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Abstract – The existence of certain Fq-spaces of differential forms of the projective line over
a field K containing Fq leads us to prove an identity linking the determinant of the Moore
matrix of n indeterminates with the determinant of the Moore matrix of the cofactors of its
first row. These same spaces give an interpretation of Elkies pairing in terms of residues
of differential forms. This pairing puts in duality the Fq-vector space of the roots of an
Fq-linear polynomial and that of the roots of its reversed polynomial.
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1. Introduction

Marco Garuti was rapporteur for Guillaume Pagot’s thesis [9, 10] and the origin of
this note is the following remark [9, p. 68].
Let K be a field with characteristic p > 0, n � 2 and W � KŒX� be an n-

dimensional Fp-subspace in KŒX� whose non-zero elements have the same degree d ,
and let P be a non-zero polynomial which is a common multiple of the polynomials
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in W . Let .P1; P2; : : : ; Pn/ be an Fp-basis of W such that for 1 � i � n each differ-
ential form !i WD Pi

P
dX is a logarithmic differential. Then (Proposition 4.1) there is


 2 K? such that

(1.1) �n.P1; P2; : : : ; Pn/ D 
P
1CpCp2C���Cpn�2

;

where�n.P1;P2; : : : ;Pn/ is theMoore determinant of the polynomialsP1;P2; : : : ;Pn
(Definition 2.1).
In Proposition 3.1, we adapt the method of [4, 9], where such an Fp-space W for

n � 2 was built, in order to build some Fq-space of differential forms in �1K.K.X//
that we call an Lq�C1;n-space.
In Section 3.2 we give a first application to a construction of Elkies pairing [2,

§4.35]. Elkies takes up and extends the results of Ore. For an Fq-linear polynomial
P WD c0X C c1X

qC � � �C cnX
qn with c0cn¤ 0, his pairing induces a duality between

the Fq-space of roots of P and that of its reversed polynomial. In our construction,
the role of the Fq-vector space of the roots of the reversed polynomial is played by an
L
q
�C1;n-space of differential forms and the pairing is expressed by the residue of these
forms evaluated at the roots of the polynomial P .
The rest of the note deals with the evaluation of the constant 
 in (1.1) when we

apply it to Lq�C1;n-subspaces of L
q
�C1;nCm-spaces constructed in Proposition 3.1.

Thus, formula (1.1) takes the following form (Corollary 4.1):

Corollary 4.1. Let .Y / WD .Y1; Y2; : : : ; Yn/ and .X/ WD .X1; X2; : : : ; Xm/ be
nCm indeterminates over Fq with n � 2, m � 0 and the convention that X D ; and
�m.X/ D 1 for m D 0. We write . yYi / WD .Y1; : : : ; Yi�1; YiC1; : : : ; Yn/ for 1 � i � n.
Then we have the following equality in Fq.Y ;X/:

�n.�n�1Cm. yY1; X/; : : : ; .�1/
iC1�n�1Cm. yYi ; X/; : : : ; .�1/

nC1�n�1Cm. yYn; X//

�m.X/q
n�1
�nCm.Y ;X/1CqC���Cq

n�2

D
�n
�
�n�1. yY1/; : : : ; .�1/

iC1�n�1. yYi /; : : : ; .�1/
nC1�n�1. yYn/

�
�n.Y /1CqC���Cq

n�2
DW 


Thanks to the work of Ore and Elkies (cf. Proposition 2.5) we know that 
 2 F?q .
We show (Theorem 4.1) that 
 D 1. We give three proofs. The first one shows it

for m D 1 and by induction on n. It is a technical exercise in computing determinants.
The second proof is a matrix equality which is in itself original and which translates a
relation between a generic Moore matrix and the Moore matrix of the cofactors of its
first row (see the theorem below), a relation analogous to the classical relation between
a square matrix and its comatrix. The m D 0 case of Theorem 4.1 is immediately
deduced.
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Theorem 4.2. Let Y1;Y2; : : : ;Yn be n indeterminates over Fq , and let Mn.�n. yY1/;

: : : ;.�1/i�1�n. yYi /; : : : ; .�1/
n�1�n. yYn// be the Moore matrix of the cofactors

.�n. yY1/; : : : ;.�1/
i�1�n. yYi /; : : : ; .�1/

n�1�n. yYn// of the first row of Mn.Y /, where
for 1 � i � n, we write . yYi / WD .Y1; : : : ; Yi�1; YiC1; : : : ; Yn/. Then we have

Mn

�
�n. yY1/; : : : ; .�1/

i�1�n. yYi /; : : : ; .�1/
n�1�n. yYn/

�
tMn.Y /

D

0BBBBBBBB@

0 : : � � � : 0 .�1/n�1�n.Y /

�n.Y / 0 : � � � : 0 0

˛1 �n.Y /
q 0 � � � : 0 0

˛2 ˛
q
1 �n.Y /

q2
� � � : 0 0

:::
:::

::: � � � :
:::

:::

˛n�2 ˛
q
n�3 : � � � ˛

qn�3

1 �n.Y /
qn�2

0

1CCCCCCCCA
where

˛k WD �n. yY1/
qkC1

Y1 C � � � C .�1/
i�1�n. yYi /

qkC1

Yi C � � �

C .�1/n�1�n. yYn/
qkC1

Yn:

The third proof is a generalization of the above theorem, which gives a matrix
equality (Theorem 4.3) from which we deduce Theorem 4.1 without invoking Corol-
lary 4.1.
In Section 5, we offer two illustrations of the Moore determinant. In the first one we

study the application .a1; : : : ; an/ 2 Kn! .�n�1. Oai //1�i�n 2 K
n and in the second

we study a K-étale algebra defined by n Artin–Schreier equations. In this context we
express a group action in terms of an appropriate Elkies pairing.

2. Generalities and motivations

2.1 – Notation

In this note all rings are commutative and unitary and A (resp. K) denotes a ring
(resp. a field) of characteristic p > 0 containing the field Fq , where q WD ps . Finally,
F WA! A, with F.a/ D aq , denotes the Frobenius endomorphism.
We denote by Kalg a K algebraic closure. We adopt the following notation when

the context is not ambiguous.

• Let n � 1, m � 0 be integers.

• Let .a/ WD .a1; a2; : : : ; an/, with ai 2 A and n � 1.
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• Let .X/ WD .X1; X2; : : : ; Xm/ be indeterminates over A and let m � 0 with the
convention X D ; if m D 0. The integer m is determined by the context.

• Let . Oai ; X/ WD .a1; : : : ; Oai ; : : : ; an; X/, i.e. we omit ai and X may be empty. The
integers n and m are determined by the context.

Definition 2.1. Let A be a commutative ring containing the finite field Fq . Let
m; n � 1 be integers and a WD .a1; : : : ; an/ 2 An. We call the matrix of Mm;n.A/,
denoted byMm;n.a/ (Mn.a/ if n D m), where

Mm;n.a/ WD

0BBBB@
a1 a2 � � � an

a
q
1 a

q
2 � � � a

q
n

:::
::: � � �

:::

a
qm�1

1 a
qm�1

2 � � � a
qm�1

n

1CCCCA ;
the Moore matrix of size m, n associated to a, and we call the determinant ofMn.a/,
denoted by �n.a/, the Moore determinant associated to a.

2.2 – Additive polynomials and Moore determinants

Definition 2.2. Let K be a field containing Fq . We call a polynomial of the form
cnX

qn
C cn�1X

qn�1
C � � � C ciX

qi
C � � � C c0X 2 KŒX� an Fq-linear polynomial.

It is easy to see that a polynomial P 2 KŒX� is an Fq-linear polynomial if and only
if it satisfies the following two conditions:

(1) P.X C Y / D P.X/C P.Y / in the polynomials ring KŒX; Y �;

(2) P.�X/ D �P.X/ for all � 2 Fq .

A polynomial is additive if it satisfies condition (1). An additive polynomial is said to
be reduced if it is separable. If it is non-zero, this means that the coefficient of X is
non-zero.
Let P 2 KŒX� be an Fq-linear polynomial, let KerP WD ¹x 2 Kalg j P.x/ D 0º

be the set of roots of P ; it is an Fq-subspace of Kalg.
The application x 2 K ! P.x/ 2 K is an Fq-linear endomorphism of K. Thus

we can consider the Fq-subspace of K which is the kernel of this endomorphism. It
coincides with KerP when KerP � K.

Proposition 2.1 ([6, 8] and [2, Prop. 1, p. 80]). Let A be an integral commutative
ring containing Fq . The n elements a1; a2; : : : ; an of A are Fq-linearly independent
if and only if �n.a/ ¤ 0 . In other words, the n elements a1; a2; : : : ; an of A are
Fq-linearly independent if and only if the n vectors a; F.a/; : : : ; F n�1.a/ of An are
Fq-linearly independent.
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This proposition is a consequence of Moore’s identity [2, formula (3.4), p. 80;
formula (3.6), p. 81], which says that if a1; a2; : : : ; an are elements of A, then

(2.1) �n.a/ D
Y
1�i�n

Y
"i�12Fq

� � �

Y
"12Fq

.ai C "i�1ai�1 C � � � C "1a1/:

Proposition 2.2. LetK be a field containing Fq andW an Fq-vector subspace of
K with dimFq

W D n. Then there exists a unique unit polynomial of degree qn, denoted
PW , with W D ¹x 2 K j PW .x/ D 0º. Moreover, PW is an Fq-linear polynomial
which is reduced and if w WD .w1; : : : ; wn/ 2 Kn is an Fq-basis of W then

PW .X/ D
Y
w2W

.X � w/

D
�nC1.w;X/

�n.w/
D Xq

n

C � � � C .�1/n�n.w/
q�1X:(2.2)

The following proposition is the version adapted to hyperplanes in Proposition 2.2.

Proposition 2.3. Let W be an Fq-subspace of K with dimFq
W D n. Let w WD

.w1; w2; : : : ; wn/ be an Fq-basis of W and w?W .w?1 ; : : : ; w?n/ its dual basis. Let '
be a non-zero Fq-linear form on W and Ker ' the hyperplane of W kernel of '. Let
˛ WD .˛1; : : : ; ˛n/ 2 Fnq � ¹.0; : : : ; 0/º be such that ' D

P
1�i�n ˛iw

?
i and

�'.w;X/ D

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
˛1 ˛2 � � � ˛n 0

w1 w2 � � � wn X

w
q
1 w

q
2 � � � w

q
n Xq

:::
::: � � �

:::
:::

w
qn�1

1 w
qn�1

2 � � � w
qn�1

n Xq
n�1

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌ ;

ı'.w/ WD

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
˛1 ˛2 � � � ˛n

w1 w2 � � � wn

w
q
1 w

q
2 � � � w

q
n

:::
::: � � �

:::

w
qn�2

1 w
qn�2

2 � � � w
qn�2

n

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌ :

Then ı'.w/ ¤ 0 and like in (2.2) we can write

PKer' D
Y

w2Ker'

.X � w/

D
�'.w;X/

ı'.w/
D Xq

n�1

C � � � C .�1/nC1ı'.w/
q�1X;(2.3)



J. Fresnel – M. Matignon 6

which is an Fq-linear polynomial of degree qn�1 that is reduced. Moreover, we have
for 1 � i � n,

�w?
i
.w;X/ D .�1/i�1�n. ywi ; X/;

�'.w;X/ D
X
1�i�n

˛i�w?
i
.w;X/ D

X
1�i�n

˛i .�1/
i�1�n. ywi ; X/;

ı'.w/ D
X
1�i�n

.�1/i�1˛i�n�1. ywi /:

Proof. First we show that�'.w;X/ is not the null polynomial. Let us assume the
opposite. Since w;F.w/; : : : ; F n�1.w/ are Fq-linearly independent and since for j 2
¹0; : : : ; n � 1º the coefficient of Xqj is zero, we get ˛ 2

P
i2¹0;:::;n�1º;i¤j FqF i .w/I

thus its .j C 1/th coordinate in the Fq-basis w;F.w/; : : : ; F n�1.w/ is zero, which
contradicts the non-nullity of ˛.
The polynomial �'.w;X/ is thus an Fq-linear polynomial of degree � qn�1. We

check that it is zero on the hyperplane Ker '; thus its degree is equal to qn�1. Hence
the proposition.

Corollary 2.1. LetK be a field containing Fq ,w WD .w1;w2; : : : ;wn/ 2Kn and
for 1 � i � n, �n�1. ywi / WD �n�1.w1; : : : ; wi�1; wiC1; : : : ; wn/. Then �n.w/ ¤ 0
if and only if �n.�n�1. ywi // WD �n.�n�1. yw1/;�n�1. yw2/; : : : ; �n�1. ywn// ¤ 0.

Proof. Let us assume that�n.w/¤ 0. Then, by Propositions 2.1 and 2.3, ı'.w/DP
1�i�n ˛i�n�1. ywi / ¤ 0 for all ˛ WD .˛1; ˛2; : : : ; ˛n/ 2 Fnq � ¹.0; : : : ; 0/º, where

' D
P
1�i�n ˛iw

?
i . It follows from Proposition 2.1 that �n.�n�1. ywi // ¤ 0.

Let us assume that�n.w/D 0. Then, by Proposition 2.1, there is ."1; "2; : : : ; "n/ 2
Fnq � ¹.0; : : : ; 0/º with

P
1�i�n "iwi D 0. Let f be the Fq-linear form over Fnq such

that f ..˛1; : : : ; ˛n// D
P
1�i�n "i˛i and .˛1; : : : ; ˛n/ 2 Ker f � ¹0º. Thenˇ̌̌̌

ˇ̌̌̌
ˇ̌̌̌
˛1 ˛2 � � � ˛n

w1 w2 � � � wn

w
q
1 w

q
2 � � � w

q
n

:::
::: � � �

:::

w
qn�2

1 w
qn�2

2 � � � w
qn�2

n

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌ D 0;

so
P
1�i�n.�1/

i�1˛i�n�1. ywi / D 0. Thus, �n.�n�1. ywi // D 0.

Definition 2.3. Let P.X/ WD cnXq
n
C cn�1X

qn�1
C � � � C c0X 2 KŒX� be a

reduced Fq-linear polynomial (i.e. c0 ¤ 0) of degree qn (i.e. cn ¤ 0). With Ore we
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consider the reversed polynomial �P of the polynomial P , where

.�P /.X/ WD
X

0�m�n

cq
m

n�mX
qm

;

which is a reduced Fq-linear polynomial of degree qn.

Ore shows the following result (see [2, Theorem 5, p. 88]).

Proposition 2.4. LetK be a field containing Fq . Let P D
P
0�i�n ciX

qi
2KŒX�

be a reduced Fq-linear polynomial of degree qn, �P its reversed polynomial (Definition
2.3). We assume that the roots of P are in K. Let W WD KerP � K (Definition 2.2)
and w WD .w1; w2; : : : ; wn/ 2 Kn be an Fq-basis ofW . Let yW � K, the Fq-subspace
of K spanned by the n minors �n�1. ywi /, 1 � i � n. Then, if U WD Ker �P , we have
U D c�1n .

yW
�n.w/

/q; this is an Fq-subspace of K of dimension n.

Remark 2.1. It follows from Proposition 2.4 (see also [3, Corollary 1.7.14, p. 18])
that if the n elements w1; : : : ; wn in K are Fq-independent, so are the n elements
�n�1. ywi /, 1 � i � n. Although not explicitly written, Ore [8] and Elkies [2] show
the following result

Proposition 2.5. Let K be a field containing Fq , w WD .w1; w2; : : : ; wn/ 2 Kn

and for 1 � i � n, �n�1. ywi / WD �n�1.w1; : : : ; wi�1; wiC1; : : : ; wn/. Let us assume
that �n.w/ ¤ 0. Then

(2.4) .�n.�n�1. ywi ///
q�1
D �n.w/

qn�1�1:

Thus,

(2.5)
�n.�n�1. ywi //

�n.w/1CqC���Cq
n�2
2 F?q :

Proof. LetW �K be the Fq-vector space
L
1�i�n Fqwi and PW the polynomial

associated to W by Proposition 2.2. Let yW WD
L
1�i�n Fq�n�1. ywi / � K. With

(2.2) we have PW .X/ WD
�nC1.w;X/

�n.w/
and if�Œi�.w/ WD det.w;F.w/; : : : ; yF i .w/; : : : ;

F n.w// (i.e. the line F i .w/ is left out), then

PW .X/ D
X

0�m�n

.�1/n�m
�Œm�.w/

�n.w/
Xq

m

;

thus
PW .X/ D

X
0�m�n

cmX
qm

with cm D .�1/n�m
�Œm�.w/

�n.w/
:
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Applying the above to the family �n�1. ywi / and the polynomial

P yW .X/ WD
�nC1.�n�1. ywi /; X/

�n.�n�1. ywi //
DW

X
0�m�n

OcmX
qm

;

we obtain the following identities for 0 � m � n:

Ocm D .�1/
n�m

�Œm�.�n�1. ywi //

�n.�n�1. ywi //
:

In particular Oc0 D .�1/n.�n.�n�1. ywi ///q�1.
Elkies [2, formula (4.28)] shows, following Ore, that

P yW .X/D X
qn

C .�1/n
� X
1�m�n�1

cq
m�1

n�m �n.w/
qn�1�qm

Xq
m

C�n.w/
qn�1�1X

�
:

Thus, (2.4) is fulfilled.
In the case where 1 � m � n � 1 we obtain the equality

Ocm D .�1/
n�m

�Œm�.�n�1. ywi //

�n.�n�1. ywi //
D .�1/ncq

m�1

n�m �n.w/
qn�1�qm

;

which taking into account (2.4) gives

.�Œm�.�n�1. ywi ///
q�1(2.6)

D �n.w/
qn�qmC1Cqm�1�1.�Œn �m�.w//q

m�1.q�1/:

Remark 2.2. If we take into account Theorem 4.1, we can specify the equalities
(2.5) and (2.6). Thus we have

�n.�n�1. ywi //

�n.w/1CqC���Cq
n�2
D .�1/b

n
2 c;

where bn
2
c is the lower integer part of n

2
, and

�Œm�.�n�1. ywi // D .�1/
bn

2 c�n.w/
qn�1
q�1 �q

m�1�qm

�Œn �m�.w/q
m�1

:

The next proposition takes up results of Ore and Elkies [2, Proposition 3] which
specify the link between composition of two Fq-linear polynomials and the geometry
of sets of roots.
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Proposition 2.6. Let K be a field which contains Fq . Let W be an Fq-vector
space of K with dimFq

W D n, W1 be an Fq-subvector space of W and PW .X/ WDQ
x2W .X � x/ (resp. PW1

.X/ WD
Q
x2W1

.X � x/). Let PW1
.W / WD ¹PW1

.x/ j x 2

W º, which is a finite-dimensional Fq-subspace of K and

(2.7) PW .X/ D PPW1
.W /.PW1

.X//:

Conversely, if Q is a monic Fq-linear polynomial such that PW .X/ D Q.PW1
.X//,

we have Q D PPW1
.W /.

Proof. Let us assume that dimFq
W1 Dm. Then degPW1

D qm. Since x 2W !
PW1

.x/ 2 K is an Fq-linear map whose kernel is W1, it follows that PW1
.W / is an

Fq-subspace of K of dimension n �m; thus the polynomial PPW1
.W /.PW1

.X// is a
monic Fq-linear polynomial of degree qn�mqm D qn. Since it is by construction zero
on W , it follows that PW .X/ divides PPW1

.W /.PW1
.X// in KŒX�, hence the equality.

For the reciprocal we remark that .Q �PPW1
.W //.PW1

.X// is the null polynomial
in KŒX� and that PW1

.X/ is transcendental over K.

Finally, the following corollary specifies Proposition 2.3.

Corollary 2.2. Let K be a field which contains Fq . Let W � K be an Fq-
vector space with dimFq

W D n, w WD .w1; w2; : : : ; wn/ 2 Kn an Fq-basis ofW and
.w?1 ;w

?
2 ; : : : ;w

?
n/ its dual basis. Let ' be a non-zero Fq-linear form onW andKer' be

the hyperplane of theW kernel of '. Let ˛ WD .˛1; ˛2; : : : ; ˛n/ 2 Fnq � ¹.0; 0; : : : ; 0/º

and be such that

' D
X
1�i�n

˛iw
?
i ;

�'.w;X/ D
X
1�i�n

˛i .�1/
i�1�n. ywi ; X/;

ı'.w/ D
X
1�i�n

˛i .�1/
i�1�n�1. ywi /:

Let PW 2 KŒX� (resp. PKer' 2 KŒX�) be the monic (resp. reduced) polynomial whose
set of roots is W (resp. Ker ').

Then (2.7) is satisfied with W1 WD Ker ', and

PKer'.X/ D
�'.w;X/

ı'.w/
;

PPKer'.W /.X/ D X
q
�

��n.w/
ı'.w/

�q�1
X;
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thus

PKer'.X/

PW .X/
D
�n.w/

ı'.w/

�'.w;X/

�nC1.w;X/
D

1

PKer'.X/q�1 �
��n.w/

ı'.w/

�q�1 :
Proof. Since Ker' is a hyperplane of W , it follows that PPKer'.W /.X/ D Xq �

c'X 2 KŒX�. Thus, with (2.7) we have PW .X/ D PW1
.X/q � c'PW1

.X/. Since
coeffX PW D .�1/n�n.w/q�1 (cf. (2.2) and (2.3)), coeffX PW1

D .�1/nC1ı'.w/
q�1,

the corollary follows.

3. Vector spaces of differentials and Moore determinants

3.1 – The Lq�C1;n spaces

Definition 3.1. Let K be a field of characteristic p > 0. Let � 2 N with � � 2
prime to p and n � 1. We call an L�C1;n space an Fp-vector space of dimension
n of logarithmic differential forms in �1K.K.X//, whose non-zero elements have
.� � 1/1 as zero divisor and their poles are in K (such a form has �C 1 poles and
they are simple).

One can show [9, Lemme 6, p. 63] that if such a space exists then pn�1 divides
�C 1.
Such Fp-vector spaces have been constructed for n � 1 in [4] in order in particular

to lift in null characteristic certain .Z=pZ/n-coverings of the projective line P1K
into Galoisian coverings of the group .Z=pZ/n. See [7] for a presentation of recent
contributions on the subject.
TheL�C1;n spaces have been defined and studied by Pagot in his thesis ([10, p. 19]),

a part of which is published in [9]. See also [5] for complements.
We will consider a generalization to the case where Fp is replaced by the field Fq

with q D ps .

Definition 3.2. Let K be a field which contains Fq . Let � 2 N with � � 2
prime to p and n � 1. We call an Lq�C1;n space an Fq-vector space of dimension n of
logarithmic differential forms in�1K.K.X// whose non-zero elements have .�� 1/1
as zero divisor, such that their poles are simple and in K (so there are �C 1 poles)
and such that their residues are in Fq .

Proposition 3.1. Let K be a field containing Fq , W an Fq-subspace of K with
dimFq

W D n, w WD .w1; : : : ; wn/ 2 Kn an Fq-basis ofW and w? WD .w?1 ; : : : ; w?n/
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its dual basis. For j 2 ¹1; : : : ; nº, we note that

!j WD
X

."1;"2;:::;"n/2Fn
q

"j

X �
Pn
iD1 "iwi

dX:

Let ˛ WD .˛1; : : : ; ˛n/ 2 Fnq � ¹.0; : : : ; 0/º, ' D
P
1�i�n ˛iw

?
i and

!' WD
X
1�j�n

j̨!j D
X

."1;"2;:::;"n/2Fn
q

P
1�j�n j̨ "j

X �
Pn
iD1 "iwi

dX:

Then
!' D ��n.w/

q�1 �'.w;X/

�nC1.w;X/
dX

and �'.w;X/ j �nC1.w;X/ (cf. Proposition 2.3).
Thus,�W WD

P
1�j�n Fq!j ��1K.K.X// is Lq�C1;n with �C 1 WD qn�1.q � 1/.

Proof. Let ! 2 �W and ˛ WD .˛1; ˛2; : : : ; ˛n/ 2 Fnq � ¹.0; 0; : : : ; 0/º with ! DP
1�j�n j̨!j . Then

! D
X

."1;"2;:::;"n/2Fn
q

P
1�j�n j̨ "j

X �
Pn
iD1 "iwi

dX:

It follows that the poles of ! are the elements of W deprived of the zeros of the
Fq-linear form ' D

P
1�i�n ˛iw

?
i , so they are of cardinal q

n � qn�1 DW �C 1 and
they are simple. The residues by construction are in Fq . In particular, ! ¤ 0 and
therefore �W is an Fq-vector space of dimension n.
It remains to see that the zero divisor of ! is .� � 1/1. For that we consider the

fraction
F.X/ WD ��n.w/

q�1 �'.w;X/

�nC1.w;X/
:

The poles of F are the elements of W � Ker' and they are simple (Corollary 2.2).
Let w 2 W with '.w/ ¤ 0. Then

resw F.X/ D ��n.w/q�1
�'.w;w/

�nC1.w;X/0.w/
:

We have w D
Pn
iD1 "i .w/wi with "i .w/ 2 Fq; thus (cf. Proposition 2.3)

�'.w;w/ D
X
1�i�n

˛i .�1/
i�1�n. ywi ; w/

D

X
1�i�n

˛i .�1/
i�1"i .w/�n. ywi ; wi /
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D

X
1�i�n

˛i .�1/
i�1"i .w/.�1/

n�i�n.w/

D .�1/n�1
� X
1�i�n

˛i"i .w/

�
�n.w/:

Finally (cf. Proposition 2.2), �nC1.w;X/0.w/ D .�1/n�n.w/q .
Thus,

resw F.X/ D ��n.w/q�1
.�1/n�1.

P
1�i�n ˛i"i .w//�n.w/

.�1/n�n.w/q
D

X
1�i�n

˛i"i .w/;

and so ! D!' . It follows that the zeros of ! are concentrated at infinity (Corollary 2.2).

Remark 3.1. In [10, Remark 4, p. 29], Pagot remarks that if K is algebraically
closed then the pullback by a morphismˆWP1K! P1K withˆ.X/D ˛X CX

pP.Xp/,
where ˛ 2K? and P 2KŒX�, of an L�C1;n space is an L.�C1/ degˆ;n space. Similarly
an exercise shows that the pullback of an Lq�C1;n space is an L

q

.�C1/ degˆ;n space. We
can thus construct new Lq�C1;n spaces, for example from Proposition 3.1.

3.2 – Lq�C1;n spaces and Elkies pairing

In this section, K denotes a field that contains Fq , W is an Fq-vector space
of K with dimFq

W D n, w WD .w1; : : : ; wn/ 2 Kn, an Fq-basis of W and w? WD
.w?1 ; : : : ; w

?
n/ its dual basis. Finally, let yW WD

L
1�i�n Fq�n�1. ywi / and U WD

.
yW

�n.w/
/q . Recall that U D Ker �PW , where �PW is the reversed polynomial of the

polynomial PW (cf. Proposition 2.2, Definition 2.3, Proposition 2.4).
We will recall the construction of an Elkies pairing attached to the monic Fq-linear

polynomial PW . It puts in duality the two Fq-subvector spaces of K, which areW and
U , and we will give a differential interpretation of it using the Lq�C1;n spaces defined
in Proposition 3.1.

(A) Elkies pairing. Elkies [2, §4.35] defines an Fq-perfect pairing EWW � U ! Fq
as follows. He first observes that if .w; u/ 2 W � U then 0 D w..�PW /.u//q

�n
�

uPW .w/ D E.w; u/ �E.w; u/
q , where

E.w; u/ WD
X

1�m�n

X
0�j�m�1

..cmu/
q�m

w/q
j

; PW .X/ D
X

0�m�n

cmX
qm

and cn D 1. It follows that E.w; u/ 2 Fq .
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(B) The pairing f WW �U ! Fq . We will see that Proposition 3.1 allows us to define
an Fq-pairing f WW � U ! Fq given by the residue of differential forms.
To be precise, if w 2 W and u 2 U are different from 0, we can write w DPn
iD1 "i .w; w/wi in the basis w of W where ."1.w; w/; : : : ; "n.w; w// 2 Fnq � ¹0º

and by definition of U we can write

u D

�P
1�i�n ˛i .�1/

i�1�n�1. ywi /

�n.w/

�q
;

where ˛ WD .˛1; : : : ; ˛n/ 2 Fnq � ¹.0; : : : ; 0/º. Let ' WD
P
1�i�n ˛iw

?
i . Then (cf.

Proposition 2.3)

(3.1) u D
� ı'.w/
�n.w/

�q
with ı'.w/ D

X
1�i�n

˛i .�1/
i�1�n�1. ywi /:

Let � yW WD
P
1�j�n Fq!j � �1K.K.X// be the L

q
�C1;n space with � C 1 WD

qn�1.q � 1/ as defined in Proposition 3.1 and let

!' WD
X
j

j̨!j D
X

."1;"2;:::;"n/2Fn
q

P
1�j�n j̨ "j

X �
Pn
iD1 "iwi

dX 2 � yW � ¹0º:

Then we define

f .w; u/ WD .�1/n�1 resw !' D .�1/n�1
X
1�j�n

j̨ "j .w;w/ 2 Fq:

Lemma 3.1. The pairing f is perfect.

Proof. Let u 2 U and let us assume that f .w; u/ D 0 for all w 2 W . It follows
from (3.1) that

u D
� ı'.w/
�n.w/

�q
with ı'.w/ D

X
1�i�n

˛i .�1/
i�1�n�1. ywi /;

where ˛ WD .˛1; : : : ; ˛n/ 2 Fnq and ' D
P
1�i�n ˛iw

?
i .

Thus, for any w 2 W , the residue at w of the differential form !˛ D
P
˛i!i is

zero and since the poles of !˛ are simple, this form is the null form. Thus, ˛i D 0 for
1 � i � n; it follows that ı'.w/ and thus u are zero.
Now let w 2W , and let us assume that f .w;u/D 0 for all u in yW . It follows from

Proposition 3.1 that 0 is the only element of W which is not a pole of one of the !i
forms, so w D 0.
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(C) Comparison of the two pairings E and f .

Proposition 3.2. The two pairings E and f are equal.

Proof. Let w1; w2; : : : ; wn be a basis of W , w 2 W � ¹0º and u 2 U � ¹0º. It
follows from (3.1) that u D . ı'.w/

�n.w/
/q where ˛ WD .˛1; : : : ; ˛n/ 2 Fnq � ¹.0; : : : ; 0/º

and ' D
P
1�i�n ˛iw

?
i .

As from Proposition 3.1 we have !' D��n.w/q�1
�'.w;X/

�nC1.w;X/
dX , it follows from

(2.3) and Corollary 2.2 that

f .w; u/ D .�1/n�1 resw !' D .�1/n�n.w/q�1
ı'.w/PKer'.w/

.�1/n�n.w/�n.w/q�1

D u1=qPKer'.w/;

where PKer'.X/ is a monic polynomial of degree qn�1 (cf. (2.3)). On the other hand,
E.w;u/D u1=qPu.w/, where Pu.X/ is a monic Fq-linear polynomial of degree qn�1

[2, Lemma, p. 92, proof].
It then remains to compare the two polynomials Pu.X/ and PKer'.X/.
AsPu.X/ andPKer'.X/ dividePW .X/ inKŒX� and as KerPKer' (resp. KerPu) is

a hyperplane inW , we have (Proposition 2.6) PW DQ' ıPKer' DQu ıPu inKŒX�,
where Q'.X/ D Xq � q'X and Qu D Xq � quX with q' , qu non-zero elements
in K. In particular, coeffX .PW / D �q' coeffX .PKer'/ D �qu coeffX .Pu/. We have
coeffX .Pu/ D �.�1/n�n.w/q�1u

q�1
q [2, Lemma, p. 92, proof]. From Corollary 2.2

we know that

q' D .
�n.w/

ı'.w/
/q�1 and coeffX .PW / D .�1/n�n.w/q�1

(cf. (2.2)) and so coeffX .PKer'/ D coeffX .Pu/; hence q' D qu.
The equalityQ' D Qu then follows from the uniqueness of the decomposition in

Proposition 2.6.

4. A property of L
q

�C1;n
spaces

4.1 – The property

Proposition 4.1. Let n � 2 and � be an Lq�C1;n-space (Definition 3.2) and
! WD .!1;!2; : : : ;!n/ an Fq-basis. Let P .�/�K be the set of poles of the differentials
in� and P.X/ WD

Q
x2P .�/.X � x/. Let Pi 2KŒX� with !i D Pi

P
dX for 1 � i � n.

Then there is 
 2 K? with

(4.1) �n.P1; : : : ; Pn/ D 
P
1CqC���Cqn�2

:
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Proof. Thanks to (2.1) we can write

�n.P1; : : : ; Pn/ D
Y
1�i�n

Y
"i�12Fq

� � �

Y
"12Fq

.Pi C "i�1Pi�1 C � � � C "1P1/:

By hypothesis, each factor Pi C "i�1Pi�1 C � � � C "1P1 divides P and factorizes into
a product of distinct irreducible polynomials of degree 1. Thus, for x 2P .�/, we must
show that x is a root of 1C qC � � � C qn�2 polynomials Pi C "i�1Pi�1C � � � C "1P1
with ."1; "2; : : : ; "i�1; 1; 0; 0; : : : ; 0/ 2 Fnq .
Let x 2 P .�/. Since x is a pole of at least one of the !i forms, the tuple

.resx !i /1�i�n 2 Fnq � ¹.0; : : : ; 0/º. Let 'x W�! Fq be the linear form with 'x.!/DP
1�i�n ˛i resx !i , where ! D

P
1�i�n ˛i!j . Then 'x is an Fq-linear non-zero form.

If .˛1 W ˛2 W � � � W ˛n/ 2 Pn.Fq/, then 'x.!/ D
P
1�i�n ˛i resx !i D 0 if and only ifP

1�i�n ˛iPi .x/ D 0. Then, as ¹."1; "2; : : : ; "i�1; 1; 0; 0; : : : ; 0/; 1 � i � nº 2 Fnq is
a system of representatives of the elements of Pn.Fq/, the multiplicity of the zero x in
�n.P1; : : : ; Pn/ is equal to the number of points of the hyperplane of Pn.Fq/ induced
by Ker'x , so it is equal to 1C q C � � � C qn�2.
Finally, by Proposition 2.1, 
 is not zero since the n fractions Pi

P
are Fq-linearly

independent.

Remark 4.1. Proposition 4.1 is a remark in [9, p. 68] in the framework of L�C1;n-
spaces of logarithmic differentials (i.e. q D p).

4.2 – An equality between Moore’s determinants (I)

Corollary 4.1. Let .Y / WD .Y1;Y2; : : : ;Yn/ and .X/ WD .X1;X2; : : : ;Xm/ be nC
m indeterminates over Fq , where n� 2,m� 0 and we apply the convention thatX D;
and�m.X/D 1 ifmD 0. For 1� i � n, we write . yYi / WD .Y1; : : : ;Yi�1;YiC1; : : : ;Yn/.
Then we have the following equality in Fq.Y ;X/:

�n
�
�n�1Cm. yY1; X/; : : : ; .�1/

iC1�n�1Cm. yYi ; X/; : : : ;

.�1/nC1�n�1Cm. yYn; X/
�

�m.X/q
n�1
�nCm.Y ;X/1CqC���Cq

n�2

D
�n.�n�1. yY1/; : : : ; .�1/

iC1�n�1. yYi /; : : : ; .�1/
nC1�n�1. yYn/

�n.Y /1CqC���Cq
n�2

DW 
:(4.2)

Proof. Let A WD FqŒY ; X� and K be its fraction field. For j 2 ¹1; : : : ; nCmº,
we denote

!j WD
X

."1;"2;:::;"nCm/2FnCm
q

"j dZ

Z �
Pn
iD1 "iYi �

Pm
iD1 "nCiXi

:
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Then �Y ;X WD
P
1�j�nCm Fq!j � �1K.K.Z// is an L

q
�C1;nCm-space, where �C

1 WD qn�1Cm.q � 1/ and �Y WD
P
1�j�n Fq!j � �1K.K.Z// is an n-dimensional

Fq-subspace � of �Y ;X , hence it is an Lq�C1;n-space.
We apply Proposition 3.1 to this last space �.
For 1 � i � n, we have

!i D ��nCm.Y ;X/
q�1

�nCm. yYi ; X;Z/

�nCmC1.Y ;X;Z/
dZ:

It follows thatP .�/D¹
Pn
iD1 "iYi C

Pm
iD1 "nCiXiºwith ."1; "2; : : : ;"nCm/2 FnCmq ,

."1; "2; : : : ; "n/ ¤ .0; : : : ; 0/ is the set of poles P .�/ � K of the elements of � .
Thus,

P.Z/ WD
Y

z2P .�/

.Z � z/ D
�m.X/

�nCm.Y ;X/

�nCmC1.Y ;X;Z/

�mC1.X;Z/

(cf. (2.2)) and !i D Pi

P
dZ, where

Pi

P
D ��nCm.Y ;X/

q�1
�nCm. yYi ; X;Z/

�nCmC1.Y ;X;Z/
:

Equality (4.1) in Proposition 4.1 then gives

�n
�
�nCm. yY1; X;Z/; : : : ; .�1/

iC1�nCm. yYi ; X;Z/; : : : ;

.�1/nC1�nCm. yYn; X;Z/
�

D 
�mC1.X;Z/
qn�1

�nCmC1.Y ;X;Z/
1CqC���Cqn�2

;(4.3)

where 
 2 Fq.Y ;X/.
Finally, the comparison in equality (4.3) of the coefficients of higher degree in Z

gives the equality

�n
�
�n�1Cm. yY1; X/; : : : ; .�1/

iC1�n�1Cm. yYi ; X/; : : : ; .�1/
nC1�n�1Cm. yYn; X/

�
D 
�m.X/

qn�1

�nCm.Y ;X/
1CqC���Cqn�2

:

By making Xm play the role played by Z in (4.3) we deduce that

�n
�
�nCm�2. yY1; X1; : : : ; Xm�1/; : : : ; .�1/

iC1�n�1Cm�1. yYi ; X1; : : : ; Xm�1/; : : : ;

.�1/nC1�n�1Cm�1. yYn; X1; : : : ; Xm�1/
�

D 
�m�1.X1; : : : ; Xm�1/
qn�1

�n�1Cm�1.Y ;X1; : : : ; Xm�1/
1CqC���Cqn�2

:
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By iterating the process we exhaust X , hence

�n
�
�n�1. yY1/; : : : ; .�1/

iC1�n�1. yYi /; : : : ; .�1/
n�1�n�1. yYn/

�
D 
�n.Y /

1CqC���Cqn�2

;

as announced.

4.3 – An equality between Moore’s determinants (II)

We show in two different ways that the constant 
 in (4.2) is equal to 1.
Thus we can state the theorem.

Theorem 4.1. Let .Y / WD .Y1; Y2; : : : ; Yn/ and .X/ WD .X1; X2; : : : ; Xm/ be
nCm indeterminates over Fq , where n � 2, m � 0 and we apply the convention that
X D ; and�m.X/D 1 formD 0. We write . yYi / WD .Y1; : : : ; Yi�1; YiC1; : : : ; Yn/ for
1 � i � n.

Then we have the following polynomial equalities in FqŒX; Y �:

z�n;m.Y ;X/ WD �n
�
�n�1Cm. yY1; X/; : : : ; .�1/

iC1�n�1Cm. yYi ; X/; : : : ;

.�1/nC1�n�1Cm. yYn; X/
�

D �m.X/
qn�1

�nCm.Y ;X/
1CqC���Cqn�2

;(4.4)

which is also (compare to (4.1))

�n

��n�1Cm. yY1; X/
�m.X/

; : : : ;
�n�1Cm. yYi ; X/

�m.X/
; : : : ;

�n�1Cm. yYn; X/

�m.X/

�
D .�1/b

n
2 c
��nCm.Y ;X/

�m.X/

�1CqC���Cqn�2

;

where bn
2
c is the lower integer part of n

2
. We remark that�m.X/ divides�nCm.Y ;X/

thanks to (2.1).

We deduce by specialization of formula (4.4) the following corollary:

Corollary 4.2. Let A be a commutative ring containing Fq . Let .a/ WD .a1; a2;
: : : ; an/ 2 A

n and .b/ WD .b1; b2; : : : ; bm/ 2 Am, where n � 2, m � 0 and we apply
the convention that b D ; and �m.b/ D 1 for m D 0. Then

�n
�
�n�1Cm. Oa1; b/; : : : ; .�1/

iC1�n�1Cm. Oai ; b/; : : : ; .�1/
nC1�n�1Cm. Oan; b/

�
D �m.b/

qn�1

�nCm.a; b/
1CqC���Cqn�2

:
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4.4 – First proof of Theorem 4.1. The case m D 1 by induction on n

(A) We check (4.4) for .n;m/ D .2; 1/. i.e.

�2

��2.Y2; X/
X

;�
�2.Y1; X/

X

�
D
�3.Y1; Y2; X/

X
:

This is an equality between polynomials in the variable X of degree q2 � 1. The terms
of higher degree are equal as�2.�1.Y2Xq�1/;��1.Y1Xq�1//D�2.Y1; Y2/Xq

2�1.
For Y˛ WD ˛1Y1C ˛2Y2 with ˛ 2 F2q , we have�2.�2.Y2; Y˛/;�2.Y1; Y˛//D 0, thus
the two polynomials have the same zeros (see (2.2)). Hence the equality.

(B) We assume that m D 1 and we proceed by induction on n. Let us assume that
(4.4) is satisfied for m D 1 and up to rank n. We show it for m D 1 and nC 1.

(B1) We show the equality of the coefficients of highest degree in (4.4) form D 1 and
nC 1; it is also (4.4) for m D 0 and nC 1.
Let .Y / WD .Y1; Y2; : : : ; YnC1/ be nC 1 indeterminates over Fq . Let j be such that

1 � j � nC 1. We apply (4.4) to the n indeterminates .Y1; : : : ; Yj�1; yYj ; YjC1; : : : ;
YnC1/ WD yYj over Fq and we specialize X in Yj . Thus,

�n
�
�n. yY1; : : : ; yYj ; : : : ; YnC1; Yj /; : : : ;

�n.Y1; : : : ; yYi ; : : : ; yYj ; : : : ; YnC1; Yj /; : : : ;

�n.Y1; : : : ; yYj ; : : : ; Yn; yYnC1; Yj /
�

D .�1/b
n
2 c z�n;1. yYj ; Yj / .cf. (4.4)/

D .�1/b
n
2 cY

qn�1

j �nC1.Y1; : : : ; yYj ; : : : ; YnC1; Yj /
1CqC���Cqn�2

D .�1/b
n
2 cY

qn�1

j ..�1/nC1�j�nC1.Y //
1CqC���Cqn�2

D .�1/b
n
2 c.�1/.n�1/.nC1�j /Y

qn�1

j �nC1.Y /
1CqC���Cqn�2

:(4.5)

Below, we use the following three identities:

• For 1 � j < i � nC 1, we have

�n.Y1; : : : ; yYj ; : : : ; Yi ; : : : ; YnC1/

D .�1/nC1�i�n.Y1; : : : ; yYj ; : : : ; yYi ; : : : ; YnC1; Yi /:

• For 1 � i < j � nC 1, we have

�n.Y1; : : : ; Yi ; : : : ; yYj ; : : : ; YnC1/

D .�1/n�i�n.Y1; : : : ; yYi ; : : : ; yYj ; : : : ; YnC1; Yi /:
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• For 1 � i � nC 1, we have

�nC1.Y1; : : : ; yYi ; : : : ; YnC1; Yi / D .�1/
nC1�i�nC1.Y /:

Then it follows with (4.5) that for 1 � i � nC 1,

�n
�
�n. yY1/;�n. yY2/; : : : ; y�n. yYi /; : : : ; �n. yYnC1/

�
D �n

�
�. yY1; Y2; : : : ; Yi ; : : : ; YnC1/; : : : ; �n.Y1; : : : ; yYi�1; Yi ; : : : ; YnC1/;

�n.Y1; : : : ; Yi�1; Yi ; yYiC1; : : : ; YnC1/; : : : ;

�n.Y1; : : : ; Yi ; : : : ; yYnC1/
�

D .�1/.nC1�i/.i�1/C.n�i/.nC1�i/.�1/b
n
2 c z�n;1. yYi ; Yi /

D .�1/.nC1�i/.i�1/C.n�i/.nC1�i/.�1/b
n
2 c.�1/.n�1/.n�iC1/Y

qn�1

i

��nC1.Y /
1CqC���Cqn�2

D .�1/b
n
2 cY

qn�1

i �nC1.Y /
1CqC���Cqn�2

:(4.6)

Thus, by developing the determinant �nC1.�n. yY1/; : : : ; �n. yYi /; : : : ; �n. yYnC1//
along the first row, it follows that

�nC1
�
�n. yY1/; : : : ; �n. yYi /; : : : ; �n. yYnC1/

�
D �n. yY1/�n

�
y�n. yY1/;�n. yY2/; : : : ; �n. yYi /; : : : ; �n. yYnC1/

�q
��n. yY2/�n

�
�n. yY1/; y�n. yY2/; : : : ; �n. yYi /; : : : ; �n. yYnC1/

�q
C � � �

C .�1/nC2�n. yYnC1/�n
�
�n. yY1/; : : : ; �n. yYi /; : : : ; �n. yYn/; y�n. yYnC1/

�q
D .�1/b

n
2 c

� X
1�i�nC1

.�1/iC1�n. yYi /Y
qn

i

�
�nC1.Y /

q.1CqC���Cqn�2/

D .�1/b
n
2 c.�1/n

� X
1�i�nC1

.�1/iCnC1Y
qn

i �n. yYi /

�
�nC1.Y /

q.1CqC���Cqn�2/

D .�1/b
nC1

2 c�nC1.Y /
1CqC���Cqn�1

:

This is (4.4) for m D 0 and nC 1. This also shows the equality of the coefficients of
higher degree in (4.4) for m D 1 and nC 1.

(B2) We compare the zeros with multiplicity in the two members of (4.4) for m D 1
and nC 1. We write

G WD �nC1
�
�nC1. yY1; X/; : : : ; .�1/

iC1�nC1. yYi ; X/; : : : ;

.�1/nC2�nC1. yYnC1; X/
�
;

D WD Xq
n

�nC2.Y ;X/
1CqC���Cqn�1

:
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We are first interested in X D 0, for which we notice that

G

X1CqC���Cq
n D �nC1

��nC1. yY1; X/
X

; : : : ; .�1/iC1
�nC1. yYi ; X/

X
; : : : ;

.�1/nC2
�nC1. yYnC1; X/

X

�
;

whose constant term is

.�1/n.nC1/�nC1
�
�n. yY1/; : : : ; .�1/

iC1�n. yYi /; : : : ; .�1/
nC2�n. yYnC1/

�q
:

On the other hand,

D

X1CqC���Cq
n D

��nC2.Y ;X/
X

�1CqC���Cqn�1

;

whose constant term is

.�1/.nC1/n�nC1.Y /
q.1CqC���Cqn�1/:

Then we have equality and non-nullity of constant terms by (B1), which ensures in
particular that the multiplicity of X D 0 is 1C q C � � � C qn in G and inD.
Thanks to (2.2), we can handle the other zeros. Let " WD ."1; "2; : : : ; "nC1/ 2

FnC1q � .0; : : : ; 0/, and x" WD
P
1�j�nC1 "jYj . We need to show that x" is a root of

G with multiplicity 1C q C � � � C qn�1.
With (2.1) we get

G D
Y
1�i�n

Y
˛i�12Fq

� � �

Y
˛12Fq

�
�Œi�.Y ;X/C ˛i�1�Œi � 1�.Y ;X/C � � �

C ˛1�Œ1�.Y ;X/
�
;

where �Œi�.Y ;X/ WD .�1/iC1�nC1. yYi ; X/ and so with Proposition 2.3,

G D
Y
1�i�n

Y
˛i�12Fq

� � �

Y
˛12Fq

�.˛1;:::;˛i�1;1;0;:::;0/.Y ;X/;

where �.˛1;:::;˛i�1;1;0;:::;0/ D �'i
with 'i D ˛1Y

?
1 C � � � C ˛i�1Y

?
i C Y ?i , and

.Y ?i /1�i�n is the dual basis of .Yi /1�i�n. The roots of �.˛1;:::;˛i�1;1;0;:::;0/.Y ; X/

seen as a polynomial in X and coefficients in Fq.Y / are simple (Proposition 2.3) and
�.˛1;:::;˛i�1;1;0;:::;0/.x"/D 0 if and only if "i C ˛i�1"i�1C � � � C ˛1"1 D 0. Thus, the
multiplicity of x" inG is equal to the cardinality of the .˛1 W ˛2 W � � � W ˛nC1/ 2 Pn.Fq/

which belong to the hyperplane
P
1�i�nC1 "i˛i D 0, i.e. 1C q C � � � C qn�1. Hence

we get (4.4) for m D 1 and nC 1.
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4.5 – Second proof of Theorem 4.1 by a matrix interpretation in the case m D 0

The following theorem is of interest independently of the rest. It gives indeed a
relation between a generic Moore matrix and the Moore matrix of the cofactors of its
first row, a relation analogous to the classical relation between a square matrix and its
comatrix. The m D 0 case of Theorem 4.1 is then an immediate corollary by taking
the determinants.

Theorem 4.2. Let Y1;Y2; : : : ;Yn be n indeterminates over Fq , and let Mn.�n. yY1/;

: : : ; .�1/i�1�n. yYi /; : : : ; .�1/
n�1�n. yYn// be the Moore matrix of the cofactors

.�n. yY1/; : : : ; .�1/
i�1�n. yYi /; : : : ; .�1/

n�1�n. yYn// of the first row of Mn.Y /. Then
one gets

Mn

�
�n. yY1/; : : : ; .�1/

i�1�n. yYi /; : : : ; .�1/
n�1�n. yYn/

�
tMn.Y /

D

0BBBBBBBB@

0 : : � � � : 0 .�1/n�1�n.Y /

�n.Y / 0 : � � � : 0 0

˛1 �n.Y /
q 0 � � � : 0 0

˛2 ˛
q
1 �n.Y /

q2
� � � : 0 0

:::
:::

::: � � � :
:::

:::

˛n�2 ˛
q
n�3 : � � � ˛

qn�3

1 �n.Y /
qn�2

0

1CCCCCCCCA
;

(4.7)

where

˛k WD �n. yY1/
qkC1

Y1 C � � � C .�1/
i�1�n. yYi /

qkC1

Yi C � � �

C .�1/n�1�n. yYn/
qkC1

Yn:

Proof. We write

Mn

�
�n. yY1/; : : : ; .�1/

i�1�n. yYi /; : : : ; .�1/
n�1�n. yYn/

�
tMn.Y / DW Œmi;j �1�i;j�n:

Since .�1/i�1�n. yYi /q is the cofactor of Yi in the Moore matrixMn.Y /, we get
the following formulas:

(4.8) �n. yY1/qY1C � � �C.�1/i�1�n. yYi /qYiC � � �C.�1/n�1�n. yYn/qYn D �n.Y /;

and for 1 � k � n � 1,

(4.9) �n. yY1/qY q
k

1 C � � �C.�1/
i�1�n. yYi /

qY
qk

i C � � �C.�1/
n�1�n. yYn/

qY q
k

n D 0:
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Since .�1/i�1�n. yYi / is the cofactor of Y q
n�1

i , we get the following formulas:

�n. yY1/Y
qn�1

1 C � � �C.�1/i�1�n. yYi /Y
qn�1

i C � � �C.�1/n�1�n. yYn/Y
qn�1

n

D .�1/n�1�n.Y /;(4.10)

and for 0 � k � n � 2,

�n. yY1/Y
qk

1 C � � � C .�1/
i�1�n. yYi /Y

qk

i C � � � C .�1/
n�1�n. yYn/Y

qk

n

D 0:(4.11)

It follows from relations (4.10) and (4.11) that m1;j D 0 for 1 � j � n1 and that
m1;n D .�1/

n�1�n.Y /.
Now let 2 � i � n. Raising (4.8) and (4.9) to the power qi�1, it follows that

mi;i�1 D �n.Y /
qi�1 and mi;j D 0 for i � j � n.

In conclusion, the matrix Œmi;j �1�i;j�n satisfies (4.7).

By taking the determinant of the matrices in (4.7) we obtain that 
 D 1 in the case
m D 0 of Corollary 4.1; Theorem 4.1 follows.

4.6 – A matrix interpretation of the general case .n;m/

The following theorem is a generalization of Theorem 4.2 adapted to a matrix
interpretation of the general case of Theorem 4.1. Theorem 4.2 corresponds to the
case m D 0, i.e. X D ;.

Theorem 4.3. For n � 2, m � 1 let Y1; Y2; : : : ; Yn; X1; X2; : : : ; Xm be n C
m indeterminates over Fq , ıi WD .�1/i�1�nCm�1.. yYi /; .X// for 1 � i � n, ıi WD
.�1/i�1�nCm�1..Y /; . yXi // for nC 1 � i � nCm.

Let A WD Œai;j �1�i;j�nCm, where ai;j D .ıj /q
i�1 for 1 � i � n, 1 � j � nCm

and ai;i�n D 1 for n C 1 � i � n C m and ai;j D 0 for n C 1 � i � n C m and
j ¤ n � i .

Hence,

(4.12) A D

 
Mn.ı1; ı2; : : : ; ın/ Mn;m.ı1Cn; ı2Cn; : : : ; ınCm/

0 2Mm;n.FqŒY; X�/ Idm

!
:

Then

(4.13) A tMnCm.Y ;X/ D Œmi;j �1�i;j�n DWM;
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with

m1;j D 0 for 1 � j � nCm � 1;
m1;nCm D .�1/

nCm�1�nCm.Y ;X/;

m2;1 D �nCm.Y ;X/;

m2;j D 0 for 2 � j � nCm;

mi;j D ˛
qj�1

i�j�1 for 3 � i � n, 1 � j � i � 2;

mi;i�1 D �nCm.Y ;X/
qi

; mi;j D 0 for i � j � nCm;

with
˛k WD ı

qkC1

1 Y1 C � � � C ı
qkC1

n Yn C ı
qkC1

nC1 X1 C � � � C ı
qkC1

nCm Xm:

In matrix notation we have M D
�
M1 M2

M3 M4

�
, where

M1 WD

0BBBBBBBB@

0 : : � � � : 0 0

ˇ0 0 : � � � : 0 0

˛1 ˇ1 0 � � � : 0 0

˛2 ˛
q
1 ˇ2 � � � : 0 0

:::
:::

::: � � � :
:::

:::

˛n�2 ˛
q
n�3 : � � � ˛

qn�3

1 ˇn�2 0

1CCCCCCCCA
with ˇi WD �nCm.Y ;X/q

i ,

M2 WD

0BBB@
0 0 � � � .�1/mCn�1�nCm.Y ;X/

0 0 � � � 0

: : � � � :

0 0 � � � 0

1CCCA ;
M3 D

tMn;m.X1; X2; : : : ; Xm/;

M4 D
tMm.X

qn

1 ; X
qn

2 ; : : : ; Xq
n

m /:

Proof. We can consider ıqi as the cofactor of Yi or Xi in the Moore matrix
Mn.Y ;X/, so we have the following formulas:

ı
q
1Y1 C ı

q
2Y2 C � � � C ı

q
nYn C ı

q
nC1X1 C ı

q
nC2X2 C � � � C ı

q
nCmXm

D �nCm.Y ;X/;(4.14)

ı
q
1Y

qk

1 C ı
q
2Y

qk

2 C � � � C ı
q
nY

qk

n C ı
q
nC1X

qk

1 C ı
q
nC2X

qk

2 C � � �

C ı
q
nCmX

qk

m D 0(4.15)

for 1 � k � nCm � 1.
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We can also consider ıi as the cofactor of Y q
nCm�1

i or of Xq
nCm�1

i in the Moore
matrixMn.Y ;X/. We thus have the following formulas:

ı1Y
qnCm�1

1 C ı2Y
qnCm�1

2 C � � � C ınY
qnCm�1

n C ınC1X
qnCm�1

1 C � � �

C ınCmX
qnCm�1

m D .�1/nCm�1�nCm.Y ;X/

ı1Y
qk

1 C ı2Y
qk

2 C � � � C ınY
qk

n C ınC1X
qk

1 C ınC2X
qk

2 C � � � C ınCmX
qk

m D 0

for 0 � k � nCm � 2.
It follows from the relations (4.12) and (4.13) that the first line of A tMn.Y ;X/ is

the same as the first line ofM D Œmi;j �1�i;j�n.
Then, to show the equality between the lines of index i with 2 � i � n, it is enough

to raise relations (4.14) and (4.15) to the power qi�1 and to use the definition of ˛k
for 1 � k � n � 2.
The equality between the lines of index i with nC 1 � i � nCm is immediate.

All this shows relation (4.13).

Corollary 4.3. Theorem 4.1 is a consequence of the matrix equality in Theo-
rem 4.3.

Proof. Expanding the determinant ofM according to the first line, we have

(4.16) detM D �nCm.Y ;X/ detN

with N D
�
N1 N2

N3 N4

�
, where

N1 D

0BBBBBB@
ˇ1 0 : � � � : 0

˛0 ˇ1 0 � � � : 0

˛2 ˛
q
1 ˇ2 � � � : 0

:::
:::

::: � � � :
:::

˛n�2 ˛
q
n�3 : � � � ˛

qn�3

1 ˇn�2

1CCCCCCA
with ˇi WD �nCm.Y ;X/q

i ,

N2 is the zero matrix inMn�1;m�1.FqŒY ; X�/;

N3 D
tMn�1;m.X1; X2; : : : ; Xm/;

N4 D
tMm.X

qn�1

1 ; X
qn�1

2 ; : : : ; Xq
n�1

m /:

It is then clear that

(4.17) detN D �nCm.Y ;X/1CqC���Cq
n�2

�m.X/
qn�1

:
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Thus, with (4.16) and (4.17), one gets

(4.18) detM D �nCm.Y ;X/�nCm.Y ;X/1CqC���Cq
n�2

�m.X/
qn�1

:

It follows from (4.13) that detM D�nCm.Y ;X/detA and from (2.6) that detAD
�n.ı1; ı2; : : : ; ın/, thus

(4.19) detM D �nCm.Y ;X/�n.ı1; ı2; : : : ; ın/:

Since (cf. Proposition 2.1) �nCm.Y ;X/ ¤ 0, and FqŒ.Y ;X/� is an integral ring,
equality (4.4) in Theorem 4.1 for m � 1 follows from (4.18) and (4.19).
Finally, the equality of the coefficients of highest degree in X1 in formula (4.4) in

Theorem 4.1 for m D 1 gives, as noticed in the first proof, formula (4.4) in Theorem
4.1 for m D 0.

5. Two illustrations of the Moore determinant

5.1 – The map .a1; : : : ; an/ 2 Kn ! .�n�1. Oai //1�i�n 2 K
n

Proposition 5.1. Let K be an algebraically closed field with characteristic p >
0. Let us denote V.�n/ WD ¹.a1; a2; : : : ; an/ WD a 2 Kn j �n.a/ D 0º. The map
'W a WD .a1; a2; : : : ; an/ 2 K

n ! .�n�1. Oai //1�i�n 2 K
n induces an onto map from

Kn � V.�n/ to itself. Moreover, for a and a0 in Kn � V.�n/, one has '.a/ D '.a0/
if and only if a0 D �a, where �1CqC���Cqn�2

D 1.

Proof. Let .a1; a2; : : : ; an/ 2 Kn � V.�n/ and bi WD �n�1. Oai / for 1 � i � n.
Since�n.b/D .�1/b

n
2 c�n.a/

1CqC���Cqn�2 (we recognize (4.4) formD 0), it follows
that '.Kn � V.�n// � Kn � V.�n/. Then

'2.a/ D .�n�1. Obi //1�i�n

D
�
�n�1

�
�n�1. Oa1/; : : : ; �n�1. Oai�1/;�n�1. OaiC1/; : : : ; �n�1. Oan/

��
1�i�n

D ..�1/b
n�1

2 c�n.a/
1CqC���Cqn�3

a
qn�2

i /1�i�n;

as seen in equality (4.6) at rank n obtained in the first proof of Theorem 4.1. It follows
that

'2.a/ D .�1/b
n�1

2 c�n.a/
1CqC���Cqn�3

.a/q
n�2

:

Let � 2 K � ¹0º. Then

'2.�a/ D �.1CqC���Cq
n�1/.1CqC���Cqn�3/Cqn�2

'2.a/:
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Note that we have the equality .1C q C � � � C qn�1/.1C q C � � � C qn�3/C qn�2 D
.1C qC � � � C qn�2/2 according to the fact that '.�a/D �1CqC���Cqn�2

'.a/. Thus, by
taking � with �.1CqC���Cqn�1/2 D �n.a/

�.1CqC���Cqn�3/, one gets '2.�a/ D .a/qn�2 .
Hence the surjectivity of '2 and therefore of '.
Let us now examine the injectivity defect of the map '.
Let a and a0 be in Kn � V.�n/ such that '.a/ D '.a0/. Then '2.a/ D '2.a0/

and so �n.a/1CqC���Cq
n�3
a
qn�2

i D �n.a
0/1CqC���Cq

n�3
a0i
qn�2

. Thus, there is � 2 K
such that a0 D �a, hence �1CqC���Cqn�2

'.a/ D '.a/ and so �1CqC���Cqn�2
D 1. The

converse is immediate.

Remark 5.1. Proposition 5.1 works the same if we replace the map ' by the
map '1 where '1W a WD .a1; a2; : : : ; an/ 2 Kn ! ..�1/i�1�n�1. Oai //1�i�n 2 K

n as
'2 D .�1/b

n
2 c'21 .

5.2 – On K-étale algebras and Elkies pairing

In this paragraph, unless expressly mentioned, K is a field of characteristic p > 0,
Kalg is an algebraic closure of K and F is the Frobenius automorphism defined by
F.x/ D xp for x 2 Kalg.
Let f WD .f1; f2; : : : ; fn/ 2 Kn with �n.f / ¤ 0, i.e. f1; f2; : : : ; fn are Fp-free.

We intend to study the K-algebra

A WD
KŒWi ; 1 � i � n�

.W
p
i �Wi � fi /1�i�n

;

in particular its group of K-automorphisms AutK A, and to exhibit a special generator
of theK-algebra A and a subgroup .Z=pZ/n � AutK A whose action on A is dictated
by an associated Elkies pairing (Section 3.2 (A)).

Proposition 5.2. Let n � 1 and f WD .f1; f2; : : : ; fn/ 2 Kn, where �n.f / ¤ 0.
Let V be the Fp-vector space

.
P
1�i�n Fpfi /C .F � Id/.K/

.F � Id/.K/

of dimension r � n and I t J be a partition of ¹1; 2; : : : ; nº such that fi , i 2 I
induces an Fp-basis of the vector space V . Let A be the K-algebra KŒWk ;1�k�n�

.Pk/1�k�n
,

where Pk WD W
p

k
�Wk � fk . Then A is an étaleK-algebra isomorphic to Lpn�r , the

cartesian product of pn�r copies of L, where L � Kalg is a field which is a Galois
extension of K of group .Z=pZ/r and L ' KŒWk ;k2I �

.Pk/k2I
.



On the Moore determinant 27

The group ofK-automorphisms AutK A is then isomorphic to a semidirect product
of the groups Spn�r and ..Z=pZ/r/p

n�r .
Moreover, if wi denotes the canonical image of Wi in A and if

w WD ıw.f / WD

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
w1 w2 � � � wn

f1 f2 � � � fn

f
p
1 f

p
2 � � � f

p
n

:::
::: � � �

:::

f
pn�2

1 f
pn�2

2 � � � f
pn�2

n

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌ 2 KŒw1; w2; : : : ; wn�;

then

wi D

�n
�
�n�1. Of1/; : : : ; .�1/

i�2�n�1. Ofi�1/; w; .�1/
i�n�1. OfiC1/; : : : ;

.�1/n�1�n�1. Ofn/
�

�n
�
�n�1. Of1/; : : : ; .�1/j�1�n�1. Ofj /; : : : ; .�1/n�1�n�1. Ofn/

�
� .fi C f

p
i C � � � C f

pn�2

i / 2 KŒw�;

where �n�1. Ofi / D �n�1.f1; f2; : : : ; fi�1; fiC1; : : : ; fn/ and

(5.1) A D KŒw1; w2; : : : ; wn� D KŒw� '
KŒW �

.Q.W //

where

Q.W / D
�nC1

�
�n�1. Of1/; : : : ; �n�1. Ofn/;W

�
�n
�
�n�1. Of1/; : : : ; �n�1. Ofn/

� ��n.f /
pn�1

D W pn

C

� X
1�i�n�1

.�1/n�i�n.f /
pn�1�pi�1�pi

.�Œn� i �.f //p
i�1

W pn�i

�
C .�1/n�n.f /

pn�1�1W ��n.f /
pn�1

;

�Œi �.f / WD det.f ; F.f /; : : : ; yF i .f /; : : : ; F n.f // and Q.w/ D 0.

Proof. (i) Let us show thatA is isomorphic to theK-algebraLpn�r . By definition
of I , we have

V D
.
P
i2I Fpfi /C .F � Id/.K/

.F � Id/.K/
:

Artin–Schreier theory [1, §11, Theorem 5, p. AV.88] says that

.F � Id/�1
�X
i2I

Fpfi C .F � Id/.K/
�
� Kalg
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is a Galois extension L=K of the group Hom.V;Fp/ ' .Z=pZ/r and that

(5.2) L D
M

0�˛i<p
i2I

K
Y
i2I

x
˛i

i ; where xi 2 K
alg and Pi .xi / D 0:

Let � be the K-algebra homomorphism of KŒWi ; i 2 I � onto L mapping �.Wi / to xi .
It follows from (5.2) that � induces a K-algebra homomorphism

� 0W
KŒWi ; i 2 I �

.Pi /i2I
D KŒwi ; i 2 I �! L;

which is surjective, and as

KŒwi ; i 2 I � D
X

0�˛i<p
i2I

K
Y
i2I

w
˛i

i ;

we get a K-algebra isomorphism

(5.3)
KŒWi ; i 2 I �

.Pi /i2I
' L:

On the other hand, we have for j 2 J , fj D
P
i2I �j;ifi C g

p
j � gj with �j;i 2 Fp

and gj 2K. Thus, for j 2 J , and ifW 0j WDWj C
P
i2I �j;iWi , one getsKŒWk; 1� k �

n�DKŒWi ; i 2 I;W
0
j ; j 2 J � and for j 2 J one hasW

0
j
p
�W 0j � .g

p
j � gj /DWj

p
�

Wj � fj C
P
i2I �j;i .Wi

p
�Wi � fi / and so if P 0j .W

0
j / WD W

0
j
p
�W 0j � .g

p
j � gj /

we have

A '
KŒWi ; i 2 I;W

0
j ;j 2 J �

.Pi ; i 2 I; P
0
j ;j 2 J /

:

Now we can apply the following general lemma:

Lemma 5.1. Let K be any field (no condition on the characteristic) and Kalg an
algebraic closure.

Let n � 1 and for 1 � k � n, Pk 2 KŒWk� be a non-constant polynomial. Let A
be the K-algebra

KŒWk; 1 � k � n�

.Pk/1�k�n
D KŒwk; 1 � k � n�;

where wk is the canonical image of Wk .
Let I t J be a partition of ¹1; 2; : : : ; nº and B be the K-algebra B WD KŒWk ;k2I �

.Pk/k2I
.

Let uWKŒWk; k 2 I �! A be theK-homomorphism with u.Wk/D wk for k 2 I . Then
Keru D

P
i2I PiKŒWk; k 2 I � and u induces on one side an isomorphism between

the two K-algebras B and KŒwk; k 2 I � � A and on the other side an isomorphism
between the two K-algebras BŒWk ;k2J �

.Pk/k2J
and A.
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Proof. We have

Keru WD
®
P 2 KŒWk; k 2 I � j P D

P
1�k�nQkPk

¯
;

where Qk 2 KŒWk; 1 � k � n�. Let zk 2 Kalg with Pk.zk/ D 0. Let � WKŒWk;
1 � k � n� ! KalgŒWk; k 2 I � such that �.a/ D a for a 2 K, �.Wk/ D Wk for
k 2 I and �.Wk/ D zk for k 2 J . Then

(5.4) P D �.P / D
X
k2I

�.Qk/Pk and �.Qk/ 2 K
algŒWk; k 2 I �:

It follows that there is a finite field extensionL=K insideKalg with �.Qk/2LŒWk;k 2
I �. Let ¹e0D 1;e1; : : : ; emº be a basis forL=K. ThenLŒWk;k 2 I �D

L
0�s�mKŒWk;

k 2 I �es . It follows from (5.4) that there isRk 2KŒWk; k 2 I �with P D
P
k2I RkPk ;

thus Keru D
P
i2I PiKŒWk; k 2 I �.

Let � WKŒWk; k 2 I �! B be the canonical K-homomorphism and let vWB ! A

be the unique K-homomorphism with u D v ı � . Then v induces an isomorphism
from B to KŒwk; k 2 I � � A.
So we have the following commutative diagram:

KŒWk; k 2 I � A

B:

�

u

v

It extends in the following commutative diagram:

KŒWk; k 2 I �ŒWk; k 2 J � A

BŒWk; k 2 J �;

Q�

Qu

Qv

where Qu.Wk/ D wk , Q�.Wk/ D Wk , Qv.Wk/ D wk for k 2 J .
We claim that Ker Qv D

P
k2J PkBŒWk; k 2 J �.

Let Q 2 Ker Qv and zQ 2 KŒWk; k 2 I �ŒWk; k 2 J � such that Q D Q�. zQ/. Then
Qu. zQ/ D Qv Q�. zQ/ D 0 and so zQ 2

P
1�k�nKŒWt ; 1 � t � n�Pk and

Q 2 Q�

� X
1�k�n

PkKŒWt ; 1 � t � n�

�
D

X
k2J

PkBŒWk; k 2 J �:

As

A '
KŒWi ; i 2 I;W

0
j ;j 2 J �

.Pi ; i 2 I; P
0
j ;j 2 J /

;
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it follows from Lemma 5.1 that

A D
KŒwi ; i 2 I �ŒW

0
j ;j 2 J �

.P 0j ;j 2 J /
; where KŒwi ; i 2 I � D

KŒWi ; i 2 I �

.Pi ; i 2 I /
:

Now with (5.3) we deduce that A '
LŒW 0

j
;j2J �

.P 0
j
/
' Lp

n�r . Moreover, A is a K-étale
algebra since L=K is separable.

(ii) We show that the group AutK A is a semidirect product of the groups Spn�r and
..Z=pZ/r/p

n�r . This follows from (i) and the following lemma:

Lemma 5.2. Let K be a commutative field (no condition on the characteristic) and
L=K be a finite Galois extension of groupG. Let t � 1 andA WDLt andAutK A be the
group ofK-automorphisms of A. Let �WSt ! AutK A, where �.�/.x1; x2; : : : ; xt / WD
.x��1.1/; x��1.2/; : : : ; x��1.t// and 'WGt ! AutK A such that

'.g1; g2; : : : ; gt /.x1; x2; : : : ; xt / WD .g1.x1/; g2.x2/; : : : ; gt .xt //:

Then � and ' are two injective homomorphisms of groups with

�.�/'.g1; g2; : : : ; gt /�.�/
�1
D �.g��1.1/; g��1.2/; : : : ; g��1.t//

and AutK A is the internal semidirect product of the groups �.St / ' St and
'.Gt / ' Gt .

Proof. We can assume that t � 2 and we show the last assertion.
LetMi WD ¹.x1; : : : ; xi�1; 0; xiC1; : : : ; xt /º with xj 2 L for j ¤ i . ThenMi is a

maximal ideal of A and A
Mi
' L. Then ¹Mi ; 1 � i � tº is the set of maximal ideals

Spm.A/ of A.
Now, if ˆ 2 AutK A, ˆ induces a bijection of Spm.A/, so there is � 2 St with

ˆ.Mi / DM��1.i/ for 1 � i � t , hence �.��1/ˆ.Mi / DMi for 1 � i � t .
Let ‰ WD �.��1/ˆ. We have ‰.

T
j¤i Mj / D

T
j¤i Mj D .0; 0; : : : ; L; 0; : : : ; 0/

for 1 � i � t , where only the i th component is not zero. Thus, ‰ induces a K-
automorphism gi of L. Thus we have ‰ D '.g1; g2; : : : ; gt / and so ˆ D �.�/'.g1;
g2; : : : ; gt /.

(iii) We show (5.1). Let vi WD wi C .fi C f pi C � � � C f
pn�2

i /. Then w D ıw.f / D
ıv.f / and vpi D vi C f

pn�1

i . It follows that wpj
D ıv.f

pj
/ for 0 � j � n � 1 and

wp
n
D ıv.f

pn
/C�n.f

pn�1
/. Since ıv.f p

j
/D

P
1�i�n.�1/

i�1�n�1. Ofi /
pj
vi , for

1 � j � n, we deduce from Cramer’s formulas the announced formula for wi as a
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polynomial function of w. Finally, the previous formulas also give a non-trivial linear
relation between the columns of the determinantˇ̌̌̌

ˇ̌̌̌
ˇ̌̌̌
�n�1. Of1/ � � � �n�1. Ofn/ w

�n�1. Of1/
p � � � �n�1. Ofn/

p wp

::: � � �
:::

:::

�n�1. Of1/
pn�1

� � � �n�1. Ofn/
pn�1

wp
n�1

�n�1. Of1/
pn

� � � �n�1. Ofn/
pn

wp
n
��n.f

pn�1
/

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌ ;

which is zero. We get (5.1), where

Q.W / WD
�nC1

�
�n�1. Of1/; : : : ; �n�1. Ofn/;W

�
�n
�
�n�1. Of1/; : : : ; �n�1. Ofn/

� ��n.f /
pn�1

;

whose first term is the monic additive polynomial whose roots are the Fp-spaceL
1�i�n Fp�n�1. Ofi /. Then the equality

Q.W / D W pn

C

� X
1�i�n�1

.�1/n�i�n.f /
pn�1�pi�1�pi

.�Œn� i �.f //p
i�1

W pn�i

�
C .�1/n�n.f /

pn�1�1W ��n.f /
pn�1

follows from Elkies [2, formula (4.28)] and the proof of Proposition 2.5.

Remark 5.2. (i) Since �r.fi ; i 2 I / ¤ 0, Proposition 5.2 applied to the K-
algebra L D KŒWk ;k2I �

.Pk/k2I
gives a generator of the extension L=K.

(ii) One may consult [5] for an application in the case where K D k..t// is a field of
formal power series.

Corollary 5.1. We keep the notation of the proposition.
Let F WD

L
1�i�n Fpfi , Z WD

L
1�i�n Fp�n�1. Ofi / be two Fp-subspaces of K

associated to f . Let z 2 Z and �z be the K-algebra automorphism of KŒW � such
that �z.W / WD W C z. Then �z induces a K-algebra automorphism of A that we still
denote by �z . The map z 2 Z ! �z 2 AutK A is an injective group homomorphism
and its image is a subgroup G of AutK A which is isomorphic to .Z=pZ/n. Let
U WD . Z

�n.f /
/p � K be the Fp-space of roots of the reversed polynomial of

PF .X/ WD
Y
f 2F

.X � f / D
�nC1.f ;X/

�n.f /
D Xp

n

C � � � C .�1/n�n.f /
p�1X

(cf. (2.2) and Section 3.2).
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Let z 2Z. We can write z D�n.f /u1=p with u 2U and for " WD ."1; "2; : : : ; "n/ 2
Fnp � .0; 0; : : : ; 0/ let w" WD

P
1�i�n "iwi 2 A (resp. f" WD

P
1�i�n "ifi 2 K). Then

w
p
" � w" D f" and KŒw"� � A is isomorphic to the K-algebra

KŒW"�

.W
p
" �W" � f"/

and so is aK-subalgebra of dimension p. Moreover, �z.w"/Dw"C .�1/n�1E.f";u/,
where EWF � U ! Fp is the Elkies pairing (see Section 3.2 (A)).

In particular when r D n, i.e. A is a field and the group G is the full group AutK A,
then the set ¹KŒw"� j " 2 Eº, where E is a set of representatives of Pn�1.Fp/, is equal
to the pn�1

p�1
, p-cyclic extensions of K inside A.

Proof. (i) We show the equality �z.w"/ D w" C .�1/n�1E.f"; u/.
We have z WD

P
1�i�n ˛i .�1/

i�1�n�1. Ofi / with .˛1; : : : ; ˛n/ 2 Fnp . Thus,

�z.w"/

D

X
1�i�n

"i

 
wi C

�n
�
�n�1. Of1/; : : : ; .�1/

i�2�n�1. Ofi�1/; z; .�1/
i�n�1. OfiC1/;

: : : ; .�1/n�1�n�1. Ofn/
�

�n
�
�n�1. Of1/; : : : ; .�1/

j�1�n�1. Ofj /; : : : ; .�1/
n�1�n�1. Ofn/

� !
D w" C

X
1�i�n

"i˛i

D w" C .�1/
n�1E.f"; u/;

where EWF � U ! Fp is the Elkies pairing (see Proposition 3.2 and Section
3.2 (B)).

(ii) We show thatKŒw"� � A is aK-subalgebra of dimension p. As the wi , 0 � i � n
are Fp-linearly independent, after an Fp-linear change of variables we can assume
that " D .0; 0; : : : ; n � 1; 1/. Then the result follows from Lemma 5.1.
The case n D r in Corollary 5.1 then follows from Galois theory.
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