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A note on Huppert’s theorem and Chen’s theorem

Jiangtao Shi (*) – Mengjiao Shan (**) – Fanjie Xu (***)

Abstract – Let G be a finite group. We prove that every maximal subgroup of G has prime
index if and only if every maximal subgroup of G that contains the normalizer of some
Sylow subgroup has prime index, which implies that the hypothesis in Huppert’s theorem
and the hypothesis in Chen’s theorem are actually equivalent. Moreover, we prove that the
hypothesis in a theorem of Shao and Beltrán and the hypothesis in a theorem of Li et al. are
also equivalent.
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1. Introduction

In this paper all groups are assumed to be finite. It is known that Huppert’s theorem
[2, Chapter VI, Theorem 9.2] shows that if every maximal subgroup of a group G has
prime index then G is supersolvable. As a generalization of Huppert’s theorem, Chen
[1, Theorem 7.25] obtained the following theorem:

Theorem 1.1 ([1, Theorem 7.25]). Let G be a group. If every maximal subgroup
of G that contains the normalizer of some Sylow subgroup has prime index, then G is
supersolvable.
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In this paper, we will indicate that the hypothesis that every maximal subgroup has
prime index in Huppert’s theorem and the hypothesis that every maximal subgroup that
contains the normalizer of some Sylow subgroup has prime index in Chen’s theorem
are actually equivalent. Our main result is as follows, the proof of which is given in
Section 3.

Theorem 1.2. Let G be a group. Then every maximal subgroup of G has prime
index if and only if every maximal subgroup of G that contains the normalizer of some
Sylow subgroup has prime index.

As another generalization of Huppert’s theorem, Shao and Beltrán [4, Theorem B]
had the following result.

Theorem 1.3 ([4, Theorem B]). Let G and A be groups of coprime orders and
assume that A acts on G by automorphisms. If the index of every maximal A-invariant
subgroup of G is prime, then G is supersolvable.

And as a generalization of Chen’s theorem, Li et al. [3, Theorem 1.2] gave the
following result.

Theorem 1.4 ([3, Theorem 1.2]). Suppose that A acts on G via automorphisms
and that .jAj; jGj/ D 1. If every maximal A-invariant subgroup of G that contains the
normalizer of some Sylow subgroup has prime index, then G is supersolvable.

In Section 4 of this paper, we will prove that the hypothesis in [4, Theorem B] and
the hypothesis in [3, Theorem 1.2] are also equivalent.

Theorem 1.5. Let A and G be groups of coprime orders and assume that A acts on
G by automorphisms. Then every maximal A-invariant subgroup of G has prime index
if and only if every maximal A-invariant subgroup of G that contains the normalizer
of some Sylow subgroup has prime index.

2. A simple lemma

Lemma 2.1. Let p be the largest prime divisor of the order of a group G and
P 2 Sylp.G/. Then either P E G or any maximal subgroup of G that contains NG.P /

has composite index.

Proof. Suppose that P is not normal in G. LetM be maximal in G satisfying
NG.P / �M and jG WM j D m. In the following we will show that m is a composite
number.
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Otherwise, if m is a prime, then m < p by the hypothesis. Since jG W M j D m,
one has that G=MG is isomorphic to a subgroup of the symmetric group Sm, where
MG D

T
g2G M g is the largest normal subgroup of G that is contained inM . It is

clear that p − jSmj, which implies that p − jG=MG j. It follows that P 2 Sylp.MG/.
By the Frattini argument, one has G DMGNG.P / �MGM DM , a contradiction.
Therefore, m is a composite number.

3. Proof of Theorem 1.2

We only need to prove the sufficiency part.
Let G be a counterexample of minimal order. It is easy to see that the hypothesis

of the theorem also holds for any quotient group of G.
Suppose that p is the largest prime divisor of jGj and P 2 Sylp.G/. By the

hypothesis and Lemma 2.1, one has P E G. Let P0 be a minimal normal subgroup of
G satisfying P0 � P . Then P0 is an elementary abelian group. By the minimality of
G, every maximal subgroup of the quotient group G=P0 has prime index.
Suppose thatM is any maximal subgroup of G that has composite index. Then

P0 — M . It follows that G D P0M . In particular, one has G D P0 Ì M by the
minimality of P0.
For any maximal subgroup M1 of M , it is clear that P0 Ì M1 is maximal in G

and P0 Ì M1 > P0. By the above argument, one has jM WM1j D jG W P0 Ì M1j D

jG=P0 W .P0 Ì M1/=P0j is a prime.
Let q be the largest prime divisor of jM j and Q 2 Sylq.M/. If Q µ M , then

NM .Q/ < M . Suppose thatM2 is a maximal subgroup ofM such thatNM .Q/�M2.
One has that jM W M2j is a composite number by Lemma 2.1. This contradicts that
every maximal subgroup ofM has prime index. Therefore,Q E M .

(1) Suppose q D p. Then P0 Ì Q 2 Sylp.G/. SinceM � NG.Q/ and NP0ÌQ.Q/ >

Q, it follows that NG.Q/ D G by the maximality ofM . ThenQ E G. LetQ0 be
a minimal normal subgroup of G satisfyingQ0 � Q. One has that every maximal
subgroup of G=Q0 has prime index by the minimality of G. Note thatQ0 �M .
Then jG WM j D jG=Q0 WM=Q0j is a prime, which contradicts the choice ofM .

(2) Suppose q ¤ p. Then Q 2 Sylq.G/. Arguing as in (1), one has Q µ G. It fol-
lows thatM D NG.Q/. By the hypothesis, jG W M j is a prime, which is also a
contradiction.

Hence the counterexample of minimal order does not exist and so every maximal
subgroup of G has prime index.
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4. Proof of Theorem 1.5

We also only need to prove the sufficiency part.
Let G be a counterexample of minimal order. Assume that N is any A-invariant

normal subgroup of G. It is clear that the hypothesis of the theorem also holds for the
quotient group G=N .
Suppose that p is the largest prime divisor of jGj. Assume all Sylow p-subgroups

of G are not normal. Since A acts on G coprimely via automorphisms, we can take
P as an A-invariant Sylow p-subgroup of G. Then NG.P / is a proper A-invariant
subgroup ofG. LetK be a maximal A-invariant subgroup ofG such thatNG.P / �K.
Then jG WKj is a prime by the hypothesis. It follows thatK is a maximal subgroup ofG
that contains NG.P /. However, jG W Kj should be a composite number by Lemma 2.1,
a contradiction. Therefore, P E G.
We claim ˆ.G/ D 1. If ˆ.G/ ¤ 1, then since ˆ.G/ is an A-invariant normal sub-

group of G, one has that every maximal A-invariant subgroup of G=ˆ.G/ has prime
index by the minimality of G. It follows that every maximal A-invariant subgroup of
G has prime index since every maximal A-invariant subgroup of G contains ˆ.G/, a
contradiction. Therefore, ˆ.G/ D 1.
Since P E G, one has ˆ.P / � ˆ.G/. It follows that ˆ.P / D 1 and then P is an

elementary abelian group. Let P0 be a minimal A-invariant normal subgroup of G

satisfying P0 � P . Then P0 is an elementary abelian group. By the minimality of G,
every maximal A-invariant subgroup of the quotient group G=P0 has prime index.
Suppose that M is any maximal A-invariant subgroup of G that has composite

index. Then P0 —M . It follows that G D P0M . Moreover, one has G D P0 Ì M by
the minimality of P0.
For any maximal A-invariant subgroup M1 of M , it is clear that P0 Ì M1 is a

maximal A-invariant subgroup of G and P0 Ì M1 > P0. Then jM W M1j D jG W

P0 Ì M1j D jG=P0 W .P0 Ì M1/=P0j is a prime.
Let q be the largest prime divisor of jM j.

(1) Suppose q D p. Then P \M is an A-invariant normal subgroup of G since
G DPM and P \M E PM . By the minimality ofG, every maximalA-invariant
subgroup of G=.P \M/ has prime index, which implies thatM has prime index,
a contradiction.

(2) Suppose q ¤ p. LetQ be an A-invariant Sylow q-subgroup ofM . ThenQ is also
an A-invariant Sylow q-subgroup of G. IfQ E G, arguing as in (1), we can get a
contradiction. ThusQ µ G. It follows that NG.Q/ < G and then there exists a
maximal A-invariant subgroup L of G such that NG.Q/ � L.
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(i) For the case when P0 — L, then G D P0LD P0 Ì L. By the hypothesis, jG W
Lj is a prime, which implies that jG WM j D jP0j is a prime, a contradiction.

(ii) For another case when P0 � L, then G D P0M D LM . It follows that jM W
M \Lj D jLM WLj D jG WLj is a prime. Note thatM \L�M \NG.Q/D

NM .Q/. Then M \ L is a maximal subgroup of M that contains NM .Q/

andM \ L has a prime index. By Lemma 2.1, one has Q E M . It follows
that M � NG.Q/. Since M is a maximal A-invariant subgroup of G and
NG.Q/ is a proper A-invariant subgroup of G, one hasM D NG.Q/. By the
hypothesis, jG WM j is a prime, a contradiction.

So the counterexample of minimal order does not exist and then every maximal
A-invariant subgroup of G has prime index.
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