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Existence and uniqueness for renormalized solutions
to noncoercive nonlinear parabolic equations
with unbounded convective term
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ABsTRACT — We study the existence and uniqueness of renormalized solutions for noncoercive
nonlinear parabolic equations in the presence of an unbounded convective term.
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1. Introduction

In this paper, we consider the following nonlinear parabolic equation
u; —div[A(x,t,Du) + B(x,t,u)] = —div F(x,t) in Q,
(1.1) u=>0 on I x (0,7),
u(x,0) = up(x) in 2,

where €2 is aregular bounded domain in RY with N >3and T > 0, and 0=Qx(0,7).
Let us describe our main structural assumptions concerning (1.1). Firstly,

(1.2) F e L*(Q) and ug € L*(RQ).

The operator A = A(x,1,£) : Q x RN — R¥ is a Carathéodory function satisfying
the following monotonicity and boundedness conditions:
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(1.3) |A(x,1,8)] < || +d(x,t) for some ¢ > 0and d € L*(Q),
(1.4) (A(x,t,6) — A(x,t,1),& —n) > al§ — n|* for some a > 0,

fora.e. (x,1) € Q, forany £, 7 € RY, and
(1.5) A(x,t,0) =0forae. (x,t) € Q.

Moreover, we assume that B = B(x,t,s) : O x R — R¥ is a Carathéodory function
fulfilling the following properties:

(1.6) |B(x,t,s) — B(x,t,s")| < b(x,t)|s — 5|,
(1.7) B(x,1,0) = 0,

fora.e. x € Q, forany ¢ € (0, T), for any s, s’ € R, and for some suitable nonnegative
function b such that

(1.8) b e L%(0,T; LN®(Q)).

In the homogeneous case, equation (1.1) is known as a version of Fokker—Planck
equation, and it has been studied for instance in [8]. In the literature, many authors
extensively paid attention to find a good definition for solutions introducing the notion
of renormalized solution and entropy solution. The notion of renormalized solution
has been investigated in the elliptic framework (see, e.g., [1] and references therein),
then extended to the parabolic case. In [3], the existence of renormalized solutions
has been proven in the case b = 0. In a series of works by A. Porretta [4,7, 8], the
existence of renormalized solutions is investigated in case the datum b is continuous and
belongs to Lebesgue spaces. In this paper, we extend the available results (see e.g., [6])
to the case of noncoercive nonlinear convection-diffusion equations with a possibly
unbounded field b lying in a suitable subset of the Lorentz space L (0, T; LV>°(Q)).
Proving the existence of a renormalized solution for equation (1.1) in this framework
is challenging due to the lack of coercivity of the operator in divergence form, and the
lack of summability for 5. Because of the unboundedness of the convective term, an
additional assumption on b is necessary. The idea is to decompose the datum b as the
sum of a bounded function, and a function belonging to a Lorentz space with a control
on its norm. The main point which allows us to go further than previous works is to
rephrase (1.1), as in [6], in terms of the following equivalent fixed point equation:

u; —div[A(x,t,Du) + (1 — 6(x,1))B(x,t,u)]

= —div(F — 0(x,1)B(x,t,u)) "
u=20 on 02 x(0,7),
u(x,0) = uop(x) in ,

1.9)



Renormalized solutions to noncoercive parabolic equations 3

where 0(x, t) is defined by

where T}y is the usual truncation operator at level £ M, defined for any M > 0 as the
real-valued Lipschitz function

Tar (s) = min(M, max(s, —M)).

The main goal of this paper is to prove existence and uniqueness of renormalized
solutions to equation (1.9), slightly extending the results of [6]. Our main result is the
following.

THEOREM 1.1. Let us assume that conditions (1.2)-(1.8) are satisfied. Then there
exists a unique renormalized solution of problem (1.1).

The plan of the paper is as follows: in Section 2, we recall the definition of renormal-
ized solution and the main properties of Lorentz spaces. In Section 3, we extend some
known results related to (1.1), in order to carry out a complete proof of Theorem 1.1.

2. Preliminary results
2.1 — Renormalized solutions

The purpose of this section is to give a thorough definition of renormalized solution
applied to (1.1). The following definition of a renormalized solution is adapted from
the existing literature.

DEeriNiTION 2.1. The real-valued function u defined on Q = Q x (0,7T) is a
renormalized solution of equation (1.1), if

@.1) u € C°0,T]; L*(Q)).
(2.2) Tx(u) € L*(0, T; Wy*(R)) forall K > 0,

for any positive real number C,
Tx+c(u) — Tx(u) — 0 strongly in L2(0, T; WO1 (RQ))as K — +o0,

d
. (S(u)); —div([A(x,t,Du) + (1 — 0(x,1))B(x,t,u)]S (u))
+ [A(x,1,Du) + (1 — 0(x,1))B(x,t,u)|Du - S" (u)
= —div(F — 0(x,t)B(x,t,u)) - S'(u),
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where S € C*°(R) is such that §* € C§°(R), and

S(u(t = 0)) = S(uo).

2.2 — Lorentz spaces

In this section, we give the definition and main properties of Lorentz spaces, fol-
lowing [5, 6].

Let © be a bounded domain of R¥. For any p, ¢ € (1, o), the Lorentz space
LP9(2) consists of all measurable functions f* defined on 2 for which the quantity

(o] q _1 q
IIfIIp,q=(p/0 25 1 dh)

is finite, where Q;, = {x € Q : |g(x)| > h} for any & > 0. Here and in what follows
|E| stands for the Lebesgue measure of a measurable subset E of RV .

For p = ¢, the Lorentz space L?-?(£2) reduces to the Lebesgue space L?(£2). On
the other hand, for ¢ = oo the class L?-°°(2) consists of all measurable functions g
defined on €2, for which the quantity

1_
gllpoo = sup |E|? 1/ gl dx
EcCQ E

is finite. The class L?-°°(2) coincides with the Marcinkiewicz class of weak-L?. For
the Lorentz spaces, the following inclusions hold:

L'(Q)C LP1(Q) C LP"(Q) C LP*(Q) C L1(Q)

whenever | < g < p <r < oo.
The following Holder-type inequality plays an important role in our proof of
Lemma 3.2, which will be mentioned in Section 3.

LemMma 2.1 (Holder inequality). For 1 < p < 00,1 < g < oo and % + # =
1, é + % = 1,if f € LP9(Q) and g € L?"9'(Q), we have the Holder-type inequality

/Q S @ENdx < 1 lpgllgl -

The following theorem turns out to be crucial for the coercive property of the
operator, which will be used later on.
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TaEOREM 2.1 (Sobolev embedding theorem). Let us assume that 1 < p < N,
1 < g < p. Then any function g € WOI’I(Q) satisfying |Vg| € LP1(Q2) belongs to
* N,
L? P(Q), where p* = N—_’;} and
Igllp.q = Sn.pllVEllp.q-

where SN,p = w;,l/N NLip and wy stands for the measure of the unit ball in RN .

3. Existence and uniqueness of renormalized solutions

In this section, we state and prove some useful lemmas for the proof of Theorem 1.1.
We adapt to our specific noncoercive situation some tools used for many different types
of nonlinear parabolic equations, see e.g., [2, 3,7, 8]. Let us consider the following
auxiliary approximate problem.
ou® . e €
ETHE div[A(x,t,Du®) + (1 — 0(x,t))B(x,t,u®)]
G.D — —div(F® — 0(x,1)B(x,1,u))

uf(t = 0) = uj in Q,

n Q,

where F® = Ty/,(F) and uf = Ty;:(uo). Since F'® and ug belong, respectively, to
L?(Q) and L?(2), this problem admits a solution

u® e L*(0,T; W, (R)) N C°0, T; L*(R)),

as proven in [6]. When ¢ tends to 0, the sequences F'® and ug strongly converge to
F and ug in L?(Q) and L?(Q) respectively. For any fixed positive real number K,
the asymptotic behavior of the sequence Tk (1?) as ¢ tends to zero is investigated in
[2,3,8]. We follow their strategy considering the following lemmas.

Lemwma 3.1. For any fixed K, we have

(3.2) lim |Du|? dxdr = 0
K—o00 J{k <|u|<K+C}

for any positive real number C.

It has been observed that problem (1.1) is nonconercive, so we need to consider
the auxiliary problem (1.9). The idea is that under the assumption that b belongs to
a suitable subset of the Lorentz space L>®(0, T; L¥>*°(Q)), we can recover some
coercivity for the operator in divergence form. To be explicit, let us define the operator

As  L20,T: Wy *(Q) — L*(0, T; W~12(Q)),
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defined for u,v € L%(0,T; WOI’Z(Q)), as follows:
T
(Asi, v) = / / (A(x,1,DS@)) + (1 — 6(x, 1)) B(x, 1, S)), DS(v)) dxdr,
0o Jo

where S denotes the truncation operator at level K.

LemMa 3.2 (see [6, Lemma 3.1]). Foreachu,v € L?>(0,T; WOI’Z(Q)), we get

T

o 2
(Asu— Asv.u—v) = 2 /0 IDS ) — DS ) [25g dr.
In particular,
o r 2
(Asu,u) > 5/ IDSGOIZ> (g dt-
0

Proor. We follow the strategy of [6] and choose M > 0 in such a way that

o
(3.3) sup [|b(x, 1) = Ty (b(x,))||pVoo < 5o—-
0<t<T 2SN,Z

Using the coerciveness of operator 4 in (1.4) and the definition of 6(x, t) together
with (3.3), we get

(Asu — Asv,u —v)
T
= / (A(x,t,DS(u)) — A(x,t,DS(v)) + (1 —0(x,t))B(x,t, S(u))
0

— B(x,t,S(v)),DS(u) — DS (v)) dxdr

T
2o [ IDS) = DS 2(q o

T
— Sna /0 (16, 1) = T (b(x vy
1S @) = Sl 2x.2(q) - IDS @) = DS ()|l 12()) df

o r 2
=% [ 10860 = DS gyt
0

which can be obtained by applying Holder and Sobolev inequalities in the setting of
Lorentz spaces. ]

With the coercivity of operator +g at hand, we are now in position to prove
Lemma 3.1.



Renormalized solutions to noncoercive parabolic equations 7

Proor oF LEmMaA 3.1. Using Tx4+c (u®) — T (u®) as a test function in (3.1), we

obtain
/Q ok +c ()(T) — gk (u)(T)] dx
4 / [ADU®) + (1 — 6(x. 1)) B DTk +c (u°) — DTx (u)] ddi
3.4)
- /Q [F* = 0(x, 1) Bu)|[DTk+.c (u°) — DTx (u®)] dxd
+/Q[§0K+C(u8)_§0K(”8)] dx,
where

ok (r) = /0 Tk (s) ds.

Since the function gx+c (1) — ¢k (r) is positive, using the convergence of F° to F in
L'(Q), the convergence of u, to ug in L'(2), the fact that |Tx ¢ (s) — Tk (s)| < C,
and the linear growth of ¢g at infinity, together with the coerciveness result of
Lemma 3.2, we deduce from (3.4) that

2 fim f IDTx+c () — DTk (u®)|? dxdr

2 g—>0 Q

< / (F — [u*D[DTgsc () — DTk (u)] dxdt
0

+/ [k +c (up) — ¢k (ug)] dx.
Q

By using the Young and Poincaré inequalities, we get

¢(@) lim [DTk ¢ (") — DTk (u*)|* dxdr

5// |F8|2dxdt+/ lug| dx.
{IK<u®} {lugl>K}

When K tends to infinity, the right-hand side tends to O since the sequences F°
and ug converge strongly, and {|u®| > K} has small measure. So u satisfies (3.2). This
completes the proof of the lemma. ]

The following theorem gives estimates on the sequence DTk (u*). Here, we extend
previous results from [2], where the authors considered the case b = 0.
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THeOREM 3.1. Assume (1.2) to (1.8). Let
u® € L*(0,T; Wy () N CO([0, T]; L*(R))

be a sequence such that

a &
”t — div[A(x.£.Duf) + (1 = 0(e. D) B, )] 0
= —div (Fg —0(x,t)B(x,t, u’s))
uf(t = 0) = ug in Q,

and the following properties hold:

(1) u® converges almost pointwise in Q to a measurable function u,
(ii) F¢is a sequence of L?>(Q) weakly convergent to F in L*(Q),
(iii) u§ is a sequence of L*(S2) strongly convergent to ug in L*(S2).

Then, for any positive real number K,
() [ [AGr.1.0.DTic) = AGr. 1. DTic )] [DTie () ~ DT )] — 0
0

as € —> 0, where A(t, x,u,Du) := A(x,t,Du) + (1 — 0(x, 1)) B(x,t,u).

Proor. The proof of Theorem 3.1 can be obtained following closely the strategy
in the proof of [2, Theorem 2], with few adaptations due to the unbouded convective
term. More precisely, the differences from [2] are stated in the following lemma. m

LemwMma 3.3. For any positive real number K, the following assertions hold:
(1) Tk (u®) weakly converges to Tx (u) in L%(0, T WOI’Z(Q)),
(2) A(t,x,DTg(u®)) weakly converges in L>(Q) to an element o of L*>(Q),
3 Jo [A(2, x, Tk (u®), DTk (uf)) — A(t, x, Tk (u®), DTk (u))] — 0 as e — 0.

Proor or LEmma 3.3. Using Tk (u?) as a test function in problem (3.1), we have

1
ST @) (D)2 g

+ / [A(x,t,DTgu®) + (1 — 0(x,1))B(x,t, Txu®)|DTx (u®) dxdt
o

1
= 1Tk 2 +/ [F® — 6(x, 1)B(x, t,u®)|DTx (u°) ddt.
9
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Thanks to the coercivity property stated in Lemma 3.2, this gives
TGO gy + 5 [ DTt P dvar
(3.6) < %”TK(US)Hiz(Q) + /;2 F®DTk (u®) dxdt
+ /Q O(x,t)B(x,t, Txku®)DTg (u®) dxdt.
The last term in the right-hand side in (3.6) can be estimated as

/ O(x,t)B(x,t, Tku®)DTk (u®) dx
Q

_ [ Tnbts)
Q

b(x,t) [B(x,t, Tgu®) — B(x,t,0)|DTx (u®) dx

< /Q Tar (b(x. 1))\ Txu | DTk (u°) | dx
< / Tha (b(x. 1)) Tk (u®) | [DT ()] dx
{lu¢|<K}
37) " /{ g T L DI Ti ) IDTie ) %
< / b(x.1)| T (u)||DTi ()] dx
{lu¢|<K}

M / | T ()| DT ()] dx
{lu¢|>K}

< 151l x.oo e <) | Tk ) [|2% 2 DTk (1) |12
+ MEY | Tx (u®)||2% 2 |IDTx (u®) |12

o
= 55 IPTk @20y + MER [Tk () |13 2,

with E g := {u® > K}, this shows that Eg tends to 0 as K — co. Hence, we obtain
M|E }g | < «/8. Inserting the last expression in (3.7) into the last expression on the

right-hand side of (3.6), we get

1 o
ST gy + 5 [ DTt axe
3.8) 0

1 €112 2 €12
= E”TK(MO)”LZ(Q) + a”F ||L2(Q)‘

We observe that DTk (uf) is bounded in L2(Q) due to estimate (3.8). Proceeding as
in [3], it is easy to conclude that Tk (u?) satisfies (1). Conclusion (2) is not new, and
has already been proven for example in [2, 3, 8], so we skip its proof.
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The proof of estimates (3) can be obtained by proceeding with the same strategy as
in [8].
Let us now consider the following renormalized equation:

3¢ Sn(u®) — div(A(x,t,u®, Du’)S;, (u®)) + E;
= —div(F® — 0(x,1)B(x,t,u®))S, (u®),

where E5 = A(x, ¢, u®, Du®)Du®S, (u®). Thanks to the coerciveness result from

Lemma 3.1 and (3.2), we get
(3.9) nan;o Sgp IElL1c0) = O.
Using Tk (u®) — Tk (u) as a test function in the renormalized equation, we get
T
| Sae. T = Tty ar
0
T
+ / / A(x,t,u’, Du®) D(Tk (u®) — T (1)) S, (u®) dxdt
(3.10) A
= [ [ B - Tt axar
0 Q
T
+ / / FeD(Tk (u®) — Tx (1)) S, (u®) dxdt + o,
0o Ja

where wf = fOT Jo 0(x,1)B(x,t, Tk (u®))D(Tk (u®) — Tg (u))S;, (u¢) dxdr. We need
to prove

(3.11) limS(l)lp loplliLig) = 0.
We have
T
/ / 0(x, 1)B(x. 1. Tx (u®)D(Tx (uf) — Tie () S, (u®) dxdr
/ / TM(b(x t))[B(x,t,TK(ue))—B(x,t,O)]
: D(TK(uE) — Tx(w)) S, (uf) dxdr
T
< / / Tor (b(r. )| T )|ID(T () — T )1 )|
0 Q

< 2M/ Cp|Duf|2|S), (uf)).
u¢|>K}
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Thanks to (3.2), and the fact that S, has a compact support, (3.11) is proven. The
second term of the left-hand side of (3.10) can be treated as follows:

T
/ / A(x, 1, u®, Du)D(Tk (u®) — Tk (v))S,, (u®)
¢ F
> / / Alx, 1, Tg (u®), DTy (u®))D(Tx (u®) — Tk (1)) dxdt
0o Jao

T
— / / A(x,t,us,Du‘g)S,/l)({‘usbK} dxdt
0 Q

which yields
T
/ / A(x, 1, u®, Du®)D(Tg (u®) — Tk (u))S,,(u®) dxdz
0 Q

T
Z/ f{A(X,I,TK(WLDTK(MS))—A(x,t,TK(ME),DTK(u))}
o Ja

-D(Tx (u®) — Tx (u)) dxdt

(3.12) T
—/0 /QA(x,l‘,TK(ME),DTK(ME))D(TK(MS)—TK(M)) dxdt

T
+ / / Ax,t, Tg (u®), DTk (u))D(Tx (u®) — Tk (u)) dxdr
0o Jo

T
- / / A(x, t,u®, Du’)S, (u®)DTk (u°) x{jus|>k} dxdr.
0o Ja

Using the facts that S/, has compact support, DTk (4¢) is bounded in L!(Q) for every
K > 0, and that in the limit ¢ — O the last three terms of the right-hand side of (3.12)
go to zero, we deduce

T
limSUP/O A{A(X,I,TK(MS),DTK(MS))—%(X,I,TK(MS),DTK(M))}

e—0

(3.13) -D(Tx (u®) — Tk (u)) dxdt
T
< lim sup/ / A(x,t,u®,Du’) - D(Tx (u®) — Tg (1)) S, (u®) dxdr.
£—0 0 Q
Inserting the first part of (3.13) into (3.12), we obtain

T
limsup/0 /;Z{A(x,t, Tx (u®),DTg (u®)) — A(x,t, Tk (u®),DTg (1))}

e—>0

-D(Tx (u®) — Tk (u)) dxdt

T
< lim sup { - [o ((Sn(@®))e, Tk (uf) — Tx (w)) dt + 2K||E;i||Ll(Q)}-

e—>0
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For n large enough, proceeding as in [3], we get

T
liminf[ ((Sn(u®))s, Tk (u®) — Tk (u)) dt > 0.
g—0 0

From this, together with (3.9) and by letting n tend to infinity, we obtain

T
limSUP/O L{%(X,I,TK(MS),DTK(ME))—A(X,I,TK(MS),DTK(M))}

e—>0

-D(Tx (u®) — T (1)) dxdt = 0,

which concludes the proof. |

The following lemma is an extension of [3, Lemma 3.2].

LeEmMA 3.4. There exist a subsequence (still indexed by ¢) of the sequence u® and
an element u of C°([0, T]; L?(R2)) such that when ¢ tends to 0 and for any fixed K,
the following limits hold:

(1) u® - uin C°([0, T]; L*>()),

(2) Tx(®) — Tg(u) in L2([0, T]; Wy " (R)),

(3) A(x,t,DTg(u®)) — A(x,t,DTx(u)) weakly in L>(Q)",

4) B(x,t,u®) — B(x,t,u)in L*>(Q),

5) fQ A(x,t,uf, DTg (u?))DTk (u®) dxdt — fQ A(x,t,u, DTk (1)) DTk (1) dxdt.

Proor. The strong convergence of u® can be obtained by using 1/0 T, (u® — u)
as a test function in the difference of the two equations (3.1) concerning u® and u”, and
letting o tend to zero. As a matter of fact, we can prove that u® is a Cauchy sequence
in C°([0, T]; L?(2)). Thanks to the weak convergence together with the asymptotic
behavior of the sequence Tk (1°) as ¢ tends to zero, which is stated and proved in
Lemma 3.3, the strong convergence in (2) holds. The last three conclusions are simply
inherited from the strong convergence of u® and Tg (u?) along with the results which
are mentioned in Lemma 3.3. u

Having at hand those useful lemmas, we are now in position to prove Theorem 1.1,
which is our main result.

PrOOF OF THEOREM 1.1. EXISTENCE OF RENORMALIZED SOLUTIONS. The proof of
the existence of renormalized solutions follows closely [3, Theorem 3.1], with some
slight differences due to the unbounded convective term. Since we know that u#® belongs
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to L2(0, T; W, (2)), and du® /9t belongs to L(0, T’; Wo_l’z(Q)), we have, for any
S € C®(R) with S’ € C°(R),

ISw®) ., o 0u’
ot =95 (u ) ot
This applied to (3.1) leads to
a &
Sgt ) — div[S' ) A(t, x, Duf) + (1 — 6(x, 1)) B(x, 1, u®)]

+ S"(W®)[A(t, x,Du’) + (1 — O(x, 1)) B(t, x, u®)|Du’®
= —div(F — 0(x,1)B(x,t,u®))S ().
In order to pass to the limit in (3.1) as € tends to zero, define M in such a way that
supp S’ C [-M, M], so that
S' () A(x,t,Du’) = S’ (u®)A(x, t,DTar (u®)).

Using the facts that u® converges to u as ¢ tends to zero, and that S’ is bounded, we
may conclude that

S'(uf)A(x, 1, Duf) — S'(u)A(x,t,DTa (1)) weakly in (L2(Q))V, and
S'u®)(1 — 0(x,1))B(x,t,u®) — S’ (u)(1 — O(x, 1)) B(x,t,u) weakly in (L%(Q))"
as ¢ tends to zero. As already mentioned, S’(u)A(x, ¢, DTjs (1)) has been denoted
by S’(u)A(t, x, Du) in equation (2.2).
Let us consider the term
S"(u®)[A(t, x,Du’) + (1 — 6(x,1))B(x,t,u®)|Du’
= S"(W®)[A(t, x, DTy (u®)) + (1 — 0(x, 1)) B(x, t,u®)|DTps (u®).

Thanks to the asymptotic estimates of Tk (1f) in Lemma 3.3,

lirr(l) [A(x, 1, u®, Du’®) — A(x, t,u®, DTy (u))][DTas (u®) — DTps (u)] dxde = 0.
£—> Q

From the above equality we obtain
[A(x, £, u®,Du®) — A(x, 7,u, DTy )] - DTy (u®) — DTy (u)] — 0 in L'(Q)

as ¢ tends to zero. Using the facts that S”(u4¢) is pointwise convergent to S” (1) and
S” is bounded, by applying Egoroff’s theorem we get
S”(u®)A(x, 1, u®, DTy (u®))DTas (u®)

(3.14) ) 1
— S"(u)A(x,t,u,DTp (u))DTp (u) in L'(Q)
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as ¢ tends to zero. Since u® is strongly convergent to u in C°([0, T]; L?(R2)) as in
Lemma 3.4 (1),

(3.15) O(x,t)B(x,t,u)S' () — 6(x,t)B(x,t,u)S'(u) in L'(Q).

Finally, the pointwise convergence of u® together with the strong convergence of F'¢ to
F yields

(3.16) F&S'(u®) — FS'(u) in L1(Q).

From (3.14), (3.15) and (3.16) we deduce that (3.1) is satisfied in the sense of distribu-
tions. This completes the proof of the existence result of Theorem 3.1. |

The proof of the uniqueness of the renormalized solution turns out to be more
involved than in the case treated in [3], due to the unboudedness of the convective term.

Proor or THEOREM 1.1. UNIQUENESS. Uniqueness of the solution will follow as a
direct application of the following lemma, which is adapted to our situation from [3]. =

LemMA 3.5. Assume that ug, and ugy lie in L*>(Q2), Fy and F lie in L*>(Q), and
that they satisfy
upr < ug2 and Fo1 < Fpy.

Then if uy and u, are two renormalized solutions of problem (1.9) for the respective
data (Fy,uo1) and (F2,ug2), we have

up < up a.e. Q

Proor. The proof follows the strategy of [3], with some slight differences. In [3],
uniqueness is proved when the data b = 0, and the proof is based on the monotonicity
of the operator A in divergence form. As a matter of fact, in our case we cannot rely on
the monotonicity of the operator, due to the unbounded convective term. But we can
repeat the proof of [3, Lemma 3.4], based on the fact that the operator 4 is coercive,
as stated in Lemma 3.2.

Define f* = sup( f,0) for any measurable function defined on Q. As in [3], we
define in a similar way the function S, (r) in C*°(R) through

5.0 = [(as mey=1" it [ <n—1,
' o , ' h(r —(n—1)sgn(r)) if |[r|>=n—1,

where sgn(r) denotes the sign of r.
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The function §,, is a smooth approximation of the truncation 7}, and it satisfies
supp S, C [=(n + 1),n + 1], [ Sy lLeow) =< 1]l Loew)> and Sy (1) = Sp(T+1)(r) for
all r inR and all integers n > 2.

We use TCJr (Sn(u1) — Sn(uz)) as a test function in the difference of equation (2.2)
relative to #1 and u,. Upon integration over (0, ¢) and then upon (0, T'), we get

T pt
/0 /0 /Q<8Sna(tu1) _ 35,18([712)’ T (Sn(ur) — Sn(uz))>(s) dxdsd?

NN LR N LN

(.17) .
= / / / (F18,(u1) — F28, (u2))DTZ (Sn(u1) — Sa(uz)) dxdsds
o Jo Ja

+JI 4+ JY,
where
T t
I :/0 /0 /;Z[S,’l(ul)[A(Dul)+(1—O(Xvs))B(ul)]

— 8, (u2)[A(Duz) + (1 — 6(x, 5)) B(u>)]]
-DT(;r (Sy(u1) — Sy (uz)) dxdsdr,

T t
=[] siaiamu + a0 5]
-Dung(S,,(ul) — Sn(uy)) dxdsdr,
T t
h=—ALLL&NMM®MH%FﬁWQWWM
-DuzTgf (Sy(u1) — Sy (uz)) dxdsdr,
T t
s = [ [ [ 005 BunS @D (5,0 = 5,000 axdsar,
T t
5 == [ [ [ 6r.9)B02)S DT (51 0r) = S, 2 s

The first term of (3.17) can be handled in the following way:

/’<85,,(u1) 3 98, (u2)
0 ot ot

) Tg(Sn (u1) — Sn (u2))>(s) ds

=/wdmwo—&wmﬂmw—/wdmwm—&wmﬁmx
Q Q
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for all ¢ in [0, T']. Equation (3.17) then can be rewritten as follows:
[ e(tSuun) = Sy dxde + 17+ 1 4 12
Q
T pt
= / f / (F1S,,(u1) — FzS;,(Mz))DTg(Sn(ul) — Su(uz)) dxdsds
o Jo Ja
7 [ pe(Sywon) = Sawoal ") dx + 7 + 13,
Q

In order to complete the proof, the quantities /7', I, I3, J{', J3' will be shown to
satisfy

(3.18) lim I{ =0,
n—>0o0

(3.19) lim 7} =0,
n—>oo

(3.20) lim 7§ =0,
n—>oo

3.21) lim J{' =0,
n—>oo

(3.22) lim J}' =0.
n—>oo

We have

e Sy(uy) — Sy(uz) = uy — u, strongly in LI(Q),

o (F18,(u1) — F28;,(u2))DTE (Su(ur) — Sn(u2)) — (F1 — F2)DTZ (uy — uz)
strongly in L1(Q),

o Sp(uo1) — Snu(ugz) — Uy — Uugy strongly in L1 ().
When 7 tends to infinity,

T t
/Q<pc([u1—uz]+)§/0 /0/Q(FI—FZ)DTg(ul—uz)dxdsdz

(3.23)
LT /g oc (tor — ea]*) dx.

The right-hand side of (3.23) is nonpositive, thus we have ¢c ([u; — us]*) < 0.
Since C is arbitrary, this implies that #; < u, almost everywhere in Q. This will prove
Lemma 3.5. In order for the proof to be complete, it remains to prove (3.18)-(3.22). For
any measurable function v defined on Q, and any positive real number K, let y <k}
denote the characteristic function of the measurable set {(¢, x) : v(¢, x) < K}. Then
I can be rewritten as

]1n = L(T — l)X{OsSn(ul)—Sn(uz)SC}[S,/,(ul)A(ul) — Sr/;(MZ)eA’(Mz)]
“D(Sp(u1) — Sp(uz)) dxdt,
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or equivalently as

I = /Q(T — 1) X{0<5Sy (u1)—Sn (u2)<C}
[AK, 1, u1, DS, (ur)) — A(x, 1, uz, DSy (u2))]
-D(Sp(u1) — DS, (MZ)) dxdz
+ /Q(T = 1) X{0<8, (1)~ Sn (u2)<C}
- [S, (u1)A(x, t,ur, Duy) — A(x, t,u1, DS, (u1))]
*D(Sn(u1) — DSy (uz)) dxds
- /Q(T — 1) X{0<Sy (u1)—Sn (u2)<C} [ Sy (U2) A(x, 2, Uz, Ditz) — A(DSy (u2))]
-D(S, (1) — DS, (uz)) dxdre
= F + FJ' + F7.

Using the asymptotic estimates from Lemma 3.3, it is easy to see that F|" is nonnegative,
so we only need to show that F}' and FJ' tend to zero when n — oo. Due to the definition
of S,, we have

S, (uy)A(x,t,uy,Duy) = A(x,t,uy,DS,(u1)),

almost everywhere except on the subset {(x,7) : n < |uy(x,7)| <n + 1}. Thus F}
can be rewritten as

Fy =/Q(T—Z)X{ossn(ul)—sn(uz)sC}X{nsu1|5n+1}

[Sy () A(x, 1, uy, Duy) — A(x, 1, u1, DS, (u1))]
-D(Sy (1) — DS, (uz)) dxdr.

Using the assumptions on Sy, the bound [|S;, || Leor) < [|7]|Loo(r). and the fact that
supp S;, C [—(n + 1), n + 1], implies that, for any n > C,

X{0<S, (1) =Sn (u2)<C} X{n<luy |<n+1} Sy (U2)

= J{0<S,(u1)—Sn (u2)<C} X {n<luy|<n+1} X{n—C <luz|<n+1} Sy (U2).

We obtain

Fy =/Q(T—t)-X{ossn(ul)—sn(uz)sC>-X{ns|u1|sn+1}

1S, (1) A(x, 1, ur, Duy)—A(x, 1, uy, DS, (u1))]
-[S, (u1) Duy—S,, (u2) Du,] dxdt
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<7 [ trzaiznn[Si00)(Aw) + (0 =00 0)B0)
— [A(DS, (u1)) + (1 = 6(x, 1)) B(u1)]]

“[l17]l Loo @y IDU 1| = X {n—C <uzi<n+1} |2l Loo®) [|Du2|] dxds

=T [ ttnziaizn sl 00 Aw) — ADS, @)
[IhllLoe®yDu1] + fin—C <jus<n+13 1] Loc ®) Du2|] dxdt

< T/Q Xtn<luy<n+ 13| All Lo ®) (c[Dur| + d) + d + c||h]|Loow) |Dul]
“[l17]l Loe @y DU 1] + X{n—C <juzi<n+13 1Al Lo ) [Duz|] dxdz

= T|[hllLeomw) /Q[(l + [ AllLeo®))d + 21|l Lo ®R)C X in<lui|<n+131Du1l]

- Xn<luy|<n+131DUL] + Xin—C<pun|<n+13 17| Loo ) [Du2| dxdr.

Thanks to Lemma 3.1 we obtain

lim |Du;|?dxdt = 0and lim |Du,|? dxdt = 0,
=00 Jn<luy|<n+1} 700 Jn<lua|<n+1}
thus F' tends to zero.

The proof that F3' tends to zero as n — 400 is similar to the case of F}' by switching
the role of u; and u5. Thus lim, . I = 0.

The proofs that lim, . /3 = 0 and lim, ., /3 = 0 are also similar, so here we
just describe the proof of lim, .o /' = 0, and the conclusion lim, o, /5= 0 follows
similarly.

By using the coerciveness of operator +4, we easily get

15| =[(T—t)S,/{(ul)A(x,t,ul,Dul)DulTé(Sn(ul)—Sn(uz))dxdt
)

o
< TC5||h'||L00(1R<)/Q)({n§|ul|5n+1}|DM1|2 dxdr.

Thanks to Lemma 3.3, lim, o, /3 = 0. Finally, the proofs of lim, . J{* = 0 and
lim, o0 J5' = 0 are similar, so we just do it for J{".

T t
5= [ [ [ 66980 DT (S11) = 5, 00) dxasar

5/Q(T—Z)X{ossn(ul)—Sn(m)sc}X{nslul|sn+1}

Tu(b(x.5)

b(x.s) b(x,s)|ur|||h|Leo®)[S, (u1)Duy — S, (u2)Dus] dxdt
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< TMCp|h|Lowm)
: / X{nslul|§n+1}[Xn5\u1|§n+1|Du1 |2 + X{n—C5|u2|5n+1}|Du2|] dxdr,
Q

which tends to zero because of (3.2) of Lemma 3.1. This completes the proof of
Lemma 3.5. u

Funping — This work was partially supported by GNAMPA-INdAM.
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