondence, the dimer model is also
closely related to other lattice models in statistical mechanics, including the Ising
model [25, 27], the 1-2 model [15, 16, 26, 28] and a general polygon model [14].
By developing the technique of Kasteleyn, Temperley and Fisher [18, 40], the par-
tition function (weighted sum of configurations) of dimer configurations on a finite
plane graph can be expressed explicitly as the determinant or Pfaffian of a weighted
adjacency matrix; the local statistics can be computed [19]. By studying the spec-
tral curve of the periodic dimer model using techniques from algebraic geometry,
the sharp phase transition result can be established [22, 24]. The asymptotics of the
rescaled dimer height function on a graph approximating a simply connected domain
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can be studied by a variational principle [10,23] and also by the asymptotics of certain
symmetric functions (see [1, 2, 5, 6, 9, 13, 32, 36–38]).

The Gaussian free field (GFF) is a Gaussian process indexed by high-dimensional
parameters. The main aim of this paper is to investigate the connection between the
height fluctuations of the dimer model on a contracting square-hexagon lattice and the
Gaussian free field. It was first shown in [20, 21] that the (non-rescaled) height func-
tion for the dimer model with uniform underlying measure on a simply connected
square grid with Temperley boundary condition converges to a GFF in distribution.
The result was later proved for the whole-plane isoradial graph [11] and the sim-
ply connected isoradial graph with Temperley boundary condition [29]. For boundary
conditions other than the Temperley boundary condition, the convergence of height
fluctuation for the dimer model with uniform underlying measure on a contracting
hexagon lattice to GFF was proved in [38]; the corresponding result on an Aztec dia-
mond (contracting square grid) with uniform underlying measure was proved in [9] by
analyzing the asymptotics of the Schur function in a neighborhood of .1; 1; : : : ; 1/ [7].

A related model is the dimer model on a contracting square-hexagon lattice whose
underlying measure depends on periodically assigned edge weights with period 1� n.
In [5, 32], we studied this model by establishing an identity of the partition function
of the dimer model on such a graph and the value of the Schur function depending on
edge weights and then analyzed the asymptotics of the Schur function in a neighbor-
hood of a generic point .x1; : : : ; xN /. The law of large numbers for the rescaled height
function was proved for two specific boundary conditions on the bottom boundary:
(1) each remaining vertex on the boundary is followed by .m � 1/ removed vertices,
where m � 1 is a positive integer; (2) the bottom boundary is divided to alternating
line segments with either all vertices removed or all the vertices preserved in each
segment. We shall call the first boundary condition the staircase boundary condi-
tion and the second boundary condition the piecewise boundary condition. In this
paper, we study the non-rescaled height fluctuations for the dimer model on the con-
tracting square-hexagon lattice with the above two boundary conditions and show
that they converge to GFF in a certain sense, building on the analysis of the Schur
function at a generic point (see [5, 32]), and the techniques to relate fluctuations
of particle systems determined by Schur generating functions and GFF developed
in [7].

The paper is organized as follows. In Section 2, we introduce the contracting
square-hexagon lattice and the main technical tools used in this paper; we also state
the main results proved in this paper. In Section 3, we introduce the staircase bound-
ary conditions and review the limit shape result for the dimer model on a contracting
square-hexagon lattice with 1 � n periodic edge weights and the staircase boundary
conditions. In Section 4, we prove that certain statistics constructed from the dimer
model on a contracting square-hexagon lattice with 1 � n periodic edge weights and
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the staircase boundary conditions converge to Gaussian distribution in the scaling
limit. In Section 5, we introduce the piecewise boundary conditions and review the
limit shape result for the dimer model on a contracting square-hexagon lattice with
1 � n periodic edge weights and the piecewise boundary conditions. In Section 6,
we prove that certain statistics constructed from the dimer model on a contracting
square-hexagon lattice with 1 � n periodic edge weights and the piecewise bound-
ary conditions converge to a sum of finitely many independent Gaussian random
variables in the scaling limit, whose number depends on the size of the period n.
In Section 7, we show that the statistics constructed from the dimer model on a con-
tracting square-hexagon lattice with 1 � n periodic edge weights and the staircase
boundary conditions converge to a GFF in the upper half-plane, under a homeomor-
phism from the liquid region to the upper half-plane. In Section 8, we show that the
statistics constructed from the dimer model on a contracting square-hexagon lattice
with 1� n periodic edge weights and the piecewise boundary conditions convergence
to a sum of n independent GFFs in the upper half-plane.

2. Background

In this section, we define a general class of graphs (the contracting square-hexagon
lattices) on which the height fluctuations of dimer configurations are studied in this
paper. Dimer models on such graphs have been studied in [3–5, 30–34], and the limit
shape results were explicitly established. We also review the main technical tools used
in this paper, including the Schur function, the Young diagram, etc.

2.1. Square-hexagon lattices

Consider a doubly-infinite binary sequence

Lc D .: : : ; c�2; c�1; c0; c1; c2; : : :/ 2 ¹0; 1º
Z

indexed by integers

Z D ¹: : : ;�2;�1; 0; 1; 2; : : :º:

The whole-plane square-hexagon lattice associated with the sequence Lc is a bipar-
tite plane graph SH. Lc/ defined as follows. Its vertex set is a subset of Z

2
�

Z
2

. Each
vertex of SH. Lc/ is either black or white, and we identify the vertices with points on
the plane. For m 2 Z, the black vertices have y-coordinate m, while the white ver-
tices have y-coordinate m � 1

2
. We will label all the vertices with coordinate m as

vertices in the .2m/th row, and all the vertices with coordinate m � 1
2

as vertices in
the .2m � 1/th row.
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We further assume that

• each black vertex in the .2m/th row is adjacent to two white vertices in the
.2mC 1/th row;

• if cm D 1, each white vertex on the .2m � 1/th row is adjacent to exactly one
black vertex in the .2m/th row; if cm D 0, each white vertex on the .2m � 1/th
row is adjacent to two black vertices in the .2m/th row.

See Figure 1.

.a/

m

mC 1
2

xm xm xm xm

.b/

m

m � 1
2

ym ym ym ym

.c/

m

m � 1
2

Figure 1. Graph structures of the square-hexagon lattice SH. Lc/ on the .2m � 1/th, .2m/th,
and .2m C 1/th rows, which depend on the values of .cm/: (a) between the .2m/th and the
.2mC 1/th rows; (b) between the .2m � 1/th and the .2m/th rows when cm D 0; (c) between
the .2m � 1/th and the .2m/th rows when cm D 1. Black vertices are along the .2m/th row,
while white vertices are along the .2m � 1/th and .2mC 1/th rows.

Note that for any Lc 2 ¹0; 1ºZ, each face of SH. Lc/ is either a square or a hexagon.
If ci D 0 for all i 2 Z, SH. Lc/ is a square grid, while if ci D 1 for all i , SH. Lc/ is
a hexagonal lattice.

We shall assign edge weights to the whole-plane square-hexagon lattice SH. Lc/
satisfying the following assumption; see Figure 1.

Assumption 2.1. For m � 1, we assign weight xm > 0 to each NE-SW edge joining
the .2m/th row to the .2mC 1/th row of SH. Lc/. We assign weight ym > 0 to each
NE-SW edge joining the .2m � 1/th row to the .2m/th row of SH. Lc/, if such an edge
exists. We assign weight 1 to all the other edges.

A contracting square-hexagon lattice is built from a whole-plane square-hexagon
lattice as follows.
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Definition 2.2. LetN 2N. Let�D .�1; : : : ;�N / be anN -tuple of positive integers
such that 1 D �1 < �2 < � � � < �N . Set m D �N �N .

The contracting square-hexagon lattice R.�; Lc/ is a subgraph of SH. Lc/ built
of 2N or 2N C 1 rows. The rows of R.�; Lc/ inductively, starting from the bottom,
can be enumerated as follows:

• The first row consists of vertices .i; j / with i D�1 � 1
2
; : : : ;�N �

1
2

and j D 1
2

.
We call this row the boundary row of R.�; Lc/.

• When k D 2s, for s D 1; : : : ;N , the kth row consists of vertices .i; j / with j D k
2

and incident to at least one vertex in the .2s � 1/th row of the whole-plane square-
hexagon lattice SH. Lc/ lying between the leftmost vertex and rightmost vertex of
the .2s � 1/th row of R.�; Lc/.

• When k D 2s C 1, for s D 1; : : : ; N , the kth row consists of vertices .i; j / with
j D k

2
and incident to two vertices in the .2s/th row of R.�; Lc/.

See Figure 2 for an example of a contracting square-hexagon lattice.

x1 x1 x1 x1 x1

y2 y2 y2 y2 y2

x2 x2 x2 x2 x2

x3 x3 x3 x3

Figure 2. Contracting square-hexagon lattice with N D 3,m D 3,� D .1; 3; 6/, .c1; c2; c3/ D
.1; 0; 1/.

2.2. Partitions, Young diagrams and Schur functions

We denote by GTN the set of N -tuples � of integers satisfying �1 � �2 � � � � � �N ,
and let GTCN be a subset of GTN consisting of all the �’s in GTN such that �N � 0.
For � 2 GTCN , let

j�j WD

NX
iD1

�i :

A graphic way to represent a non-negative signature � is through its Young dia-
gram Y�, a collection of j�j boxes arranged in non-increasing rows aligned on the left:
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with �1 boxes on the first row, �2 boxes on the second row, : : : ; �N boxes on theN th
row. Note that elements in GTCN are in bijection with all the Young diagrams with N
rows (rows are allowed to have zero length).

Definition 2.3. Let Y , W be two Young diagrams. We say that Y � W differ by
a horizontal strip if the collection of boxes in Z D W n Y contains at most one box
in every column. We say that they differ by a vertical strip if Z contains at most one
box in every row.

We say that two non-negative signatures � and � interlace and write � � � if
Y� � Y� differ by a horizontal strip. We say they cointerlace and write � �0 � if
Y� � Y� differ by a vertical strip.

Definition 2.4. Let � 2 GTCN be a partition of length N . We define the counting
measure m.�/ corresponding to � as follows:

m.�/ D
1

N

NX
iD1

ı
��i CN � i

N

�
:

Moreover, if � is a random partition with distribution �, we use m.�/ to denote the
corresponding random counting measure.

Definition 2.5. Let � 2 GTN . The Schur function is

s�.u1; : : : ; uN / D
deti;jD1;:::;N .u

�jCN�j

i /Q
1�i<j�N .ui � uj /

:

2.3. Dimer model

Definition 2.6. A dimer configuration, or a perfect matching, M of a contracting
square-hexagon lattice R.�; Lc/ is a set of edges ..i1; j1/; .i2; j2// such that each
vertex of R.�; Lc/ belongs to a unique edge in M . The set of perfect matchings of
R.�; Lc/ is denoted by M.�; Lc/.

Definition 2.7. Let M 2 M.�; Lc/ be a perfect matching of R.�; Lc/. A V -edge
e D ..i1; j1/; .i2; j2// is a present edge in the dimer configuration M such that
max¹j1; j2º 2 N (i.e., its higher extremity is black). Aƒ-edge e D ..i1; j1/; .i2; j2//
is a present edge in M such that its higher vertex is a white vertex, or equivalently,
max¹j1; j2º 2N C 1

2
. In other words, the edges inM whose lower vertex is in an odd

row are V -edges, and those ones whose lower vertex is in an even row are ƒ-edges.
If an edge e D ..i1; j1/; .i2; j2// is an V -edge (resp. ƒ-edge), then both of its end-
points .i1; j1/ and .i2; j2/ are called V -vertices (resp. ƒ-vertices). Note that whether
a vertex is a V -vertex or a ƒ-vertex depends on the dimer configuration M .
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Definition 2.8. The partition function of the dimer model of a finite graph G with
edge weights .we/e2E.G/ is given by

Z D
X
M2M

Y
e2M

we;

where M is the set of all perfect matchings of G. The Boltzmann dimer probability
measure on M induced by the weights w is thus defined by declaring that the proba-
bility of a perfect matching is equal to 1

Z

Q
e2M we .

We shall associate to each perfect matching in M.�; Lc/ a sequence of non-nega-
tive signatures, one for each row of the graph.

Construction 2.9. To the boundary row�D .�1 < � � � < �N / of a contracting squ-
are-hexagon lattice is naturally associated a non-negative signature ! of length N by

! D .�N �N; : : : ;�1 � 1/:

Let j 2 ¹2; : : : ; 2N C 1º. Assume that the j th row of R.�; Lc/ has nj V -vertices
and mj ƒ-vertices. The dimer configuration at the j th row of R.�; Lc/ corresponds
to a signature � 2 GTCnj such that

• � D .�1; : : : ; �nj /.

• We label all the V -vertices on the j th row by the 1st V -vertex, the 2nd V -ver-
tex, : : : ; the nj th V -vertex, such that the 1st V -vertex is the rightmost V -vertex
on the j th row. for 1 � k � nj , �k is the number of ƒ-vertices to the left of the
kth V -vertex.

Then we have the following assertion.

Theorem 2.10 ([5, Theorem 2.13]). For given�, Lc, let ! be the signature associated
to �. Then Construction 2.9 defines a bijection between the set of perfect matchings
M.�; Lc/ and the set S.!; Lc/ of sequences of non-negative signatures

¹�.2NC1/; �.2N/; : : : ; �.2/; �.1/; �.0/º;

where the signatures satisfy the following properties:

• All the parts of �.0/ are equal to 0.

• The signature �.2NC1/ is equal to !.

• For 0 � i � 2N C 1, �.i/ 2 GTCi .

• The signatures satisfy the following (co)interlacement relations:

�.2NC1/ �0 �.2N/ � �.2N�1/ �0 � � � � �.2/ �0 �.1/ � �.0/:

Moreover, if ck D 1, then �.2NC3�2k/ D �.2NC2�2k/.
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The following proposition, proved in [5], shows that the partition function of
dimer configurations on a contracting square-hexagon lattice can be computed by
a Schur function depending on the boundary condition and the edge weights. There-
fore, it opens the door for investigating the asymptotics of the periodic dimer model
on a contracting square-hexagon lattice by studying the corresponding Schur func-
tions.

Proposition 2.11. Let R.�; Lc/ be a contracting square-hexagon lattice built from
a whole-plane square-hexagon lattice SH. Lc/ with edge weights ¹xi ; yi ; 1º1�i�N as-
signed as in Assumption 2.1. Let

I2 D ¹i j i 2 ¹1; 2; : : : ; N º; ci D 0º:

Then the partition function for perfect matchings on R.�; Lc/ is given by

Z D
h Y
i2I2

�i

i
s!.x1; : : : ; xN /;

where ! is the N -tuple corresponding to the boundary row of R.�; Lc/, and �i is
defined by

�i D

NY
tDiC1

.1C yixt /:

Proof. See [5, Proposition 2.18].

2.4. Main results

Now we state the main results proved in the paper.
Let C10 be the space of smooth real-valued functions with compact support in the

upper half-plane H. The Gaussian free field „ on H with the zero boundary condition
is a collection of Gaussian random variables ¹�f ºf 2C1

0
indexed by functions in C10 ,

such that the covariance of two Gaussian random variables �f1 , �f2 is given by

Cov.�f1 ; �f2/ D
Z

H

Z
H
f1.z/f2.w/GH.z; w/ dz dxz dw d xw;

where

GH.z; w/ WD �
1

2�
ln
ˇ̌̌z � w
z � xw

ˇ̌̌
; z; w 2 H;

is the Green’s function of the Dirichlet Laplacian on H.
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The Gaussian free field„ can also be considered as a random distribution on C10
of H such that for any f 2 C10 , we have

„.f / D

Z
H
f .z/„.z/ dz WD �f ;

where„.z/ is the generalized function corresponding to the linear functional„. Note
that GFF is conformally invariant in the sense that for any simply connected domain,
� ¨ C, and let �W � ! H be a conformal map from � to H. Then the GFF on � is

„� .z/ WD „.�.z//:

See [39] for more about GFF.
Consider a contracting square-hexagon lattice R.�; Lc/. Let ! be a signature cor-

responding to the boundary row.
Let � 2 Œ0; 1/ and � 2 GTN�b�N c. Let

p�j WD p
.N�b�N c/
j D

N�b�N cX
iD1

.�i C .N � b�N c/ � i/
j for j D 1; 2; : : : ;

where � is the random partition corresponding to the dimer configuration at level � of
the square-hexagon lattice.

The main results proved in this paper (Theorems 2.12 and 2.13) state that in the
liquid region, the fluctuations of certain observables of the random perfect matchings
on a contracting square-hexagon lattice converge to the pullback of GFF in the upper
half-plane. The liquid region, simply speaking, is the region in the simply connected
domain approximated by the rescaled square-hexagon lattice where either the density
of each type of edges (ƒ-edges or V -edges as defined in Definition 2.7) is in the
open interval .0; 1/ (i.e., neither 0 nor 1) or each type of edges has strictly positive
probability to occur. See Definition 3.7 for a rigorous description of the liquid region.

Let

M �
j WD

N�.jC1/
p
�

j C 1
.p�jC1 � Ep�jC1/ (2.1)

and

U.z/ D
z

n

X
i2¹1;2;:::;nº\I2

yi

1C yiz
;

V .z/ D
z

n

nX
jD1

1

z � xj
;

W.z/ D
z

n

nX
jD1

� mzm�1
zm � xmj

�
1

z � xj

�
:
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Define

�L.z/ D
.W.xz/C V.xz//U.z/ � .U.xz/CW.xz//V .z/C .V .xz/ � U.xz//W.z/

U.z/ � U.xz/ � V.z/C V.xz/
;(2.2)

�L.z/ D
W.xz/ �W.z/C V.xz/ � V.z/

U.z/ � U.xz/ � V.z/C V.xz/
: (2.3)

Theorem 2.12 discusses asymptotics of the perfect matchings under the staircase
boundary conditions.

Theorem 2.12. Consider random dimer configurations on the square-hexagon lat-
tice with staircase boundary condition on the bottom boundary with corresponding
partition given by

�.N / D ..m � 1/.N � 1/; .m � 1/.N � 2/; : : : ; .m � 1/; 0/; (2.4)

where m � 1 is a positive integer. Let

S D
°
z 2 CW 0 < Arg z <

�

m

±
: (2.5)

Then for 0 < � � 1, j 2 N,

M �
j !M�

j as N !1; and M�
j D

Z
z2SI�L.z/D�

�L.z/
j„.z/ d�L.z/:

Here „.z/ is the Gaussian free field in S, and .�L; �L/ is a homeomorphism from S

to the liquid region defined by (2.2) and (2.3).

Theorem 2.13 discusses asymptotics of the perfect matchings under the piecewise
boundary conditions.

Theorem 2.13. LetM �
j be defined as in (2.1) but with respect to piecewise boundary

conditions satisfying Assumptions 5.1, 5.2 and 5.3. Then the liquid region is a disjoint
union of n simply connected components �1; : : : ; �n. Then we have

M �
j !M�

j as N !1;

where

M�
j D

nX
iD1

Z
z2H; ��i .z/

D�

��i .z/
j„i .z/ d��i .z/:

Here for 1 � i � n, „i .z/’s are n independent Gaussian free fields in H, and for
each i 2 Œn�, .��i ; ��i / is a homeomorphism from the upper half-plane to �i defined
by (8.2), (8.4) and (8.3), (8.5), respectively.
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Here Assumptions 5.1, 5.2 and 5.3 discuss the piecewise boundary condition and
conditions of edge weights. The key point is that as the size of the graph N goes
to infinity, the i th largest edge weight is exponentially small in N compared to the
.i � 1/th largest edge weight; see Assumptions 5.1, 5.2 and 5.3 for details.

The major new techniques developed in this paper are approaches to deal with
boundary conditions. For the staircase boundary conditions, we prove a homeomor-
phism from the liquid region to S, given by a certain non-real root of an algebraic
equation; then the (unrescaled) height fluctuations converge to a pullback of GFF
in S. For the piecewise boundary conditions, the results for convergence of height
fluctuations to GFF is built upon results in [32], where it is proved that the liquid
region splits to disconnected components. In this paper, we further prove that the
height fluctuations in each component of the liquid region is a pullback of an inde-
pendent GFF under a homeomorphism from the component of the liquid region to the
upper half-plane.

3. Staircase boundary conditions

In this section, we introduce the staircase boundary conditions on the bottom bound-
ary of a contracting square-hexagon lattice and review the limit shape result of the
dimer model on such a lattice.

Consider a contracting square-hexagon lattice R.�; Lc/ with edge weights as-
signed as in Assumption 2.1. Suppose that the configuration on the bottom row cor-
responds to the partition given by (2.4). More precisely, each remaining vertex on
the boundary row is followed by .m � 1/ removed vertices in the boundary row;
the leftmost vertex and the rightmost vertex on the boundary row are both preserved
in R.�; Lc/. In [35, Example 1.3.7], the Schur function of such a signature is computed
explicitly as follows:

s�.N/.x1; : : : ; xN / D
Y

1�i<j�N

xmi � x
m
j

xi � xj
: (3.1)

Definition 3.1. Let

X D .x1; x2; : : : ; xN / 2 RN : (3.2)

Let �N be a probability measure on GTN . The Schur generating function with respect
to �N , X is given by

��N ;X .u1; : : : ; uN / D
X

�2GTN

�N .�/
s�.u1; : : : ; uN /

s�.x1; : : : ; xN /
:
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For a positive integer s, let xs D Œs mod n�. We make the following assumption on
edge weights.

Assumption 3.2. Assume that the edge weights xi .1 � i � N/, yj .j 2 I2/ are
periodic in i and j with period n, i.e.,

xNi D xi ; (3.3)

y Nj D yj (3.4)

for 1 � i � N , j 2 I2.

Lemma 3.3. Let xi > 0 .1 � i � N/, yj .j 2 I2/ be edge weights of a contracting
square-hexagon lattice R.�; Lc/ satisfying Assumptions 2.1 and 3.2. Let

X .N�t/ D .xtC1; : : : ; x xN /;

Y .t/ D .x N1; : : : ; xNt /

for each integer t satisfying 0 � t � N � 1, where xi > 0 .1 � i � n/ are weights
of NE-SW edges joining the .2i/th row to the .2i C 1/th row of the contracting
square-hexagon lattice, see Figure 2. Let �.N / be the partition corresponding to the
configuration on the boundary row, and let �k be the probability measure on GTCN�t
which is the distribution of partitions corresponding to the dimer configuration on the
kth row of vertices of R.�; Lc/, counting from the bottom. Then we have

��k ;X.N�t/.u1; : : : ; uN�t /

D
s�.N/.u1; : : : ; uN�t ; Y

.t//

s�.N/.X .N//

Y
i2¹1;:::;tº\I2

N�tY
jD1

1C yNiuj

1C yNixtCj

for k D 2t C 1, t D 0; 1; : : : ; N � 1.
Moreover,

��k ;X.N�t/.u1; : : : ; uN�t /

D
s�.N/.u1; : : : ; uN�t ; Y

.t//

s�.N/.X .N//

Y
i2¹1;:::;tC1º\I2

N�tY
jD1

1C yNiuj

1C yNixtCj

for k D 2t C 2; t D 0; 1; : : : ; N � 1.

Proof. See [5, Lemma 3.17].

Lemma 3.4. Let � 2 .0; 1/. Let R.�; Lc/ be a contracting square-hexagon lattice. Let
¹�b.1 � �/N cºN2N be a sequence of partitions corresponding to dimer configura-
tions on the Œ2.N � b.1 � �/N c/C 1�th row of R.�; Lc/, counting from the bottom.
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In particular, �.N / is a fixed partition corresponding to the bottom boundary config-
uration. Let �k be the measure on the configurations of the kth row, counting from
the bottom. Let X be an N -tuple of integers given by (3.2), which are also edge
weights of R.�; Lc/ satisfying (3.3). Let �b.1��/N c WD �2.N�b.1��/N c/C1 be a proba-
bility measure on GTC

b.1��/N c
. Note that �N WD ı�.N/ is the distribution of partitions

corresponding to the dimer configurations on the bottom row, in which �.N / has
probability 1 to occur. Let ��b.1��/Nc;X .u1; : : : ; ub.1��/N c/ be the Schur generating
function corresponding to �b.1��/N c and X . Then we have

(1) Assume 1 � i � n, then

lim
N!1

1

.1��/N

@ log ��.1��/N ;X .u1; : : : ; ub.1��/N c/

@ui

ˇ̌̌̌
.u1;:::;ub.1��/Nc/

D.x1CN�b.1��/Nc;:::;xN /

D Hi .X; Y; �/;

where

Hi .X; Y; �/ D
1

.1 � �/n

²h X
j2¹1;2;:::;nº;

j¤i

� mxm�1i

xmi � x
m
j

�
1

xi � xj

�i
C
m � 1

2xi

³

C
�

.1 � �/n

X
j2¹1;2;:::;nº\I2

yj

1C yjxi
: (3.5)

(2) Assume 1 � i; j � b.1 � �/N c and i ¤ j . Then

lim
N!1

@2 log �b�.1��/N c;X .u1; : : : ; ub.1��/N c/

@ui@uj

ˇ̌̌̌
.u1;:::;ub.1��/Nc/

D.x1CN�b.1��/Nc;:::;xN /

D G.xi ; xj /;

where

G.xi ; xj / D

8<:
m2xm�1

i
xm�1
j

.xm
i
�xm
j
/2
�

1
.xi�xj /

2 if xi ¤ xj ;

0 otherwise:

(3) Assume i; j; k 2 ¹1; 2; : : : ; nº are three distinct integers, then

lim
N!1

@3 log ��b.1��/Nc;X .u1; : : : ; ub.1��/N c/

@ui@uj @uk

ˇ̌̌
.u1;:::;uN /D.x1;:::;xN /

D 0:

Proof. The results can be obtained by applying Lemma 3.3, (3.1) and Definition 3.1
and making explicit computations.
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Remark 3.5. Lemma 3.4 still holds if we define �b.1��/N c WD �2.N�b.1��/N c/C2 and
¹�b.1� �/N cºN2N is a sequence of signatures corresponding to dimer configurations
on the Œ2.N � b.1 � �/N c/C 2�th row of R.�; Lc/.

Proposition 3.6. Let R.�.N /; Lc/ be a contracting square-hexagon lattice with the
configuration at the bottom boundary given by

�.N/ D .1;mC 1; 2mC 1; : : : ; .N � 1/mC 1/:

Assume also that the edge weights are assigned as in Assumption 2.1 (see Figure 2
for an example) and satisfy Assumption 3.2. Let

F�;m.z/ D
�z

n.1 � �/

X
i2¹1;2;:::;nº\I2

yi

1C yiz
C

nX
jD1

z

n.z � xj /

C
z

n.1 � �/

nX
jD1

� mzm�1
zm � xmj

�
1

z � xj

�
:

Let �k be the measure on the configurations of the kth row, and choose � 2 .0; 1/,
such that k D Œ2�N �. Then the corresponding random counting measure m.�k/, as
defined in Definition 2.4, converges to m� in probability asN !1, and the moments
of m� are given byZ

R
ypm�.dy/ D

nX
iD1

1

2.p C 1/� i

I
xtCi

dz

z
ŒF�;m.z/�

pC1: (3.6)

Proof. See of [5, Section 8].

We can compute the Stieltjes transform of the limit measure m� when x is in
a neighborhood of infinity by

Stm� .x/ WD
1X
jD0

R
R y

jm�.dy/

xjC1
D �

nX
iD1

1

2� i

I
xtCi

dz

z
log

�
1 �

F�;m.z/

x

�
: (3.7)

Integrating by parts, we have

1X
jD0

R
R y

jm�.dy/

xjC1
D

nX
iD1

1

2� i

I
xtCi

log.z/
@z.1 �

F�;m.z/

x
/

1 �
F�;m.z/

x

dz:

The integrand has poles at roots of

F�;m.z/ D x:
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Definition 3.7. Let R be the rescaled square-hexagon lattice, i.e., R D 1
N

R.�; Lc/,
with coordinates .�; �/. Let L be the set of .�; �/ inside R such that the density
dm�. �

1��
/ is not equal to 0 or 1. Then L is called the liquid region. Its boundary @L

is called the frozen boundary.

4. Central limit theorem for staircase boundary conditions

In this section, we construct certain statistics from the (random) dimer configuration
on a contracting square-hexagon lattice with staircase boundary conditions and show
that they converge in distribution to Gaussian random variables in the scaling limit.
The main theorem proved in this section is the following.

Theorem 4.1. The collection of random variables®
N�l

�
p
..1��/N/

l
� Ep..1��/N/

l

�¯
l2NI �Da1;:::;am

(4.1)

converges asN !1, in the sense of moments, to the Gaussian vector with zero mean
and covariance

lim
N!1

cov.pb.1��1/N c
l1

; p
b.1��2/N c

l2
/

N l1Cl2

D
.1� �1/

l1.1� �2/
l2

.2� i/2

nX
iD1

nX
jD1

I
jz�xi jD"

I
jw�xj jD"

� nX
iD1

z

n.z � xi /
C
zH.z/

1 � �1

�l1
�

� nX
iD1

w

n.w � xj /
C
wH.w/

1 � �2

�l2
Q.z;w/ dzdw;

where

• " > 0 is sufficiently small such that the disk centered at xi with radius " contains
exactly one singularity xi of the integrand;

• the z- and w-contours of integration are counter-clockwise.

The idea we use to prove Theorem 4.1 is to compute the moments of (4.1) and
then show that they satisfy Wick’s probability theorem in the N ! 1 limits; this
gives the Gaussian distribution of these random variables as well as the explicit form
of the covariance. The major new ingredients, compared to [7], are the computations
under the staircase boundary conditions.

Let X be given by (3.2), and let VN .X/ be the Vandermonde determinant, i.e.,

VN .X/ D
Y

1�i<j�N

.xj � xi /:
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Proposition 4.2. Let �N be a probability measure on GTN , and let � 2 GTN . Let
U D .u1; u2; : : : ; uN / 2 CN . Then

E
NX
iD1

.�i CN � i/
k
WD

X
�2GTN

�N .�/

NX
iD1

.�i CN � i/
k

D
1

VN .U /

NX
iD1

.ui@i /
kVN .U /��N ;X .U /

ˇ̌̌
UDX

; (4.2)

and

E
� NX
iD1

.�i CN � i/
k

NX
jD1

.�j CN � j /
l

�

D
1

VN .U /

NX
iD1

.ui@i /
k

NX
jD1

.uj @j /
lVN .U /��N ;X .U /

ˇ̌̌
UDX

; (4.3)

where @i represents @
@ui

.

Proof. Let � 2 GTN , and let s� be the Schur function with respect to �. By [6, Pro-
position 4.3], we have

1

VN .U /

NX
iD1

.ui@i /
kVN .U /s�.U / D

NX
iD1

.�i CN � 1/
ks�.U /: (4.4)

Dividing by s�.X/ both sides of (4.4), then taking expectations for � with respect to
the distribution �N and evaluating at U D X , we obtain (4.2). Expression (4.3) can
be obtained in a similar way by performing the above process twice.

Let f .x1; : : : ; xr/ be a function of r variables. Define

Sym
x1;:::;xr

f .x1; : : : ; xr/ D
1

rŠ

X
�2†r

f .x�.1/; x�.2/; : : : ; x�.r//;

where †r is the symmetric group of r elements.
For an integer l > 0 and t 2 .0; 1�, let

Ut D .u1; u2; : : : ; ubtN c/; (4.5)

Xt D .xN�btN cC1; : : : ; xN /; (4.6)

F.l;t/.Ut / D
1

��btNc;Xt .Ut /VbtN c.Ut /

btN cX
iD1

.ui@i /
lVbtN c.Ut /��btNc;Xt .Ut /; (4.7)

where �btN c is a probability measure on GTbtN c.
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In order to analyze the asymptotics, we first introduce the following technical
lemma.

Lemma 4.3. Let f .z/ be a complex analytic function in a neighborhood of 1, and
let r be a positive integer. Then

Sym
z1;:::;zrC1

f .z1/

.z1 � z2/ � � � .z1 � zrC1/

ˇ̌̌
.z1;:::;zrC1/
D.1;:::;1/

D
1

.r C 1/Š

@rf .z/

@zr

ˇ̌̌
zD1

:

Proof. See [6, Lemma 5.5].

Proposition 4.4. Assume the assumptions of Lemma 3.4 hold. We use the notation @i
to denote @

@ui
. Then we have

(1) the degrees of N in the functions F.l;t/.Ut /jUtDXt are at most l C 1;

(2) for 1� i �N , the degrees ofN in functions @iF.l;t/.Ut /jUtDXt are at most l;
moreover,

@iF.l;t/.Ut /jUtDXt D @i

� lX
rD0

�
l

r

�
.r C 1/Š

�

X
¹a1;:::;arC1º
�¹1;2;:::;btN cº

Sym
a1;:::;arC1

ula1.@a1 ŒlogS�btNc;Xt �/
l�r

.ua1 � ua2/ � � � .ua1 � uarC1/

�ˇ̌̌̌
UtDXt

C T.l;t/.Ut /jUtDXt ;

where the degree of N in T.l;t/.Xt / is less than l;

(3) the degrees of N in the functions @i@jF.l;t/.Ut /jUtDXt are at most l � 1 for
any 1 � i; j � N , i ¤ j .

Proof. When t D 1 andX1 D .1; : : : ; 1/, the proposition is proved in [7, Lemma 5.5].
Consider a general S�btNc;Xt with Xt given by (4.6). Since

S�btNc;Xt .Xt / D 1;

the function logS�btNc;Xt is well defined in a neighborhood of Xt . Note that

@iS�btNc;Xt

S�btNc;Xt
D @i .logS�btNc;Xt /:

This way we can write F.l;t/.Ut / as a large sum of factors of the form

c0u
l�s0
i .@

s1
i ŒlogS�btNc;Xt �/

d1 � � � .@
st
i ŒlogS�btNc;Xt �/

dt

.ui � ua1/ � � � .ui � uar /
;



Z. Li 18

where i; a1; : : : ; ar are distinct indices, sj ; dj 2 N [ ¹0º for j D 1; : : : ; t , and

s1 < s2 < � � � < st ; r C s0 C

tX
jD1

sjdj D l: (4.8)

Moreover, c0 depends on r , sj , dj , but is independent ofN , a1; : : : ; ar . By symmetry,
we can write

F.l;t/.Ut / D
X

r;¹sj º;¹dj º

.r C 1/Š
X

¹a1;:::;arC1º
�¹1;2;:::;btN cº

Sym
a1;:::;arC1

c0u
l�s0
a1 .@

s1
a1 ŒlogS�btNc;Xt �/

d1 � � � .@
st
a1 ŒlogS�btNc;Xt �/

dt

.ua1 � ua2/ � � � .ua1 � uarC1/
; (4.9)

where the first sum are over r , ¹sj º, ¹dj º satisfying (4.8), and c0 depends on r ,
¹sj º, ¹dj º.

Applying Lemma 3.3, (3.1) and Definition 3.1 and making explicit computa-
tions, we can compute .@swa1 Œlog S�btNc;Xt �/ and obtain that the degree of N in it is
at most 1 for all sw � 0. Hence for each 1 � w � t , the degree of N in each factor
.@
sw
a1 ŒlogS�btNc;Xt �/

dw is at most dw . For each given choice of ¹a1; : : : ; arC1º, we
define an equivalence relation on the set ¹a1; : : : ; arC1º: for 1 � i; j � r C 1, we
say ai and aj are equivalent if and only if Œai mod n� D Œaj mod n�. Let A1; : : : ; Aw
be all the distinct equivalence classes under this equivalence relation, where w is
a positive integer satisfying w � r C 1. For 1 � i � w, let Ci D ¹a1; : : : ; arC1º nAi .

For 1 � i � r C 1, let a1; : : : ; yai ; : : : ; arC1 be r distinct integers obtained from
a1; : : : ; arC1 by removing ai . Then

Sym
a1;:::;arC1

c0u
l�s0
a1 .@

s1
a1 ŒlogS�btNc;Xt �/

d1 � � � .@
st
a1 ŒlogS�btNc;Xt �/

dt

.ua1 � ua2/ � � � .ua1 � uarC1/

D
1

.r C 1/Š

wX
iD1

�
r

jCi j

�
jAi jŠjCi jŠ

� Sym
Ai

�
Sym
Ci

c0u
l�s0
ai .@

s1
ai ŒlogS�btNc;Xt �/

d1 � � � .@
st
ai ŒlogS�btNc;Xt �/

dtQ
j2Ci

.uai � uaj /

�
1Q

aj2Ai
.uai � uaj /

�
D

wX
iD1

jAi j

r C 1
Sym
Ai

�c0ul�s0ai .@
s1
ai ŒlogS�btNc;Xt �/

d1 � � � .@
st
ai ŒlogS�btNc;Xt �/

dtQ
j2Ci

.uai� uaj /

�
1Q

aj2Ai
.uai � uaj /

�
: (4.10)
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By Lemma 3.4 and (4.8), the degree of N in

c0u
l�s0
ai .@

s1
ai ŒlogS�btNc;Xt �/

d1 � � � .@
st
ai ŒlogS�btNc;Xt �/

dtQ
j2Ci

.uai � uaj /

is at most l � r . By Lemma 4.3, the degree of N in (4.10) is at most l � r . Summing
over all the choices ¹a1; : : : ; arC1º � ¹1; 2; : : : ; btN cº (there are O.N rC1/ such
choices), we obtain that the degree of N in F.l;t/.Ut / is at most l C 1; then part (1)
of the proposition follows.

For positive integers l1, l2, we define

Gl1;l2;t .Ut / D l1

l1�1X
rD0

�
l1 � 1

r

� X
¹a1;:::;arC1º�¹1;2;:::;btN cº

.r C 1/Š

� Sym
a1;:::;arC1

u
l1
a1@a1 ŒF.l2;t/�.@a1 ŒlogS�btNc;Xt �/

l1�1�r

.ua1 � ua2/ � � � .ua1 � uarC1/
:

Lemma 4.5. Assume the assumption of Lemma 3.4 holds. Let l1, l2 be arbitrary pos-
itive integers, and t 2 .0; 1�, then

1

VbtN cS�btNc;Xt

btN cX
i1D1

.ui1@i1/
l1

btN cX
i2D1

.ui2@i2/
l2 ŒVbtN cS�btNc;Xt �

D F.l1;t/.Ut /F.l2;t/.Ut /C G.l1;l2;t/.Ut /C T .Ut /; (4.11)

where G.l1;l2;t/.Ut /jUtDXt has N -degree at most l1 C l2 and T .Ut /jUtDXt has N
degree less than l1C l2. Moreover, for any index i , the function @iG.l1;l2;t/.Ut /jUtDXt
has N -degree less than l1 C l2.

Proof. The proof follows from arguments similar to ones in the proof for the case
X D 1N , t D 1 [7, Lemma 5.7]. We sketch the idea here. Note that the left-hand side
of (4.11) is exactly

1

VbtN cS�btNc;Xt

btN cX
i1D1

.ui1@i1/
l1 ŒVbtN c��btNc;XtF.l2/.Ut /�:

It can be rewritten as the sum of terms of the form

Sym
a1;:::;arC1

c0u
l1�s0
a1 @

s1
a1 ŒF.l2;t/�.@

s2
a1 ŒlogS�btNc;Xt �/

d2 � � � .@
sp
a1 ŒlogS�btNc;Xt �/

dp

.ua1 � ua2/.ua1 � ua3/ � � � .ua1 � uarC1/
;

where r; s0; s1; : : : ; sp; d2; : : : ; dp are non-negative integers and

s2 < s3 < � � � < sp; s0 C s1 C s2d2 C � � � C spdp C r D l1:
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Then F.l1;t/.Ut /F.l2;t/.Ut / comes from the terms with s1 D 0; G.l1;l2;t/.Ut / comes
from the terms with s0 D 0, s1 D 1, s2 D 1, d2 D l1 � 1� r . The N -degrees of these
terms can be obtained by applying Lemma 3.4.

Let s be a positive integer. For a subset ¹j1; : : : ; jpº � ¹1; 2; : : : ; sº, let P s
j1;:::;jp

be the set of all pairings of the set ¹1; 2; : : : ; sº n ¹j1; : : : ; jpº. The set P s
j1;:::;jp

is
non-empty only when s � p is even. For a pairing P , let

Q
.a;b/2P denote the product

over all pairs .a; b/ from this pairing.

Proposition 4.6. Assume that the assumptions of Lemma 3.4 hold. Let s; l1; : : : ; ls be
arbitrary positive integers, and let t 2 .0; 1�. Then

1

VbtN cS�btNc;Xt

btN cX
i1D1

.ui1@i1/
l1

btN cX
i2D1

.ui2@i2/
l2 � � �

btN cX
isD1

.uis@is /
ls ŒVbtN cS�btNc;Xt �

D

sX
pD0

X
¹j1;:::;jpº�¹1;2;:::;sº

F.lj1 ;t/
.Ut / : : :F.ljp ;t/.Ut /

�

� X
P2P s

j1;:::;jp

Y
.a;b/2P

G.la;lb ;t/.Ut /C T
1Is
j1;:::;jp

.Ut /
�
;

where T 1Isj1;:::;jp
.Ut /jUtDXt has N -degree less than

Ps
iD1 li �

Pp
iD1 lji .

Proof. The proposition can be proved by induction on s similarly to the proof of [6,
Proposition 5.10], where the case X D 1N is proved.

Let l be a positive integer, and let t 2 .0; 1�. Let

El;t WD F.l;t/.Xt / D
1

VbtN cS�btNc;Xt

btN cX
iD1

.ui@i /
lVbtN cS�btNc;Xt .Ut /

ˇ̌
UtDXt

:

Lemma 4.7. Assume the assumptions of Lemma 3.4 hold. Let s; l1; : : : ; ls be arbitrary
positive integers, and let t 2 .0; 1�. Then

1

VbtN cS�btNc;Xt

� btN cX
i1D1

.ui1@i1/
l1 �El1;t

�� btN cX
i2D1

.ui2@i2/
l2 �El2;t

�
� � �

�

� btN cX
isD1

.uis@is /
ls �Els ;t

�
VbtN cS�btNc;Xt

ˇ̌̌̌
UtDXt

D

X
P2P s

;

Y
.a;b/2P

G.la;lb ;t/.U /
ˇ̌̌
UtDXt

C T;.Ut /jUtDXt ;

where T;.Ut /jUtDXt has N -degree less than
Ps
iD1 li .
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Assume the distribution of � is �N�b�N c. Let E be the expectation under the prob-
ability measure �N�b�N c, and let

cov.p.N�b�N c/
k

; p
.N�b�N c/

l
/

D E.p.N�b�N c/
k

� p
.N�b�N c/

l
/ � Ep.N�b�N c/

k
Ep.N�b�N c/

l
:

Then by Lemma 4.7 with s D 2, we have

lim
N!1

cov.p.N�b�N c/
k

; p
.N�b�N c/

l
/

N kCl
D lim
N!1

G.k;l;1��/.xb�N cC1; : : : ; xN /

N kCl
: (4.12)

We have

G.k;l;1��/.xb�N cC1; : : : ; xN /

D k

k�1X
qD0

X
¹a1;:::;aqC1º

�¹1;2;:::;N�b�N cº

�
k � 1

q

�
.q C 1/Š

� Sym
a1;:::;aqC1

uka1@a1 ŒF.l;1��/�.@a1 ŒlogS�N�b�Nc;.xb�NcC1;:::;xN /�
k�1�q/

.ua1 � ua2/ � � � .ua1 � uaqC1/

ˇ̌̌̌
.u1;:::;
uN�b�Nc/
DX1��

� k

k�1X
qD0

X
¹a1;:::;aqC1º

�¹1;2;:::;N�b�N cº

�
k � 1

q

�
.q C 1/Š

� Sym
a1;:::;aqC1

�
uka1.@a1 ŒlogS�N�b�Nc;.xb�NcC1;:::;xN /�

k�1�q/

.ua1 � ua2/ � � � .ua1 � uaqC1/

� @a1

� lX
rD0

X
¹b1;:::;brC1º

�¹1;2;:::;N�b�N cº

�
l

r

�
.r C 1/Š

� Sym
b1;:::;brC1

ul
b1
.@b1 ŒlogS�N�b�Nc;.xb�NcC1;:::;xN /�/

l�r

.ub1 � ub2/ � � � .ub1 � ubrC1/

��ˇ̌̌̌
.u1;:::;uN�b�Nc/
DX1��

:

The approximate equality above contains only leading terms of @a1 ŒF.l;1��/�; see
Proposition 4.4 (2).

We first consider the case that

¹a1; : : : ; aqC1º \ ¹b1; : : : ; brC1º D ;:
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By Lemma 3.4, we have
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:

Moreover,
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�
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k�1�qN k�1�q/
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:
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Lemma 4.8. Let

H.z/ D
1

n

X
j2¹1;2;:::;nº

� mzm�1
zm � xmj

�
1

z � xj

�
C
�

n

X
j2¹1;2;:::;nº\I2

yj

1C yj z
:

The contribution of the terms for which ¹a1; : : : ; aqC1º \ ¹b1; : : : ; brC1º D ; to
G.k;l;1��/.X1��/, as N !1, is asymptotically

.1 � �/kClN kCl

.2� i/2

nX
i;jD1

I
jz�xi jD"

I
jw�xj jD"

� nX
iD1

z

n.z � xi /
C
zH.z/

1 � �

�k
�

� nX
iD1

w

n.w � xi /
C
wH.w/

1 � �

�l
G.z;w/ dzdw; (4.13)

where " > 0 is sufficiently small such that for each 1 � i � n, the disk centered at xi
with radius " contains exactly one singularity xi of the integrand.

Remark 4.9. Note that Hi .X; Y; �/ defined by (3.5) satisfies

Hi .X; Y; �/ D
1

1 � �
lim
z!xi

H.z/:

Proof of Lemma 4.8. Note that�
l

r

�
.l � r/ D l

�
l � 1

r

�
:

By the computations above, the contribution of the terms when ¹a1; : : : ; aqC1º \
¹b1; : : : ; brC1º D ; to G.k;l;1��/.X1��/, as N !1, is asymptotically

I WD k
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r
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.u1;:::;uN�b�Nc/
DX1��

:

We consider the equivalence relation on ¹a1; : : : ; aqC1º (resp. ¹b1; : : : ; brC1º) such
that for 1 � i � j � q C 1, ai and aj (resp. for 1 � i � j � r C 1, bi and bj ) are
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equivalent if and only if .ai mod n/ D .aj mod n/ (resp. .bi mod n/ D .bj mod n/).
Let A1; : : : ; Ah (resp. B1; : : : ; Bg ) be all the equivalence classes in ¹a1; : : : ; aqC1º
(resp. ¹b1; : : : ; brC1º) under such an equivalence relation, where h; g are positive
integers satisfying 1 � h � q C 1, 1 � g � r C 1. For 1 � i � h and 1 � j � g, let

Ci D ¹a1; : : : ; aqC1º n Ai ; Dj D ¹b1; : : : ; brC1º n Bj :

Then we have
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:

By Lemma 4.3, we have

I D k
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�

�
ukai .ŒHai .X; Y; �/�
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:

Using the residue theorem, we obtain
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Then the lemma follows.

Now we consider the case where

j¹a1; : : : ; aqC1º \ ¹b1; : : : ; brC1ºj D 1: (4.14)

Without loss of generality, we suppose that a1 D b1, and all the other indices are
distinct.
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Then we have
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:

The summation over indices when (4.14) holds gives terms of order N rCqC1. We can
see that the contribution of the corresponding terms to G.l;k;1��/.X1��/ as N !1
is zI WD zI1 C zI2, where zI1 corresponds to Sym over the elements in the equivalent
class including ¹a1; : : : ; aqC1º \ ¹b1; : : : ; brC1º, and zI2 corresponds to the sum of
Sym functions over the elements in each equivalent class without ¹a1; : : : ; aqC1º \
¹b1; : : : ; brC1º. More precisely,
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and

zI2 D k

k�1X
qD0

X
¹a1;:::;aqC1º

�¹1;2;:::;N�b�N cº

�
k � 1

q

�
.q C 1/Š

gX
iD1

jAi j

.q C 1/

� Sym
Ai

²
ukai .ŒHai .X; Y; �/�

k�1�qN k�1�q/Q
as2Ci

.uai � uas /

1Q
at2Ain¹ai º

.uai � uat /

�
@

@uai

� lX
rD0

X
¹b1;:::;ybs ;:::;brC1º�¹1;2;:::;N�b�N cº;

¹b1;:::;ybs ;:::;brC1º\¹a1;:::;aqC1ºD;;

bsDai

hX
jD1

jBj j

.r C 1/
1bs…Bj

�
l

r

�
.r C 1/Š

� Sym
Bj

�ul
bj
.Hbj .X; Y; �//

l�rN l�rQ
bv2Dj

.ubj � ubv /

1Q
bw2Bj n¹bj º

.ubj � ubw /

��³ˇ̌̌̌
.u1;:::;
uN�b�Nc/
DX1��

:

Here we use 1 to denote the indicator function. By Lemma 4.3, we infer
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By the residue theorem, we have
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We also have
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where bj 2 Bj . Using the residue theorem, we can also infer

zI2 D

k�1X
qD0

X
¹a1;:::;aqC1º

�¹1;2;:::;N�b�N cº

kŠ

.k � 1 � q/Š

gX
iD1

Res
zDuai

�
zk.ŒH.z/�k�1�qN k�1�q/Q

as2Ci
.z � uas /

�
1

.z � uai /
jAi j

lX
rD0

X
¹b2;:::;brC1º�¹1;2;:::;N�b�N cº;
¹b2;:::;brC1º\¹a1;:::;aqC1ºD;;

b1Dai

lŠ

.l � r/Š

hX
jD1

1b1…Bj

� Res
wDubj

� wl.H.w//l�rN l�rQ
bv2Dj n¹b1º

.w � ubv /

1

.w � ubj /
jBj j

1

.w � z/2

��ˇ̌̌̌
.u1;:::;uN�b�Nc/
DX1��

D
1

.2� i/2
X

j2¹1;2;:::;nº

X
p2¹1;2;:::;nº; p¤j

I
jz�xj jD"

�N�b�N cX
iD1

z

z � ui
C zNH.z/

�k
�

I
jw�xp jD"

�N�b�N cX
iD1

w

w � ui
C wNH.w/

�l
1

.w � z/2
dwdz

ˇ̌̌̌
.u1;:::;uN�b�Nc/
DX1��

:

Therefore, we have

lim
N!1

zI

N kCl
D
.1��/kCl

.2� i/2

nX
iD1

nX
jD1

I
jz�xi jD"

I
jw�xj jD"

� nX
iD1

z

n.z � xi /
C
zH.z/

1 � �

�k
�

� nX
iD1

w

n.w � xi /
C
wH.w/

1 � �

�l
1

.z � w/2
dzdw: (4.15)
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Finally, let us consider the case where

j¹a1; : : : ; aqC1º \ ¹b1; : : : ; brC1ºj � 2:

By Lemma 3.4, we can see that the contribution of these terms to G.l;k/.X1��/ has
N -degree strictly less than k C l .

Therefore, we have the following proposition.

Proposition 4.10. Assume the assumptions of Lemma 3.4 hold. Then

lim
N!1

cov.p..1��/N/
k

; p
..1��/N/

l
/

N kCl

D
.1 � �/kCl

.2� i/2

nX
iD1

nX
jD1

I
jz�xi jD"

I
jw�xj jD"

� nX
iD1

z

n.z � xi /
C
zH.z/

1 � �

�k
�

� nX
jD1

z

n.z � xj /
C
zH.z/

1 � �

�l
Q.z;w/ dzdw;

where

Q.z;w/ D G.z;w/C
1

.z � w/2
:

Proof. According to formula (4.12), limN!1
cov.p..1��/N/

k
;p
..1��/N/

l
/

NkCl
should be the

sum of (4.13) and (4.15), divided by N kCl . Then the proposition follows.

4.1. Multilevel correlations

Define a mapping �W ¹1; : : : ; 2N C 1º ! ¹�.i/; �.j /W i; j 2 ¹1; 2; : : : ;N ºº as follows:

�.n/ D

´
�.

n�1
2 / if n is odd;

�.
n
2 / if n is even:

For i 2 ¹1; 2; : : : ; N º, define

Ci D .xi ; xiC1; : : : ; xN / 2 RN�iC1;

and for i 2 I2, let

Bi D yiCi D .yixi ; yixiC1; : : : ; yixN / 2 RN�iC1:

Let 1 � n1 � n2 � � � � � ns D 2N C 1 be positive row numbers of the square-
hexagon lattice, counting from the top. For 1� i � s, let �ni be the induced probability
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measure on dimer configurations of the ni th row. Then the induced probability mea-
sure on the state space

GT
b
n1
2 c
�GT

b
n2
2 c
� � � � �GTbns2 c

by the measure proportional to the product of weights of present edges of dimer con-
figurations on the square-hexagon lattice R.�; Lc/ can be expressed as follows:

Prob.�.ns/; : : : ; �.n1// D �ns .�.ns//
kY
iD2

ProbŒ�.ni�1/j�.ni /�: (4.16)

Here ProbŒ�.ni�1/j�.ni /� is the probability of �.ni�1/ conditional on �.ni /. In par-
ticular, we have

ProbŒ�.t�1/j�.t/� D prCN�tC1.�
.t/
! �.t�1//;

ProbŒ�.t/j�.t/� D

´
stBN�tC1.�

.t/ ! �.t// if N � t C 1 2 I2;

1�.t/D�.t/ otherwise;

where 1�.t/D�.t/ is the indicator of �.t/ D �.t/, xi , yj are edge weights, and

prCN�tC1.�
.t/
! �.t�1// D

8<: xj�
.t/j�j�.t�1/j

N�tC1

s
�.t�1/

.xN�tC2;:::;xN /

s
�.t/

.xN�tC1;:::;xN /
if �.t�1/��.t/;

0; otherwise;

and

stBN�tC1.�
.t/
!�.t//D

8<:
y
j�.t/j�j�.t/j
N�tC1QN

jDN�tC1.1CyN�tC1xj /

s
�.t/

.xN�tC1;:::;xN /

s
�.t/

.xN�tC1;:::;xN /
if �.t/��.t/;

0 otherwise;

see [5, Section 2.4].

Definition 4.11 (Multidimensional Schur generating function). Let 1 � N1 � N2 �
� � � � Ns be positive integers. For a probability measure � on

Qs
tD1 GTNt , we define

the s-dimensional Schur generating function with respect to X D .x1; : : : ; xN / by

��;X .u1;1; : : : ; uN1;1I : : : Iu1;s; : : : ; uNs ;s/

D

X
�12GTN1 ;:::;�

s2GTNs

�.�1; : : : ; �s/

sY
tD1

s�t .u1;t ; : : : ; ubnt2 c;t
/

s�t .xN�bns2 cC1
; : : : ; xN /

:

The multidimensional Schur generating function with respect to .1; : : : ; 1/ was
defined in [8].
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Lemma 4.12. Let m1; : : : ; mk be positive integers. Let 1 � n1 � n2 � � � � � nk �
2N C 1 be positive row numbers of the square-hexagon lattice, counting from the top.
Assume that .�.ns/; : : : ;�.n1// has the distribution � defined by (4.16). For 1� s� k,
let D

.s/

l
be the l-order differential operator defined by

D
.ns/

l
D

1

Vbns2 c

� bns2 cX
iD1

�
ui;s

@

@ui;s

�l�
Vbns2 c

; (4.17)

where Vbns2 c is the Vandermonde determinant on bns
2
c variables u1;s; : : : ; ubm2 c;s . Let

xXk D .xN�bnk2 cC1
; : : : ; xN /:

Then

D.n1/
m1

D.n2/
m2
� � �D.nk/

mk
��;X .u1;1; : : : ; ubn12 c;1

I : : : Iu1;k; : : : ; ubnk2 c;k
/
ˇ̌
.u1;s ;:::;ubns

2
c;s
/

D xXs 81�s�k

D E
� bn12 cX
iD1

�
�.n1/i1 C

jn1
2

k
� i1

�m1 bn22 cX
i2D1

�
�.n2/i2 C

jn2
2

k
� i2

�m2
� � �

�

b
nk
2 cX

ikD1

�
�.nk/ik C

jnk
2

k
� ik

�mk�
;

where E is the expectation with respect to the probability measure defined by (4.16),
and ��;X is the multidimensional Schur generating function as defined in Defini-
tion 4.11.

Proof. The theorem follows from explicit computations.

Lemma 4.13. Suppose the assumptions of Lemma 4.12 hold. For 1 � s � k, let

ts D N �
jns
2

k
:

For 1 � s � k � 1, let

zD
.ns/

ms ;k
WD

1

yVbns2 c

� NX
iDtsC1

�
ui

@

@ui

�ms�
yVbns2 c

Y
i2¹tsC1C1;:::;tsº\I2

NY
jDtsC1

1C yNiuj

1C yNix Nj
;

and let

zD
.nk/

mk ;k
WD

1

yV
b
nk
2 c

� NX
iDtkC1

�
ui

@

@ui

�mk�
yV
b
nk
2 c
;



Fluctuations of dimer heights on contracting square-hexagon lattices 33

where yVbns2 c is the Vandermonde determinant on bns
2
c variables utsC1; : : : ; uN . Then

D.n1/
m1

D.n2/
m2
� � �D.nk/

mk
��;X .u1;1; : : : ; ubn12 c;1

I : : : Iu1;k; : : : ; ubnk2 c;k
/
ˇ̌
.u1;s ;:::;ubns

2
c;s
/

D xXs 81�s�k

D zD
.n1/

m1;k
zD
.n2/

m2;k
� � � zD

.nk/

mk ;k

®
��
b
nk
2
c
;X .uN�bnk2 cC1

; : : : ; uN /
¯ˇ̌
.u1;:::;uN /
D.x1;:::;xN /

;

where ��bnk=2c;X
.u1; : : : ; uN / is the one-dimensional Schur generating function de-

fined as in Definition 3.1, and �nk
2

is a probability measure on GTC
b
nk
2 c

defined as in
Lemma 3.4.

Proof. We shall prove the lemma by induction on k. First of all, when k D 1, the
lemma obviously holds. Assume that the lemma holds when k D l � 1, where l � 2
is a positive integer. Then when k D l , we have

D.n1/
m1

D.n2/
m2
� � �D.nl /

ml
��;X .u1;1; : : : ; ubn12 c;1

I : : : Iu1;l ; : : : ; ubnl2 c;l
/
ˇ̌
.u1;s ;:::;ubns

2
c;s
/

D xXs 81�s�l

D

X
�l2GT

b
nl
2
c

�
b
nl
2 c
.�l/D.nl /

ml

�s�l .u1;l ; : : : ; ubnl2 c;l/
s�l .
xXl/

�
zD
.n1/

m1;l�1
� � � zD

.nl�1/

ml�1;l�1

��.�j�l /;X .u1;1; : : : ; ubn12 c;1
I : : : Iu1;l�1; : : : ; ubnl�12 c;l�1

/
ˇ̌̌
.u1;s ;:::;ubns

2
c;s
/

D xXs 81�s�l

;

where �.�j�l/ is a probability on
Ql�1
sD1 GTbns2 c obtained from � by conditional on the

configuration �l on GT
b
nl
2 c

. By the induction hypothesis and Lemma 3.3, we have

D.n1/
m1
� � �D.nl�1/

ml�1

��.�j�l /;X .u1;1; : : : ; ubn12 c;1
I : : : Iu1;l�1; : : : ; ubnl�12 c;l�1

/
ˇ̌
.u1;s ;:::;ubns

2
c;s
/

D xXs 81�s�l�1

D zD
.n1/

m1;l�1
zD
.n2/

m2;l�1
� � � zD

.nl�1/

ml�1;l�1®
��
b
nl�1
2
c
.�j�l /;X .uN�bnl�12 cC1

; : : : ; uN /
¯ˇ̌
.u1;:::;uN /
D.x1;:::;xN /

D zD
.n1/

m1;l
zD
.n2/

m2;l
� � � zD

.nl�1/

ml�1;l�1

²� Y
i2¹tl ;tlC1;:::;tl�1º\I2

NY
j2tl�1C1

1C yNiuj

1C yNix Nj

�
�

s�l .xN�bnl2 cC1
; : : : ; x

N�b
nl�1
2 c

; u
N�b

nl�1
2 cC1

; : : : ; uN /

s�l .xN�bnl2 cC1
; : : : ; xN /

³ˇ̌̌̌
.u1;:::;uN /
D.x1;:::;xN /

D zD
.n1/

m1;l
zD
.n2/

m2;l
� � � zD

.nl�1/

ml�1;l²s�l .xN�bnl2 cC1; : : : ; xN�bnl�12 c; uN�bnl�12 cC1; : : : ; uN /
s�l .xN�bnl2 cC1

; : : : ; xN /

³ˇ̌̌̌
.u1;:::;uN /
D.x1;:::;xN /

:
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Note also that

D.nl /
ml

�s�l .u1;l ; : : : ; ubnl2 c;l/
s�l .
xXl/

�ˇ̌̌
.u1;l ;:::;u

b
nl
2
c;l
/D xXl

D

b
nl
2 cX

jD1

�
�lj C

jnl
2

k
� j

�ml
D zD

.nl /

ml ;l

°s�l .uN�bnl2 cC1; : : : ; : : : ; uN /
s�l .xN�bnl2 cC1

; : : : ; xN /

±ˇ̌̌
.u1;:::;uN /
D.x1;:::;xN /

:

Then the lemma follows.

Letm1; : : : ;mk and n1; : : : ; nk be as in Lemma 4.12. For 1 � s � k, we introduce
the notation

El;s D F.l; ns2N /
.uN�bns2 c

C 1; : : : ; uN /
ˇ̌
.u1;:::;uN /D.x1;:::;xN /

;

where F is defined by (4.7) and can be expressed as in (4.9).
Let s1 < s2 be positive integers between 1 and k. Define

Gs1;s2.uN�b
ns2
2 cC1

; : : : ; uN /

D ms1

ms1�1X
rD0

�
ms1 � 1

r

� X
¹b1;:::;brC1º

�¹N�b
ns1
2 cC1;:::;N º

.r C 1/Š

� Sym
b1;:::;brC1

u
ms1
b1

@
@ub1

ŒF
.ms2 ;

ns2
2N /

�. @
@ub1

Œlog ��
b
ns1
2
c
;X �/

ms1�1�r

.ub1 � ub2/ � � � .ub1 � ubrC1/
:

Lemma 4.14. (1) The degree of N in the expression for Gs1;s2 j.u1;:::;uN /D.x1;:::;xN /
is at mostms1 Cms2 . Moreover, for any index i the degree ofN in the expres-
sion for @

@ui
Gs1;s2 j.u1;:::;uN /D.x1;:::;xN / is less than ms1 Cms2 .

(2) We have that

1

yV
b
ns1
2 c

��
b
ns1
2
c
;X

ms1

X
i2¹N�b

ns1
2 cC1;:::;N º

ui
@

@ui
ŒF
.ms2 ;

ns2
2N /

�

�

�
ui

@

@ui

�ms1�1
Œ yV
b
ns1
2 c

��
b
ns1
2
c
;X �
ˇ̌̌
.u1;:::;uN /D.x1;:::;xN /

D Gs1;s2 j.u1;:::;uN /D.x1;:::;xN / CR;

where the degree of N in R is less than ms1 Cms2 .
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Proof. We first prove part (1). In accordance with Lemma 3.4, the degree of N
in . @

@ub1
Œlog ��bns1=2c;X

�/ms1�1�r is at most ms1 � 1 � r . In view of Lemma 4.4,
the degree of N in the expression @

@ub1
ŒF.ms2 ;ns2=.2N//� is at most ms2 . The summa-

tion gives O.N rC1/ terms. Therefore, the degree of N in Gs1;s2 j.u1;:::;uN /D.x1;:::;xN /
is at mostms1 Cms2 . The fact that the degree of N in @

@ui
Gs1;s2 j.u1;:::;uN /D.x1;:::;xN /

is at most ms1 Cms2 also follows from Lemmas 3.4 and 4.4, and by discussing the
cases where i 2 ¹b1; : : : ; brC1º and i … ¹b1; : : : ; brC1º separately.

Now we prove part (2). We have

1

yV
b
ns1
2 c

��
b
ns1
2
c
;X

ms1

X
i2¹N�b

ns1
2 cC1;:::;N º

ui
@

@ui
ŒF
.ms2 ;

ns2
2N /

�

�

�
ui

@

@ui

�ms1�1
Œ yV
b
ns1
2 c

��
b
ns1
2
c
;X �
ˇ̌̌
.u1;:::;uN /D.x1;:::;xN /

D ms1

X
t0Ct1d1C���CtqdqCr

Dms1�1;
t1<t2<���<tq

�
ms1 � 1

r

� X
¹b1;:::;brC1º

�¹N�b
ns1
2 cC1;:::;N º

.r C 1/Š Sym
b1;:::;brC1

u
ms1�t0

b1

@
@ub1

ŒF
.ms2 ;

ns2
2N /

�. @
t1

@ub1
Œlog ��

b
ns1
2
c
;X �/

d1 � � � . @
tq

@ub1
Œlog ��

b
ns1
2
c
;X �/

dq

.ub1 � ub2/ � � � .ub1 � ubrC1/
:

Recall from the proof of Proposition 4.4 that the degree of N in @t1

@ub1
Œlog ��bns1=2c;X

�

is at most 1 for all t1 � 0. Hence by Lemma 4.4, the degree of N in the expression
above is at most

d1 C � � � C dq Cms2 C r C 1: (4.18)

Given that t0 C t1d1 C � � � C tqdq C r D ms1 � 1, t1 < t2 < � � � < tq , the maximal
of (4.18) is achieved when t0 D d2 D � � � D dq D 0, t1 D 1, d1 D ms1 � r � 1; with
maximal value ms1 Cms2 . Then part (2) follows.

Lemma 4.15. Let m1; : : : ; mk and n1; : : : ; nk be as in Lemma 4.12. Then

lim
N!1

1

Nm1Cm2C���Cmk
.D.n1/

m1
�Em1;s1/.D

.n2/
m2
�Em2;s2/ � � � .D

.nk/
mk
�Emk ;sk /

��;X .u1;1; : : : ; ubn12 c;1
I : : : Iu1;k; : : : ; ubnk2 c;k

/
ˇ̌
.u1;s ;:::;ubns

2
c;s
/D xXs

81�s�m

D lim
N!1

1

Nm1Cm2C���Cmk

X
P2Pk

;

Y
.s1;s2/2P

Gs1;s2
ˇ̌
.u1;:::;uN /D.x1;:::;xN /

:

Proof. The proposition follows from explicit computations and by analyzing the de-
gree of N of each term in the expansion. We sketch the proof here.
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The lemma obviously holds when k D 1, for which both the left-hand side and the
right-hand side are 0. When k D 2, by Lemma 4.13, we have

E2 WD D.n1/
m1

D.n2/
m2

��;X .u1;1; : : : ; ubn12 c;1
Iu1;2; : : : ; ubn22 c;2

/
ˇ̌
.u1;s ;:::;ubns

2
c;s
/

D xXs for sD1;2

D zD.n1/
m1;2
zD
.n2/
m2;2

��
b
n2
2
c
;X .uN�bn22 cC1

; : : : ; uN /
ˇ̌
.u1;:::;uN /D.x1;:::;xN /

D
1

��
b
n1
2
c
;X .uN�bn22 cC1

; : : : ; uN /
zD
.n1/
m1;1
zD
.n2/
m2;2�

exp.logŒ��
b
n2
2
c
;X .uN�bn22 cC1

; : : : ; uN /�/
�ˇ̌
.u1;:::;uN /D.x1;:::;xN /

D
1

��
b
n1
2
c
;X .uN�bn22 cC1

; : : : ; uN /Vbn12 c
.u
N�b

n1
2 cC1

; : : : ; uN /

�

X
i2¹N�b

n1
2 cC1;:::;N º

�
ui

@

@ui

�m1 Vbn12 c.uN�bn12 cC1; : : : ; uN /
V
b
n2
2 c
.u
N�b

n2
2 cC1

; : : : ; uN /

�

Y
l2¹N�b

n2
2 cC1;:::;N�b

n1
2 cº\I2

NY
sDN�b

n1
2 cC1

1C y Nlus

1C y Nlxxs

�

X
j2¹N�b

n2
2 cC1;:::;N º

�
uj

@

@uj

�m2
V
b
n2
2 c
.u
N�b

n2
2 cC1

; : : : ; uN /

�
�
exp.logŒ��

b
n2
2
c
;X .uN�bn22 cC1

; : : : ; uN /�/
�ˇ̌̌
.u1;:::;uN /D.x1;:::;xN /

:

By Lemma 3.3, we have

Y
l2¹N�b

n2
2 cC1;:::;N�b

n1
2 cº\I2

NY
sDN�b

n1
2 cC1

1C y Nlus

1C y Nlxxs

D

��
b
n1
2
c
;X .uN�bn12 c

C 1; : : : ; uN /

��
b
n2
2
c
;X .uN�bn22 c

C 1; : : : ; uN /
:

Then

E2 D
1

��
b
n1
2
c
;X .uN�bn22 cC1

; : : : ; uN /Vbn12 c
.u
N�b

n1
2 cC1

; : : : ; uN /

�

X
i2¹N�b

n1
2 cC1;:::;N º

�
ui

@

@ui

�m1
V
b
n1
2 c
.u
N�b

n1
2 cC1

; : : : ; uN /

� ��
b
n1
2
c
;X .uN�bn22 cC1

; : : : ; uN /Fm2;b
n2
2N c

.u
N�b

n2
2 cC1

; : : : ; uN /
ˇ̌̌
.u1;:::;uN /
D.x1;:::;xN /

:
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Hence E2 is a sum of terms of the form

Sym
a1;:::;arC1

�
c0u

m1�q0
a1

@q1

@u
q1
a1

ŒF
m2;

n2
2N
�
h @q2
@u
q2
a1

.log ��
b
n1
2
c
;X /
id2
� � �

�

h @qt
@u
qt
a1

.log ��
b
n1
2
c
;X /
idtı�

.ua1 � ua2/ � � � .ua1 � uarC1/
��ˇ̌̌̌

.u1;:::;uN /
D.x1;:::;xN /

such that

• r , q0; q1; : : : ; qt , d2; : : : ; dt are non-negative integers;

• q2 < q3 < � � � < qt ;

• we have that

q0 C q1 C q2d2 C � � � C qtdt C r D m1I (4.19)

• ¹a1; : : : ; arC1º � ¹N � b
n1
2
c C 1; : : : ; N º.

When q1 D 0, we obtain Em1;s1Em2;s2 .
Now we consider the terms corresponding to q1 � 1. By Lemma 4.4, the degree

of N in @q1a1 ŒFm2; n22N � is at most m2. By Lemma 3.4, the total degree of N in these
terms is at most m2 C d2 C � � � C dt C r C 1. By (4.19) and the assumption that
s1 � 1, we have

m2 C d2 C � � � C dt C r C 1 � m2 Cm1;

and the equality holds when

q0 D d3 D � � � D dt D 0; q1 D q2 D 1; d2 D m1 � 1 � r:

This corresponds to G1;2, in which the degree of N is at most m1 Cm2. The degree
of N is less than m1 C m2 in all the other terms. This completes the proof when
k D 2.

We shall finish the rest of the proof by induction. For 1 � l � k � 1, let

Al D
Y

i2¹tlC1C1;:::;tl º

NY
jDtlC1

1C yNiuj

1C yNix Nj
:

By Lemma 3.3, we have

Al D

��
b
nl
2
c
;X .uN�bnl2 cC1;

; : : : ; uN /

��
b
nlC1
2
c
;X .uN�b

nlC1
2 cC1;

; : : : ; uN /
:
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Assume that the lemma holds for k D r � 1, where r � 2 is a positive integer.
When k D r , by induction hypothesis, we have

1

yV
b
n1
2 c

��
b
n1
2
c
;X

X
i12¹N�b

n1
2 cC1;:::;N º

�
ui1

@

@ui1

�m1
A1

yV
b
n1
2 c

yV
b
n2
2 c

�

X
i22¹N�b

n2
2 ccC1;:::;N º

�
ui2

@

@ui2

�m2 yVbn22 c
yV
b
n3
2 c

A2 � � �

�

X
ir2¹N�b

nr
2 cC1;:::;N º

�
uir

@

@uir

�mr
Œ yVbnr2 c

��
b
nt
2
c
;X �
ˇ̌̌
.u1;:::;uN /D.x1;:::;xN /

D
1

yV
b
n1
2 c

��
b
n1
2
c
;X

X
i12¹N�b

n1
2 cC1;:::;N º

�
ui1

@

@ui1

�m1
Œ yV
b
n1
2 c

��
b
n1
2
c
;X �

�

� r�1X
pD0

X
w1;:::;wp2¹2;:::;rº

F
.mw1 ;

nw1
2N /

F
.mw2 ;

nw2
2N /
� � �F

.mwp ;
nwp
2N /

�

� X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CR1;w1;:::;wp

��ˇ̌̌̌
.u1;:::;uN /
D.x1;:::;xN /

D S1 C S2 C S3;

where by induction hypothesis, the degree of N in R1;w1;:::;wp is less than
Ps
iD2 li �Pp

iD1 lwi , and

S1 D

²
1

yV
b
n1
2 c

��
b
n1
2
c
;X

X
i12¹N�b

n1
2 cC1;:::;N º

�
ui1

@

@ui1

�l1
Œ yV
b
n1
2 c

��
b
n1
2
c
;X �

³

�

� r�1X
pD0

X
w1;:::;wp2¹2;:::;rº

Emw1 ;w1Emw2 ;w2 � � �Emwp ;wp

�

� X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CR1;w1;:::;wp

��ˇ̌̌̌
.u1;:::;uN /D.x1;:::;xN /

;

S2 D
l1

yV
b
n1
2 c

��
b
n1
2
c
;X

X
i12¹N�b

n1
2 cC1;:::;N º

°�
ui1

@

@ui1

�l1�1
Œ yVn1

2
��
b
n1
2
c
;X �
±

�

�
ui1

@

@ui1

�� r�1X
pD0

X
w1;:::;wp2¹2;:::;tº

F
.mw1 ;

nw1
2N /

F
.mw2 ;

nw2
2N /
� � �F

.mwp ;
wp
2N /

�

� X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CR1;w1;:::;wp

��ˇ̌̌̌
.u1;:::;uN /D.x1;:::;xN /

;

and S3 consists of all the other terms.
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By the definition of Emi ;i , we have

S1 D Em1;1

� r�1X
pD0

X
w1;:::;wp2¹2;:::;rº

Emw1 ;w1Emw2 ;w2 � � �Emwp ;wp

�

� X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CR1;w1;:::;wp

��ˇ̌̌̌
.u1;:::;uN /D.x1;:::;xN /

:

By Lemma 4.14, we have

S2 D

²� r�1X
pD0

X
w1;:::;wp
2¹2;:::;rº

pX
xD1

Emw1;w1 � � �Emwx�1 ;wx�1EmwxC1 ;wxC1 � � �Emwp ;wp

�

h
.G1;x CR1;x/

� X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CR1;w1;:::;wp

�i�³ˇ̌̌̌
.u1;:::;uN /
D.x1;:::;xN /

;

where the degree of N in R1;x is less than l1 C lx .
Hence we have

S2 D

²� r�1X
pD0

X
w1;:::;wp
2¹2;:::;rº

pX
xD1

Emw1;w1 � � �Emwx�1 ;wx�1EmwxC1 ;wxC1 � � �Emwp ;wp

�

�
G1;x

X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CRw1;:::; ywx ;:::;wp

��³ˇ̌̌̌
.u1;:::;uN /
D.x1;:::;xN /

;

where the degree of N in Rw1;:::; ywx ;:::;wp is less than
Pt
iD2 li �

Pp
iD1 lwi .

Note that

S1 C S2 D

rX
pD0

X
w1;:::;wp2¹1;2;:::;rº

Emw1 ;w1Emw2 ;w2 � � �Emwp ;wp

�

� X
P2P r

w1;:::;wp

Y
.a;b/2P

Ga;b CRw1;:::;wp

�ˇ̌̌
.u1;:::;uN /D.x1;:::;xN /

;

where the degree of N in Rw1;:::;wp is less than
Pt
iD1 li �

Pp
iD1 lwi .

It remains to show that S3 does not contribute to the leading terms. Define

Hj1;:::;jp D

X
P2P r

1;w1;:::;wp

Y
.a;b/2P

Ga;b CR1;w1;:::;wp :

By Lemma 4.14, the degree of N in Hj1;:::;jp jUN;�D.1;:::;1/ is at most
Pr
iD2 li �Pp

jD1 lwj . Moreover, by Lemma 4.14, for any index i , the degree of N in the expres-
sion @

@ui
Hj1;:::;jp j.u1;:::;uN /D.x1;:::;xN / is less than

Pt
iD2 li �

Pp
jD1 lwj .
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We write

1

yV
b
n1
2 c

��
b
n1
2
c
;X

X
i12¹N�b

n1
2 cC1;:::;N º

�
ui1

@

@ui1

�m1
Œ yV
b
n1
2 c

��
b
n1
2
c
;X �

� r�1X
pD0X

w1;:::;wp2¹2;:::;rº

F
.mw1 ;

nw1
2N /

F
.mw2 ;

nw2
2N /
� � �F

.mwp ;
nwp
2N /

Hj1;:::;jp

�ˇ̌̌̌
.u1;:::;uN /
D.x1;:::;xN /

as a sum of terms of the following form

Sym
a1;:::;aqC1

h
um1�s0a1

.@s1a1 Œlog ��
b
n1
2
c
;X �/

d1 � � � .@stat Œlog ��
b
n1
2
c
;X �/

dt @f1a1F
.mw1 ;

nw1
2N /
� � �

� @
fp
a1F

.mwp ;
nwp
2N /

@h0a1Hj1;:::;jp

ı
..ua1� ua2/ � � � .ua1� uaqC1//

i
; (4.20)

where

• ¹a1; : : : ; aqC1º � ¹N � b
n1
2
c C 1; : : : ; N º;

• s1 < s2 < � � � < st are positive integers;

• f1; : : : ; fp; h0 are non-negative integers;

• we have that

q C s0 C s1d1 C � � � C stdt C f1 C � � � C fp C h0 D m1: (4.21)

By Lemma 3.4, the degree of N in .Œlog ��bn1=2c;X
�/d1 � � � .@

st
at Œlog ��bn1=2c;X

�/dt is at
most d1 C � � � C dt ; therefore, the terms in (4.20) with highest degree of N have the
form

Sym
a1;:::;aqC1

u
m1
a1 .@a1 Œlog ��

b
n1
2
c
;X �/

d1@
f1
a1F

.mw1 ;
nw1
2N /

: : : @
fp
a1F

.mwp ;
nwp
2N /

@
h0
a1Hj1;:::;jp

.ua1 � ua2/ � � � .ua1 � uaqC1/
;

(4.22)

where

s0 D d2 D � � � D dt D 0; s1 D 1:

Let B D ¹i 2 ¹1; 2; : : : ; pºWfi D 0º. Then

(4.22) D
hY
i2B

F
.mwi ;

nwi
2N /

i
S.u1; : : : ; uN /:

It suffices to show that the degree of N in S , except for S1 and S2, is less thanPs
iD1 li �

P
i2B li . Note that the degree of N in @a1 Œlog ��bn1=2c;X

�d1 is at most d1
by Lemma 3.4.
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The summation over

¹a1; : : : ; aqC1º �
°
N �

jn1
2

k
C 1; : : : ; N

±
givesO.N qC1/ terms. By Lemma 4.4, when i …B , the degree ofN in @fia1F.mwi ;

nwi
2N /

is at most mwi . Therefore, the degree of N in S.u1; : : : ; uN / is at most

rX
iD2

mi �

pX
iD1

mwi C d1 C
X

i2¹1;2;:::;pºnB

mwi C q C 1:

By (6.5) and (6.10), if jBj � p � 2, q C d1 C 1 � m1 � 1, then the degree of N
in S.u1; : : : ; uN / is at most

rX
iD1

mi �
X
i2B

mwi � 1:

Therefore, only the terms where at most one fi is nonzero contribute to the lead-
ing order. In these terms, if h0 > 0, then by Lemma 6.8, the degree of N is less
than

Pr
iD1mi �

P
i2B mwi . So only the terms where h0 D 0 and at most one fi is

nonzero contribute to the leading order. These terms are in S1 and S2. Then the proof
is complete.

Proof of Theorem 4.1. The theorem follows from Lemma 4.15 like in the single-level
case. The only difference is in the expansion ¹b1; : : : ; brC1º � ¹1;2; : : : ;b.1� t1/N cº,
while ¹a1; : : : ; aqC1º � ¹1; 2; : : : ; b.1 � t2/N cº. The joint Gaussian distribution fol-
lows from the fact that the moments satisfy Wick’s probability theorem.

5. Piecewise boundary conditions

In this section, we introduce the piecewise boundary conditions on the bottom bound-
ary of a contracting square-hexagon lattice and review the limit shape results for
perfect matchings on such a graph.

For N � 1, let �.N / 2 GTCN . We consider the following special asymptotic case
of �.N / as N !1. Let

� D .�1 < �2 < � � � < �N / D .�N .N /C 1; �N�1.N /C 2; : : : ; �1.N /CN/:

Indeed, �1; : : : ; �N are the locations of the N remaining vertices on the bottom
boundary of the contracting square-hexagon lattice. Assume

� D .A1; A1 C 1; : : : ; B1 � 1; B1; A2; A2 C 1; : : : ; B2 � 1; B2; : : : ; As;

As C 1; : : : ; Bs � 1; Bs/; (5.1)
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where
Ps
iD1.Bi � Ai C 1/ D N; and s is a fixed positive integer independent of N .

Suppose as N !1,

Ai .N / D aiN C o.N /; Bi .N / D biN C o.N / for 1 � i � s;

and a1 < b1 < � � � < as < bs are fixed parameters independent of N and satisfyPs
iD1.bi � ai / D 1. Assume the edge weights ¹xiºNiD1 and ¹yj ºj2I2\¹1;2;:::;N º sat-

isfy (3.3) and (3.4), respectively.
Let †N be the permutation group of N elements and let � 2 †N . Let

X D .x1; : : : ; xN /:

Let x1; : : : ; xn be all the distinct elements in ¹x1; : : : ; xN º. Let †XN be the subgroup
of †N that preserves the value of X ; more precisely,

†XN D ¹� 2 †N W x�.i/ D xi for 1 � i � N º:

Let Œ†N =†XN �
r be the collection of all the right cosets of †XN in †N . More precisely,

Œ†N =†
X
N �
r
D ¹†XN� W � 2 †N º;

where for each � 2 †N , †XN� D ¹�� W � 2 †
X
N º and �� 2 †N is defined by

��.k/ D �.�.k// for 1 � k � N:

For 1 � j � N , let

��j .N / D j¹kW k > j; x�.k/ ¤ x�.j /ºj:

For 1 � i � n, let

ˆ.i;�/.N / D ¹�j .N /C �
�
j .N /W x�.j / D xiº;

and let �.i;�/.N / be the partition obtained by putting all the elements in ˆ.i;�/.N / in
decreasing order.

To study the asymptotics under the piecewise boundary conditions, we make the
following assumptions.

Assumption 5.1. Let .x1; : : : ; xN / be an N -tuple of real numbers at which we eval-
uate the Schur polynomial such that

• N is an integral multiple of n;

• ¹xiº
N
iD1 are periodic with period n, i.e., xi D xj for 1� i; j �N and Œi mod n�D

Œj mod n�;

• x1 > x2 > � � � > xn > 0.
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Assumption 5.2. Assume x1;N D x1 > 0 and .x2;N ; : : : ; xn;N / changes with N .
Assume that for each fixed N , .x1;N ; : : : ; xn;N / satisfies Assumption 5.1. Moreover,
assume that

lim inf
N!1

log
�
min1�i<j�n

xi;N
xj;N

�
N

� ˛ > 0;

where ˛ is a sufficiently large positive constant independent of N .

Assumption 5.2 requires that as N !1, each xi;N is exponentially small in N
compared to x.i�1/;N . One can also see that under Assumption 5.2, except for x1;N ,
all the other weights converge to 0 exponentially fast as N !1.

Let x�0 2 Œ†N =†XN �
r be the unique element in Œ†N =†XN �

r satisfying the condition
that for any representative �0 2 x�0, we have

x�0.1/ � x�0.2/ � � � � � x�0.N/: (5.2)

Let mi be the limit of the counting measures for �.i;�0/.N / as N !1.

Assumption 5.3. Assume x1; : : : ; xN satisfy Assumption 5.1. Let Ai , Bi be given as
in (5.1). For 1 � i � s, let

Bi � Ai C 1 D Ki :

By (5.1), we may assume

�1 D �2 D � � � D �Ks D �1;

�KsC1 D �KsC2 D � � � D �KsCKs�1 D �2;
:::

�Ps
tD2Kt

D �1C
Ps
tD2Kt

D � � � D �Ps
tD1Kt

D �s;

and note that

�1 > � � � > �s

are all the distinct elements in ¹�1; �2; : : : ; �N º. Let

Ji D ¹t W 1 � p � N; 1 � t � s; Œ�0.p/ mod n� D i; �p D �tº: (5.3)

Suppose that all the following conditions hold:

• If 1 � i < j � n, l 2 Ji , and t 2 Jj , then l < t .

• For any p, q satisfying 1 � p � s and 1 � q � s, and q > p,

C1N � �p � �q � C2N;

where C1, C2 are constants independent of N .
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The key point of Assumption 5.3 is, if we order all the edge weights as in (5.2)
and have x�0.i/ correspond to the i th part �i of the partition on the bottom, then one
cannot have x�0.i/ D x�0.i/ if �i ¤ �j . Assumption 5.3 also supposes that the bottom
boundary is divided into finitely many alternating segments of particles and holes;
then each segment grows linearly with N .

Let

Hmi .u/ D

Z ln.u/

0

Rmi .t/ dt C ln
ln.u/
u � 1

;

and let Rmi be the Voiculescu R-transform of mi given by

Rmi D
1

S
.�1/
mi .z/

�
1

z
;

where Smi is the moment generating function for mi given by

Smi .z/ D z CM1.mi /z
2
CM2.mi /z

3
C � � � ;

Mk.mi / D
R

R x
kmi .dx/, and S�1mi .z/ is the inverse series of Smi .z/. See also [6,

Section 2.2] for details.

Proposition 5.4. Suppose Assumptions 5.2 and 5.3 hold. Let � 2 .0; 1/ be a posi-
tive number. Let �b.1��/N c be a probability measure on GTC

b.1��/N c
as defined in

Lemma 3.4 or Remark 3.5. Let mŒ�b.1��/N c� be the corresponding random count-
ing measure. Then as N !1, mŒ�b.1��/N c� converge in probability, in the sense of
moments to a deterministic measure m� , whose moments are given byZ

R
xpm�.dx/ D

1

2n.p C 1/� i

nX
iD1

I
C1

dz

z

�
zQ0i;�.z/C

n � i

n
C

z

n.z � 1/

�pC1
;

where for 1 � i � n,

Qi;�.z/ D

8̂̂̂<̂
ˆ̂:

1
.1��/n

h
Hmi .z/ � .n � i/ log z

C �
P
r2¹1;2;:::;nº\I2

log 1Cyrzx1
1Cyrx1

i
if i D 1;

1
.1��/n

ŒHmi .z/ � .n � i/ log z� otherwise;

and for i � nC 1,

Qi;�.z/ D

´
Q.i mod n/;�.z/ if .i mod n/ ¤ 0;

Qn;�.z/ otherwise:

Proof. See of [32, Theorem 2.18].
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Lemma 5.5. Let k be a positive integer such that 1 � k � N . Let

wi D

´
ui if 1 � i � k;

xi if k C 1 � i � N:

Assume k D qnC r , where r < n, and q, r are positive integers. Let � 2 GTCN be
an arbitrary partition. Then the Schur function can be computed by the following
formula:

s�.w1; : : : ; wN / D
X

x�2Œ†N =†
X
N
�r

nY
iD1

x
j�.i;�/.N/j
i

�

rY
iD1

s�.i;�/.N/

�ui
xi
;
unCi

xi
; : : : ;

uqnCi

xi
; 1; : : : ; 1

�
�

nY
iDrC1

s�.i;�/.N/

�ui
xi
;
unCi

xi
; : : : ;

u.q�1/nCi

xi
; 1; : : : ; 1

�
�

Y
i<j;x�.i/¤x�.j/

1

w�.i/ � w�.j /
;

where � 2 x� \†N is a representative.

Proof. See [32, Proposition 3.4].

Theorem 5.6. Under Assumptions 5.2 and 5.3, for each given ¹ai ; biºniD1, when ˛ in
Assumption 5.2 is sufficiently large and k � n, we have

lim
N!1

1

N
log

s�.N/.u1x1;N ; : : : ; ukxk;N ; xkC1;N ; : : : ; xN;N /

s�.N/.x1;N ; : : : ; xN;N /
D

kX
iD1

ŒQi .ui /�; (5.4)

where for 1 � i � k,

(1) if Œi mod n� ¤ 0,

Qi .u/ D
Hmi mod n.u/

n
�
.n � Œi mod n�/ log.u/

n
;

and the convergence of (5.4) is uniform when u1; : : : ; uk are in an open com-
plex neighborhood of 1;

(2) if Œi mod n� D 0,

Qi .u/ D
Hmn.u/

n
:

Proof. See [32, Theorem 2.9].
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Lemma 5.7. Suppose Assumptions 5.2 and 5.3 hold, and let ˛ be given as in Assump-
tion 5.2. For each given ¹ai ; biºniD1, when ˛ is sufficiently large, for any � … �0, we
have ˇ̌̌̌

ˇ
Qn
iD1 x

j�.i;�0/.N/j
i;N

Qn
iD1 s�.i;�0/.N/.1; : : : ; 1/Qn

iD1 x
j�.i;�/.N/j
i;N

Qn
iD1 s�.i;�/.N/.1; : : : ; 1/

ˇ̌̌̌
ˇ

�

ˇ̌̌̌
ˇ
Q
i<j;x�0.i/;N¤x�0.j/;N

1
x�0.i/;N�x�0.j/;NQ

i<j;x�.i/;N¤x�.j/;N
1

x�.i/;N�x�.j/;N

ˇ̌̌̌
ˇ � eCN2 ;

where C > 0 is a constant independent of N and � , and increases as ˛ increases.
Indeed, we have

lim
˛!1

C D1:

Proof. See [32, Proposition 4.5].

6. Central limit theorem for piecewise boundary conditions

In this section, we construct certain statistics from the (random) dimer configuration
on a contracting square-hexagon lattice with piecewise boundary conditions and show
that they converge in distribution to a sum of n independent Gaussian random vari-
ables in the scaling limit, where 1 � n is the size of a fundamental domain. The main
theorem proved in this section is Theorem 6.1.

Theorem 6.1. Assume �1; �2 2 .0; 1/. Then the random variables ¹ 1
N l
Œp
b.1��/N c

l
�

Epb.1��/N c
l

�ºl;� converge in distribution to a mean 0Gaussian vector with covariance
given by Proposition 6.16. Moreover, each 1

N l
Œp
b.1��/N c

l
� Epb.1��/N c

l
� converges in

distribution to the sum of n independent mean 0 Gaussian random variables.

Again, the idea that we use to prove Theorem 6.1 is to compute the moments of
these random variables and then show that they satisfy Wick’s probability theorem
in the N !1 limits; this gives the Gaussian distribution of these random variables
as well as the explicit form of the covariance. The major new ingredients, compared
to [7], are the application of Lemma 5.5 in computations of moments and the splitting
of these variables into a sum of independent Gaussians when the edge weights satisfy
Assumptions 5.1, 5.2 and 5.3.

6.1. First order moments

In this section, we compute the expectation of the random variables
Pb.1��/N c
iD1 .�i C

b.1 � �/N c � i/k .
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For the piecewise boundary conditions, the proof of Proposition 4.2 still holds.
For � 2 .0; 1/, let

XN D .x1;N ; : : : ; xN;N /;

XN;� D .x1CN�b.1��/N c;N ; : : : ; xN;N /;

UN;� D .u1; u2; : : : ; ub.1��/N c/;

UN;�;X D .u1x1CN�b.1��/N c;N ; u2x2CN�b.1��/N c;N ; : : : ; ub.1��/N cxN;N /:

Let � 2 GTb.1��/N c, and let �b.1��/N c be a probability measure on GTb.1��/N c

as defined in Proposition 5.4. Then we have

Ek;�;N WD E
b.1��/N cX
iD1

.�i C b.1 � �/N c � i/
k

D

X
�2GTb.1��/Nc

�b.1��/N c.�/

b.1��/N cX
iD1

.�C b.1 � �/N c � i/k

D
1

Vb.1��/N c.UN;�;X /

b.1��/N cX
iD1

�
ui

@

@ui

�k
Vb.1��/N c.UN;�;X /

� ��b.1��/Nc;XN;� .UN;�;X /
ˇ̌̌
UN;�D.1;:::;1/

:

For 1 � i � N , let

vi D

´
xi;N if 1 � i � N � b.1 � �/N c;

xi;Nui�NCb.1��/N c if N � b.1 � �/N c C 1 � i � N:

Let �.N / be the partition corresponding to the boundary condition. For 1� i � n,
let

R.i/ D ¹1 � j � b.1 � �/N cW Œ.j CN � b.1 � �/N c/ mod n� D Œi mod n�º;

and for 1 � i � b.1 � �/N c, let

j.i/ D

´
Œi CN � b.1 � �/N c� mod n if .Œi CN � b.1 � �/N c� mod n/ ¤ 0;

n otherwise:

Assume

b.1 � �/N c D qN;�nC rN;� ;

where qN;� and rN;� are non-negative integers satisfying rN;� < n.
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By Lemmas 3.3, 5.5 and 5.7, we obtain

Ek;�;N D
1

Vb.1��/N c.UN;�;X /

b.1��/N cX
iD1

�
ui

@

@ui

�k
Vb.1��/N c.UN;�;X /

�

�
s�.N/.UN;�;X ; x1;N ; : : : ; xN�b.1��/N c;N /

s�.N/.XN /

�

Y
l2¹1;:::;N�b.1��/N cº\I2

b.1��/N cY
jD1

1C y NlujxN�b.1��/N cCj

1C y NlxN�b.1��/N cCj

�ˇ̌̌̌
UN;�
D.1;:::;1/

D
1

Vb.1��/N c.UN;�;X /

b.1��/N cX
iD1

�
ui

@

@ui

�k
Vb.1��/N c.UN;�;X /

TN

PN

ˇ̌̌̌
UN;�
D.1;:::;1/

;

where

TN D
Y

l2¹1;:::;N�b.1��/N cº\I2

b.1��/N cY
jD1

1C y NlxN�b.1��/N cCjuj

1C y NlxN�b.1��/N cCj

�

� rN;�Y
iD1

s�.j.i/;�0/.N/.ui ; unCi ; : : : ; uqN;�nCi ; 1; : : : ; 1/

�
�

� nY
iDrN;�C1

s�.j.i/;�0/.N/.ui ; unCi ; : : : ; u.qN;��1/nCi ; 1; : : : ; 1/

�
�

� Y
i<j;x�0.i/¤x�0.j/

1

v�0.i/ � v�0.j /

�
.1C o.1//

PN D

� nY
iD1

s�.i;�0/.N/.1; : : : ; 1/

�� Y
i<j;x�0.i/¤x�0.j/

1

x�0.i/ � x�0.j /

�
.1C o.1//:

Then we have

Ek;�;N D

nX
jD1

E
.j /

k;�;N
;

where

E
.j /

k;�;N
WD

1

Vb.1��/N c.UN;�;X /

D

X
i2¹1;:::;b.1��/N cº\R.j /

�
ui

@

@ui

�k
Vb.1��/N c.UN;�;X /

TN

PN

ˇ̌̌
UN;�D.1;:::;1/

D

X
i2¹1;:::;b.1��/N cº\R.j /

�
ui

@

@ui

�k TN;i
PN;i

ˇ̌̌
UN;�D.1;:::;1/

;
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in which

TN;i D
� Y
l2¹1;:::;N�b.1��/N cº\I2

1C y Nlxj.i/ui

1C y Nlxj.i/

�
s�.j.i/;�0/.N/.ui ; 1; : : : ; 1/

�

� Y
j.i/<k�n

� 1

uixj.i/ � xk

� �N
n
�� Y

k<j.i/�n

� 1

xk � uixj.i/

� �N
n
�

�

� Y
N�b.1��/N cC1�k�N;

k mod nDj.i/;
k�NCb.1��/N c¤i

Œuixj.i/ � xk�
�
eNo.1/;

PN;i D s�.j.i/;�0/.N/.1; : : : ; 1/
� Y
j.i/<k�n

� 1

xj.i/ � xk

� �N
n
�

�

� Y
k<j.i/�n

� 1

xk � xj.i/

� �N
n
�� Y

N�b.1��/N cC1�k�N;
k mod nDj.i/;

k�NCb.1��/N c¤i

Œxj.i/ � xk�
�
eNo.1/:

In the expressions above, the o.1/ terms converge to 0 uniformly when ui is in a neigh-
borhood of 1.

If the edge weights satisfy Assumption 5.2, when j.i/ > k, uixj.i/ is exponen-
tially small in N compared to xk , hence we obtain

E
.j /

k;�;N
WD lim

xk!.xk mod n/
for 1�k�N

X
i2¹1;:::;b.1��/N cº\R.j /

�
ui

@

@ui

�k zVN;i zTN;i
zWN;i zPN;i

ˇ̌̌
UN;�D.1;:::;1/

;

where

zTN;i D
� Y
l2¹1;:::;N�b.1��/N cº\I2

1C y Nlxj.i/ui

1C y Nlxj.i/

�
s�.j.i/;�0/.N/.ui ; 1; : : : ; 1/

�

� Y
j.i/<k�n

� 1

uixj.i/ � xk

� �N
n
�
eNo.1/;

zPN;i D s�.j.i/;�0/.N/.1; : : : ; 1/
� Y
j.i/<k�n

� 1

xj.i/ � xk

� �N
n
�
eNo.1/;

zVN;i D
Y

N�b.1��/N cC1�k�N;
.k mod n/D.j.i/ mod n/;
k�NCb.1��/N c¤i

Œuixj.i/ � xk�;

zWN;i D
Y

N�b.1��/N cC1�k�N;
.k mod n/D.j.i/ mod n/;
k�NCb.1��/N c¤i

Œxj.i/ � xk�:
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Note that

E
.j /

k;�;N
D

X
i2¹1;:::;b.1��/N cº

\R.j /

1

zWN;i zPN;i

�
ui

@

@ui

�k
zVN;i expŒlog. zTN;i /�

ˇ̌̌
UN;�
D.1;:::;1/

(6.1)

and

@ zTN;i

@ui
D

@

@ui
expŒlog. zTN;i /� D expŒlog. zTN;i /�

@

@ui
Œlog. zTN;i /�:

Lemma 6.2. Assume � 2 .0; 1/ and the edge weights satisfy Assumption 5.2, then for
1 � i � b.1 � �/N c and i 2 R.j /,

lim
N!1

1

N

@Œlog zTN;i �
@ui

D
�

n

X
l2I2\¹1;2;:::;nº

ylxj.i/

1C ylxj.i/ui
�
�

n

n � j.i/

ui
C
1

n
H 0mj.i/.ui /;

and the convergence is uniform when ui is in a neighborhood of 1.

Proof. The lemma follows from explicit computations and [9, Theorem 3.6]; see
also [6, 13, 17].

6.2. Second order moments

Let

Ek;l;�;N WD E
� b.1��/N cX

iD1

.�i C b.1 � �/N c � i/
k

b.1��/N cX
jD1

.�j C b.1 � �/N c � j /
l

�

D

X
�2GTb.1��/Nc

�b.1��/N c.�/

b.1��/N cX
iD1

.�i C b.1 � �/N c � i/
k

�

b.1��/N cX
jD1

.�j C b.1 � �/N c � j /
l

D
1

Vb.1��/N c.UN;�;X /

b.1��/N cX
iD1

�
ui

@

@ui

�k b.1��/N cX
jD1

�
uj

@

@uj

�l
� Vb.1��/N c.UN;�;X /��b.1��/Nc;XN;� .UN;�;X /

ˇ̌
UN;�D.1;:::;1/

:

Again, by Lemmas 3.3, 5.5 and 5.7, we obtain

Ek;l;�;N D
1

Vb.1��/N c.UN;�;X /

b.1��/N cX
iD1

�
ui

@

@ui

�k b.1��/N cX
jD1

�
uj

@

@uj

�l
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� Vb.1��/N c.UN;�;X /

�
s�.N/.UN;�;X ; x1;N ; : : : ; xN�b.1��/N c;N /

s�.N/.XN /

�

Y
l2¹1;:::;N�b.1��/N cº\I2

b.1��/N cY
jD1

1C y NlujxN�b.1��/N cCj

1C y NlxN�b.1��/N cCj

�ˇ̌̌̌
UN;�
D.1;:::;1/

D
1

Vb.1��/N c.UN;�;X /

b.1��/N cX
iD1

�
ui

@

@ui

�k
�

b.1��/N cX
jD1

�
uj

@

@uj

�l
Vb.1��/N c.UN;�;X /

TN

PN

ˇ̌̌
UN;�D.1;:::;1/

:

Then we have

Ek;l;�;N D

nX
sD1

nX
tD1

E
.s;t/

k;l;�;N
;

where

E
.s;t/

k;l;�;N
WD

1

Vb.1��/N c.UN;�;X /

X
i2¹1;:::;b.1��/N cº

\R.s/

X
r2¹1;:::;b.1��/N cº

\R.t/

�
ui

@

@ui

�k
�

�
ur

@

@ur

�l
Vb.1��/N c.UN;�;X /

TN

PN

ˇ̌̌
UN;�D.1;:::;1/

D

X
i2¹1;:::;b.1��/N cº\R.s/

�
ui

@

@ui

�k X
Œr2¹1;:::;b.1��/N cº\R.t/�

�
ur

@

@ur

�l
�
V
.s;t/

N;.i;r/
T
.s;t/

N;.i;r/

W
.s;t/

N;.i;r/
P
.s;t/

N;.i;r/

ˇ̌̌
UN;�D.1;:::;1/

(6.2)

and where (assume the edge weights satisfy Assumption 5.2)

(1) If s D t ,

T
.s;s/

N;.i;r/
D

� Y
l2¹1;:::;N�b.1��/N cº\I2

1C y Nlxsui

1C y Nlxs

�
�

� Y
l2¹1;:::;N�b.1��/N cº\I2

1C y Nlxsur

1C y Nlxs

�
s�.s;�0/.N/.ui ; uj ; 1; : : : ; 1/

�

� Y
s<k�n

� 1

uixs � xk

� �N
n
�� Y

s<k�n

� 1

urxs � xk

� �N
n
�
eNo.1/;

P
.s;s/

N;.i;r/
D s�.s;�0/.N/.1; : : : ; 1/

� Y
s<k�n

� 1

xs � xk

� 2�N
n
�
eNo.1/;
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V
.s;s/

N;.i;r/
D

� Y
N�b.1��/N cC1�k�N;
.k mod n/D.s mod n/;
k�NCb.1��/N c…¹i;rº

Œuixs � xk�
�

�

� Y
N�b.1��/N cC1�k�N;
.k mod n/D.s mod n/;
k�NCb.1��/N c…¹i;rº

Œurxs � xk�
�
.uixs � urxs/

W
.s;s/

N;.i;r/
D

Y
N�b.1��/N cC1�k�N;
.k mod n/D.s mod n/;
k�NCb.1��/N c…¹i;rº

Œxs� xk�
2.xiCN�b.1��/N c�xrCN�b.1��/N c/:

In the expressions above, the o.1/ terms converge to 0 uniformly when ui , ur are in
a neighborhood of 1 as N !1; moreover, the operator @2

@ur@us
acting on log o.1/ is

identically 0 (instead of converging to 0 as N !1).

(2) If s ¤ t ,

T
.s;t/

N;.i;r/
D

� Y
l2¹1;:::;N�b.1��/N cº\I2

1C y Nlxsui

1C y Nlxs

�
�

� Y
l2¹1;:::;N�b.1��/N cº\I2

1C y Nlxsur

1C y Nlxs

�
s�.s;�0/.N/.ui ; 1; : : : ; 1/

� s�.t;�0/.N/.ur ; 1; : : : ; 1/
� Y
s<k�n

� 1

uixs � xk

� �N
n
�

�

� Y
t<k�n

� 1

urxt � xk

� �N
n
�� 1

uixs � urxt

�
eNo.1/;

P
.s;t/

N;.i;r/
D zPN;i zPN;re

No.1/; V
.s;t/

N;.i;r/
D zVN;i zVN;r ; W

.s;t/

N;.i;r/
D zWN;i zWN;r :

In the expressions above, the o.1/ terms converge to 0 uniformly when ui , ur are in
a neighborhood of 1 as N !1; moreover, the operator @2

@ur@us
acting on log o.1/ is

identically 0 (instead of converging to 0 as N !1).

Lemma 6.3. Assume � 2 .0; 1/ and the edge weights satisfy Assumption 5.2, then

(1) For 1 � i < j � b.1 � �/N c and i; j 2 R.s/,

lim
N!1

@2ŒlogT .s;s/
N;.i;r/

�

@ui@ur

D
@2

@uiur

h
log

�
1 � .ui � 1/.ur � 1/

uiH
0
ms .ui / � urH

0
ms .ur/

ui � ur

�i
;

and the convergence is uniform when ui is in a neighborhood of 1.
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(2) For 1 � i < j � b.1 � �/N c and i 2 R.s/, j 2 R.t/ with s ¤ t ,

lim
N!1

@2ŒlogT .s;t/
N;.i;r/

�

@ui@us
D 0;

and the convergence is uniform when ui is in a neighborhood of 1.

Proof. First we consider the case where i; j 2 R.s/. We have

lim
N!1

@2ŒlogT .s;s/
N;.i;r/

�

@ui@ur
D lim
N!1

@2Œlog s�.s;�0/.N/.ui ; uj ; 1; : : : ; 1/�

@ui@ur
:

Then part (1) of the lemma follows from [9, Theorem 6.8]; see also [7, 13].
Now we consider the case where i 2 R.s/, j 2 R.t/ and s ¤ t . In this case,

lim
N!1

@2ŒlogT .s;s/
N;.i;r/

�

@ui@ur
D lim
N!1

@2Œ� log.uixs;N � urxt;N /�
@ui@ur

D lim
N!1

xs;Nxt;N

.uixs;N � urxt;N /2
;

and the limit is 0 by Assumption 5.2.

6.3. Asymptotic analysis

Let

F
.s/

k;�;N
D

1

Vb.1��/N c.UN;�;X /TN

�

X
i2¹1;:::;b.1��/N cº

\R.s/

�
ui

@

@ui

�k
Vb.1��/N c.UN;�;X /TN : (6.3)

For simplicity, we use the notation @i to denote @
@ui

. Expanding the right-hand

side of (6.1), we can write E.j /
k;�;N

as a sum of terms of the form

c0x
r
j.i/
.@
s1
i Œlog zTN;i �/d1 � � � .@

st
i Œlog zTN;i �/dt

.xj.i/ � xa1/ � � � .xj.i/ � xar /
: (6.4)

Similarly, we can write the right-hand side of (6.3) as a large sum of terms of the form

c0x
r
j.i/
u
k�s0
i .@

s1
i ŒlogTN �/d1 � � � .@

st
i ŒlogTN �/dt

.xj.i/ui � xa1ua1�NCb.1��/N c/ � � � .xj.i/ui � xaruar�NCb.1��/N c/

such that
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• for 1 � s � r , as is a positive integer satisfying N � b.1� �/N c C 1 � as � N ;

• in (6.4), we have .as mod n/ D .j.i/ mod n/ for all 1 � s � r ;

• N � b.1 � �/N c C i; a1; : : : ; ar are distinct;

• ¹sj º
t
jD0 and ¹dj ºtjD1 are non-negative integers satisfying s1 < s2 < � � � < st ;

• we have that

r C s0 C s1d1 C � � � C stdt D kI (6.5)

• c0 is a constant independent of N and a1; : : : ; ar .

From expression (6.1), we see that any terms obtained by permuting i; a1 � N C
b.1 � �/N c; : : : ; ar �N Cb.1� �/N c of (6.4) within ¹1;2; : : : ;b.1� �/N cº \R.j /
are still present in the sum. Let

za1 D a1 �N C b.1 � �/N c:

Hence we have

E
.j /

k;�;N
D

X
r;¹sj º

t
jD0

; ¹dj º
t
jD1

satisfy (6.5)

.r C 1/Š
X

¹za1;:::;zarC1º
2¹1;2;:::;b.1��/N cº

\R.j /

lim
xa1 ;:::;

xarC1!xj

Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

.@
s1
za1
Œlog zTN;za1 �/

d1 � � � .@
st
za1
Œlog zTN;za1 �/

dt

.xa1 � xa2/ � � � .xa1 � xarC1/

ˇ̌̌
UN;�
D¹1;:::;1º

;

where the constant c0 may depend on r , ¹sj ºtjD0 and ¹dj ºtjD1.

Lemma 6.4. Let

zTN D
Y

l2¹1;:::;N�b.1��/N cº\I2

b.1��/N cY
jD1

1C y NlxN�b.1��/N cCjuj

1C y NlxN�b.1��/N cCj

�

� rY
iD1

s�.j.i/;�0/.N/.ui ; unCi ; : : : ; uqN;�nCi ; 1; : : : ; 1/

�
�

� nY
iDrC1

s�.j.i/;�0/.N/.ui ; unCi ; : : : ; u.qN;��1/nCi ; 1; : : : ; 1/

�
�

� Y
N�b.1��/N cC1�i�N; 1�j�N�b.1��/N c;

Qi2R.p/; Qj2R.q/;p<q

1

xiuQi � xj

�
.1C o.1//;

zVb.1��/N c D

nY
kD1

Y
1CN�b.1��/N c�i<j�N;

.i mod n/D.j mod n/D.k mod n/

.xiuQi � xju Qj /:
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Assume a; b; c 2 R.j / and are distinct positive integers. Assume that the o.1/ in the
definition of zTN converges to 0 uniformly when ua, ub , uc are in a neighborhood of 1.
Then

lim
N!1

@3 logŒ zTN �
@ua@ub@uc

ˇ̌̌
UN;�D.1;:::;1/

D 0:

Proof. We have

lim
N!1

@3 logŒ zTN �
@ua@ub@uc

ˇ̌̌
UN;�D.1;:::;1/

D lim
N!1

@3 logŒs�.j;�0/.N/.ua; ub; uc ; 1; : : : ; 1/�

@ua@ub@uc
:

To compute the derivative on the right-hand side, note that

lim
N!1

mŒ�.j;�0/.N /� D mj :

By [9, Theorem 6.8] (see also [7, 13]),

lim
N!1

@2 logŒs�.j;�0/.N/.ua; ub; uc ; 1; : : : ; 1/�

@ua@ub

D
@2

@ua@ub
log

�
1 � .ua � 1/.ub � 1/

uaH
0
mj .ua/ � ubH

0
mj .ub/

ua � ub

�
;

and the convergence is uniform when .ua; ub; uc/ is in a neighborhood of .1; 1; 1/.
Therefore, we can take the derivative with respect to uc on both sides. The right-hand
side is independent of uc , and the derivative with respect to uc is 0. Then the lemma
follows.

Lemma 6.5. Let � 2 .0; 1/ and the edge weights satisfy Assumption 5.2. Then

(1) The degree of N in E.j /
k;�;N

is at most k C 1.

(2) For any integer i satisfying 1 � i � b.1 � �/N c and i 2 R.j /, the degree
of N in @

@ui
F
.j /

k;�;N
jUN;�D.1;:::;1/ is at most k.

(3) For any integer i satisfying 1 � i � b.1 � �/N c and i … R.j /, the degree
of N in @

@ui
F
.j /

k;�;N
jUN;�D.1;:::;1/ is less than k.

(4) For any integers i1, i2 satisfying 1 � i1 < i2 � b.1� �/N c and i1; i2 2 R.j /,
the degree of N in @2

@ui1@ui2
F
.j /

k;�;N
jUN;�D.1;:::;1/ is less than k.

Proof. We first consider the asymptotics of

lim
xa1 ;:::;

xarC1!xj

Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

.@
s1
za1
Œlog zTN;za1 �/

d1 � � � .@
st
za1
Œlog zTN;za1 �/

dt

.xa1 � xa2/ � � � .xa1 � xarC1/

ˇ̌̌
UN;�
D¹1;:::;1º

:

(6.6)
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Following computations similar to the ones in Lemma 6.2, we obtain that the degree
ofN in each factor .@sl

za1
Œlog zTN;za1 �/

d1 is at most d1. By identity (6.5), the degree ofN
in (6.6) is at most k � r . Summing over the permutations, we obtain thatX

¹a1�NCb.1��/N c;:::;arC1�NCb.1��/N cº
2¹1;2;:::;b.1��/N cº\R.j /

lim
xa1 ;:::;xarC1!xj

Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

.@
s1
za1
Œlog zTN;za1 �/

d1 � � � .@
st
za1
Œlog zTN;za1 �/

dt

.xa1 � xa2/ � � � .xa1 � xarC1/

is the sum of O.N rC1/ terms, the degree of N in each of which is at most k � r . So,
the degree of N in E.j /

k;�;N
is at most k C 1, and we complete the proof of part (1).

Now we prove parts (2) and (3). We consider the following two cases.

• Assume i 2 R.t/. Consider

Di WD
@F

.j /

k;�;N

@ui

ˇ̌̌
UN;�D.1;:::;1/

D
@

@ui

� X
r�0; ¹si�0º

t
iD0

;¹di�0º
t
iD1
W

s0Cs1d1C���CstdtCrDkX
¹a1�NCb.1��/N c;:::;arC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº\R.j /

.r C 1/Š lim
xaw!xj ;
1�w�rC1

Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

.@
s1
za1
ŒlogT .j;t/

N;.za1;i/
�/d1 � � � .@

st
za1
ŒlogT .j;t/

N;.za1;i/
�/dt

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

�ˇ̌̌̌
UN;�
D.1;:::;1/

with i … ¹a1 � N C b.1 � �/N c; : : : ; arC1 � N C b.1 � �/N cº � ¹1; 2; : : : ;
b.1 � �/N cº. When � 2 .0; 1/, there are O.N rC1/ such terms. If i 2 R.t/, then

@

@ui
Œ@
sq
za1
.logT .j;t/

N;.za1;i/
/�dq

ˇ̌̌
UN;�D.1;:::;1/

D dqŒ@
sq
za1
.logT .j;t/

N;.za1;i/
/�dq�1

@

@ui
Œ@
sq
za1
.logT .j;t/

N;.za1;i/
/�
ˇ̌̌
UN;�D.1;:::;1/

D dqŒ@
sq
za1
.log zT .j;t/

N;za1
/�dq�1

@

@ui
Œ@
sq
za1
.logT .j;t/

N;.za1;i/
/�
ˇ̌̌
UN;�D.1;:::;1/

:

By Lemmas 6.2 and 6.3, the degree of N in the expressions above is at most
dq � 1 if r D j , and is strictly less than dq � 1 when r ¤ j . Note that Di can be
written as a sum of terms of the form

lim
xa1 ;:::;

xarC1!xj

Sym
a1;:::;
arC1

c0x
r
a1
u
k�s0
za1

.@i Œ.@
s1
za1
ŒlogT .j;t/

N;.za1;i/
�/d1 �/ � � � .@

st
za1
Œlog zT .j;t/

N;za1
�/dt

.xa1 � xa2/ � � � .xa1 � xarC1/

ˇ̌̌
UN;�
D.1;:::;1/

:
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By Lemmas 6.2 and 6.3, the degree of N in the expressions above is at most
d1 C � � � C dt � 1 when r D j , and is less than d1 C � � � C dt � 1 when r ¤ j .
Since r C s0 C s1d1 C � � � C stdt D k, we have

d1 C � � � C dt � 1 � k � r � 1;

and in the sum over ¹a1 � N C b.1 � �/N c; : : : ; arC1 � N C b.1 � �/N cº 2
¹1; 2; : : : ; b.1 � �/N cº \ R.j /, it is the sum of O.N rC1/ of such terms, we
obtain that the degree ofN in this sum is at most k when r D j ; and is less than k
when r ¤ j . This completes the proof of part (3).

• Consider the case where

i 2 ¹a1 �N C b.1 � �/N c; : : : ; arC1 �N C b.1 � �/N cº

� ¹1; 2; : : : ; b.1 � �/N cº:

Note that there are O.N r/ such terms in total since i is fixed. By Lemmas 6.2
and 6.3, the degree of N in

Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

.@i Œ.@
s1
za1
ŒlogT .j;t/

N;.za1;i/
�/d1 �/ � � � .@

st
za1
Œlog zT .j;t/

N;za1
�/dt

.xa1 � xa2/ � � � .xa1 � xarC1/

ˇ̌̌
UN;�
D.1;:::;1/

is at most l � r . This completes the proof of part (2).

Now we prove part (4). Note that

@2F
.j /

k;�;N

@ui1@ui2

ˇ̌̌
UN;�D.1;:::;1/

D
@2

@ui1@ui2

h
lim

xk!.xk mod n/
for 1�k�N

1

zVb.1��/N c.UN;�;X / zTN

�

X
i2¹1;:::;b.1��/N cº

\R.j /

�
ui

@

@ui

�k
zVb.1��/N c.UN;�;X / zTN

iˇ̌̌
UN;�D.1;:::;1/

D
@2

@ui1@ui2

h X
r�0;¹si�0º

t
iD0

;¹di�0º
t
iD1
W

s0Cs1d1C:::stdtCrDk

X
¹a1�NCb.1��/N c;:::;arC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº\R.j /

.rC1/Š

� lim
xaw!xj ;
1�w�rC1

Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

.@
s1
za1
Œlog zTN �/d1 � � � .@

st
za1
Œlog zTN �/dt

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

iˇ̌̌
UN;�
D.1;:::;1/

:

The following cases might occur:
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• ¹i1; i2º \ ¹za1; : : : ; zarC1º D ;, and both @i1 and @i2 are applied to the same log zTN .
We have

@2

@ui1@ui2

h@sw Œlog zTN �
Œ@uza1 �

sw

idw
D dw.dw � 1/

h@sw Œlog zTN �
@u
sw
za1

idw�2 @swC1Œlog zTN �
@ui1@u

sw
za1

@swC1Œlog zTN �
@ui2@u

sw
za1

C dw

h@sw Œlog zTN �
@u
sw
za1

idw�1 @swC2Œlog zTN �
@ui1@ui2@u

sw
za1

:

By Lemma 6.4, the degree of N in the expression above is less than dw � 1.
Taking into account all the other factors, as well as the sum ofO.N rC1/ terms, in
this case the degree of N in .@2F .j /

k;�;N
=@ui1@ui2/jUN;�D.1;:::;1/ is less than

d1 C d2 C � � � C dt � 1C r C 1 � k:

• ¹i1; i2º \ ¹za1; : : : ; zarC1º D ;, and @i1 and @i2 are applied to different log zTN .
In this case, the degree of N is at most

d1 C d2 C � � � C dt � 2C r C 1 � k � 1:

• i1 2 ¹a1; : : : ; arC1º and i2 … ¹a1; : : : ; arC1º. In this case, we take the sum over
O.N r/ terms since one element in ¹a1; : : : ; arC1º is fixed to be i1. Then the
degree of N in .@2F .j /

k;�;N
=@ui1@ui2/jUN;�D.1;:::;1/ is at most

d1 C d2 C � � � C dt � 1C r � k � 1:

• ¹i1; i2º � ¹a1; : : : ; arC1º. In this case, we take the sum overO.N r�1/ terms since
two elements in ¹a1; : : : ; arC1º are fixed to be i1 and i2. Then the degree of N in
.@2F

.j /

k;�;N
=@ui1@ui2/jUN;�D.1;:::;1/ is at most

d1 C d2 C � � � C dt C r � 1 � k � 1:

Then the lemma follows.

6.4. Covariance

Let

zG
.j;s/

�;N;.k;l/
D k

k�1X
rD0

�
k � 1

r

� X
¹a1�NCb.1��/N c;:::;arC1�NCb.1��/N cº

2¹1;2;:::;b.1��/N cº\R.j /

.r C 1/Š

� lim
xa1 ;:::;

xarC1!xj

Sym
a1;:::;arC1

xra1u
k�s0
za1

@za1 ŒF
.s/

l;�;N
�.@za1 Œlog zTN �/k�1�r

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/
:
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Lemma 6.6. Let l , k be arbitrary positive integers. Then

E
.j;s/

k;l;�;N
WD E

.j /

k;�;N
E
.s/

l;�;N
C zG

.j;s/

�;N;.l;k/

ˇ̌
UN;�D.1;:::;1/

CR;

where

• if j D s, the degree of N in zG.j;s/
�;N;.l;k/

jUN;�D.1;:::;1/ is at most l C k;

• if j ¤ s, the degree of N in zG.j;s/
�;N;.l;k/

jUN;�D.1;:::;1/ is less than l C k;

• the degree of N in R is less than l C k.

Proof. By (6.2) and (6.3), we obtain

E
.j;s/

k;l;�;N
D lim

xk!.xk mod n/
for 1�k�N

X
i2¹1;:::;b.1��/N cº

\R.j /

�
ui

@

@ui

�k
X

r2¹1;:::;b.1��/N cº
\R.s/

�
ur

@

@ur

�l V .j;s/
N;.i;r/

T
.j;s/

N;.i;r/

W
.j;s/

N;.i;r/
P
.j;s/

N;.i;r/

ˇ̌̌
UN;�D.1;:::;1/

D
1

V
.j;s/

N;.i;r/
T
.j;s/

N;.i;r/

lim
xk!.xk mod n/

for 1�k�N

X
i2¹1;:::;b.1��/N cº

\R.j /

�
ui

@

@ui

�k
V
.j;s/

N;.i;r/
T
.j;s/

N;.i;r/

�
1

V
.j;s/

N;.i;r/
T
.j;s/

N;.i;r/

X
r2¹1;:::;b.1��/N cº

\R.s/

�
ur

@

@ur

�l
V
.j;s/

N;.i;r/
T
.j;s/

N;.i;r/

ˇ̌
UN;�D.1;:::;1/

:

Note that for any integer w, we have

@w

@uwi

h 1

V
.j;s/

N;.i;r/
T
.j;s/

N;.i;r/

X
r2¹1;:::;b.1��/N cº

\R.s/

�
ur

@

@ur

�l
V
.j;s/

N;.i;r/
T
.j;s/

N;.i;r/

iˇ̌̌
UN;�D.1;:::;1/

D
@w

@uwi
F
.s/

l;�;N

ˇ̌̌
UN;�D.1;:::;1/

:

Then E.j;s/
k;l;�;N

can be written as a sum of the following terms:

Sym
a1;:::;
arC1

c0x
r
a1
u
k�s0
za1

@
s1
za1
ŒF
.s/

l;�;N
�Œ@
s2
za1
.logT .j;s/

N;.za1;r/
/�d2 � � � Œ@

st
za1
.logT .j;s/

N;.za1;r/
/�dt

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

ˇ̌̌
UN;�
D.1;:::;1/

D Sym
a1;:::;arC1

c0x
r
a1
u
k�s0
za1

@
s1
za1
ŒF
.s/

l;�;N
�Œ@
s2
za1
.log zTN /�d2 � � � Œ@

st
za1
.log zTN /.j;s/�dt

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

ˇ̌̌
UN;�
D.1;:::;1/

such that
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• r , s0; s1; : : : ; st , d2; : : : ; dt are non-negative integers;

• s2 < s3 < � � � < st ;

• we have

s0 C s1 C s2d2 C � � � C stdt C r D kI (6.7)

• ¹a1; : : : ; arC1º � ¹N � b.1 � �/N c C 1;N � b.1 � �/N c C 2; : : : ; N º \R.j /.

When s1 D 0, we obtain F .s/
l;�;N

F
.j /

k;�;N
jUN;�D.1;:::;1/.

Now we consider the terms corresponding to s1 � 1. By Lemma 6.5, the degree
of N in @s1

za1
ŒF
.s/

l;�;N
� is at most l when j D s and is less than l when j ¤ s. Therefore,

the total degree ofN in these terms is at most l C d2C � � � C dt C r C 1 when j D s;
and is less than l C d2 C � � � C dt C r C 1 when j ¤ s. By (6.7) and the assumption
that s1 � 1, we have

l C d2 C � � � C dt C r C 1 � l C k;

and the equality holds when s0 D d3 D � � � D dt D 0, s1 D s2 D 1, d2 D k � 1 � r ;
this corresponds to G.j;s/

�;N;.k;l/
, in which the degree of N is l C k when j D s, and the

degree of N is less than l C k when j ¤ s. The degree of N is less than l C k in all
the other terms. This completes the proof.

Lemma 6.7. We have

1

zVb.1��/N c zTN
k

X
i2¹1;2;:::;b.1��/N cº

\R.j /

�
ui

@

@ui
ŒF
.s/

l;�;N
�
��
ui

@

@ui

�k�1
Œ zVb.1��/N c zTN �

ˇ̌̌
UN;�
D.1;:::;1/

D zG
.j;s/

�;N;.k;l/

ˇ̌̌
UN;�D.1;:::;1/

CR;

where the degree of N in R is less than l C k.

Proof. This follows from the proof of Lemma 6.6.

Lemma 6.8. Let i 2 ¹1; 2; : : : ; b.1 � �/N cº. Then the degree of N in

@

@ui
zG
.j;s/

�;N;.k;l/

ˇ̌̌
UN;�D.1;:::;1/

is less than k C l .

Proof. Note that zG.j;s/
�;N;.k;l/

is the sum of terms

Sym
a1;:::;arC1

xra1u
k�s0
za1

@za1 ŒF
.s/

l;�;N
�.@za1 Œlog zTN �/k�1�r

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/
:
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If we take derivatives @
@ui

, the following cases might occur:

(1) i 2 ¹a1; : : : ; arC1º. Since one element in ¹a1; : : : ; arC1º is fixed to be i , we
take the sum over O.N r/ terms. By Lemmas 6.4 and 6.5, the degree of N is
at most

l C .k � 1 � r/C r D l C k � 1I

(2) i … ¹a1; : : : ; arC1º. In this case, we take the sum overO.N rC1/ terms. Again
by Lemmas 6.4 and 6.5, the degree of N is less than

l C k � 1 � r C r C 1 D l C k:

Then the lemma follows.

6.5. Products of moments

Recall that P s
w1;:::;wp

is the set of all pairings of the set ¹1; 2; : : : ; sº n ¹w1; : : : ; wpº.
We have the following lemma concerning the products of moments.

Lemma 6.9. Let s; l1; : : : ; ls be positive integers, and let

j1; : : : ; js 2 ¹1; 2; : : : ; nº:

Then

1

zVb.1��/N c zTN

X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1 X
i22¹1;2;:::;b.1��/N cº

\R.j2/

�
ui2

@

@ui2

�l2
� � �

�

X
is2¹1;2;:::;b.1��/N cº

\R.js/

�
uis

@

@uis

�ls
Œ zVb.1��/N c zTN �

ˇ̌̌
UN;�D.1;:::;1/

D

sX
pD0

X
w1<���<wp
2¹1;2;:::;sº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
� � �F

.jwp /

lws ;�;N

�

� X
P2P s

w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR

�ˇ̌̌
UN;�D.1;:::;1/

;

where the degree of N in R is less than
Ps
iD1 li �

Pp
iD1 lwi .

Proof. The lemma can be proved by induction on s, similar to the proof of [7, Propo-
sition 5.10]. We shall now sketch the proof. When s D 1, the lemma follows from
the definition of F .j /

l;�;N
. When s D 2, the lemma follows from Lemma 6.6. Assume
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that the lemma holds for s D t � 1, where t � 2 is a positive integer. When s D t , by
induction hypothesis, we have

1

zVb.1��/N c zTN

X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1 X
i22¹1;2;:::;b.1��/N cº

\R.j2/

�
ui2

@

@ui2

�l2
� � �

�

X
it2¹1;2;:::;b.1��/N cº

\R.jt /

�
uit

@

@uit

�lt
Œ zVb.1��/N c zTN �

ˇ̌̌
UN;�D.1;:::;1/

D
1

zVb.1��/N c zTN

X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1
Œ zVb.1��/N c zTN �

�

� t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
: : : F

.jwp /

lwp ;�;N

�

� X
P2P t

1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR1;w1;:::;wp

��ˇ̌̌
UN;�D.1;:::;1/

D S1 C S2 C S3;

where by induction hypothesis the degree of N in R1;w1;:::;wp is less than
Ps
iD2 li �Pp

iD1 lwi ,

S1 D
° 1

zVb.1��/N c zTN

X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1
Œ zVb.1��/N c zTN �

±

�

� t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
� � �F

.jwp /

lwp ;�;N

�

� X
P2P t

1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR1;w1;:::;wp

��ˇ̌̌̌
UN;�D.1;:::;1/

;

S2 D
l1

zVb.1��/N c zTN

X
i12¹1;2;:::;b.1��/N cº

\R.j1/

°�
ui1

@

@ui1

�l1�1
Œ zVb.1��/N c zTN �

±

�

²�
ui1

@

@ui1

�� t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
� � �F

.jwp /

lwp ;�;N

�

� X
P2P t

1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR1;w1;:::;wp

��³ˇ̌̌̌
UN;�D.1;:::;1/

:
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Indeed, S1 corresponds to the terms where all the differentiations @
@ui1

are applied to
zVb.1��/N c zTN or ui1 , and S2 corresponds to the terms where all the differentiations
@

@ui1
except one are applied to zVb.1��/N c zTN or ui1 , and S3 are all the other terms.

By the definition of F .j /
l;�;N

, we have

S1 D F
.j1/

l1;�;N

� t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
� � �F

.jws /

lws ;�;N

�

� X
P2P s

1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR1;w1;:::;wp

��ˇ̌̌̌
UN;�D.1;:::;1/

:

By Lemma 6.7, we have

S2 D

² t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

pX
xD1

F
.jw1 /

lw1 ;�;N
� � �F

.jwx�1 /

lwx�1 ;�;N
F
.jwxC1 /

lwxC1 ;�;N
� � �F

.jws /

lws ;�;N

�

h
. zG

.j1;jx/

�;N;.l1;lx/
CR1;x/

�

� X
P2P s

1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR1;w1;:::;wp

�i³ˇ̌̌̌
UN;�D.1;:::;1/

;

where the degree of N in R1;x is less than l1 C lx .
Hence we have

S2 D

² t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

pX
xD1

F
.jw1 /

lw1 ;�;N
� � �F

.jwx�1 /

lwx�1 ;�;N
F
.jwxC1 /

lwxC1 ;�;N
� � �F

.jwp /

lws ;�;N

�

�
zG
.j1;jx/

�;N;.l1;lx/

X
P2P t

1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CRw1;:::; ywx ;:::;wp

�³ˇ̌̌̌
UN;�
D.1;:::;1/

;

where the degree of N in Rw1;:::; ywx ;:::;wp is less than
Pt
iD2 li �

Pp
iD1 lwi .

Note that

S1 C S2 D

tX
pD0

X
w1<���<wp
2¹1;2;:::;tº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
� � �F

.jwp /

lwp ;�;N

�

� X
P2P t

w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CRw1;:::;wp

�ˇ̌̌
UN;�D.1;:::;1/

;

where the degree of N in Rw1;:::;wp is less than
Pt
iD1 li �

Pp
iD1 lwi .
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It remains to show that S3 does not contribute to the leading terms. Define

zHj1;:::;jp D
X

P2P t
1;w1;:::;wp

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CR1;w1;:::;wp :

In view of Lemma 6.6, the degree ofN in zHj1;:::;jp jUN;�D.1;:::;1/ is at most
Pt
iD2 li �Pp

jD1 lwj . Moreover, according to Lemma 6.8, for any index i , the degree of N in
@
@ui
zHj1;:::;jp jUN;�D.1;:::;1/ is less than

Pt
iD2 li �

Pp
jD1 lwj .

We write

1

zVb.1��/N c zTN

X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1
Œ zVb.1��/N c zTN �

�

� t�1X
pD0

X
w1<���<wp
2¹2;:::;tº

F
.jw1 /

lw1 ;�;N
F
.jw2 /

lw2 ;�;N
� � �F

.jwp /

lwp ;�;N
zHj1;:::;jp

�ˇ̌̌̌
UN;�D.1;:::;1/

as a sum of terms of the form

lim
xa1 ;:::;xarC1!xj1

Sym
a1;:::;arC1

(6.8)

xra1u
l1�s0
za1

.@
s1
za1
Œlog zTN �/d1 � � � .@

st
zat
Œlog zTN �/dt @

f1
za1
F
.jw1 /

lw1 ;�;N
� � � @

fp
za1
F
.jwp /

lwp ;�;N
@
h0
za1
zHj1;:::;jp

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/
;

where

• ¹za1; : : : ; zarC1º � ¹1; 2; : : : ; b.1 � �/N º \R.j1/;

• s1 < s2 < � � � < st are positive integers;

• f1; : : : ; fp; h0 are non-negative integers;

• r C s0 C s1d1 C � � � C stdt C f1 C � � � C fp C h0 D l1:

By Lemma 6.2, the degree of N in .@s1
za1
Œlog zTN �/d1 � � � .@

st
zat
Œlog zTN �/dt is at most

d1 C � � � C dt ; therefore, the terms in (6.8) with highest degree of N has the form

Sym
a1;:::;arC1

xra1u
l1
za1
.@za1 Œlog zTN �/d1@

f1
za1
F
.jw1 /

lw1 ;�;N
� � � @

fp
za1
F
.jwp /

lwp ;�;N
@
h0
za1
zHj1;:::;jp

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/
; (6.9)

where

s0 D d2 D � � � D dt D 0; s1 D 1: (6.10)

Let

B D ¹i 2 ¹1; 2; : : : ; pºWfi D 0º:
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Then

(6.9) D
�Y
i2B

F
.jwi /

lwi ;�;N

�
S.u1; : : : ; ub.1��/N c/;

where S.u1; : : : ; ub1��N c/ is a symmetric function. It suffices to show that the degree
of N in S , except for S1 and S2, is less than

Ps
iD1 li �

P
i2B li . Note that the

degree of N in @za1.Œlog zTN �/d1 is at most d1 by Lemma 6.2. The summation over
¹za1; : : : ; zarC1º � ¹1; 2; : : : ; b.1 � �/N cº \ R.j1/ gives O.N rC1/ terms. By Lem-

ma 6.5, when i … B , the degree of N in @fi
za1
F
.jwi /

lwi ;�;N
is at most lwi . Therefore, the

degree of N in S.u1; : : : ; ub.1��/N c/ is at most

tX
iD2

li �

pX
iD1

lwi C d1 C
X

i2¹1;2;:::;pºnB

lwi C r C 1:

By (6.5) and (6.10), if jBj � p � 2, r1 C d1 C 1 � l1 � 1, then the degree of N
in S.u1; : : : ; ub.1��/N c/ is at most

tX
iD1

li �
X
i2B

li � 1:

Therefore, only the terms where at most one fi is nonzero contribute to the leading
order. In these terms, if h0 > 0, then by Lemma 6.8, the degree of N is less thanPs
iD1 li �

P
i2B li . So only the terms where h0 D 0 and at most one fi is nonzero

contribute to the leading order. These terms are in S1 and S2. Then the proof is com-
plete.

Lemma 6.10. Let s; l1; : : : ; ls be positive integers, and let j1; : : : ; js 2 ¹1; 2; : : : ; nº.
Then

1

zVb.1��/N c zTN

h X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1
�E

.j1/

l1;�;N

i
� � �

�

h X
is2¹1;2;:::;b.1��/N cº

\R.js/

�
uis

@

@uis

�ls
Œ zVb.1��/N c zTN � �E

.js/

ls ;�;N

iˇ̌̌
UN;�D.1;:::;1/

D

X
P2P s

;

Y
.a;b/2P

zG
.ja;jb/

�;N;.la;lb/
CRjUN;�D.1;:::;1/:

Proof. The lemma follows from Lemma 6.9 by explicit computations. See also the
proof of [7, Lemma 5.11].
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Lemma 6.11. Let s; l1; : : : ; ls be positive integers, and let j1; : : : ; js 2 ¹1; 2; : : : ; nº.
Let zP s

;
�P s

;
consisting of all the pairings of ¹1;2; : : : ; sº such that in each pair .a; b/

in the pairing, ja D jb . Then

lim
N!1

1

N l1C���Cls

1

zVb.1��/N c zTN

h X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1
�E

.j1/

l1;�;N

i
� � �

�

h X
is2¹1;2;:::;b.1��/N cº

\R.js/

�
uis

@

@uis

�ls
Œ zVb.1��/N c zTN � �E

.js/

ls ;�;N

iˇ̌̌
UN;�D.1;:::;1/

D lim
N!1

1

N l1C���Cls

X
P2 zP s

;

Y
.a;b/2P

Œ zG
.ja;jb/

�;N;.la;lb/
jUN;�D.1;:::;1/1jaDjb �;

where the degree of N in R is less than
Ps
iD1 li .

Proof. The lemma follows from Lemma 6.10 and the fact that the degree of N in R
therein is less than l1 C � � � C ls , and that the degree of N in zG.ja;jb/

�;N;.la;lb/
is less than

la C lb if ja ¤ jb .

6.6. Integral formula for covariance

Assume that � 2 .0; 1/ and k is a positive integer. Let

p
.b.1��/N c/

k
D

b.1��/N cX
iD1

.�i C b.1 � �/N c � i/
k;

where
� D .�1; : : : ; �b.1��/N c/ 2 GTb.1��/N c

has the distribution �b.1��/N c as defined in Lemma 3.4. Explicit computations show
that

E.p.b.1��/N c/
l1

� Ep.b.1��/N c/
l1

/.p
.b.1��/N c/

l2
� Ep.b.1��/N c/

l2
/ � � �

� .p
.b.1��/N c/

ls
� Ep.b.1��/N c/

ls
/

D

X
j1;:::;js2¹1;2;:::;nº

1

zVb.1��/N c zTN

h X
i12¹1;2;:::;b.1��/N cº

\R.j1/

�
ui1

@

@ui1

�l1
�E

.j1/

l1;�;N

i
� � �

�

h X
is2¹1;2;:::;b.1��/N cº

\R.js/

�
uis

@

@uis

�ls
Œ zVb.1��/N c zTN � �E

.js/

ls ;�;N

iˇ̌̌
UN;�
D.1;:::;1/

: (6.11)
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Lemma 6.12. We have

lim
N!1

1

N l1Cl2
E.p.b.1��/N c/

l1
� Ep.b.1��/N c/

l1
/.p

.b.1��/N c/

l2
� Ep.b.1��/N c/

l2
/

D

nX
jD1

lim
N!1

1

N l1Cl2
zG
.j;j /

�;N;.l1;l2/

ˇ̌̌
UN;�D.1;:::;1/

:

Proof. The lemma follows from (6.11) and Lemmas 6.11 and 6.6.

Therefore, in order to obtain an explicit integral formula for the covariance

lim
N!1

1

N l1Cl2
E.p.b.1��/N c/

l1
� Ep.b.1��/N c/

l1
/.p

.b.1��/N c/

l2
� Ep.b.1��/N c/

l2
/;

it suffices to obtain an explicit integral formula for

lim
N!1

1

N l1Cl2
zG
.j;j /

�;N;.l1;l2/

ˇ̌̌
UN;�D.1;:::;1/

;

where 1 � j � N .
We have

lim
N!1

1

N l1Cl2
zG
.j;j /

�;N;.l1;l2/

ˇ̌̌
UN;�D.1;:::;1/

D lim
N!1

1

N l1Cl2
l1

l1�1X
rD0

�
l1 � 1

r

� X
¹a1�NCb.1��/N c;:::;arC1�NCb.1��/N cº

2¹1;2;:::;b.1��/N cº\R.j /

.r C 1/Š

� lim
xa1 ;:::;xarC1!xj

Sym
a1;:::;arC1

xra1u
l1
za1
.@za1 Œlog zTN �/l1�1�r

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

� @za1

� l2X
sD0

�
l2

s

� X
¹b1�NCb.1��/N c;:::;bsC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº\R.j /

.s C 1/Š

� lim
xbw!xj ;
1�w�sC1

Sym
b1;:::;bsC1

c0x
s
b1
u
l2
zb1
.@zb1

Œlog zTN �/l2�s

.xb1uzb1
� xb2uzb2

/ � � � .xb1uzb1
� xbsC1uzbsC1

/

�ˇ̌̌̌
UN;�
D.1;:::;1/

:

We consider the following cases:

• If ¹a1; : : : ; arC1º \ ¹b1; : : : ; bsC1º D ;, we have

@za1.@zb1
Œlog zTN �/l2�s D .l2 � s/.@zb1 Œlog zTN �/l2�s�1@za1.@zb1 Œlog zTN �/;

where the degree of N , when UN;� D .1; : : : ; 1/, is at most l2 � s � 1.
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Note that by Lemmas 6.2 and 6.3, we have

I1 WD lim
N!1

1

N l1Cl2
l1

l1�1X
rD0

�
l1 � 1

r

� X
¹a1�NCb.1��/N c;:::;
arC1�NCb.1��/N cº
2¹1;2;:::;b.1��/N cº\R.j /

.r C 1/Š

� lim
xa1 ;:::;xarC1!xj

Sym
a1;:::;arC1

xra1u
l1
za1
.@za1 Œlog zTN �/l1�1�r

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

� @za1

� l2X
sD0

�
l2

s

� X
¹b1�NCb.1��/N c;:::;bsC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº
\R.j /;¹a1;:::;arC1º\¹b1;:::;bsC1ºD;

.s C 1/Š

� lim
xbw!xj ;
1�w�sC1

Sym
b1;:::;bsC1

c0x
s
b1
u
l2
zb1
.@zb1

Œlog zTN �/l2�s

.xb1uzb1
�xb2uzb2

/ � � � .xb1uzb1
�xbsC1uzbsC1

/

�ˇ̌̌̌
UN;�
D.1;:::;1/

D lim
N!1

1

N l1Cl2
l1

l1�1X
rD0

�
l1 � 1

r

� X
¹a1�NCb.1��/N c;:::;arC1�NCb.1��/N cº

2¹1;2;:::;b.1��/N cº\R.j /

.rC 1/Š

� lim
xa1 ;:::;xarC1!xj

Sym
a1;:::;arC1

xra1u
l1
za1
ŒAj .uza1/N �

l1�1�r

.xa1uza1 � xa2uza2/ � � � .xa1uza1 � xarC1uzarC1/

�

� l2X
sD0

�
l2

s

�
.l2 � s/

X
¹b1�NCb.1��/N c;:::;bsC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº
\R.j /;¹a1;:::;arC1º\¹b1;:::;bsC1ºD;

.s C 1/Š

� lim
xbw!xj ;
1�w�sC1

Sym
b1;:::;bsC1

xs
b1
u
l2
zb1
.ŒAj .uzb1

/N �/l2�s�1Bj .uza1 ; uzb1
/

.xb1uzb1
�xb2uzb2

/ � � � .xb1uzb1
�xbsC1uzbsC1

/

�ˇ̌̌̌
UN;�
D.1;:::;1/

;

where

Aj .z/ D

8<: �
n

P
l2I2\¹1;2;:::;nº

ylx1
1Cylx1z

�
�
n
n�1
z
C

1
n
H 0mi .z/ if j D 1;

�
�
n
n�j
z
C

1
n
H 0mj .z/ if 2 � j � n

(6.12)

and

Bj .z; w/ D
@2

@z@w

h
log

�
1 � .z � 1/.w � 1/

zH 0mj .z/ � wH
0
mj .w/

z � w

�i
: (6.13)
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By Lemma 4.3, we obtain

I1 � lim
N!1

1

N l1Cl2

l1�1X
rD0

l1Š

.l1 � 1 � r/ŠrŠ

�

X
¹a1�NCb.1��/N c;:::;
arC1�NCb.1��/N cº
2¹1;2;:::;b.1��/N cº\R.j /

@r

@zr
Œzl1 ŒNAj .z/�

l1�1�r �

� l2X
sD0

l2Š

.l2 � s � 1/ŠsŠ

�

X
¹b1�NCb.1��/N c;:::;
bsC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº\R.j /;
¹a1;:::;arC1º\¹b1;:::;bsC1ºD;

@s

@ws
Œwl2 ŒNAj .w/�

l2�s�1Bj .z; w/�

�ˇ̌̌̌
.z;w/D.1;1/

:

By the residue theorem, we deduce that

I1 � lim
N!1

1

N l1Cl2

l1�1X
rD0

l1Š

.l1 � 1 � r/Š

�

X
¹a1�NCb.1��/N c;:::;
arC1�NCb.1��/N cº
2¹1;2;:::;b.1��/N cº\R.j /

Res
zD1

�
zl1 ŒNAj .z/�

l1�1�r

.z � 1/rC1

� l2�1X
sD0

l2Š

.l2 � s � 1/Š

�

X
¹b1�NCb.1��/N c;:::;
bsC1�NCb.1��/N cº

�¹1;2;:::;b.1��/N cº\R.j /;
¹a1;:::;arC1º\¹b1;:::;bsC1ºD;

Res
wD1

hwl2 ŒNAj .w/�l2�s�1Bj .z; w/
.w � 1/sC1

i��

�
1

.2� i/2
lim
N!1

1

N l1Cl2

I
jz�1jD"

�
b.1 � �/N c

n

z

z � 1
C zNAj .z/

�l1
�

I
jw�1jD"

�
b.1 � �/N c

n

w

w � 1
C wNAj .w/

�l2
Bj .z; w/ dwdz

D
1

.2� i/2

I
jz�1jD"

�1 � �
n

z

z � 1
C zAj .z/

�l1
�

I
jw�1jD"
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• If j¹a1; : : : ; arC1º \ ¹b1; : : : ; bsC1ºj � 2, then the degree of N in these terms is
at most

l2 � s C l1 � 1 � r C r C 1C s C 1 � 2 D l1 C l2 � 1 < l1 C l2;

therefore the contribution of these terms to the limit is 0.
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• If j¹a1; : : : ; arC1º \ ¹b1; : : : ; bsC1ºj D 1, then
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By Lemma 4.3, we deduce I2 WD I3 C I4, where
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and
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By the residue theorem, we infer
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Then we have the following proposition.

Proposition 6.13. We have
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where for 1 � j � n, Aj .z/ and Bj .z; w/ are given by (6.12) and (6.13).

6.7. Central limit theorem in multiple levels

Let

1 � �1 � �2 � � � � � �k > 0; 1 � n1 � n2 � � � � � nk � 2N C 1;
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Let ��;X .UN;�1;:::;�s ;X / be the multidimensional Schur generating function as defined
in Definition 4.11, where � is the joint distribution of partitions on the n1th, n2th, : : : ;
nkth row of the square-hexagon lattice, counting from the top. Then explicit compu-
tations show that
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where D
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li
is defined in (4.17).
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Lemma 6.14. Suppose the assumptions of Lemma 4.12 hold. For 1 � s � k, let ts D
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where ��bnk=2c;X
.UN;�k ;X / is the one-dimensional Schur generating function defined

as in Definition 3.1, and �nk
2

is a probability measure on GTC
b
nk
2 c

defined as in
Lemma 3.4.

Proof. The lemma follows from arguments similar to those used in the proof of
Lemma 4.13.
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Lemma 6.15. We have

lim
N!1

1

N l1C���Cls
E.p.b.1��1/N c/

l1
� Ep.b.1��1/N c/

l1
/.p

.b.1��2/N c/

l2
� Ep.b.1��2/N c/

l2
/ � � �

� .p
.b.1��k/N c/

ls
� Ep.b.1��k/N c/

ls
/

D lim
N!1

1

N l1C���Cls

X
j1;:::;js
2¹1;2;:::;nº

X
P2 zP s

;

Y
.a;b/2P

�
zG
.ja;jb/

�a;�b ;N;.la;lb/

ˇ̌
UN;�D.1;:::;1/

1jaDjb
�
:

Proof. The lemma follows from arguments similar to those used in the proof of
Lemma 6.11.
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where for 1 � j � n, Aj .z/ and Bj .z; w/ are given by (6.12) and (6.13).

Proof. The proposition follows from arguments similar to those used in the proof of
Proposition 6.13.

Then Theorem 6.1 follows. More precisely, the Gaussian distribution follows from
Lemma 6.15 and Wick’s probability theorem.

7. Gaussian free field in staircase boundary condition

The goal of this section is to prove Theorem 2.12; we review the results on the limit
shapes of complex Burgers equation in [23] and discuss their consequences in the
limit shapes of square-octagon lattices. The results proved in this section will be used
to show that there exists a homeomorphism from the liquid region to the region S

(defined by (2.5)), and then to show that the fluctuation of certain statistics is the
pullback of GFF under such a homeomorphism.

7.1. Height function

Suppose that R.�.N /; Lc/ is a contracting square-hexagon lattice and that the edge
weights of SH. Lc/ satisfy Assumption 2.1.



Fluctuations of dimer heights on contracting square-hexagon lattices 75

The planar dual graph SH�. Lc/ of SH. Lc/ is obtained by placing a vertex of SH�. Lc/
inside each face of SH. Lc/; two vertices of SH�. Lc/ are adjacent, or joined by an
edge in SH�. Lc/, if and only if the two corresponding faces of SH. Lc/ share an edge
of SH. Lc/.

We place a vertex of SH�. Lc/ at the center of each face of SH. Lc/ and obtain an
embedding of SH�. Lc/ into the plane. Each face of SH�. Lc/ is either a triangle or
a square, depending on whether the corresponding vertex of SH. Lc/ inside the dual
face in SH�. Lc/ is degree-3 or degree-4.

For a contracting square-hexagon lattice R.�; Lc/, let R�.�; Lc/ be a finite trian-
gle-square lattice such that

• R�.�; Lc/ is a finite subgraph of SH�. Lc/ as constructed above;

• R.�; Lc/ is the interior dual graph of R�.�; Lc/.

In other words, R�.�; Lc/ is the subgraph of SH�. Lc/ consisting of all the faces of
SH�. Lc/ corresponding to vertices of R.�; Lc/; see Figure 3.

Definition 7.1. Let M 2 M.�; Lc/ be a perfect matching of a contracting square-
hexagon lattice R.�; Lc/. We color the vertices of R.�; Lc/ by black and white as
in Section 2.1. A height function hM is an integer-valued function on vertices of
R�.�; Lc/ that satisfies the following property.

Let f1; f2 be a pair of adjacent vertices of R�.�; Lc/. Let .f1; f2/ denote the non-
oriented edge of R�.�; Lc/ with endpoints f1 and f2, and let Œf1; f2i (resp. Œf2; f1i)
denote the oriented edge starting from f1 (resp. f2) and ending in f2 (resp. f1).

• When .f1; f2/ is a dual edge crossing a NW-SE edge or a NE-SW edge of SH. Lc/:

– If an oriented dual edge Œf1; f2i crosses an absent edge e of SH. Lc/ inM , then
hM .f2/ D hM .f1/C 1 if Œf1; f2i has the white vertex or e on the left, and
hM .f2/ D hM .f1/ � 1 otherwise.

– If an oriented dual edge Œf1; f2i crosses a present edge e of SH. Lc/ in M , then
hM .f2/ D hM .f1/ � 3 if Œf1; f2i has the white vertex of e on the left, and
hM .f2/ D hM .f1/C 3 otherwise.

• When .f1; f2/ is a dual edge crossing a vertical edge of SH. La/:

– If an oriented dual edge Œf1; f2i crosses an absent edge e of SH. Lc/ inM , then
hM .f2/ D hM .f1/C 2 if Œf1; f2i has the white vertex of e on the left, and
hM .f2/ D hM .f1/ � 2 otherwise.

– If an oriented dual edge Œf1; f2i crosses a present edge e of SH. Lc/ in M , then
hM .f2/ D hM .f1/ � 2 if Œf1; f2i has the white vertex of e on the left, and
hM .f2/ D hM .f1/C 2 otherwise.

• hM .f0/ D 0, where f0 is the lexicographic smallest vertex of R�.�; Lc/.
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It is straightforward to verify that the height function above is well defined, by
checking that around either a degree-3 vertex or a degree-4 vertex, the total height
change is 0. Moreover, since none of the boundary edges of R.�; Lc/ (by boundary
edges we mean edges of SH. Lc/ joining exactly one vertex of R.�; Lc/ and one vertex
outside R.�; Lc/) are present in any perfect matching of R.�; Lc/, the height func-
tion restricted on the boundary vertices of R�.�; Lc/ is fixed and independent of the
random perfect matching; see Figure 3.

0 22
0 4

311

1 3

22

13

2 04

Figure 3. Contracting square-hexagon lattice R.�; Lc/, dual graph R�.�; Lc/ and height func-
tion on the boundary. The black lines represent the graph R.�; Lc/, the gray lines represent
boundary edges of R.�; Lc/, the red lines represent the dual graph R�.�; Lc/, and the height
function is defined on vertices of the dual graph. The values of the height function on the bound-
ary vertices of R�.�; Lc/ are also shown in the figure.

Theorem 7.2 (Law of large numbers for the height function). Assume that the as-
sumptions of Proposition 3.6 hold.

Let �kN be the measure on the configurations of the kth row, and let � 2 .0; 1/ such
that k D Œ2�N �. Let m� be the limit of the counting measures m.�kN / in probability
as N !1 with moments given by (3.6). Define

h.�; �/ WD 4.1 � �/
Z �� �r

2n
1��

0

dm�
� 2�C 2�: (7.1)
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Then the random height function hM associated to a random perfect matching M , as
defined by Definition 7.1, has the following law of large numbers:

hM .Œ�N �; Œ�N �/

N
! h.�; �/ when N !1;

where �, � are new continuous parameters of the domain.

Proof. We use the same arguments as in the proof of [5, Theorem 3.7]; more precisely,
a combinatorial relation between the height function and counting measure, as well as
the convergence results of counting measures as given by Propositions 3.6 and 5.4.

7.2. Variational principle and complex Burger’s equation

Let SH. Lc/ be the whole plane square-hexagon lattice with edge weights assigned as in
Assumption 2.1 and periodically with period n such that (3.3) and (3.4) hold. Then Z2

acts on SH. Lc/ by translations, which are vertex-color-preserving and edge-weight-
preserving isomorphisms of SH. Lc/. Let SH1. Lc/ be the quotient graph of SH. Lc/ under
the action of Z2. The graph SH1. Lc/ is called a fundamental domain of SH. Lc/, which
is a finite graph that can be embedded into a torus.

Let x and y be two directed simple cycles winding once around the two homol-
ogy generators of the torus where SH1. Lc/ is embedded. Assume the edge weights of
the square-hexagon lattice satisfy Assumption 2.1. We shall modify the edge weights
of the graph and construct a modified weighted adjacency matrix (Kasteleyn matrix)
for SH1. Lc/, which plays an essential role in the analysis of periodic dimer models,
see [18, 21, 40].

• Multiply all the edge weights xi by �1. This way, around each face of degree 4,
there are an odd number of “�” signs multiplied by edge weights, while around
each face of degree 6, there are an even number of “�” signs multiplied by edge
weights.

• Multiply the weight of each edge crossed by x with w (resp. w�1) if the black
vertex of the edge is on the left (resp. right) of the path; then multiply the weight
of each edge crossed by y with z (resp. z�1) if the black vertex of the edge is on
the left (resp. right) of the path.

LetK.z;w/ be the weighted adjacency matrix of SH1. Lc/ with respect to the modified
edge weights after the multiplication above. More precisely, the rows of K.z; w/ are
labeled by white vertices of SH1. Lc/, while the columns of K.z; w/ are labeled by
black vertices of SH1. Lc/. For a black vertex B and a white vertex W of G1, the entry
KBW .z; w/ is 0 if B and W are not adjacent; if B and W are joined by an edge eBW
in SH1. Lc/, then the entry KBW .z; w/ is the modified weight of the edge eBW . Let
P.z; w/ D detK.z; w/ be the characteristic polynomial. See [24] for more results
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Figure 4. A fundamental domain in a periodic square-hexagon lattice. The subgraph bounded
by the dashed lines is a fundamental domain.

about the characteristic polynomial and the phase transitions of the dimer model on
a bipartite, periodic graph.

Example 7.3. Consider a fundamental domain of a square-hexagon lattice as illus-
trated in Figure 4. We have

K.z;w/ D

 
z � x2 w

1C y2z z � x1

!
and

P.z;w/ D detK.z;w/ D .z � x1/.z � x2/ � w.1C y2z/:

Proposition 7.4. Let h be the limit height function as given by (7.1). In the liquid
region, we have �1

4

@h
@x
C
1

2
;
1

4

@h
@y
C
n

2

�
D
1

�
.argz;�argw/; (7.2)

where the functions z and w solve the differential equation

zy

z
C
wx

w
D 0 (7.3)

and the algebraic equation P.z;w/ D 0.
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Proof. Use the same arguments as in the proof of [23, Theorem 1]; see also [10].

When the edge weights satisfy Assumptions 2.1 and 3.2, we can choose a funda-
mental domain such that P.z; w/ is linear in w. More precisely, when the period of
the graph is 1 � n, each row of the weighted adjacency matrix K.z; w/ has exactly
two non-vanishing entries. Choose a fundamental domain consisting of 2n rows and
2 columns such that the topmost row is a row of white vertices, and the rightmost
column is a column of white vertices. Assume x is oriented from the left to the
right and y is oriented from the top to the bottom. Let SH1. Lc/ be the toroidal graph
constructed from the fundamental domain above by identifying the left and right
boundary as well as the top and bottom boundary. Let vb be a white vertex of SH1. Lc/.
The following cases might occur.

• When vb has degree 3:

– If the vertex is not incident to an edge crossed by x , the two non-vanishing
entries of K.z;w/ on the row corresponding to vb are z � xi and 1.

– If the vertex is incident to an edge crossed by x , the two non-vanishing entries
of K.z;w/ on the row corresponding to vb are z � xn and w.

• When vb has degree 4:

– If the vertex is not incident to an edge crossed by x , the two non-vanishing
entries of K.z;w/ on the row corresponding to vb are z � xi and 1C yiC1z.

– If the vertex is incident to an edge crossed by x , the two non-vanishing entries
of K.z;w/ on the row corresponding to vb are z � xn�1 and w.1C ynz/.

In the toroidal graph SH1. Lc/, each vertex is adjacent to exactly two vertices, with
possible multiple edges joining two adjacent vertices. We may consider SH1. Lc/ with
vertices located on a circle, then P.z;w/ D detK.z;w/ counts the (signed) partition
function of dimer configurations on the circle.

Solving the equation P.z;w/ D 0 for w, we have

w D R.z/;

where R.z/ is a rational function of z (quotient of two polynomials in z). By the
explanations above, R.z/ can be written down explicitly as

R.z/ D

Qn
iD1.z � xi /Q

jD¹1;2;:::;nº\I2
.1C yj z/

:

Therefore, given P.z;w/ D 0, (7.3) becomes

zx C
R.z/

zR0.z/
zy D 0: (7.4)
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Lemma 7.5. Let z be a solution of the equation

F�;m.z/ D
�

1 � �
; (7.5)

in the upper half-plane, then z also satisfies the differential equation (7.4).

Proof. Differentiating (7.5) with respect to � and �, we have

@z
@�

@z
@�

D
1

�
z
n

P
i2I2\¹1;2;:::;nº

yi
1Cyiz

C
Pn
jD1

z
n.z�xj /

: (7.6)

Given the different scalings of .x; y/ and .�; �/ (more precisely, in the .x; y/-system,
we assume each fundamental domain has height 1 and width 1; while in the .�; �/
system, we assume each fundamental domain has width 1 and height n), we have

@

@x
D

@

@�
and

@

@y
D n

@

@�
:

The right-hand side of (7.6) divided by n is exactly R.z/
zR0.z/

.

Lemma 7.6. Assume all the edge weights xj ’s are distinct. Let m � 1 be a positive
integer. Then

(1) For � D 0 and any � 2 .0;m/, the equation

F0;m.z/ D � (7.7)

has a unique root satisfying

Arg.z/ D
�

m
: (7.8)

(2) For each z satisfying Arg.z/ D �
m

, there exists � 2 .0; m/ such that equa-
tion (7.7) holds.

Proof. We first prove part (1). Equation (7.7) has the form

1

n

nX
jD0

mzm

zm � xmj
D �:

Let m
p
a be the non-negative mth root of a non-negative number a. Assume z D

m
p
Re

i�
m, where R D jzmj � 0. Then we have

1

n

nX
jD1

�mR

�R � xmj
D �: (7.9)
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It suffices to show that (7.9) has a unique solution inR2 Œ0;1/. Explicit computations
show that (7.9) is equivalent to the equation

f .�R/ WD

nX
jD1

.�mR/
Y

i2¹1;2;:::;nº; i¤j

.�R � xmi / � �n

nY
iD1

.�R � xmi / D 0:

Without loss of generality, assume that

0 < x1 < x2 < � � � < xn:

We have

sgnŒf .xmi /� D .�1/
n�i :

Moreover, when � > 0,

sgnŒf .0/� D .�1/nC1:

Given � < m, we have

sgnŒf .�1/� D .�1/n:

Therefore, the equation f .z/ D 0 has a solution in each of the following intervals:

.�1; 0/; .xm1 ; x
m
2 /; .xm2 ; x

m
3 /; : : : ; .xmn�1; x

m
n /:

Given � < m, f .z/ is a degree-n polynomial and has at most n distinct roots in C.
Therefore, we have f .z/ has exactly one root in each of the above intervals. In par-
ticular, f .z/ D 0 has exactly one root in the interval .�1; 0/, one of whose mth root
gives the unique solution of (7.7) satisfying (7.8). Then part (1) of the lemma follows.

Now we prove part (2) of the lemma. Let

g.t/ D
1

n

nX
jD1

mt

t C xmj
:

Then

g0.t/ D
1

n

nX
jD1

mxmj

.t C xmj /
2
> 0

for any t 2 R. Moreover,

g.0/ D 0; lim
t!1

g.t/ D m:

Then part (2) of the lemma follows.
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Lemma 7.7. Assume all the edge weights xj ’s are distinct. Let m � 1 be a positive
integer. Assume

jI2 \ ¹1; 2; : : : ; nºj D r:

For each � 2 Œ0; 1� and each � 2 Œ0;m�, the equation

F�;m.z/ D
�

1 � �
(7.10)

has a unique root z0.�; �/ such that

(1) Arg z0.�; 0/ D �
m

.

(2) z0.0; �/ D 0:

(3) lim�!mC. rn�1/�
z0.�; �/ D1.

(4) z0.�; 1/ 2 Œ0;C1/.

(5) z0.�; �/ is continuous in .�; �/.

Proof. Let

gm�1;j .z/ D

m�1X
kD0

zkxm�1�kj :

Then when � D 1, the equation .1 � �/F�;m D � has the form

p.z/ WD
z

n

X
i2I2\¹1;2;:::;nº

yi

1C yiz
C
z

n

nX
jD1

@gm�1;j .z/

@z

gm�1;j .z/
� � D 0:

Note that p.z/ is well defined on .0;C1/ since gm�1;j .z/ > 0 whenever z > 0.
When � 2 .0;m � 1C r

n
/, we have

p.0/ < 0 and p.C1/ > 0:

Moreover, we have the following assertion.

Lemma 7.8. If z 2 .0;C1/ and xi ; yj > 0, then

p0.z/ > 0:

Proof. Note that

p0.z/ D
1

n

X
i2I2\¹1;2;:::;nº

yi

.1C yiz/2
C
1

n

nX
jD1

.zg0m�1;j /
0gm�1;j � z.g

0
m�1;j /

2

g2m�1;j
:
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It suffices to show that for z > 0, xi > 0, we have

Tm.z/ WD .zg
0
m�1;j /

0gm�1;j � z.g
0
m�1;j /

2
� 0: (7.11)

We prove (7.11) by induction onm. WhenmD 1, we have gm�1;j D 1 and Tm.z/D 0.
Assume (7.11) holds when m D l � 1, l � 2. When m D l , we have

gl�1;j D zgl�2;j C x
m�1
j ;

Tl.z/ D Œzgl�2;j C z
2g0l�2;j �

0.zgl�2;j C x
l�1
j / � z.gl�2;j C zg

0
l�2;j /

2

D z2Tl�1.z/C x
l�1
j gl�2;j C zx

l�1
j .3g0l�2;j C g

00
l�2;j / > 0:

Since Tl�1.z/ > 0 by induction hypothesis, gl�2;j > 0, g0
l�2;j

> 0 and g00
l�2;j

> 0.
Then the lemma follows.

Hence p.z/ D � has exactly one root in .0;1/ when � 2 .0; m � 1C r
n
/. The

root converges to 0 when � goes to 0, and the root approaches C1 when � goes to
m � 1C r

n
.

The fact that there is a unique root of (7.10) satisfying condition (1) follows from
Lemma 7.6. The root when � D 0 satisfying condition (1) and the root when � D 1
satisfying condition (4) can be considered as boundary conditions for the Burgers
equation. More precisely, the slope of height is 1

m
on the bottom boundary � D 0

of the rescaled square-hexagon lattice R, while the slope of height is 0 on the top
boundary � D 1. Since the surface tension function is strictly convex in the liquid
region, the solution of the Burgers equations satisfying the given boundary conditions
is unique; see [10,22]. By Lemma 7.5, a root satisfying (1)–(5) is also a solution of the
Burgers equation satisfying given boundary conditions, then the lemma follows.

Lemma 7.9. Let L be the liquid region of the limit shape defined as follows:

(1) the region is a subset of

R WD
°
.�; �/W 0 � � < 1I 0 < � < mC

� r
n
� 1

�
�
±
I

(2) the solution z0.�; �/ of F�;m.z/ D
�
1��

given as in Lemma 7.7 remains non-
real in the region;

(3) the region includes the bottom boundary � D 0, 0 < � < m when m � 2.

Let Lo be the interior of L. Let TL be a mapping on L which maps each point
.�; �/ 2 L to z0.�; �/. Then, restricted on Lo, TL is a homeomorphism from Lo to
TL.Lo/. Moreover,

TL.Lo/ D
°
z 2 CW 0 < Arg z <

�

m

±
;

and Arg z is the principal argument of z.
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Remark 7.10. Note that R is exactly the scaling limit of the region covered by the
contracting square-hexagon lattice with perfect matchings, hence the liquid region is
a subset of R.

Proof of Lemma 7.9. First we show that TL is one-to-one from L to TL.L/. Then if z
is a solution of F�;m.z/ D

�
1��

, we have F�;m.xz/ D
�
1��

. Hence we can solve for �
and � in terms of z as in (2.2) and (2.3).

Therefore, TL is one-to-one from Lo to TL.Lo/. From the expressions for TL, �L

and �L, it is straightforward to see that TL, �L and �L all are continuous.
Then we claim that

Lo D L n ¹� D 0º: (7.12)

Note that L � R and ¹� D 0º is part of the boundary of R. Since Lo is the interior
of L, we must have Lo � L n ¹� D 0º. It remains to prove Lo � L n ¹� D 0º.
To see why that is true, let .�1; �1/ 2 L n ¹� D 0º and z1 D TL.�1; �1/. From the
definition of L, we have z1 … R. Note that z1 is the root of F�1;m.z/ D

�1
1��1

as given
by Lemma 7.7. Given 0 < �1 < 1, we obtain

z1 … ¹xj e
2t� i
m W 1 � j � n; 1 � t � mº:

We shall show that .�2; �2/ 2 L n ¹� D 0º whenever j�1 � �2j and j�1 � �2j are
sufficiently small. Fix " > 0 such that

• we have

B.z1; "/ \ ŒR [ ¹xj e
2t� i
m W 1 � j � n; 1 � t � mº� D ;I (7.13)

• infz2@B.z1;"/ jF�1;m.z/ �
�1
1��1
j > 0;

• F�1;m.z/ D
�1
1��1

has a unique zero in B.z1; "/.

By (7.13), ˇ̌̌
F�1;m.z/ �

�1

1 � �1
� F�2;m.z/C

�2

1 � �2

ˇ̌̌
< �

for any � > 0, whenever j�1 � �2j and j�1 � �2j are sufficiently small, and z 2
B.z1; "/.

Therefore, when j�1 � �2j and j�1 � �2j are sufficiently small, we haveˇ̌̌
F�1;m.z/ �

�1

1 � �1

ˇ̌̌
>
ˇ̌̌
F�1;m.z/ �

�1

1 � �1
� F�2;m.z/C

�2

1 � �2

ˇ̌̌
for any z 2 @B.z1; "/. By Rouché’s theorem, F�2;m.z/ �

�2
1��2

has a root in B.z1; "/,
which is as described in Lemma 7.7. Hence .�2; �2/ 2 L n ¹� D 0º, and we obtain
expression (7.12).
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Similar arguments show that for any point .�; 0/ with 0 < � < m, there is a neigh-
borhood Bı.�; 0/ such that Bı.�; 0/ \HC 2 L, where HC is the upper half-plane.

Now we claim that

TL.Lo/ �
°
z 2 CW 0 < Arg z <

�

m

±
: (7.14)

To see why that is true, assume there exists a point

c 2 TL.Lo/ n
°
z 2 CW 0 < Arg z <

�

m

±
:

Let d 2 Lo such that

TL.d/ D c:

By Lemma 7.7, we see along the boundary � D 1of R, z0 2 Œ0;1/. By continuity
of z0, we can find c1 2 TL.@L/ \ .0;C1/, d1 2 @L n ¹.�; �/W � D 0º such that

TL.d1/ D c1:

In particular, d1 cannot be along the line � D 0 by Lemma 7.7 (1). Since R is con-
nected, we can find a path pdd1 in R joining d and d1 such that pdd1 \ ¹� D 0º D ;.
By continuity, TL.pdd1/ is a continuous curve in C joining the point c satisfying
Argc � �

m
and the point c1 satisfying Argc1D 0. (Note some point .�;�/ 2 pdd1 may

be outside the liquid region; in that case, TL maps .�; �/ to z0.�; �/ as in Lemma 7.7
which is real.) By (7.1), dh

d�
2 Œ�2; 2�, hence 1

4
dh
d�
C

1
2
2 Œ0; 1�. By (7.2), we have

Arg.z0.�; �// 2 Œ0; �� for all .�; �/ 2 R. Then there exists c2 D TL.d2/ such that
d2 2 pdd1 and Arg c2 D �

m
. Since d2 D .�L.c2/; �L.c2//, by (2.2), (2.3), we obtain

that

�L.c2/ D
1

n

nX
jD1

mcm2
cm2 � x

m
j

2 .0;m/ when Arg.c2/ D
�

m
;

�L.c2/ D 0:

This contradicts the fact that pdd1 \ ¹.�;�/W�2 .0;m/;�D 0º D ;. The contradiction
implies (7.14).

We finally show that°
z 2 CW 0 < Arg z <

�

m

±
� TL.Lo/:

Assume that there exists t 2 @TL.Lo/ such that t 2 ¹z 2CW0 <Argz < �
m
º n TL.Lo/.

Then there exists a sequence ¹tnºn2N � TL.Lo/ such that

lim
n!1

tn D t:
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By continuity of (2.2) and (2.3), we have

lim
n!1

�.tn/ D �.t/; lim
n!1

�.tn/ D �.t/:

Hence .�.t/; �.t// 2 Lo [ @Lo is such that F�.t/;m.z/ D
�.t/
1��.t/

has a root t in ¹z 2
CW0<Argz < �

m
º as described in Lemma 7.7. Note that �.t/¤ 1, because if �.t/D 1,

then Arg t D 0. Also �.t/ ¤ 0, because if �.t/ D 0, then t D 0. Moreover, �.t/ ¤
mC . r

n
� 1/�.t/, because otherwise t D 1. Then �.t/; �.t/ 2 L. Since Arg t ¤ �

m
,

�.t/¤ 0, we have .�.t/; �.t// 2Lo and t 2 TL.Lo/. Then the proof is complete.

7.3. Proof of Theorem 2.12

Proof. By Theorem 4.1, we have

lim
N!1

cov.p..1��1/N/
l1

; p
..1��2/N/

l2
/

N l1Cl2
D
.1 � �1/

l1.1 � �2/
l2

.2� i/2

�

nX
iD1

nX
jD1

I
jz�xi jD"

I
jw�xj jD"

ŒF�1;m.z/�
l1 ŒF�2;m.w/�

l2Q.z;w/ dzdw: (7.15)

The poles of F�;m.z/ are of 3 types:

(1) x1; : : : ; xn lying on the positive real axis;

(2) � 1
yj

for j 2 I2 \ ¹1; 2; : : : ; nº lying on the negative real axis;

(3) roots of zm D xmj except xj for j D 1; : : : ; n, lying on the circle centered at 0
with radius xj .

We may change the sum of contour integrals in the right-hand side of (7.15) into an
integral over a contour enclosing all the poles of F�;m.z/ of type (1), yet enclosing no
poles of types (2) and (3), with respect to both z and w.

For � 2 .0; 1/, let

Z1.�/ D
°
zWF�;m.z/ D

�

1 � �
I� 2

h
0;mC �

� r
n
� 1

�i
I

z is a root as given by Lemma 7.7
±
:

Let

Z2.�/ D ¹zW xz 2 Z1.�/º and Z.�/ D Z1.�/ [Z2.�/:

We claim that for � 2 .0; 1/, Z.�/ is a contour in the complex plane C enclosing
all the poles of F�;m.z/ of type (1), yet enclosing no poles of type (2) and (3). By
Lemma 7.9, we have

Z1.�/ � ¹0;C1º [
°
zW 0 < Arg z <

�

m

±
:
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Note that z0.0; �/D 0 and z0.mC �. rn � 1/; �/DC1 by Lemma (7.7). Since Z2.�/

is the complex conjugate of Z1.�/, then the claim follows.
For �1; �2 2 .0; 1/, (7.15) becomes

lim
N!1

cov.p..1��1/N/
l1

; p
..1��2/N/

l2
/

N l1Cl2

D
.1 � �1/

l1.1 � �2/
l2

.2� i/2

I
z2Z.�1/

I
w2Z.�2/

ŒF�1;m.z/�
l1 ŒF�2;m.w/�

l2

�Q.z;w/ dzdw

D
1

.2� i/2

I
z2Z1.�1/

I
w2Z1.�2/

Œ�L.z/�
l1 Œ�L.w/�

l2Q.z;w/ dzdw

�
1

.2� i/2

I
z2Z1.�1/

I
w2Z2.�2/

Œ�L.z/�
l1 Œ�L.w/�

l2Q.z;w/ dzdw

�
1

.2� i/2

I
z2Z2.�1/

I
w2Z1.�2/

Œ�L.xz/�
l1 Œ�L.w/�

l2Q.z;w/ dzdw

C
1

.2� i/2

I
z2Z2.�1/

I
w2Z2.�2/

Œ�L.xz/�
l1 Œ�L.w/�

l2Q.z;w/ dzdw

D
1

.2� i/2

I
z2Z1.�1/

I
w2Z1.�2/

Œ�L.z/�
l1 Œ�L.w/�

l2

� ŒQ.z; w/dzdw �Q.z; xw/dzd xw �Q.xz; w/dxzdw CQ.xz; xw/dxzd xw�;

where

Q.z;w/ D
m2zm�1wm�1

.zm � wm/2
:

Note that

Q.z;w/dzdw CQ.z; xw/dzd xw CQ.xz; w/dxzdw CQ.xz; xw/dxzd xw

D 2d ln
ˇ̌̌zm � wm
zm � xwm

ˇ̌̌
:

Hence the random variables ¹M �
j º�2.0;1/;j2N , defined by (2.1), converge to the

Gaussian distribution with mean 0 and limit covariance

lim
N!1

cov.M �1
j1
;M

�2
j2
/ D

�1

2�.j1 C 1/.j2 C 1/

I
z2Z1.�1/

I
w2Z1.�2/

�L.z/
j1C1

� �L.w/
j2C1d ln

ˇ̌̌zm � wm
zm � xwm

ˇ̌̌
: (7.16)
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Integrating by parts, we obtain that the random variables ¹M�
j º�2.0;1/;j2N are

Gaussian with mean 0 and covariance

cov.M�1
j1
;M

�2
j2
/ D

I
z2SW�L.z/D�1

I
w2SW�L.w/D�2

�L.z/
j1

� �L.w/
j2
d�L.z/

dz

d�L.w/

dw
GS.z; w/ dzdw; (7.17)

where GS.z; w/ is Green’s function on S given by

1

2�
ln
ˇ̌̌zm � wm
zm � xwm

ˇ̌̌
:

Then integration by parts shows that the right-hand sides of (7.16) and (7.17) are
equal.

8. Gaussian free field in piecewise boundary condition

In this section, we prove Theorem 2.13.
For 1 � i � n, let

Fi;�.z/ D
1

n

z

z � 1
C

1

1 � �
zAi .z/;

where Ai .z/ is defined by (6.12).

Lemma 8.1. For any � > 0, � 2 .0; 1/ and 1 � i � n, the equation

Fi;�.z/ D
�

1 � �
(8.1)

has at most one pair of complex conjugate roots.

Proof. See [32, Proposition 7.2].

Let Ji be defined as in (5.3). Under Assumption 5.2, we may assume that

Ji D

´
¹di ; di C 1; : : : ; diC1 � 1º if 1 � i � n � 1;

¹dn; dn C 1; : : : ; sº if i D n;

where for 1 � i � n,

1 D d1 < d2 < � � � < dn � s:
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Lemma 8.2. Let 1 � i � n. Let �i consist of all the .�; �/ in R (the rescaled square-
hexagon lattice 1

N
R.�; Lc/ in the limit as N ! 1) such that equation (8.1) has

exactly one pair of complex conjugate roots. Let H be the upper half-plane defined by

H D ¹zW Im z > 0º:

The mapping

T�i W �i ! H

maps .�; �/ 2 �i to t WD St.�1/mi .log z/, where z is the unique root of (8.1) in H,
and Stmi is the Stieltjes transform of the measure mi defined by (3.7). Let

p.t/ D
X

l2I2\¹1;2;:::;nº

ylx1 expŒStmi .t/�
1C ylx1 expŒStmi .t/�

;

q.t/ D
exp.Stmi .t//

exp.Stmi .t// � 1
:

Then T�1 is a homeomorphism with inverse t! .��1.t/; ��1.t// for all t 2H given by

��1.t/ D
Nt .p.t/ � q.t// � t .p.Nt / � q.Nt // � .n � 1/.Nt � t /

nŒp.t/ � p.Nt / � q.t/C q.Nt /�
; (8.2)

��1.t/ D
Nt � t

p.t/ � p.Nt / � q.t/C q.Nt /
; (8.3)

and for 2 � i � n,

��i .t/ D
Ntq.t/ � tq.Nt /C .Nt � t /.n � i/

nŒq.t/ � q.Nt /�
; (8.4)

��i .t/ D
Nt � t

�q.t/C q.Nt /
: (8.5)

Proof. The proof of the lemma is an adaptation of [9, Proposition 6.2]; see also [12,
Theorem 2.1].

Then Theorem 2.13 follows from arguments similar to those used in the proof of
[9, Theorem 6.3].
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