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Semitopological Homomorphisms

ANNA GIORDANO BRUNO (¥)

ABSTRACT - Inspired by an analogous result of Arnautov about isomorphisms, we
prove that all continuous surjective homomorphisms of topological groups
f : G — H can be obtained as restrictions of open continuous surjective homo-
morphisms f : G — H, where G is a topological subgroup of G. In case the
topologies on G and H are Hausdorff and H is complete, we characterize the
continuous surjective homomorphisms f : G — H when G has to be a dense
normal subgroup of G. ~
We consider the general case when G is requested to be a normal subgroup of G,
that is when f is semitopological — Arnautov gave a characterization of semi-
topological isomorphisms internal to the groups G and H. In the case of homo-
morphisms we define new properties and consider particular cases in order to
give similar internal conditions which are sufficient or necessary for f to be
semitopological. Finally we establish a lot of stability properties of the class of all
semitopological homomorphisms.

1. Introduction

In [2, Theorem 1] Arnautov showed that for every continuous iso-
morphism f : (G, 1) — (H, o) of topological groups, there exist a topological
group (G, 7) containing G as a topological subgroup and an open continuous
homomorphism [ : (G,7) — (H,0) extending f. Moreover he noted that
such a pair (G,f) need not always exist under the additional assumption
that G is a normal subgroup of G. So in [2, Definition 2] the author defined a
continuous isomorphism f : (G,7) — (H,0) of topological groups to be
semitopological if there exist a topological group (G,7) containing G as a
topological normal subgroup and an open continuous homomorphism
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f : (é,%) — (H,0) extending f (the counterpart of this definition for topo-
logical rings was given in [1]).

If f : G — H is a group homomorphism, denote by I'; the graph of f,
that is the subgroup I'y = {(9.f(¢9)) : ¢ € G} of G x H. Using explicitly the
graph of a continuous surjective group homomorphism f : G — H we can
prove [2, Theorem 1] in a much simpler way and even generalize it
weakening the hypothesis on f (in our theorem f is a homomorphism while
in [2, Theoreln 1] f was an isomorphism) and achieving G to be a closed
subgroup of G, in case the topology on the codomain is Hausdorff.

THEOREM 1.1. Let G, H be topological groups and f : (G,7) — (H,0) a
continuous surjective homomorphism. Then there exist a topological
group (G,7) containing (G, 1) as a topological subgroup and an open con-
tinuous homomorphism f : (CN}f%) - (H, o) such that ffG =f. If (H,o0) s
Hausdorff, then (G, 1) 1s closed in (G,7).

PrOOF. Define G = G x H and 7 = t x . It follows from [4, Remark
2.12] that (G, 1) is topologically isomorphic to (I” f,?fpf) (the topological
isomorphism is j : G — Iy defined by j(x) = (v, f(x)) for every x € G). The
canonical projection pq: (G,7) — (H,0) LS an open continuous homo-
morphism extending f and so we take f = pp. If (H,0) is Hausdorff,
r f,?rrf) is a closed subgroup of (G,7) by the closed graph theorem. O

Inspired by this result we give the counterpart of [2, Definition 2] for
continuous surjective homomorphisms:

DEFINITION 1.2. A continuous surjective homomorphism f : (G, 1) —
— (H, o) of topological groups is semitopological if there exist a topological
group (G,7) containing G as a topological normal subgroup and an open
continuous homomorphism f : (G,7) — (H, ¢) extending f.

It is obvious that all open continuous surjective group homomorphisms
are semitopological.

Theorem 1.1 shows that every continuous surjective homomorphism of
topological groups f: G — H is the restriction of an open continuous
surjective homomorphism of topological groups f : G — H, where G is a
topological subgroup of G. As noted before not every continuous surjective
group homomorphism is the restriction of an open continuous surjective
group homomorphism to a normal topological subgroup of the domain, i.e.
not all continuous surjective group homomorphisms are semitopological.



Semitopological Homomorphisms 81

Consequently the characterization of semitopological homomorphisms can
also be viewed as the study of the restrictions of open continuous surjective
homomorphisms of topological groups f : G — H to normal subgroups G of
G such that f(G) = H. From this point of view semitopological homo-
morphisms are strictly related to the open mapping theorem and its
generalizations, which are studied by a lot of authors.

Let S be the class of all semitopological homomorphisms and S; the
class of all semitopological isomorphisms. Obviously S; C S.

To formulate the main theorem of [2] characterizing semitopological
isomorphisms, we recall the following concept: for a neighborhood U of the
neutral element eg of a topological group G call a subset M of G (left) U-
thin if N{x 'Ux:x € M} is still a neighborhood of ¢g. We give some
properties of U-thin sets in §3.

For a topological group (G, 1) we denote by Vg (eq) the filter of all
neighborhoods of e in (G, 7).

THEOREM 1.3 [2, Theorem 4]. Let (G,7),(H, o) be topological groups
and [ :(G,7) — (H,0) a continuous isomorphism. Then f is semi-
topological if and only if for every U € V(g »(eg)

(a) there exists V € Vi »(en) such that f -1V is U-thin;
(b) for every geG theve exists Vy € Vunlen) such that
lg.f (V)1 C U.

In this case of continuous isomorphisms it is possible to consider
without loss of generality the same group G as domain and codomain,
endowed with two different group topologies 7 > ¢ and as continuous
isomorphism the identity map 15 of G. In fact, if f: (G,7) — (H,#) is a
continuous isomorphism of topological groups, then the topology
o =f~1(y) on G is coarser than 7 and so 15 : (G, 1) — (G, 0) is a continuous
isomorphism and (G, ) is topologically isomorphic to (H, 7). In particular
1q : (G,7) — (G, 0) is semitopological if and only if f : (G,7) — (H,#) is
semitopological. So the following is an equivalent form of Theorem 1.3.

THEOREM 1.4. Let G be a group and t > o group topologies on G. Then

1g : (G, 1) — (G, 0) is semitopological if and only if for every U € V(g »(eg)
(a) there exists V € Vg »(eq) such that V is U-thin;

(b) forevery g € G there exists Vy € V(g s (eq) such that[g,Vy] C U.

The aim of this paper is to generalize these and most of the remaining
results of [2] to semitopological homomorphisms. To find a complete
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characterization of semitopological homomorphisms has turned out to be a
non-trivial problem.

However we find a complete characterization in a particular case, which
is interesting on its own: as said before semitopological homomorphisms
can also be viewed as restrictions f : G — H of open continuous surjective
homomorphisms of topological groups f : G — H where G is a normal
subgroup of G and f(G) = H. In this setting one can ask G to be a dense
normal subgroup of G:

DEFINITION 1.5. Let (G, 1), (H, o) be topological groups. A continuous
surjective homomorphism ~f :(G,1) — (H, 0) is d-semitopological if there
exist a topological group (G, 7) containing G as a dense normal topological
subgroup and an open continuous homomorphism f : (G,7) — (H, o) ex-
tending f.

In §2 we study d-semitopological homomorphisms. In this case con-
sidering Hausdorff group topologies simplifies the problem and in fact,
with the additional assumption that the codomain is complete, we find a
complete characterization of d-semitopological homomorphisms in Theo-
rem 1.6. For a subgroup H of a group G, Ng(H) = {x € G : xtH = Hx} is
the normalizer of H in G. If G is a Hausdorff topological group, we denote
by G the two-sided completion of G.

THEOREM 1.6. Let f:G — H be a continuous surjective homo-
morphism, where G is a Hausdorff group and H is a complete group, and
let f : G — H = H be the extension of f to the completions. Then the fol-
lowing conditions are equivalent:

(a) f is d-semitopological;
(b) fFNE(G) : N&(G) — H is open;
(¢) Nz(G)Nkerf is dense in kerf.

In §4 we find necessary and sufficient conditions for a continuous
surjective group homomorphism to be semitopological. To do this we in-
troduce new properties. For example we define A-open and strongly A*-
open surjective group homomorphisms (see Definitions 4.10 and 4.16 re-
spectively) and without any recourse to Arnautov’s main theorem (i.e.
Theorem 1.3) we prove that

strongly A*-open = semitopological = A-open

for continuous surjective group homomorphisms (see Theorems 4.12
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and 4.20). Since strongly A*-open coincides with A-open for continuous
group isomorphisms as well as with conditions (a) and (b) of Theorem
1.3, Theorem 1.3 is an immediate corollary of this result. In §4 we de-
fine also A*-open and strongly A-open surjective group homomorph-
isms (see Definitions 4.16 and 4.24 respectively). Also these properties
are equivalent to semitopological for continuous group isomorphisms.
The main relations among new and already defined properties for
continuous surjective group homomorphisms are the following:

open strongly A*-open strongly A-open

L T~

(1)  semitopological A*-open

\/

A-open

Moreover in Theorem 4.29 we prove that all these four properties are
equivalent to semitopological for a continuous surjective homomorph-
ism of topological groups f : G — H such that kerf is contained in the
closure of e¢¢ in G. This assumption is quite strong, but continuous
isomorphisms satisfy it and so we find again Theorem 1.3 as a trivial
corollary.

In order to find some property equivalent to semitopological, we ana-
lyze the relations among all the properties in (1). Some questions about
these relations remain open and a positive answer to them would bring a
more precise description of semitopological homomorphisms and their
properties.

As a particular case of Theorem 1.3, a continuous isomorphism of
topological groups f : (G,dqg) — (H, o), where Jg is the discrete topology
on G, is semitopological if and only if the centralizer cy(h)=
={x € H :[x,h] = ey} of hin H is o-open for every h € H [2, Corollary 5]
(see Corollary 5.2). In §5 we consider this particular case for homo-
morphisms, but we also prove some results in case the topology on the
codomain is indiscrete.

Moreover we consider continuous surjective group homomorphisms
with the properties in (1) in case the topologies on the domain and on the
codomain are very close to be discrete or indiscrete.

In some of these particular cases we find examples and counter-
examples clarifying the relations among the properties in (1). This can give
an indication of which direction we have to take.
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Thanks to the characterization of Theorem 1.3 Arnautov proved that S;
is stable under taking subgroups, quotients and products:

THEOREM 1.7. Let (G,7),(H,0) be topological groups, [ :(G,1)—
— (H, o) a semitopological isomorphism and A a subgroup of G. Then:
(a) [2, Theorem 7] f|, : (A,1],) — (f(4), aff( 1)) s semitopological;
(b) [2, Theorem 8] in case A is normal and q: G — G/A, ¢’ : H —
— H/f(A) are the canonical projections, f':(G/A, 1)) — (H/f(A),ay),
defined by ' (q(9)) = ¢ (f(g)) for every g € G, is semitopological.

THEOREM 1.8 [2, Theorem 9]. Let {(G;,t;) :1 € I}, {(H;,0;) :1 €1} be
families of topological groups and f; : (G,1;) — (H, ;) a semitopological
tsomorphism for every i € I. Then [[;.;fi : [Lic; (G, 1) — [Lic; (H, ) 1s
sematopological.

In §6 we prove (categorical) stability properties of the larger class S
and of the new properties we introduce, extending substantially Theorems
1.7 and 1.8. In particular in Theorem 6.15(a) we prove that also S is stable
under taking products:

If {f; i € I} is a family of continuous surjective group homo-
morphisms, then [[,.; fi € S if and only if f; € S for all i € I.

For (strongly) A-open and (strongly) A*-open we prove that also the
converse implication holds. Consequently, since they coincide with semi-
topological for continuous group isomorphisms, we obtain as a bonus a new
result, namely that the converse implication in Theorem 1.8 holds true.

About categorical properties, we prove that S; is closed under pullback
along continuous injective homomorphisms and that the class of all A-open
continuous surjective homomorphisms is stable under pushout with re-
spect to open continuous surjective group homomorphisms (see Theorems
6.3 and 6.14 respectively). In these terms Theorem 1.7 says that S; is closed
under pullback with respect to topological embeddings and under pushout
with respect to open continuous surjective homomorphisms and so it be-
comes a corollary of our results.

As noted in [2] S; is not closed under taking compositions (see Example
5.18). Hence also (strongly) A-open and (strongly) A*-open are not stable
under taking compositions because they are equivalent to semitopological for
continuous group isomorphisms. However we prove some results about
composition of semitopological homomorphisms and about composition of
group homomorphisms which are (strongly) A-open and (strongly) A*-open.
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In Corollary 6.5 we find a characterization for an A-open continuous surjective
group homomorphism in terms of its algebraically associated isomorphism:

If { . (G, 1) — (H,0) is a continuous surjective homomorphism and
q: G — G/ker f the canonical projection, then by the first homo-
morphism theorem for topological groups f': (G /ker f,t,) — (H, o),
defined by f'(q(g)) = f(g) for every g € G, is a continuous isomor-
phism. Then f is A-open if and only if ' is semitopological.

Note that the first homomorphism theorem for topological groups says
that in this case f is open if and only if f’ is open. In analogy our result
states that f is A-open if and only if f is A-open (for continuous group
isomorphisms A-open coincides with semitopological).

One of the most interesting results is Proposition 6.10 which shows that
the class of strongly A-open continuous surjective group homomorphisms
is left cancelable. As a consequence we get that the class S; is left can-
celable (see Theorem 6.11).

In §7 we sum up in a more detailed diagram the relations among the
properties in (1) for continuous surjective group homomorphisms. We also
collect there all open questions. Moreover we remind the open problems
left in [2] about semitopological isomorphisms, that we discuss in a dif-
ferent paper [3].

Notation and terminology.

Let G be a group and x,y € G. We denote by [, %] the commutator of «
and ¥ in G, that is [x,y] = xyx~'y L. If H and K are subsets of G, let
[H,K] = ([h,k]:h € H k € K). In case H = {x} for some x € G, we write
[x, K]. Moreover G’ =[G, G] is the subgroup of G generated by all com-
mutators of elements of G. We denote the center of G by Z(G).

The function 4 : G — G x G is defined by 4(g) = (¢, 9) for every g € G.
If H is another group, we call p; : G x H — G and pg : G x H — H the
canonical projections on the first and the second component respectively.

Let 7 be a group topology on G. If X is a subset of G, X' stands for the
closure of X in (G, 7). If N is a normal subgroup of G and ¢ : G — G/N is
the canonical projection, then 7, is the quotient topology of 7 on G/N.
Moreover N, denotes the subgroup @r. The discrete topology on G is dg
and the indiserete topology on G is 1g. For a Hausdorff topological group G
we denote by G the completion of G. A group G is complete if G = G. Let us
note that in particular every complete group is Hausdorff.

For undefined terms see [6, 7].
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2. Dense extensions.

We discuss here the problem of characterizing d-semitopological group
homomorphisms in the class of Hausdorff topological groups.

DerFiNITION 2.1. Let (G,7),(H,0) be topological groups and
f:(@G)— (H o) a continuous surjective homomorphlsm Call the topolo-
gical group (G 7) a d-extension of f : (G, 1) — (H, o) if (G, 7) contains (G, 1)
as a dense normal topological subgroup and there exists an open continuous
homomorphism f : (G,7) — (H,0) extending f. The homomorphism f is
called associated to the d-extension (G, 7).

Let (G,7), (H,0) be Hausdorff groups. Every continuous surjective
homomorphism f : (G, 1) — (H,¢) can be extended to a continuous homo-
morphism of the completions f : (G,7) — (H,3). Iff is open, then f is open.

The following fact is due to Grant.

Facr 2.2 [5, Lemma 4.3.2]. Let G, H be Hausdorff topological groups,
f: G — H an open continuous surjective homomorphism and N a dense
subgroup of G. Thenfly : N — f(N) is open if and only if N N ker f is dense
m kerf.

Cram 23. Let G,H be Hausdorff topological groups, f:G — H a
continuous surjective homomorphism and let f : G — H be the extension
of f to the completions. If f is d-semitopological, then N (G) Nkerf is
dense in kerf.

Proor. Let G be a topological group such that G is a dense normal
subgroup of G and f:G — H an open continuous surjective homo-
morphism. Being G dense in G, by the universal property of the com-
pletion we can identify G with a subgroup of G; in particular G and G have
the same completion G. Moreover, since G is normal in G, G < N= (G)
For the property of the completion, there exists a continuous homo—
morphism f : G — H extending f (and so extending f). Being f open and
G dense in G, H dense in H, so f is open as well. By Fact 2.2 Nz(G)N kerf
is dense in kerf. O

Applying this claim we can now prove Theorem 1.6:

PROOF OF THEOREM_LG. (a) = (¢) is Claim 2.3 and (b) = (a) is obvious
because G is dense in G and G « NE(G).
(b) < (c) follows from Fact 2.2 since H = H. O



Semitopological Homomorphisms 87

COROLLARY 2.4. If there exists a d-extension of a continuous surjec-
tive homomorphism of topological groups f : G — H, where G is Haus-
dovff and H complete, then there exists a maximal one, namely Ng(G)
with the topology inherited from G.

Theorem 1.6 can be written in the following equivalent form:

Let K,H be complete groups and h : K — H a continuous open sur-
Jjective homomorphism. If G is a dense subgroup of K such that h(G) = H,
then the following conditions are equivalent:

(a) k|, : G — H is d-semitopological;
(b) thK(G) : Nx(G) — H s open;
(¢) Ng(G)nkerh is dense in ker h.

3. Thin sets.

In the introduction we have defined U-thin sets M of a topological
group G, where U is a neighborhood of e in G. The subsets M of G that are
U-thin for every U are precisely the thin sets in the sense of Tkachenko
[10, 11]. For example compact sets are thin.

The concept of U-thin subset of a topological group G is not symmetric
and it is possible to give the symmetric definition of right U-thin set. Note
that for every symmetric subset (for example for every subgroup) of G the
two concepts coincide. Moreover M is a left U-thin subset if and only if M~!
is a right U-thin subset. Note that M is U-thin if and only if there exists a
neighborhood U; of eg in G such that xUjx~! C U for every x € M.

LeEmMA 3.1.  Let G be a topological group, U,V neighborhoods of e in G
and M C G. Then:

(a) if M is U-thin, then every N C M is U-thin;

(b) if M1 and My are U-thin, then M1 U My 1s U-thin,

(c) if M is U-thin, then Mg and gM are U-thin for every g € G;

(d) if VC U and M is V-thin, then M is U-thin,

(e) if M is U-thin and V-thin, then M is U N V-thin,

@ iff: G — H is a continuous surjective homomorphism and W
is a meighborhood of eg i H, then f~Y(M) is f~1(W)-thin
whenever M C H 1s W-thin.

Consequently, for a topological group G and a neighborhood U of ¢ in
G, the family Zy(G) = {M C G : M is U-thin} is a translations invariant
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ideal. Observe that Z(G) € Zy(G) for every U €V y(eq), that is
Z(G) €eI(@) =Zu(@) : U e Vgyleg)} = {M C G : M is thin}.

LemMa 3.2.  Let G be a topological group, N a normal subgroup of G
and q: G — G/N the canonical projection. Moreover let U be a neigh-
borhood of e in G and M C G.

(a) If M 1s U-thin, then q(M) is q(U)-thin.
(b) If M 1is thin, then q(M) is thin.

DEFINITION 3.3. A topological group (G,7) has small invariant
neighborhoods (i.e. G is SIN) if for every U € Vg (eg) there exists
U' € Vgoleg)suchthat U C Uand gU'g~! = U’ for every g € G (i.e. U’ is
mvariant).

If 7 is a linear group topology on a group G, then (G, 7) is SIN. A to-
pological group G is SIN if and only if G is thin. The next lemma shows that
for SIN groups the characterization given by Theorem 1.3 is simpler,
because condition (a) is always verified since a SIN group G is thin, and so
only condition (b) remains.

LeEmmA 3.4.  Suppose that the topological group (G,7) is SIN. Then a
continuous isomorphism f : (G,t) — (H, o), where (H, o) is a topological
group, is semitopological if and only if for every U € Vg (eq) and for
every g € G there exists Vy € Vi »(en) such that [g, f (V)] C U.

4. Internal approximations for semitopological homomorphisms.

Let f:(G,7t) — (H,0) be a continuous surjective homomorphism of
topological groups. Inspired by Theorem 1.3 we try to find some condition
internal to the groups G and H to describe when f is semitopological. The
advantage of these internal conditions is obvious. To do this we introduce
some concepts which turn out to be equivalent to semitopological for
continuous isomorphisms.

First we give some definitions and basic properties.

DerFINITION 4.1. Let (G,7),(H,0) be topological groups and
f:(G,7) — (H,0) a continuous surjective homomorphism. Call the topolo-
gical group (G,7) an A-extension of f:(G,t) — (H,o) if (G,7) contains
(G, 1) as anormal topological subgroup and there exists an open continuous
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homomorphism ]7 : (é,%) — (H,0) extending f. The homomorphism ]7 is
called associated to the A-extension (G, 7).

In the next proposition we give the first properties of the homo-
morphism associated to an A-extension of a semitopological homomorph-
ism. This proposition generalizes [2, Proposition 3] to semitopological
homomorphisms.

ProrosiTion 4.2. Let (G,7),(H,0) be topological groups and
f:(G,1)— (H,6) a semitopological homomorphism. If (G,7) with
f: (é,"ﬂ — (H,0) };s an A-extension of f, then:

(@) GNkerf = kerf;

(b) G =G kerf;

(c) [kerf,G] C kerf;

(d) kerf is a normal subgroup of G

(e) G/ker f is isomorphic to G/kerf x ker f /kerf.

Proor. (a) and (b) are 0~bvious, (¢) follows from (a) and (b) because
G is a normal subgroup of G, (d) follows from (a) and (e) follows from
(a), (b) and (d). O

Obviously a continuous surjective homomorphism is semitopological if
and only if it has an A-extension.

In the proof of Theorem 1.3 an A-extension of a continuous isomorph-
ism of topological groups f:(G,7) — (H,0) is constructed taking
G=GxHand{W(U,V):Ue Vgleq),V € Vs len)}, where wWU,V) =
={(uf~ I, v):uel,ve V'}, as a base ofV ~(eG) Moreoverf G- H

is defined by f(q h) = f(g) for every g € G We do an analogous con-
struction in Definition 4.5 and use it in the proof of Theorem 4.20.

DEFINITION 4.3. Suppose that G, H are groups and f: G — H is a
surjective homomorphism. A section is an injective function s : H — G such
that f(s(h)) = h for every h € H and s(ey) = eg.

For a surjective group homomorphism there exists always a section.

REMARK 4.4. Let G, H be groups and f : G — H a surjective homo-
morphism. Let s: H — G be a section of f. Then G = s(H) - kerf and
s(H)Nkerf = {eg}. Moreover, if X is a subset of H, then f~1(X)=
=s(X) - kerf.
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DerFINITION 4.5. Let (G,7), (H,0) be topological groups,
f:(G,7) — (H,0) a continuous surjective homomorphism and s a section of
f-. Define the filter base

Fsao) ={Ws(U, V) : U € Vg yler),V € Vi nlen)},
where
WU, V) = {(us),v) :u € U,v € V}.

In case F (.4 is a base of the neighborhoods of (e, ex) in G x H of a group
topology on G x H, then we denote this group topology by os(z, o).

LEmMa 4.6. Let f: (G,7) — (H,0) be a continuous surjective homo-
morphism of topological groups, N a a-open subgroup of H and s a section
of f. If F s.zaly) is a base of the neighborhoods of (eg, ex) in G x N of a group
topology o(t, aly) on G x N, then (G x N, o4(t,0ly)), withf :G x N — H
defined by f(g,n) = f(g) for every (g,n) € G x N, is an A-extension of f. In
particular f is semitopological.

Proor. Consider G x N endowed with the group topology a(z, aly).
Then ¢ : G — G x N, defined by i(g9) = (g, ey) for every g € G, is a topolo-
gical embedding; indeed W (U,V)N(G x {ey}) = U x {ey} for every
W,(U,V) e FS’&"”FN). Let V € Vg »(ex). There exists V' € V(N,UFAJ(QH) such
that V'V' CV. Since f:(G,71)— (H,0) is continuous, there exists
U € Veoleg) such that f(U)CV'. Then f(Wy(U,V"))=fU)V' C
j= VV'CV and so f is continuous. If Wy(U,V) € Fy (4 ) then
fW(U,V)) =f(U)V CV and so f is also open. O

In the introduction we have used the graph of a surjective homo-
morphism of topological groups f : (G,t) — (H,0) to find a topological
group (G,7) of which (G, 1) is a topological subgroup and an open con-
tinuous homomorphism f: (G,7) — (H,0) extending f: in fact we have
taken G = G x H with the product topology and f* = pz, since /'y endowed
with the topology inherited from G x H is topologically isomorphic to
(G, 7). But the graph is not helpful when we ask G to be also normal in G,
because the graph is a normal subgroup of G x H in a very particular case,
as we show in the next remark. Anyway it helps in finding a first sufficient
condition for a continuous surjective homomorphism to be semitopological
(see Corollary 4.8).

REMARK 4.7. Let G,H be groups and f : G — H a homomorphism. If
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H is abelian, then Iy is a normal subgroup of G x H. If f is surjective, then
I'y is a normal subgroup of G x H if and only if H is abelian.

Theorem 1.1 and Remark 4.7 imply the following corollary that gives a
sufficient condition for a continuous surjective group homomorphism to be
semitopological.

COROLLARY 4.8. Let G,H be topological groups and f:G — H a
continuous surjective homomorphism. If H is abelion, then [ is semi-
topological.

The converse implication does not hold in general:

ExampLE 4.9. Let H be a discrete non-abelian group. Since every
continuous surjective homomorphism f : G — H, where G is a topological
group, is open, then f is semitopological.

In general every non-open continuous surjective homomorphism of
topological groups with abelian codomain shows that semitopological does
not imply open.

4.1 — A-open homomorphisms.

Trying to find a characterization of semitopological homomorphisms,
we introduce the following concept, which for continuous group iso-
morphisms is equivalent to semitopological. In the case of continuous
surjective group homomorphisms we prove in Theorem 4.12 that it is a
necessary condition.

DEFINITION 4.10. Let (G,7) and (H,o) be topological groups. A
homomorphism f : (G, 1) — (H, o) is A-open if for every U € Vg »(eq)
(a) there exists V € V) (en) such that f~1(V) is f~1(f(U))-thin;
(b) for every ge G there exists V,; € Vignlen) such that
[9.f (V1 C L))

Every open continuous homomorphism f : (G, 1) — (H, o) is A-open. In
fact if U € Vgyleg), since f(U) € Vs (en), then: there exists
V € Vi o(en) such that V3 C f(U) and so f~1(V) is f~1(f(U))-thin by
Lemma 3.1(f); for every g € G there exists V, € Vg »(em) such that
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[f(@),V,1 CfU), being f(g)—I[f(g),x] (x€ H) continuous, and so
[g.f 1 (V] C 1 f)).

REMARK 4.11. Theorem 1.3 says that a continuous group isomorph-
ismf:(G,t) — (H, o) is semitopological if and only if f is A-open.

In the next theorem we prove that the necessity holds also for continuous
surjective group homomorphisms, i.e. that semitopological implies A-open for
continuous surjective group homomorphisms. Hence from this theorem we
get that open implies A-open, as we have proved directly before.

THEOREM 4.12. Let (G, 1), (H, o) be topological groups and f : (G, 1) —
— (H,0) a continuous surjective homomorphism. If f is semitopological
then f is A-open.

ProoF. Let (é 7) with ]7 G — H be an A-extension of f:(G)—

— (H,0). Let U € V(g n(eg). There exists a neighborhood W of eg = e in
(G T)suchthat WNnG =U.

There exists a symmetric W’ e V ~(eG) such that WW'W' C W. De-
fine f(W’) =V eVaumleg) and U = W’ NG € Vgoleq). We prove that
FYV) is f~Y(f(U))-thin. Equivalently we show that U’z C f~1(f(1))
for every xef (V). Let xef '(V) and ge U’ Since f(V)=
=f" 1(]‘(W’)) C fYF(W") = W'ker f, there exist & € W and b € kerf such
that © = xb. Then

floge™) = f@hgb &) = f@ga ")
andxgr ' € WNG = U.Hence f(xgx™!) € f(U) and so xgx! € f~1(f(U)).
For every g € G there exists a neighborhood W' e V ~(e(;) of e

in G such that [g, W] C W by the continuity of [g,—]: G = G. Deflne
Vy =fW') e Volen). We prove that [g.f (V)] Cf(f(U)). Let
xef *I(Vg)~; as noted previously there exist © € W’ and b € kerf such
that « = xb. Therefore

flgag e = f(gabg~'b~'E ) = fgig T,
where grg a1 c WNG =U. O
4.2 — A*-open and strongly A*-open homomorphisms.

Since we have proved only that for continuous surjective group homo-
morphisms A-open is weaker than semitopological and we would like to
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have a condition that implies semitopological, in Definition 4.16 we give two
properties stronger than A-open.

DEFINITION 4.13. A map t: H — G between topological groups is a
quasthomomorphism if t(eyy) = e and the maps
o U :H x H — G,defined by ¢ (1, ko) = t(h)t(he)t(h1hs) " for every
hi,he € H, and
o t,:H— G for every yecH, obtained putting ¢,h)=
= t(y)t(h)t(y)flt(yhyfl)*1 for every h € H, are continuous at (eg, ey) and eg
respectively.

This definition is the counterpart of the definition of quasihomo-
morphism given in [8] for abelian groups. In fact, if /7 and G are abelian, ¢,
is the identity map for every y € H and the continuity of ¢’ at (ey,eq) is
exactly the condition given in [8].

If amap ¢t : H — G between topological groups is a homomorphism or
simply ¢ is continuous at ey, then ¢ is a quasihomomorphism.

REMARK 4.14. Amapt: (H,ig) — (G, dq) is a quasihomomorphism if
and only if it is a homomorphism. In fact, if £ is a quasihomomorphism, then
t'(H,H) = {e¢} and t,,(H) = {eg}. Therefore ¢ is a homomorphism.

Cramm 4.15. Let f : (G,1) — (H,0) be a continuous surjective homo-
morphism of topological groups. If ker f C N, then every section s of f is a
quasthomomorphism.

Proor. Forall hy,he € H
F(8'(hy, h2)) = f(s(hy)s(he)s(hiha) ™) = f(sth)f (s(h))f (s(hihe)) ™! = ey

and so s'(hy, he) € kerf. Since kerf C U for each U € V(g 1(eg), ' is con-
tinuous at ey. Analogously let y € H; for every h € H

F(sy(h) = fsssy) 'styhy™) ™) = ey

and so s,(h) € kerf. Since kerf C U for each U € Vg y(eq), sy is con-
tinuous at eg. O

DEFINITION 4.16. Let (G, 1) and (H, o) be topological groups. A sur-
jective homomorphismf : (G, 1) — (H, o) is A*-open if there exists a section
s of f such that for every U € Vs 1 (eq)

(a) there exists V € Vi »(en) such that s(V) is U-thin;
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(b) for every geG there exists V, € Viyqnleg) such that
lg,s(Vpl C U.
If s is also a quasihomomorphism, f is strongly A*-open.

Note that s'(H x H) U UyeH s, (H) C kerf.

For continuous group isomorphisms the conditions A*-open and
strongly A*-open coincide and they coincide also with A-open. For homo-
morphisms only one implication holds:

ProrosiTION 4.17. Let (G,7),(H,0) be topological groups and
f:(G,v) — (H,0) a continuous surjective homomorphism. If f is A*-
open, then f is A-open.

Proor. There exists a section s of f that witnesses that f is A*-open.
Let U € V(g »(eq). There exists V € V(g 5 (ex) such that s(V) is U-thin. We
prove that f~1(V) is f~1(f(U))-thin. There exists U’ € V(g (ec) such that
xU'x™1 C U foreveryx € s(V). Thenf~1(f(xU'x™1)) C f~1(f(U)) for every
xcs(V). For every ycf (V) there exists x € s(V) such that
yUyL CUf@Us™) = 1(f@)f(U)f()™). Indeed, if yef V),
then f(y) =v € V. Put & = s(v) € s(V). Thus f(y) = f(x) and so, for every
ue U,

flyuy™) = F@f@f @~ = F@f f @) € F@fUf @)

This means that yuy ! € f~1(f@)f (U))@)) =f1(feU'x™1)) for every
u € U'. Hence yU'y~! C f~1(f(U)) for every y € f~1(V).
Let g € G. There exists V; € V(@ »(en) such that [g,s(V,)] C U. Then

T @, VoD = £ @), f VD =1 (f g, s(VD)  f (D).
Let y € f~1(V,). Then f (g, y]) = [f(9),f W] € [f(9), V,] and this yields
lg.f VI SF 71U @), VD) S 1),
which completes the proof. O

Example 5.21 shows that the converse implication of this proposition
does not hold in general. Moreover we don’t know whether in general open
implies A*-open for continuous surjective homomorphisms of topological
groups. The question is open in general but we have positive answer in
some particular cases: for example when the continuous surjective homo-
morphism of topological groups f : (G,7) — (H,o) is an isomorphism or
when kerf C N..
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REMARK 4.18. Let f:(G,7) — (H,0) be a continuous surjective
homomorphism. If kerf C N, i.e. kerf C U for every U € V(g (eg), then
7 is the initial topology of 7, on G/kerf. In this situation it is possible
to think that U € Vg y(eg) is such that U= g Yq(U)), where
q: G — G/kerf is the canonical projection. Continuous isomorphisms
trivially satisfy this condition.

Letf : G — H be a surjective homomorphism. There exists a section s
of f which is a homomorphism if and only if G is isomorphic to the
semidirect product kerfx H. In this case, when the topology on
G = kerf x H is the product topology, strongly A*-open obviously coin-
cides with A*-open.

ProrosITION 4.19. For a continuous surjective homomorphism of
topological groups f:(G,1) — (H,0), in case (G,1) = (ker fx H, i, ;%
xtly), if f is open (i.e. |y = a) then f is strongly A*-open (i.e. A*-open).

Proor. Let L =kerf and suppose without loss of generality that
G =LxH;thenf =p; and s : H— G, defined by s(k) = (er, h) for every
h € H, is a section of f and a homomorphism. So it suffices to verify that s
makes f A*-open. Let U € Vg 1 (eg). There exists U' =W x V € Vg o (eq),
where W ¢ V(L,rm(eL) and V € Vg »(en), such that U'U'U’ C U. Since
s(V) C U, then s(v)U 's(w)"! C U for everyv € V,thatis s(V)is U-thin. Let
g € G. There exists U’ € Vg(eq) such that U'U’ C U and there exists
Uy =W,y x Vy € Vgnlea), where Wy € Vg, o y(er) and Vy € Vi o) (), such
that U, C U’ and gUgg’1 C U'. Let v € V,. Then, since s(V,) C U,,

lg.5@)] = gs@)gs) " € gs(Vy)g's(V,) C gU,g™'U, CU'U' C U.

Hence [g,5(V,)] C U and this completes the proof that f is strongly A*-
open. O

Example 5.6 shows that the existence of a section which is a quasiho-
momorphism of a continuous surjective group homomorphism f does not
yield in general that f is A*-open.

Theorem 4.20 is one of the main results of this paper. The technique
used in its proof is inspired by that of the proof in [2] of Theorem 1.3.

THEOREM 4.20. Let (G,1),(H, o) be topological groups, N a c-open
subgroup of H, f : (G,t) — (H, 0) a continuous surjective homomorphism
and s a section of f ff,l(N) :fY(N) — N. Then _7-'87(1’(,%) 18 a base of the
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netghborhoods of (eq, er) in G x N of a group topology as(t,aly) on G x N if
and only if s makes f strongly A*-open.

ProOF. Suppose that F s(roly) (see Definition 4.5) is a base of the
neighborhoods of (eg, ex) in G x N of a group topology o(t,aly) on G x N
and let U eVgoyleg). So WU,V)=WU,V) e }—S-,(r,rfFN) for some
V € YV )(en). Then there exists W(U',V') € F s(roly) Such that
W', v YWU', v C WU,V). Therefore (us@),v)(u's@),v") e W(U,V)
for every u,u’ € U',v,v' € V' and this yields

(us)u's@), w') = (us@)'s@)s@v') Ls(w'), w') € W(U, V).

Choosing u = u' = eg we get s(v)s(v')s(wv’ y e Ufor every 0,v) e V' x V'’
and so s’ is continuous at (eg, ep).

Let yeH, x€G and W(U,V)e F sty Then there exists
w', v e Fs.(xaly) Such that

@, YWU', V), ) € WU, V).
Hence (x, y)(us(@),v)(@ 1,y € W(U,V) for every u € U',v € V' and so

WU, V) 3 (cus@x™, yoy ™) = @us@)r s@oy™) " s@yoy™), yoy ™).

Taking 2 = s(y) and u = eg we get in particular s(y)s(@)s(y) *s(yoy 1) €
€ U for every v € V' and hence s, is continuous in ey.

This proves that s is a quasihomomorphism.

To prove that s makes f strongly A*-open it remains to prove that s
makes f A*-open. Let U € Vg n(eg) and V € V(g »(en). Then there exists
U’ € Vg n(eg) such that U’ is symmetric and U'U’ C U. Let

§" . H — G defined by s"(h) = s'(h, h ™) = s(h)s(h ') for every h € H.

The continuity of s’ at (ey, ey) implies the continuity of s” at ey because
s(ey) = eq. Since s” is continuous at ey, so there exists a symmetric
V' € Vi »(em) such that s”(V') CU. By the hypothesis there exist
U" € Vigrleg) and a symmetric V" € Vg »(ey) such that V7 C V' and
W@W", vyt C WU, V). Hence (us(®),v) * = (s) a1, e WU, V)
for every u € U”,v € V". Consequently s(v) 'uts(v)! € U’. Since U is
symmetric s(vus(v) € U’ foreveryu € U”,v € V. Moreover s(w)us(v!) €
e U’ for every u € U",v € V", because V" is symmetric. Since s”"(V") C
Cs"(V)CU',for every v € V" there exists u’ € U’ such that s(v~1) = s) .
Then for every u € U”, v € V" there exists «' € U’ such that

sus@)™ = s@us@w Hu' e U'U' C U.
This means that s(V") is U-thin.
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Let ge G. By the hypothesis there exist U’ € Vg q(eg) and
V' e V(H,g-)(eH) such that

(g, e)WU' , V')g ' en) C WU, V).

Consequently (gus()g~!,v) € W(U,V) for every u c U',v € V'. Then
gus(v)gfls(v)f1 € U for everyu € U',v € V'. Take u = eg; so [¢g,s()] € U
for every v € V’, that is [g, s(V')] C U. Hence f is strongly A*-open.

Suppose that s’ and s, (for every y € H) are continuous at (ex, ey) and
eq respectively. We want to prove that the filter base F oly) is a base of
the neighborhoods of (eg, ex) in G x N. Let W(U,V) € F .. o)

(1) There exist U € Vgoleg) and V' eVy. aly yerr) such that
vuvy CUand V'V CV. Smcef[,l(N) :f~Y(N) — N is A*-open, there
exists V" € V(Nﬂhv)(eH) such that V" C V' and s(V") is U’-thin; in particular
there exists U” € Vg (eq) such that U"” C U’ and xU"x1 € U’ for every
x € s(V"). Thanks to the continuity of s’ at (em,ey) there exists
V" e V(N’JFN)(eH) such that V" C V" and s()s(@’) € U"s(') for every
v, v € V. Then WU", V"YW U", V") C W(U,V): for every u,u € U"
and v,v" € V" there exists u” € U” such that

(us(w), V)'sW), V') = (us@)u's@'), v') = (W(s@)u's@) s@)s@), v') =
= (u(s@)'s) D s(w'), w') € WU, V).

(2) There exists U’ € Vg r(eg) such that U'U' C U and U’ is sym-
metric. As shown before, the continuity of s’ at (ey, ey) implies the con-
tinuity at ey of the previously defined s”. Since s” is continuous at ey, there
exists V' € V(N.arN)(@H) suchthat V' C V and s(v)s(v~!) € U’ foreveryv € V'.
Since f D”(N> : f~I(N) — N is A*-open, there exists V" € V(Nﬂhv)(eH) such
that V" is symmetric, V" C V' and s(V"”) is U'-thin; in particular there exists
U" € Vgoleg) such that U” is symmetric and xU"x~1 C U’ for every
x € s(V"). Then W(U”,V”)_1 C W(U,V). In fact for every u € U” and
v € V" there exists «’' € U’ such that

(us@), ) = @) u o) = @) u s ) s, vl =
= ((s) uls)w'sw ™), v € WU, V).

(3) Let (x,%) € G x N. There exist U’ € Vg (eg) and V' € V. oy yew)
such that U’ is symmetric, U'U'U'U’ C U and yV'y~! C V. There exists
also U" € V.o (eg) such that xU "o~ C U and s(y)U ”s(y)_ C U'. Since
f rf,l(N) : f~1(N) — N is A*-open, there exists a symmetric V" € V(N’JFN)(eH)
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such that V" C V/, [x,s(V")] C U’ and [s(y)’l,s(V”)] C U". By the con-
tinuity of s, at ey there exists V" ¢ V(N.,GFN)(QH) such that V" C V" and
s(y)s(v)s(y)f1 e U's(yvy™ 1) for every v V. Then (x, y) W(U', V" )(z, y)f1 C
C W(U,V): for every u € U" and v € V" there exists «’' € U’ such that

@, y)us@), )@,y ) = @us@e ™, yoy ) =

= ((wuw s s@oy ™) sy ™), yoy ™) € WU, V)
because yvy ! € yV'y—1 CV and
(wua D@s@e sy ™)™ = @ua s )s@y)s@)s@y) ' =

= (zur H(@s@)r @) Hs@) (@) s@)s@y)s@) Dsy) M’ € U.

This completes the proof. O

The next corollary is one of the most interesting results of this paper
because it gives a sufficient condition for a continuous surjective homo-
morphism to be semitopological:

COROLLARY 4.21. Let f:(G,1) — (H,0) be a continuous surjective
homomorphism. If f is strongly A*-open, then f is semitopological.

ProoF. There exists a section s of f that makes f strongly A*-open. By
Theorem 4.20 F (. - is a base of the neighborhoods of (e, ex)in G x H of a
group topology os(z, o). Then f is semitopological by Lemma 4.6. O

The converse implication does not hold in general — see Example 5.13.
We have also the following corollary of Theorem 4.20.

COROLLARY 4.22. Let (G,7),(H, o) be topological groups, N a a-open
subgroup of H and f:(G,t) — (H,0) a continuous surjective homo-
morphism such that flq .y, : fYUN) — N is A*-open. If there exists a
section s of f which 1s a homomorphism, then f:(G,7)— (H, o) is
sematopological.

As a consequence of Proposition 4.19 and Corollary 4.22 we have that
for a continuous surjective homomorphism of topological groups
f:(G,7)— (H,0),if G 2 kerfx Hand t = rfkerf X 1|y, in particular there
exists a section s of f which is a homomorphism and then f open = s makes
f A*-open = f semitopological.
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Example 5.6 shows that s homomorphism does not imply that s makes f
A*-open.

REMARK 4.23. Corollary 4.21 together with Theorem 4.12 imply
Theorem 1.3. Indeed let f : (G, 7) — (H, o) be a continuous isomorphism
of topological groups; Theorem 1.3 states that f is semitopological if and
only if f is A-open. Since f~! is a homomorphism, in particular it is a
quasihomomorphism. Since for f continuous isomorphism A*-open is the
same as A-open as noted before, Corollary 4.21 and Theorem 4.12 prove
Theorem 1.3.

4.3 — Strongly A-open homomorphisms.
In this section we introduce another property stronger than A*-open:

DEFINITION 4.24. Let (G,7) and (H,o0) be topological groups. A
homomorphism f:(G,7) — (H,0) is strongly A-open if for every
U € Vles)

(a) there exists V € Vg ,(eq) such that f ~“1(V) is U-thin;
(b) for every geG there exists V, € Vignlen) such that
lg.f (VI C U.

From the definition we have directly that if f:(G,7) — (H,0) is a
strongly A-open continuous surjective group homomorphism, then

[G, kerf] C N-.

In particular ker f is U-thin for every U € V(g 1 (eq).

Every strongly A-open homomorphism is A*-open and so also A-open
by Proposition 4.17. Note that Example 5.6 shows that the existence of a
section which is a quasihomomorphism does not imply the condition
strongly A-open.

Lemma 4.25. Let (G,71),(H,0) be topological groups and f : (G,1) —
— (H,0) a continuous surjective homomorphism. Suppose that t 1is
Hausdorff and Z(G) = {eg}. If f is strongly A-open, then [ is a (semi-
topological) isomorphism.

Proor. Since t is Hausdorff, the previous observation implies that
kerf C Z(G). Since Z(G) ={eg}, kerf is trivial and f is an isomorphism. [
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The previous lemma yields that in general semitopological cannot imply
strongly A-open.

Moreover we construct the following example, which shows that open
together with (strongly) A*-open do not imply strongly A-open. Conse-
quently strongly A-open cannot be equivalent to semitopological in gen-
eral. However we see in §6 that the class of all strongly A-open continuous
surjective homomorphisms has good categorical properties. This allows us
to find some nice property of the class S;.

ExampLE 4.26. Let K be a compact Hausdorff simple group (take for
example K = SOB3,R)). Let G = K x K and f = p; : K x K — K. First of
all f is open. Moreover f is not strongly A-open: if it was strongly A-open,
since Z(K) is trivial, then it would be an isomorphism by Lemma 4.25, but
kerf = {ex} x K. The section s : K — G of f defined by s(x) = (x, ex) for
every x € K is a homomorphism. Hence f is strongly A*-open by Proposi-
tion 4.19.

REMARK 4.27. For a continuous isomorphism of topological groups
f:(G,7) — (H,0) it is equivalent to be semitopological, A-open, A*-open,
strongly A*-open and strongly A-open.

ExamMpPLE 4.28. In view of Remark 4.27 and Corollary 4.8 it suffices to
consider a non-open continuous isomorphism of topological abelian groups
to see that in general (semitopological and) strongly A-open does not imply
open.

The next theorem shows that for a continuous surjective homo-
morphims such that its kernel is contained in every neighborhood of the
neutral element the four new conditions introduced are equivalent to
semitopological. Theorem 1.3 is a corollary of the following theorem, since
every continuous isomorphism trivially satisfies the assumption, as noted
previously in Remark 4.18. As a consequence of Corollary 6.5, in Corollary
6.6 we add another equivalent condition to those of the next theorem.

THEOREM 4.29. Let (G,7),(H,0) be topological groups and
f:(G,7) — (H,0) a continuous surjective homomorphism such that
kerf C N.. The following are equivalent:

(a) f s strongly A-open;
(b) f is strongly A*-open;
(c) fis A*-open,
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(d) f is A-open;
(e) f is semitopological.

Proor. (a)=(c)is trivial and (c) = (d) by Proposition 4.17.

(d)=(a) Let Uy € Vgr(eg). Then there exists U € Vg (eg) such
that UU C Uy. Let g € G. Since f is A-open there exist V,V, € Vi »(en)
such that f~1(V) is f~1(f(U))-thin and [g,/ '(V,)]1 Cf}(f(U)). But
fUfWU)=Ukerf CUUCUy, and so fXV) is Upthin and
[9.f XVl € U

(e) = (d) by Theorem 4.12 and (c)=-(e) by Claim 4.15 and Corollary 4.21.

(b) & (¢) by Claim 4.15. O

In the next lemma we consider the case when the topology on the do-
main in SIN. In this case the first condition in the definitions of strongly
(A-open) and A*-open is automatically satisfied.

Lemma 4.30.  Suppose that the topological group (G, 1) is SIN and let
f: (G, 1) — (H,0) be a continuous surjective group homomorphism. Then:
(a) f s A-open if and only if for every U € V(g n(eq) and for every
g€ G there exists Vy € Vi gler) such that [g.f ‘1(Vg)] -
C Ny
(b) f is A*-open if and only if there exists a section s of f such that
for every U € Vyleg) and for every g e G there exists
Vy € Vi o)(en) such that [g,s(Vy)] C U;
(c) f s strongly A-open if and only if for every U € Vg »(eq) and
for every geG there exists V, € Vunleg) such that
lg.f (V)1 C U.

ProposiTION 4.31.  Let (G, 1) = (L, p) x (H,d') (t = p x ¢’) be a topolo-
gical group and f = ps : (G, 1) — (H, g) be the canonical projection, where
a is a group topology on H such that ¢ < o'. Then the following conditions
are equivalent:

(a) f is A-open;
(b) fis A*-open;
(c) f s strongly A*-open.

Moreover we have the following characterizations:

(1) f s A-open if and only if ly:(H,d') — (H,o) is semi-
topological;

(1) f 1is strongly A-open if and only if L' C N, and 1y : (H,0') —
— (H,0) is semitopological.
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If L is abelian also the following condition is equivalent to (a)-(c):
(d) f s strongly A-open.

ProoF. (b)=>(a) by Proposition 4.17 and (b) < (c¢) because s : H — G
such that s(h) = (er,h) for all h € H is a section of f which is a homo-
morphism.

(i) The homomorphism f is A-open if and only if for every
U=U xW e Vgyleg), where U €V, (er) and W € Vg ) (en), there
exists V € Vg (eg) such that f1(V)=L xV is f~1(f(U))-thin, ie.
L x W-thin, and for every g = (I,h) € G there exists V;, € V(g »(em) such
that [g,f’l(Vg)] =[g,L x V] CfU(f()) =L x W. This is equivalent to
say that V is W-thin and [%,V,] C W. So f is A-open if and only if
1y : (H,d') — (H,0) is semitopological.

(ii)) The homomorphism f is strongly A-open if and only if for every
U=U xW e Vgyleg), where U €V, (er) and W € V(g ) (en), there
exists V € V@ »(en) such that f (V) =L x V is U-thin and for every
g=(U,h) G there exists V, € Vyqnleg) such that [g,f *l(Vg)] =
=lg,L x V;] C U = L x W. This is equivalent to say that L is U’-thin, V is
W-thin and [[,L] C U’ and [h,V,] C W. Since this happens for every
U €V, (er) and | € L we can conclude that f is strongly A-open if and
only if (L, p) is SIN, for every W € Vg ,H(en) there exists V € Vg »(en)
such that V is W-thin and L' C N, for every W € V(g »(ex) and for every
h € H there exists V), € V@ »(en) such that [k, V] C W. Since L' C N,
yields that (L,p) is SIN, f is strongly A-open if and only if for every
W € Vg o there exists V € Vg »(ex) such that V is W-thin and for every
I € H there exists Vj, € Vi »(en) such that [k, V;] C W, ie. L' C N, and
1y : (H,d') — (H, o) is semitopological.

(a) = (b) Suppose that f is A-open. We prove that the sections: H — G
of f, defined by s(h) = (er,,h) for every h € H, makes f A*-open. Let
U=U xW eVgoleg), where U €V, (er) and W € Vg o (en). By (i)
there exists V' € Vi ) (eq) such that V' is W-thin and so s(V) = {er,} x Vis
U-thin. Let g = (I,h) € G. By (i) there exists Vj, € V@ (en) such that
[7,V),] € W. Hence [g,s(V,)] = [(l,h),{e;} x V},] C U. This proves that f is
A*-open. O

In Proposition 6.4 we see that item (i) holds without any restriction on
the continuous surjective group homomorphism f.

ProOPOSITION 4.32. Let f:(G,7) — (H,0) be a continuous surjective
homomorphism of topological groups. Let q : (H,o) — (H/N,, a,) be the
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canonical projection and f* = qo f the Hausdorff reflection of f.
(a) Iff is A-open then f* is A-open.
(b) If f is A*-open then f* is A*-open.
(c) If f is strongly A-open then f* is strongly A-open.

Proor. (a) Let U € Vg »(eq). There exists V € Vi (en) such that
F V) isf71(f(U))-thin and for g € G there exists V;, € Vg »(em) such that
[g./ X (V)1 C fH(f(U)). There exist V7, V, € Vo leg) such that V'V CV
and VéVé CVy. Let W=¢q(V’') and W, = q(Vé). Then

(W) =g qV)) =fHV'Ng) 1Y)

and analogously (f*)'(W,) C f~1(V,). Therefore (f*)"'(W) is £ 1(f(U))-
thin and [g, (f*) " (W,)] C f~1(f(U)). To conclude note that f~(f(U)) C
C ().

(b) Let s be a section of f that witnesses that f is A*-open and let s, be a
section of q. Then s* = s o 54 is a section of *. We prove that s* makes f*
A*-open. Let U € Vg (eq). There exists V € V(g 5(en) such that s(V) is
U-thin and for g € G there exists V,;, € Vg »(em) such that [g,s(Vy)] C U.
Since every section of ¢ is continuous at ep/y,, there exist W,
Wy € V), o,)(€m)n,) such that s,(W) C V and s,(W,) C V,,. Then s*(W) is
U-thin and [g,s*(Wy)] C U.

() Let U € Vg p(eq). There exists V € Vg 4 (en) such that f -1V)is U-
thin and for g € G there exists V;, € V(y »(en) such that [g,f *l(Vg)] cU.
There exist V' ,Vé € Vu.»(er) such that V'V CV and Vg’Vg’ CV,. Let
W = q(V’) and Wy = ¢(V,). Then

(FOIW) = Hg gV =fYV'N,) CfLV)

and analogously (f *)_I(Wg) C f~Y(V,). Therefore (f “)~"Y(W) is U-thin and
lg, (f) "Wyl C U. O

5. Specific cases.

5.1 — Discrete case and indiscrete case.

In this section, for a continuous surjective homomorphism of topological
groups [ : (G,7) — (H, o), we consider the particular cases when either
7= Jg or o = 1y and see when f is semitopological in these situations.

First we consider the case when the topology on the domain is
discrete.
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REMARK 5.1. In [9] Taimanov introduced the topology T; on a group
G: let F € [G]™® (i.e. F is a finite subset of G) and let

o) = () ec@)
xeF
be the centralizer of F in G. Then C = {¢cg(F) : F € [G]~"} is a family of
subgroups of G closed under finite intersections. Then T is the topology
such that C is a local base at eg of T¢. A prebase of Vi r,(eq) is
{cc@) : x € G}.

The topological group (G, T;) is Hausdorff if and only if Z(G) = {eg}. In
case G is a finitely generated group, T = d whenever Z(G) is trivial, that
is when T¢ is Hausdorff. If G is an abelian group then T = 1. Indeed
Nr, = Z(G).

The next proposition concerns the case when the topology on the do-
main is discrete.

PROPOSITION 5.2. Let f: (G,dq) — (H, o) be a continuous surjective
homomorphism of topological groups. Then:

(a) f 1s A-open if and only if cy(h) is a-open for every h € H (i.e.
o> Ty);

(b) f1is A*-open if and only if there exists a section s of f such that
for every geG there exists V, € Vyglen) such that
s(Vy) C ce(g) (e s(0) > Tl

(c) f 1is strongly A-open if and only if ker f C Z(G) and f(cg(9)) s o-
open for every g € G (i.e. a > (Tq),, identifying G /kerf with H).

Proor. Note that M is {eg}-thin for every M C G.

(a) In this case f is A-open if and only if for every g € G there exists
Vy € Vo (er) such that [g,f~1(V,)] C kerf.

Suppose that f is A-open. Since {eq} € Vg4, (€c), for every g € G there
exists V € Vi (en) such that [g,f (V)] C f~1(f(eg)) = kerf. Hence for
every h € H there exists g € G such that f(9) = h and [k, V] = {ex}. Thus
Vy C cy(h) and cy(h) is o-open.

Assume that cgy(h) is g-open for every h € H. Let g € G. There exists
Vy € Vi )(eq) such that [f(g),V,] = {en}. Consequently [g, f‘l(Vg)] C
C 7 U(f(), V,) C kerf. Then f is A-open.

(b) In this situation f is A*-open if and only if there exists a section s
of f such that for every g € G there exists V, € Vg s(eg) such that
lg,s(V)] = {eg}, that is s(V) C cq(g).
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(c) In this case f is strongly A-open if and only if for every g € G there
exists V, € Vi »(eq) such that [g,ffl(Vg)] = {eg}, that is ffl(Vg) C cq(g).

Suppose that f is strongly A-open. Let ¢g e G. There exists
Vy € Vi slen) such that f ‘l(Vg) Ccg(@). Then V, C f(cq(g) and so
fleg(g) is g-open. Since kerf C f~1(V,) C cq(g) for every g € G, then
kerf C Z(G).

Assume that kerf C Z(G) and f(cq(9)) is o-open for every g € G. Let
g € G. There exists V, € Vg nleg) such that V, Cf(cg(g)). Then
V) C U flea(9) = cglgkerf. Since kerf C Z(G) C cg(g), we can
conclude that f~1(V,) C ¢a(9). Then f is strongly A-open. O

As a corollary of this proposition we obtain the next result, which is [2,
Corollary 5]. We write it in terms of the centralizer and the topology of
Taimanov.

COROLLARY 5.3. A continuous isomorphism of topological groups
f:(G,d¢) — (H, o) is semitopological if and only if cy(h) is a-open for
every h € H (.e. ¢ > Tg).

The following are other consequences of Proposition 5.2.

REMARK 5.4. Let f:(G,dq¢) — (H,0) be a continuous surjective
homomorphism of topological groups.
(a) If Z(H) is o-open, then f is A-open.
(b) If f is A*-open, then there exists a section s of f such that
s(Ny) C Z(G).
(¢) If f(Z(@)) is g-open and kerf C Z(G), then f is strongly A-open.

COROLLARY 5.5. Let G, H be groups and f : (G,dqg) — (H,1g) a con-
tinuous surjective homomorphism. Then the following conditions are
equivalent:

(@) f:(G,0q) — (H,1y) is A-open;
(b) f:(G,dq) — (H,1y) 1s semitopological;
(¢) H is abelian.

Proor. (a)=(c) by Proposition 5.2(a), (¢) = (b) by Corollary 4.8 and
(b) = (a) follows from Theorem 4.12. O

This corollary yields the following example, which shows that if
f:(G,1) — (H,0) is a continuous surjective homomorphism of topological
groups such that G = kerf x H (in particular there exists a section s of f
which is a quasihomomorphism), f need not be A-open.
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ExampLE 5.6. Let H be a non-abelian group and G = H x H. Then
the canonical projection f = ps : (G, dq) — (H, 1) is a continuous surjec-
tive homomorphism which admits a section s that is a homomorphism.
Since H is non-abelian f is not A-open by Corollary 5.5. In particular f is
not A*-open.

This example shows also that a section which is a quasihomomorphism
is not always a section which makes f strongly A*-open.

PRrROPOSITION 5.7.  For a group H the following conditions are equiva-
lent:

(a) H is abelian,

(b) every continuous surjective homomorphism f : (G,7) — (H,0)
18 semitopological, for every group G and for every group
topologies 7, o;

(c) every continuous isomorphism f:(G,7) — (H,0) is semi-
topological, for every group G and for every group topologies t, o;

(d) 1y : (H, o) — (H,1y) is semaitopological.

Proor. Corollary 4.8 yields (a) = (b) = (c) = (d). Moreover (d) = (a)
by Corollary 5.5. O

Proposition 5.2 has the following corollary.

COROLLARY 5.8. If G is a group, (H, o) a connected topological group
and f: (G,0qg) — (H, o) a continuous surjective homomorphism, then the
following conditions are equivalent:

(a) f is semitopological;
(b) f is A-open;
(¢) H is abelian.

Proor. (a)=-(b) by Theorem 4.12 and (c) = (a) by Corollary 4.8.

(b) = (c) Suppose that (H, ¢) is Hausdorff. By Proposition 5.2(a) cy(h) is
g-open for every h € H. Since (H, o) is Hausdorff, then cy(h) is also o-
closed. Being (H, o) connected, cy(h) = H for every h € H. Hence H is
abelian.

Consider the general case and let ¢ : (H{,0) — (H{/N,, g,) be the cano-
nical projection and f* = q of. Since f is A-open, then f* is A-open by
Proposition 4.32(a). Since (H /N, g,) is connected and Hausdorff, apply the
previous case to conclude that H is abelian. O
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In [2] the case when the topology on the codomain is indiscrete was not
considered and this is done in Proposition 5.9 for surjective homomorph-
isms and in its Corollary 5.11 for isomorphisms.

ProposITION 5.9. Let f:(G,t) — (H,1g) be a continuous surjective
homomorphism of topological groups. Then:

(a) f is A-open if and only if G’ -kerf C kerf;

(b) fis A*-open if and only if there exists a section s of f such that
s(H) s U-thin for every U € V(g »(eg) and [G,s(H)] C N;

(c) f is strongly A-open if and only if G' C Ny;

(d) f is semitopological if and only if there exists a topological
group (G,7) of which (G,7) is a topological normal subgroup
and such that G = NG and N NG = kerf for some dense nor-
mal subgroup N of G ' (the last two conditions ensure that the
quotient topology on G /N 1is indiscrete and so (G/N Tq) s to-
pologically isomorphic to (H, ).

Proor. Letq: G — G/kerf be the canonical projection.

(a) We prove first that G'ker f C ker f if and only if (G /kerf) C N. -, and
then that f is A-open if and only if (G/kerf) C N,

Since q(kerf) =kerf/kerf is indiscrete, then g(kerf)C N,. But
q(kerf) is closed, because kerf D kerf = kerq, and so g(kerf) =N
Since ¢(G’kerf) = ¢(G') = (G/kerf)', so (G/kerf) C N, = g(kerf) if and
only if g(G'kerf) C q(kerf). Since both G’kerf and kerf contain kerf, so
q(G'kerf) C q(kerf) is equivalent to G’kerf C kerf.

Assume that f is A-open and let U € Vg »(eg). Then G is f “1(f(O))-
thin. Since f is A-open, [g,G] C f~1(f(U)) for every g € G and for every
U € V@ leg). Then [q(g), G/kerf] C q(U) for every U € Vgr(eg). So
(G/kerf,) C N,,.

Suppose (G/kerf) C N,,. Let U € Vg »(eq). From the assumption it
follows that (G /kerf, 7 ) is SIN, so G /kerf is q(U)-thin. By Lemma 3.1(f)
¢ Y G/kerf) = G is ¢ Hq(U)) = f~1(f(U))-thin for every U € V. (eq).
Let U € V(eq) and g € G. Then q(lg,x]) = [¢(9), q(x)] € (G/kerf) C
C q(U), since G/kerf C N, and for every x € G. Therefore [g,x] €
€ Ukerf = f~1(f(U)) and this yields [g, G] C f~1(F(1)).

(b) In this case f is A*-open if and only if there exists a section s of f such
that for every U € Vgyleg) s(H) is U-thin and for each ge G
lg,s(H)] C U. This is equivalent to [g, s(H)] C N, for every g € G, that is
[G,s(H)] C N..

(c) Suppose that f is strongly A-open. Moreover for every U € V(g (eq)
and for every g € G we have [9,G] C U and so G’ C N,.
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Assume that G’ C N.. Let U € V(g.(eg). Since G’ C N, G is SIN, so G
is U-thin and [¢g,G] C N, C U for every g € G.

(d) If f is semitopological there exists an A-extension (G 7) with
f (G 7) — (H,0) open continuous surjective homomorphism. Then
N =ker f has the required properties by Proposition 4.2.
_ Suppose that there exists a dense normal subgroup N of (G 7) such that
G =GN and NNG = kerf. Let f G — H be defined by f (gn) = f(g) for
every g € G,n € N. Note that G/N is algebraically isomorphic to G /ker f

and so to H. Being N dense in (éfﬂ, Tq on (~}/N is the indiscrete topology
and so (G/N, IE/N) is topologically isomorphic to (H,1y). Hence f is open

and (é,%} with ]~” is an A-extension of f, which in particular is semi-
topological. O

As noted in the foregoing proof the condition G’ C N, yields that (G, 1)
is SIN.

In the next corollary of Proposition 5.9 we consider the case when the
topology on the domain is Hausdorff and the topology on the codomain is
indiscrete.

COROLLARY 5.10. Let f : (G,t) — (H, 1) be a homomorphism of topo-
logical groups, where t is Hausdorff.
(a) Then f is strongly A-open if and only if G is abelian.
(b) If f is A*-open, then H is abelian and so f is semitopological.
(c) If kerf is closed in (G,7), then the following conditions are equivalent:
(1) fis A-open;
(11) f is semitopological;
(1i1) H is abelian.

The next corollary is the counterpart of Corollary 5.3 in case the second
topology is indiscrete. It follows immediately from Proposition 5.9.

COROLLARY 5.11. A continuous isomorphism of topological groups
f: (G, 1) — (H,g) is semitopological if and only if G' C N..

The following corollary is an obvious consequence of Corollary 5.11 (or
of Corollary 5.10).

COROLLARY 5.12. Let f: (G,1) — (H,1y) be an isomorphism of topo-
logical groups. If t is Hausdorff, then the following conditions are
equivalent:

(a) f:(G,7) — (H,1g) is semitopological;



Semitopological Homomorphisms 109

(b) G s abelian;
(¢) H is abelian.

Proor. (a)= (b) By Corollary 5.11 G’ C N,. Since 7 is Hausdorff, G’ is
trivial and so G is abelian.
(b) = (c) is obvious and (c¢) = (a) follows from Corollary 4.8. O

The next example shows that in general neither semitopological nor
strongly A-open imply the existence of a section which is a quasihomo-
morphism. Moreover this is an example of a continuous surjective homo-
morphism of abelian groups which has no section that is a quasihomo-
morphism.

ExampLE 5.13. Let G, H be abelian groups and f : (G,dg) — (H,1g) a
continuous surjective homomorphism such that kerf is not a direct
summand of Gj; in particular G 2 kerf x H. Then f is strongly A-open
by Corollary 5.12 and in particular it is semitopological by Corollary 5.5.
Let s be a section of f. By Remark 4.14 if s is a quasihomomorphism
then s is a homomorphism and s ecannot be a homomorphism because
G 2 kerf x H.

5.2 — Almost discrete topologies.

To find some examples and counterexamples we consider topologies
which are very close to be discrete.

DEFINITION 5.14. A topological group (G, 1) is almost discrete if N is
open in (G, 7).

First examples of almost discrete group topologies on a group G are g
(N5, = {eg}) and 1 (N,, = G). Quotients of almost dicrete groups are al-
most discrete. Every finite topological group is almost discrete and every
almost discrete group is SIN.

ExampLE 5.15. If G is a finitely generated group, then (G,T¢) is
almost discrete, where T is the topology of centralizers introduced by

Taimanov — see Remark 5.1.

LEmMA 5.16.  Let (G, 1), (H, o) be almost discrete groups andf : (G,1) —
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— (H,0) a continuous surjective homomorphism. Then:
(a) f is A-open if and only if [G,f(N,)] C N kerf;
(b) f1is A*-open if and only if there exists a section s of f such that
[G,s(N;)] € Ny
(c) f is strongly A-open if and only if [G,f*(N,)] C N..

PRrROOF. Since f~1(N,) is N.-thin, then f is A-open if and only if for
every U D N, and for every g € G there exists V, D N, such that
lg.f 1 (V)] C Ukerf; moreover f is A*-open if and only if there exists a
section s of f such that s(ey) = eg and for every U D N, and for everyg € G
there exists V;, O N, such that [g, s(V)] C U; finally f is strongly A-open if
and only if for every U O N, and for every g € G there exists V, O N, such
that [g,f (V1 C U.

(a) Suppose that f is A-open. Then for every g € G there exists V, O N,
such that Lg,f’l(Vg)] C N.kerf. Hence [¢,f '(N,)] C N.kerf for every
g € G and so [G,f'(N,)] C N kerf.

Assume that [G,f1(N,)] C N.kerf and let U D N,. For every g € G
we have

[9.f "N C[G.f (NI € Nekerf C fH(f(U)).
Thus f is A-open.

(b) Suppose that f is A*-open. Then there exists a section s of f such that
for every g € G there exists V; O N, such that [g,s(V,)] C N.. Hence
lg,s(N,)] C N, for every g € G and so [G, s(N,)] C N-.

Assume that there exists a section s of f such that [G, s(N,)] C N, and
let U O N,. For every g € G we have [g,s(N,)] C[G,s(N;)]C N, C U.
Thus f is A*-open.

(c) Suppose that f is strongly A-open. Then for every g € G there exists
Vy, 2 N, such that [¢,f1(V,)] C N,. Hence [g,f *(N,)] C N, for every
g € G and so [G,f"(N,)] C N..

Assume that [G,f~'(N,)] C N, and let U O N,. For every g € G we
have [¢,f '(N,)] C [G,f'(N,)] C N, C U. Thus f is strongly A-open. [J

The next result is a consequence of Propositions 5.2 and 5.9.

COROLLARY 5.17. Let (G,1), (H,0) be almost discrete topological
groups and f : (G, 1) — (H, o) a continuous surjective homomorphism.
Q) If T = dg, then:
(a) f:(G,0q) — (H,0) is A-open if and only if N, C Z(H);
b) f:(G,oq) — (H,o) is A*-open if and only if there exists a sec-
tion s of f such that s(N,) C Z(G);
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(c¢) f:(G,og) — (H,0) 1is strongly A-open if and only if
kerf C Z(G) and f~Y(N,) C Z(G).

@) If 0 = 1y, then:
(@) f:(G,7) — (H,1g) s A-open if and only if G C N kerf;
(b) f:(G,1)— (H,1g)1s A*-open if and only if there exists a section
s of f such that [G,s(H)] C N,
(c) f:(G,t) — (H,y) is strongly A-open if and only if G’ C N..

3) Iff is an isomorphism, then f : (G, 1) — (H, o) is semitopological if
and only if [G,f Y (N,)] C N..

Let G be a non-trivial group. The upper central series of G is defined by
Zo(@) = {eg}, Z1(G) =Z(G) and Z,(G) is such that Z,(G)/Z, 1(G) =
=2(G/Z,-1(G)) for every n € N, n > 2. A group G is nilpotent if and only
if Z,,(G) = G for some m € I\ .

ExamPLE 5.18. Let G be a group and 7 an almost discrete group
topology on G. Consider

G, 06) 5 (G, 1) ~% (G, 1).

Then:
@) 1g:(G,0q) — (G,7) is semitopological if and only if N, C Z(G);
(b) 1g : (G,7) — (G, 1) is semitopological if and only if G’ C N,.

In particular this example shows that in general the composition of
semitopological isomorphisms could be not semitopological: if G is non-
abelian and G' C N, C Z(G), where N, # {eg}, then 15 : (G, dg) — (G, 1)
and 1g : (G,7) — (G,15) are semitopological, but 1 : (G, dq) — (G, 1) is
not semitopological.

If G is nilpotent of class 2 and N, = Z(G) # {eg}, then G' C N, = Z(G),
because G/Z(G) is abelian, and we have exactly [2, Example 12].

As a corollary of the previous example we have the following one, which
shows that strongly A*-open does not imply open.

ExaMPLE 5.19. Let G be a non-perfect group, that is G # G, and let ¢
be the almost discrete group topology on G such that N, = G’. Then
1g : (G,7) — (G,15) is not open and it is semitopological by the previous
example. In this case it is equivalent to say that 15 : (G,7) — (G,15) is
strongly A*-open (see Remark 4.27).
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CLAamM 5.20. Let (G, 1), (H, ) be topological groups, f : (G,7) — (H, o)
a continuous surjective homomorphism and s a section of f. Let
q : G — G/N, be the canonical projection. If o is almost discrete, then s is
a quasthomomorphism if and only if qosly : No — G/N. is a homo-
morphism.

In case v is Hausdorff; s is a quasihomomorphism if and only if sly_is
a homomorphism.

ProOF. Suppose that s is a quasihomomorphism. Then s’ : (H x H,
o x o) — (G, 1), defined by s'(x,y) = s(ac)s(y)s(acy)’1 for every x,y € H, is
continuous at (ey, ey). This means that s(ac)s(y)s(xy)fl € ﬂerGﬂ(eG) U=
=N, for every x,y € N,. Hence q(s(ac)s(y)s(ocy)fl) = eg/N, “and  so
q(s(@)q(s¥)) = q(s(xy)) for every x,y € N,.

To prove the converse implication assume that qosly is a homo-
morphism. Let x,y € N,. Then

q(s(xy)) = q(s(@)q(s(y)) = q(s(@)s(y))
and consequently §'(x,y) = s(x)s(y)s(xy) ! € N, for every x,y € H. More-

over

qs@s@)s(y) syry™H ™) =

= qs)q(s@)q(s() " qs@))qs@)gsy) ™™ = eg

yields s,(x) = S(y)s(ac)s(y)_ls(yacy‘l)_1 € N, for every x,y € H. Since
N, CU for every U € Vg (eq), these two properties prove that s is a
quasihomomorphism. O

The next example shows that the property A-open could be strictly
weaker than A*-open.

ExampLE 5.21. Let G be a nilpotent group of class 3 and
f=q:G— G/Z(G) = H the canonical projection. Endow G with J; and
H with the almost discrete topology ¢ such that N, = Z2(G)/Z(G). Then f
is A-open, but not A*-open.

Let U € Vg r(eg). Then f ~1(V) is U-thin for every V € Vi »(er). For
U ={eg} and V = N,,

[G.f V)] =[G, Z(@] CfHfWU) = Z(@G).

Then for every U € V(g (eg) and for every g € G, [g,f (V)] C f~1(f(D)).
This proves that f is A-open. If there exists a section s of f such that
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sey) =ec and f is A*-open, taking U = {eg} € Vinles), then
lg,s(N,)] = {eg} for every g € G. This implies that s(N,) C Z(G), but it is
not possible because s(N,) N Z(G) = {eg} and s(N,) # {eq}-

In the following diagram we collect the relations among the main
properties we have considered.

» _ strongly A*-open

2 no
-~ no no
7
open . > strongly A-open
@) /: 1
< P

6. Stability.
6.1 — Stability under pullback.

The next theorem generalizes Theorem 1.7(a). Items (a), (b) and (c)
below say equivalently that the classes of all A-open, A*-open and strongly
A*-open continuous surjective group homomorphisms are closed under
pullback along topological embeddings. Item (d) is stronger and implies
that the class of all strongly A-open continuous surjective group homo-
morphisms is closed under pullback along topological embeddings.

THEOREM 6.1. Let (G, 1), (H, o) be topological groups, N a subgroup of
H, M a subgroup of G and f :(G,7) — (H,0) a continuous surjective
homomorphism.
(a) Iff : (G,1) — (H,0) is A-open, thenfff,lw) : (f_l(N)7T|\f,1<N>) —
— (N, aly) is A-open.
(b) Iff:(G,7) — (H,0) is A*-open, thenfD,l(N) : (f‘l(N),rEf,l(N)) —
— (N, aly) is A*-open.
(¢c) If f:(G,7)— (H,0) 1is strongly A*-open, then f rf,l(N) :
(f V), rrf,l(N)) — (N, aly) is strongly A*-open.
(@ If f:(G,7) — (H,0) is strongly A-open, then f|, : (M, ;) —
= (fMD), 0y is strongly A-open.
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Proor. (a) Note that if S is a subset of G, then
FHES) NN =S NfHFS NfIAD).

To prove this let v € F1(f(S)NfIN). Then f(y) € fSNf1N)) C
CLENN.Sof HfES)NfIIN) C S NfHFES NfHINY)). Nowlet
y €SN NFIAN)). Thus fly) € FS)NN CfSNfHN))
and hence f1(f(S)) Nf 1) 2 f 1) NS NfIAV))).

Let U € V.(eq). There exists V € Vg, (eg) such that f~1(V) is
F7Yf(U))-thin. So there exists U’ € V(g (eg) such that xU'x~1 C f~1(f(U))
for every x € f~1(V). Then x(U' Nf~YN)xt C f1(fU))NnfYN) for
every x € f1(V)Nf~1(N). But

FFEOY NI = O N U N ).

Moreover f~}(V N N) C f~X(V)NfYN). Therefore we have proved that
(U NfAWN)e ™t CFUFWUNFLN))) for every x € f~1(V N N), that is
UV AN)is f7I(f(U nf~1(N)))-thin.

Let gef'N). There exists V,€Vynmley) such that
l9./ VI CFCHFWD). Then [g,f~2(V, N N)] C f7HFW)) NFIN) =
=AU NFHA)).

(b) Let s: H — G be a section of f that witnesses that f is A*-open.
Since s(V) = s(H) Nf~1N), sy : N — f1(N) is a section of fl 1y Let
U € V¢ o(eq). There exists V € V(g 5 (er) such that s(V) is U-thin, that is
there exists U’ € Vgn(eg) such that U’ x 1 C U for every x c s(V).
Hence x(U' Nf1(N)x~t C UnNfUN) for every « € sl (V N N), because
sly(VNN) Cs(V)NfUN). Let g € f~1(N). There exists V, € Vi »(en)
such that [g,s(V,)] C U. Then [g,s|y(V,"N)]C U Nf-LN).

(c) Let s : H — G be a section of f that witnesses that f is strongly A*-
open. By the proof of (b) s[y is a section of f D‘*I(N) that witnesses that
f .Ff*l w18 A*-open. Now we have that s is a also a quasihomomorphism and
we need only to prove that sy is a quasihomomorphism. This is true be-
cause s'(N,N) Us,(N) C f~1(N) for every y € N.

(d) Observe that M D (f TM)_l(S Nf(M)) whenever S C H. Let
U € Vo(eg). There exists V € V(g 5 (en) such that f ~1(V) is U-thin, that
is there exists U’ € Vg.1(eg) such that xU'x~! C U for every x € f~1(V).
Then (U’ N M)x~' C U N M for every x € (er)_l(V NfM)). Let g € M.
There exists V, € Vwnleg) such that [g,f *1(Vg)] C U. Hence
g, () (Vy nfFMNI C U N M. 0

As noted for the previous theorem, in categorical terms Theorem 1.7(a)
says that S; is closed under pullback with respect to topological embed-
dings. From now on we consider only one group as support for two group
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topologies one stronger than the other and as the continuous isomorphisms
we take the identity map. In this setting the topological embedding is the
embedding of a topological subgroup. As shown in the introduction this
causes no loss of generality. In the following diagram G is a group and
7> 0 group topologies on G, while N is a subgroup of G and
1y : (N, tly) — (N, aly) is the pullback of 15 : (G, 1) — (G, 0) with respect
to the topological embedding (N, aly) — (G, o).

(G,7) (G,0)

Joo )

(NJ' fN) — (N,o FN)

We consider in Theorem 6.3 the more general stability of S; under pullback
along continuous injective homomorphisms.

LEMMA 6.2. Let G be a group and © > o < o’ group topologies on G. If
1lqg: (G,7) — (G,0) is semitopological, then 1g:(G,tVd')— (G,d') is
semitopological as well, where (G,tV d’) is the pullback with respect to
1 : (G,d") — (G, 0).

Proor. The situation of the topologies is the following:

Vo

SN
\/

A base of V(G,f\/g/)(eg) is {U NW:Ue V(G,T)(eg), Ve V(G,g«)(eg)}.

By Remark 4.27 in case of isomorphisms semitopological is equivalent
to strongly A-open. Let UNW € Vg rvo)(eq). There exists V € V(g »(eq)
such that V is U-thin, i.e. there exists U’ € V(g ;(eg) such that 2 U’ xlCU
for every x € V. Since ¢’ > g, there exists W € Vg, (eg) such that
WWW CW and W CV. Then x(U'nWhx ! CUNW for every
x € W, that is W' is U N W-thin. Let g € G. There exists V, € Vg (eq)
such that [g,V,] C U. Since ¢ > o there exists W' € Vi )(eq) such
that W C V. Being [g,—1: (G,d) — (G,d’) continuous, there exists
W” € Vigoyeg) such that [g W' ]CW. Let W,=W nNW’". Then
lg, W,] € U N W. This completes the proof that 1 : (G Vo) — (G,d)is
semltopolog'lcal O
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THEOREM 6.3. The class S; is closed under pullback with respect to
continuous injective homomorphisms.

ProoF. Let G be a group and N a subgroup of G. Let t > ¢ be group
topologies on G and ¢’ a group topology on N such that ofy <¢'. If
1 : (G,7) — (G, 0) is semitopological, then 1y : (N,tly Vd') — (N,d) is
semitopological as well. In fact by Theorem 6.1 (also by Theorem 1.7(a))
1y : (N, tly) — (N, aly) is semitopological. Then apply Lemma 6.2. O

6.2 — Stability under taking compositions.

Now we consider the behavior of semitopological homomorphisms with
respect to compositions. Obviously S is not stable under taking composi-
tions, since its subclass S; is already not stable under taking compositions.

ProrosiTION 6.4. Let (G,7),(K,p),(H,0) be topological groups,
f1: (G, 1) — (K, p) an open continuous homomorphism and fy : (K, p) —
— (H,0) a continuous isomorphism. Then the following are equivalent:

(a) f =fsof1is A-open;
(b) f2 is semitopological.

Proor. Note that f1(f1(X)) = f; 1(X), whenever X C H.

(@)= (b) Let W € Vx,)(ex). There exists U € Vg (eq) such that
fi(U) = W. There exists V € V(g »(en) such that f (V) is f~1(f(U))-thin.
This means that there exists U’ € Vg, (eg) such that Uzt C f-1(f(U))
for every x € f~1(V). Then, since f; is an isomorphism,

A@AWUNA@ T CAFIFON =AWU) =W

for every x € f~1(V), where f1(U’) € V(k ,(ex) because f; is open. Since
fiw) e AFIVY) =f1(V), we have yfi(U)y ' Cfi(U) for every
y € fy 1(V), that is f; 1(V) is W-thin.

Let k € K. There exists g € G such that fi(g) = k. There exists
Vy € Vo (er) such that [g,f~1(V,)] C f~1(f(U)). Then, since f; is an iso-
morphism,

[k, £ L (BN = [A@, A VN CAGFHFON) =AW) =W,

This completes the proof that f> is A-open.
(b) = (a) Let U € V(g (eq). Since f; is open, f1(U) € Vx ,(ex). There
exists V € V5 (er) such that fz’l(V) is f1(U)-thin. This means that there
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exists U’ €Vgoleg) such that yiUhy CAW) for every
y € 1(V)=f(f"1V)). Then y €f;1(V) if and only if there exists
x € f~XV) such that y =fi(x) and fl(ac)fl(U’)fl(ac)f1 C f1i(U) for every
x € f~1(V). Therefore, since f; is an isomorphism,

U2 C 7 A@AUNA@™ C U AW =1 FWO))

for every x € f~1(V). Hence f~1(U) is U-thin.
Let g € G. There exists V; € V(g »(eq) such that [fi(g), fz‘l(Vg)] C 1(U).
Hence, since f; is an isomorphism,

lo./ V) C /7N A @, f VD CAHAW) = W)
because f1(f~1(Vy)) = f3 1(Vy). So f is A-open. O

In general the composition of semitopological homomorphisms is not
semitopological, but one can ask if f of the above proposition has to be
semitopological in case f> is semitopological (see Question 7.4(a)).

Moreover Proposition 6.4 has the following corollary, which char-
acterizes when a continuous surjective group homomorphism is A-open:

COROLLARY 6.5. Let f:(G,7) — (H,0) be a continuous surjective
homomorphism and q: G — G/ker f the canonical projection. By the
first homomorphism theorem for topological groups f : (G/ker f,7,) —
— (H,0), defined by f'(q(9) = f(g) for every g€ G, is a continuous
isomorphism. Then the following conditions are equivalent:

(a) f is A-open;
(b) 1" is semitopological.

As a corollary of Theorem 4.29 and Corollary 6.5 we have the next result:

COROLLARY 6.6. Let (G,7),(H,0) be topological groups and
f:(G,1) — (H,0) a continuous surjective homomorphism such that
ker f C N,. Moreover let q: G — G/ker f be the canonical projection
and f': (G/ker f,1,) — (H,0), defined by f'(¢(9)) = f(g) for every g € G.
The following conditions are equivalent:

(a) f is strongly A-open;
(b) f is strongly A*-open;
(b) f is A*-open;

(c) [ is A-open;

(d) f is semitopological;

(e) f' semitopological.
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Moreover we have the following consequence of Corollary 6.5 and
Corollary 5.12.

COROLLARY 6.7. Let f:(G,7) — (H,0) be an A-open continuous sur-
jective homomorphism of topological groups. If © is Hausdorff then N, is
abelian.

Proor. Consider the quotient (G/kerf,t,), the canonical projection
q: G — G/kerf and

/" (G/kerf) — H defined by f'(q(9)) = f(g) for every g € G.

By the first homomorphism theorem for topological groups
f:(G/kerf,t,) — (H,0) is a continuous isomorphism and it is semi-
topological thanks to Corollary 6.5. By Theorem 1.7(a)

ey - TN Ty ) = N aly,)

is semitopological. Note that a[y, = 1y, and apply Corollary 5.12 to conclude
that N, is abelian. O

In Proposition 6.4 we have considered f = f; o fi where f; is an open
continuous surjective homomorphism and f> a continuous isomorphism.
Now we consider the opposite case, that is when f; is a continuous iso-
morphism and f> an open homomorphism, and see that the situation is not
symmetric. In fact the following example shows that one of the implications
does not hold true.

ExamMpPLE 6.8. Let G be a topological group which is not abelian and
H =G/G. Moreover let fi =1¢: (G,dg) — (G,i5) and fo = q : (G,15) —
— (H, 1) the canonical projection. By Corollary 4.8 f = f; o f; is semi-
topological because H is abelian, while f; is not semitopological by
Corollary 5.5.

The converse implication holds. Together with Proposition 6.4 we ob-
tain the following result.

ProposITION 6.9. Let (G,7),(K,p),(H,0) be topological groups,
fi1:(G,v) = (K,p) and f5: (K, p) — (H,o) continuous surjective homo-
morphisms. Then [ = fo0 fi is A-open whenever either f, is open and
fo€S;or f1 €S and f5 is open.
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Proor. If fi is open and f; € S; apply Proposition 6.4. Suppose that
f1 € S; and f; is open. Being f; an isomorphism, as noted in the introduction
we can suppose without loss of generality that G = K, f; = 1gandthatt > p
are group topologies on G. Let U € V(g )(eq). There exists W € V(g )(eq)
such that W is U-thin, i.e. there exists U’ € V(g »(eg) such that xU'x™1 C U
foralle € W. Let f(W) = fo(W) =V € Vg »H(exm). Let us prove that f L)
is f~1(f(U))-thin. Let y € f~Y(V) = f~1(f(W)). There exists x € W such
that f(x) = f(y) Then

f@Uy™ =ff U@ " =f@fU)f@) ' =f@Uz") CU.

Hence yUy~! C f~1(f(U)).
Let g € G. There exists W, € Vg )(eq) such that [g,W,] C U. Let
f(Wg) :fz(Wg) = Vg S V(H,g)(eH). Since

FUg.f VD = [f (@), f W] = fg, W, D) C £,
then [g,f (V)] € £ 1(f(D)). O

As noted also after Proposition 6.4 one can ask if the conclusion of this
proposition could be that f is semitopological (see Question 7.4(b)).

We can prove the following result about compositions of strongly A-
open continuous surjective homomorphisms, which shows the left cancel-
ability of the class of all strongly A-open continuous surjective group
homomorphisms. In view of Remark 4.27 this yields the left cancelability of
the class S;.

ProposiTION 6.10. Let fi : (G,1) — (K,p) and fs : (K,p) — (H, o) be
continuous surjective group homomorphisms and f = fy o fi.
(a) If f is strongly A-open, then fi is strongly A-open.
(b) Iffiis open and f 1s strongly A-open, then f> 1s strongly A-open.

Proor. (a)Suppose thatf is strongly A-open. Let U € V(g )(eq). There
exists V € Vg »(emg) such that f “1(V) is U-thin, i.e. there exists
U €Vgpleg) such that zUwx'CU for all xef3V). Let
W = f;1(V) € Vig y(ex). Then f;{(W) is U-thin. In fact f;2(W) = f~1(V)
and so U’z C U for all x € f; 1(W).

Let g € G. There exists V;, € Vg »(en) such that [g,f*I(Vg)] C U. Let
W, = £y '(Vy) € Vi plex). Since f;\(W,) = £71(V,), so [g,f; (W, C U.
This completes the proof that f; is strongly A-open.

(b) Assume that f; is open and f is strongly A-open. Let W € Vx ,)(ex).
There exists U € Vg o(eq) such that f1(U) = W. There exists V € V(g »(ex)
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such that f~1(V) is U-thin, i.e. there exists U’ ¢ Vg.n(eg) such that
xU'xt C U for every x € f~1(V). Then f;}(V) is W-thin. Indeed for
y € f3 }(V) thereis x € f~1(V) = f{1(f; 1(V)) such that fi(x) = y and so

yhiUy ™ =fikeU'xz™) CAWU) =W,

where fi(U’) € Vix )(ex) since fi is open.
Let k € K. There exists g € G such that fi(g) = k. There exists
Vy € Vo (en) such that [¢,f1(V,)] C U. Then

(k.fo ' (V1 = fillg.f ' (VDD CAWU) = W.
This completes the proof that f is strongly A-open. O

THEOREM 6.11. Let f1 : (G,7) — (K,p) and fo : (K,p) — (H, ) be con-
tinuous group isomorphisms and f = f; o fi. Iff is semitopological, then f
s semaitopological.

REMARK 6.12. In the previous theorem we have proved the left
cancelability of the class S;. What about the right cancelability? It holds
in some particular case, but we conjecture that it could not hold in
general in S;.

Let f1 : (G,7) — (K,p) and f5 : (K, p) — (H, ) be continuous group iso-
morphisms and suppose that f = f; o fi is semitopological. Then for every
W € Vg p(eg) and for every k € K there exists Vj. € Vi »(ey) such that
[k, V] € W. But in the general case it turns out to be not so simple to
verify the other condition for f> to be semitopological. By Lemma 3.4 this
condition is automatically verified in case (K, p) is SIN. Analogously it is
verified in case ¢ = 17 by Corollary 5.11. It could be more simple eventually
to look for a counterexample in case t = dg.

6.3 — Stability under taking quotients and products.

The next proposition implies Theorem 1.7(b) which states that S; is
closed under taking quotients.

PropoSITION 6.13.  Let (G, 1), (H, 0) be topological groups, N a normal
subgroup of H and q: G — G/fY(N), ¢ : H— H/N the canonical pro-
jections. If f: (G, 1) — (H, o) is an A-open continuous surjective homo-
morphism, then f' :(G/f Y(N),t,) — (H/N,a,), defined by f'(q(g) =
= ¢'( f(g9)) for every g € G, is a semitopological isomorphism.
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ProOF. Note that ¢(f~1(S)) = (f’)’l(q’(S)) whenever S is a subset of H.
Indeed let x € ¢(f~1(S)). Then there exists w € £~1(S) such that q(w) = x
and fw)=seS. So fl(x)=f"(qw)) =q¢(f(w)=q(s) and hence
x e () Hg'S)). Now let & € ()" 1(¢/(S)). Then there exists s € S such
that f'(x) = ¢’(s) and there exists w € f~1(S) such that f(w)=s and
f'@) = q'(s) = ¢'(fw)) = f'(gw)). Consequently x = g(w) € q(f~1(S)).

Let U € Vgr(eg). There exists V € Vg s (en) such that f -1V is
F7Y(f(U))-thin. This means that there exists U’ € Vg (eg) such that
Uzt C f-1(f(U)) for every & € f~1(V). Therefore q(x)q(U")q(x) ™ Cq(U)
for every q(x) € q(f~1(V)) = (f)""(¢(V)). Then () (¢'(V)) is ¢(U)-thin.
Let g € G. There exists V, € V(g »(en) such that [g,f~1(V)] C f~1(f(O)).
Hence q(g,f (VD = [9(9), ¢(f V)1 = [9(@), () (¢ V)] C q(U).

Note that in this proposition we have supposed that f is A-open, which is
the weakest of the properties we consider, while the conclusion being for
isomorphisms has the strongest property.

As a consequence of the results about composition and Proposition 6.13
we can prove the following more general theorem. It shows that the class of
all A-open continuous surjective homomorphisms is stable under pushout
with respect to open continuous surjective homomorphisms.

THEOREM 6.14. Let (G,7),(H,a) be topological groups, L a normal
subgroup of G and q: G — G/L, ¢’ : H— H/f(L) the canonical projec-
tions. If f:(G,t) — (H,0) s an A-open continuous surjective homo-
morphism, then " : (G/L,t,) — (H/f(L),a,), defined by f"(q(9)) = ¢'(f(g))
for every g € G is A-open.

Proor. Consider the following commutative diagram, where ¢ is the
canonical projection, f” is defined by f'(¢p(q(9))) = ¢'(f(g)) for every g € G
and quotients are endowed with the quotient topologies:

G H
P, 1
G/L H/H(L)

/
\

G/fH(f(L)

By Proposition 6.13 f” is a semitopological isomorphism. Then f” is A-open
by Corollary 6.5. O
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The next theorem generalizes Theorem 1.8 about the stability of the
class S; under taking products.

THEOREM 6.15.  Let {(G;, ;) : 1 € I} and {(H;,0;) : 1 € I} be families of
topological groups and f;: (G;,1;) — (H;,0;) a continuous surjective
homomorphism for every i € I. Let G = [[,.; Gi, T = [ ;1 7 H = [Lic; His
0 = [Licsoi and f =] L;er /i

(a) If f; : (Gy, ;) — (H;, 0;) 1s semitopological for every 1 € I, then
f:(G,7) — (H,0) is semitopological.

) fi: (G, 1) — (H;,0;) is A-open for every i €I if and only if
f:(G,7) — (H,0) is A-open.

(c) f;: (Gi,t) — (Hi,0;) is A*-open for every i € I if and only if
f:(G,7) — (H,0) 1s A*-open.

d) f;: (G, 1)) — (H;,0;) is strongly A*-open for every i € I if and
only if f : (G, 1) — (H,0) is strongly A*-open.

(e) fi: (Gi,1y) — (Hy,04) is strongly A-open for every i € I if and
only if f : (G, 1) — (H,0) is strongly A-open.

ProoF. (a) For everyi € I let (G, %), with f; : (G, %) — (H;, ), be an
é—extensign 0~f ﬁ : (Gi‘l,'i) — (Hi, Uz’)- Then (G,’i:) = (Hiel Gi, Hiel%i) with
f =1l fi : (G,©) — (H, 0)is an A-extension of f : (G, 1) — (H,0). Infact G
is a normal subgroup of G, f is open and continuous and f|, = f.

(b) Suppose that f; : (G;,1;) — (H;,0;) is A-open for every i € I. Let
U=U; x ... x Ui, x [ Liepgi,..i,s Gi € VGoleg). Foreveryj € {iy, ... i}
there exists V; € V(Hmﬂ(eH_;‘) such that ]3.‘1(V]-) is fi_l( fi(U;))-thin. Then
V=V, x...x Vi, x ILicpgir.iny Hi € Viro(en) is such that f~(V) is
FHf(U))-thin. Let g = (9i)ic; € G- For every j € {iy,...,1,} there exists
Vg €V, 0p(en;) such that [gi,];*l(ng)] gjgfl(ﬁ(U,-)). Then V, =Vy, x
X oo x Vg X Tlieniy,..iny Hi € Virolen) is such  that [g.f XV )1 C
CFUfW)). Sof:(G,1) — (H,0) is A-open.

Assume that f : (G, 1) — (H, o) is A-open. Then f; is A-open for every
1 € I in view of Theorem 6.14.

(¢) Suppose that f; : (G;, ;) — (H;,0;) is A*-open for every i € I. Let
U=U; x...x Ui, X Lienji......) Gi € Ve.oleg) and for every i €1 let

s; : H; — G; be a section of f;; then s = [[,; s; is a section of f. For every
J€{i1,..., 1} there exists V; ¢ V(Hj,gj)(eHj) such that s;(V;) is Uj-thin.
Then V =V; x ... x Vi x[Licpiy....i,y Hi € Viro)(en) is such that s(V) is
U-thin. Let g =(gi)ics € G. For every je{i,...,i,} there exists
Vy € V(Hj,gj)(eHj) such that [g;,s;(V,)]C U;. Then V,= Vgi1 X ... X
*Vg,, X ien iy, iy Hi € Varo(en) is such that [g,s(Vy)] C U. Then
f:(G,7) — (H,0) is A*-open.
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Assume that f : (G,7) — (H,0) is A*-open and let s: H — G be the
section of f that witnesses that f is A*-open. Let ¢ € I and U; € Vg, 1,)(eg,)-
Note that s; = s[y;, is a section of f;. Then U = U; x [[;cp\ s Gj € Vie.0(€e)-
There exists V = HJE, Vi € Vi o (en), where V; € Vi, Uj)(eH) and V; = H;
for all but finitely many j € I, such that s(V) is U-thin. This means that
there exists U’ =[[;.; U: € Vg (eq) such that stx)U's(x)™ C U for all
x € V. In particular s(xi)Ugs(aci)_l CUNG; =U; for all x; € V; and so
s;(V;)is U;-thin. Let g; € G; and g = (g));c; such that g; = eg, for each j # i.
There exists V, = de (V)i € Vi o)(em), where (Vy); € V(Hjﬁqj)(egj) and
(Vy); = H; for all but finitely many j € I, such that [g,s(V,)] C U. Since
5i((Vy)i) € s(Vyy) and [g;,s:((Vy);)] C G;, therefore [g;,s;((V,);)] C U;. This
proves that f; is A*-open.

(d) Suppose that f; : (G;,7;) — (H;,0;) is strongly A*-open for every
1 € I. Then for every i € I there exists a section s; : H; — G; that witnesses
that f; is strongly A*-open. As proved in (¢), s = [ [,; s; is a section of f that
witnesses that f is A*-open. It remains to prove that s is a quasihomo-
morphism. This is true since s = [[,; s, and for y = (y;) € H sy = [[ ;7 Syi-

Assume that f:(G,7) — (H,0) is strongly A*-open. There exists a
section s of f that witnesses that f is strongly A*-open. Let 7 € I and
s; = s|H; : H; — G;. As proved in (c) s; is a section of f; that witnesses that
fi is A*-open. It remains to prove that s;: (H;,0;) — (Gi, ri) is a quasi-
homomorphism. Let U;, € V,, %)(e(; ). Then U= Ui, x[Liep gy €
€ V.»leg). There exists V Hle[ i € Vo) (en) such that sV, V)ycU.
In particular sm( ,) € Uj,. So slo is contlnuous at (eHi(]?eHio) In the same
way it can be proved that (s;), is continuous at e, -

(e) Suppose that f; : (G;,1;) — (H;,0;) is strongly A-open for every
iel. Let U=U;x...x U, x[licpgiy...iny Gi € Vicoleg). For every
j€{i1,..., i} there ex1sts Vi€V, 07)(6}[) such that f;~ Y(V)) is U;-thin.
Then V=V, x...xV; x H ieI\(ir....iy Hi € Vi o)(en) s such thatf V)
is U-thin. Let g =(g;)ic; € G. For every j € {is,...,1,} there exists
Vi, € Vi, op(en;) such that [g;,f; (V)1 C U;. Then Vo= Vg, x...x
Vg, * Tlienjin...iny Gi € V(H,)(eH) is such that lg.f 1 (V)1 C U.

Assume that f : (G, 1) — (H, o) is strongly A-open. Then f; is strongly A-
open for every i € I by Theorem 6.1(d), since f; = f1; for every i € I. O

In (a) of this theorem it is not clear if the converse implication holds in
general. In view of (b) and since semitopological coincides with A-open for
isomorphisms, it holds true for isomorphisms (so also the converse im-
plication of Theorem 1.8 holds). Moreover it holds true in the particular
case of the following example.
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ExampLE 6.16. Let Gi,Ge,H1,H2 be topological groups and
fi : G; — H; a continuous surjective homomorphism for ¢ = 1,2. Moreover
G =Gy x G, H=Hy x Hyandf = fi x fo. If f is semitopological and G is
a normal subgroup of the A-extension G, then f; is semitopological. In fact
in this case Gy is topologically isomorphic to a normal subgroup of G/Gs.
Moreover let f; : G/Gs — H; be the homomorphism induced by the open
continuous homomorphism f associated to G. Hence f; is open.

If Z(G1) is | trivial and Gy is abelian, then Gy = Z(G) and in particular G
is normal in G.

7. Open questions.

We sum up in the following graph the relations that we know and do not
know among the properties we have introduced and the already defined
ones (for continuous surjective homomorphisms of topological groups). We
give here more properties that those in Diagram 2 on page 113 to give a
complete description. The examples used to prove that some implications
do not hold are Examples 4.26, 4.28, 5.13, 5.19 and 5.21.

semitopological+strongly A-open strongly A*-open open+(strongly) A*-open

ﬂ

no

open = A-open
b
no ( , no
A\ /
semitopological < = = A*-open

no

— ——A-open

We collect here all questions left open inside this paper. Note that only
one of the distinct conditions A-open, A*-open and strongly A-open could
eventually imply semitopological. And only A-open and A*-open could
eventually be equivalent to semitopological.

QUESTION 7.1. Does either A-open or A*-open or strongly A-open
imply semitopological for a continuous surjective homomorphism of
topological groups? Is either A-open or A*-open equivalent to semi-
topological? Is this true in case the domain is discrete or the codomain
mdiscrete?
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A positive answer to the following questions would be a first step in
understanding whether open yields (strongly) A*-open for continuous
surjective homomorphisms of topological groups.

QUESTION 7.2.  Does open imply the existence of a section which is a
quasthomomorphism?

Proposition 4.19 suggests to consider the following question.

QUESTION 7.3. Is every open continuous surjective homomorphism
A*-open?

The next question arises from Propositions 6.4 and 6.9.

QUESTION 7.4. Let fi : (G,7) — (K, p) and f : (K, p) — (H,0) be con-
tinuous surjective homomorphisms.
(a) If fi is open and fo is a semitopological isomorphism, must
f =f2 of1 be semitopological?
(b) If f1 is a semitopological isomorphism and fo is open, must
f =fs of1 be semitopological?

Moreover we remind here the open problems left in [2] about semi-
topological isomorphisms, that we discuss in [3].

PrOBLEM 7.5 [2, Problem 13]. Let K be a class of topological groups.
Find (G, 1) € K such that every semitopological isomorphism f : (G,1) —
— (H, o), where (H, o) € K, is open.

PrROBLEM 7.6 [2, Problem 14]. Find groups G such that for all group
topologies t on G every semitopological isomorphism f : (G,1) — (H, ),
where (H, o) is another topological group, is open.

PRrROBLEM 7.7 [2, Problem 15].
o Which are the continuous isomorphisms of topological groups
that are compositions of semitopological isomorphisms?
o s every continuous isomorphism of topological groups composi-
tion of semitopological isomorphisms?

The same problems could be posed for semitopological and d-semi-
topological homomorphisms.
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