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On the Chern Number of a Filtration

M. E. RossI (*) - G. VALLA (%)

1. Introduction.

The Hilbert function of a local ring (A, n) is the function which as-
sociates to each non negative integer » the minimal number of generators
of m". It gives deep information on the corresponding singularity and,
owing to its geometric significance, has been studied extensively.

In the case of a standard graded algebra, the Hilbert function is well
understood, at least in the Cohen-Macaulay case. Instead, very little is
known in the local case and we do not have a guess of the shape of the
Hilbert function, even in the case of a Cohen-Macalay one dimensional
domain.

Due to this lack of information, a long list of papers have been written
where constraints on the possible Hilbert functions of a Cohen-Macaulay
local ring are described. Usually, restrictions have been found on what are
called the Hilbert coefficients of the maximal ideal m of A.

The first coefficient, eq(111), is called the multiplicity of nt and, due to its
geometric meaning, has been studied very deeply, see for example [11].
The other coefficients are not as well understood, either geometrically or
in terms of how they are related to algebraic properties of the ideal or ring.

The goal of this paper is the study of the second (after the multiplicity)
coefficient of the Hilbert polynomial of the local ring (A, m). This integer,
e1, has been recently interpreted in [9] as a tracking number of the Rees
algebra of A in the set of all such algebras with the same multiplicity.
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Under various circumstances, it is also called the Chern number or
coefficient of the local ring A. An interesting list of questions and con-
jectural statements about the values of e; for filtrations associated to an
m-primary ideal of a local ring A had been presented in a recent paper by
W. Vasconcelos (see [18]).

In the Cohen-Macaulay case, starting from the work of D.G. Northcott
in the 60’s, several results have been proved which give some relationships
between the Hilbert coefficients, thus implying some constrains on the
Hilbert function. The way was enlightened by Northcott who proved that,
if (A, m) is a Cohen-Macaulay local ring, then

e (m) > eop(m) — 1.

. 142222 . .
Thus, for example, the series 5 cannot be the Hilbert series of a

Cohen-Macaulay local ring of dimension one because e;(nt) = 0, while
eo(m) =2.

Several results along this line has been proved in the last years, often
extending the framework to Hilbert function associated to a filtration, but
always assuming the Cohen-Macaulayness of the basic ring. For a large
overview of these kind of results one can see [10].

More recently Goto and Nishida in [5] were able to extend Northcott
bound to the case of a primary ideal, avoiding, for the first time in this
setting, the assumption that the ring is Cohen-Macayulay. Of course, they
need to introduce a correction term which vanishes in the Cohen-Macaulay
case.

On the base of this result, Corso in [3] could handle in this wild gen-
erality a stronger upper bound for e; given by Elias and Valla in [4].

Here we will focus, instead, on an upper bound of e; which was
introduced and studied by Huckaba and Marley in [7]. If q is a primary
ideal in the local Cohen-Macaulay ring A and J is an ideal generated by a
maximal superficial sequence for g, then Valla proved in [16] that

eo(q) = (1 — AUA/Q) + Aa/a®) + Ma? /T q),

thus extending a classical result of Abhyankar on the maximal ideal to the
m-primary case. The above formula shows that 4(q?/Jq) does not depend
onJ and, for the first time, properties of the Hilbert coefficients are related
to superficial sequences. Since then, it was natural to consider the integers

vi(q) == '™t /T q?)

and to investigate how they are involved in the study of the Hilbert series of
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a primary ideal. This has been done by Huckaba and Marley in [7] where
they proved that for any ideal filtration 7 = {;},., of a Cohen-Macaulay
local ring A, one has

el(F) <> vi(F),

Jj=0

with equality if and only if the depth of the associated graded ring is at least
d — 1, if and only if the Hilbert series is

HA/LY) + 3 0(F) — 1 (F))ei

J=0

Pr(z) —
7(2) =

The first main result of this paper, Theorem 2.11, shows that given any
good g-filtration M of a module M which is not necessarily Cohen-Ma-
caulay, we have

e —e(N) < v,
Jz0

where NN is the J-adie filtration on M. It is easy to see that, if M is Cohen-
Macaulay, then e;(IN) = 0 for every 7 > 1, so that these integers are good
correction terms when the Cohen-Macaulay assumption does not hold.

We are able to understand in Theorem 2.13 when equality holds above,
at least for the case when M is the m-adic filtration on the local ring A.
Surprisingly enough, we show that the equality e;(im) — e;(IN) = 3~ v;(m)

>0
forces the ring A to be Cohen-Macaulay and hence the associazcéd gra-
ded ring to have almost maximal depth.

Thus we get the Cohen-Macaulayness of the ring A as a consequence of
the extremal behavior of the integer e;(n1). The result can be considered a
confirm of the general philosophy of the paper of W. Vasconcelos [18]
where the Chern number is conjectured to be a measure of the distance
from the Cohen-Macaulyness of A.

This main result of the paper is a consequence of a nice and perhaps
unexpected property of superficial elements which we prove in Lemma 2.1.
It is essentially a kind of “Sally machine” for local rings.

In the last section we describe an application of these results, concerning
an upper bound on the multiplicity of the Sally module of a good filtration of a
module which is not necessarily Cohen-Macaulay. The bound is given in term
of the same ingredients used by Huckaba-Marley for e; . It is an extension to
the non Cohen-Macaulay case of a result of Vaz Pinto in [19].
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2. An upper bound for the Chern number.

Let (A, m) be a local ring and q a primary ideal for m. If M # {0} is a
finitely generated A-module, a g-filtration on M is a chain

such that qM; C M, for every j. In the case M;,; = qM; for j > 0, we say
that the filtration M is a good q-filtration.

If N is a submodule of M, it is clear that {(N + M;)/N},., is a good q-
filtration of M /N which we denote by M/N.

Given the good g-filtration M on M we let gr,(A) := @ q/ /qi+1,

gryvM) = EBM /M;1. We know that gryi(M) is a graded gr, (A) module;

further each element @ € A has a natural image a* in gr,(A4) which is 0 if
a=0,isa* =acq/q"tifacql\ gt

A tool which has been very useful in the study of the depth of blowing-
up rings is the so called Valla-Valabrega criterion (see [15]). Given the ideal

= (a1,...,a,) in A, the elements a;,...,a’ form a regular sequence on
gry(M) if and only if they form a regular sequence on M and IM N M; =
=1IM;_, for every j > 1.

We recall that an element a € q is called M-superficial for q if there
exists a non-negative integer ¢ such that (M;,, 1y ) "M, = M; for every
j > c. If we assume that M has positive dimension, then every superficial
element a for q has order one, that is a € q\ 2. Further, since we are
assuming that the residue field A/m is infinite, it is well known that su-
perficial elements do exist.

A sequence of elements aj,...,a, will be called a M-superficial
sequence for q if for every j=1,...,r the element a; is an
(M/(aq, .. .,aj_1)M)-superficial element for q. It is well known that if
ai,...,a,is a M-superficial sequence for g and J is the ideal they generate,
then we have the following properties which show the relevance of
superficial sequences in the study of the depth of blowing-up rings.

1) A{a1,...,a,} is a regular sequence on M if and only if depth M > r.
@) {ai,...,a }is aregular sequence on gryi(M)
if and only if depth gryi(M) > r.

If the sequence is maximal then, as in [14],

3 M1 = JM, for n > 0.
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Hence M is a good J-filtration. Further by 8.3.5 in [8] , J is minimal with
respect to this property. It follows that if a1, ..., x4 € J is a maximal M-
superficial sequence, then J = (x1,...,x).

We recall now that the Hilbert function of the filtration M is the
function

Hyi(9) .= AM;/Mj;1).

The Hilbert series of M is

Pu@) = Y Hu(el = 1
7>0 1-2)
h{)(1)
where d is the dimension of M. For every ¢ > 0 we let ¢;(M) := # ; then

for every j > 0 we have Hx(j) = pr(j) where
X+d-
pmX) == Z( — 1)%(“)( i 1 )

is a polynomial with rational coefficients and degree d — 1 which is called
the Hilbert polynomial of M. Its coefficients e;(M) are the Hilbert coeffi-
cients of M.

It is also relevant to consider the numerical function

J
HY(j) =AM /M) = ZH:\‘,x(i)

i=0
which is called the Hilbert-Samuel funection of the filtered module M. Its
generating function is simply the series

Pri(2) _ Ry (2)
1-2 @1—™

Pi(2) =

It is clear that the polynomial
X+d-
PLX) = Z( - 1)@01)( s )

verifies the equality pl,(j) = H},(j) for j > 0. It is called the Hilbert-Sa-
muel polynomial of M.

The first Hilbert coefficient e, is the multiplicity of M; by Proposition
11.4 in [2] we know that

@) eo(M) = eo(N)
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for every couple of good g-filtrations. Also, if M is artinian, then
eo(IM) = AM).

The classical case is when the module M is the ring A and the filtration
is given by the powers of a primary ideal I of A. This is called the I-adic
filtration on A and the corresponding Hilbert coefficients are simply in-
dicated by e; ().

For every a € g one can prove that

®) Pu(2) < Py (@

(see [10] and [12]).

As a consequence of (5), we get some useful properties of superficial
elements. In the following a will be a M-superficial element for q and d the
dimension of M. We have

(6) dim (M /aM) =d — 1.
) e;(M) = e;(M/aM) for every j=0,...,d—2.
® eq-1(M/aM) = eg_ 1 (VD) + (= D0 1 ).

We will also need a property of superficial elements which seems to be
neglected in the literature. Recall that if a is M-regular, then M/aM is
Cohen-Macaulay if and only if M is Cohen-Macaulay. We prove, as a
consequence of the following Lemma, that the same holds for a superficial
element, if the dimension of the module M is at least two.

In the following we denote by H g (M) the i-th local cohomology module
of M with respect to q. We know that H?T(M) =UO0:y q/) =0 o for

>0
every ¢t > 0 and min{7 | Hé(M) #0} = grade(q,]&), where grade(q, M) is
the common cardinality of all the maximal M-regular sequences of ele-
ments in q.

LEmma 2.1.  Let M be a good qg-filtration of a module M, a an M-su-
perficial element for q and j > 1. Then grade(q, M) > j+ 1 if and only if
grade(q,M/aM) > j.

Proor. Let grade(q,M) > j+ 1; then depth M > 0 so that a is M-
regular. This implies grade(q, M /aM) = grade(q,M) —1>j+1-1=j.

Let us assume now that grade(q, M /aM) > j. Since j > 1, this implies
Hg(M/aM) = 0. Hence Hg(aM) = Hg(M), so that Hg(M) C aM. We claim
that HY(M) = aH)(M). If this is the case, then, by Nakayama, we get
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Hg(M ) = 0 which implies depth M > 0, so that a is M-regular. Hence
grade(q, M) = grade(q,M/aM)+1> j+1,

as wanted.
Let us prove the claim. Suppose by contradiction that

aHM) s HY(M) C aM,
and let ax € H?](M), xeM\ Hg(M). This means that for every ¢ > 0 we

have

aqle =0

qle #0
We prove that this implies that a is not M-superficial for q. Namely, given
a positive integer ¢, we can find an integer ¢ > ¢ and an element d € g’ such
that adx = 0 and dx # 0. Since NM; = {0}, we have dx € M;_; \ M; for
some integer j. Now, d € q' hence dx € M; C M., which implies j > c.
Finally we have dx € M., de¢ M; and adx = 0 € M;,;, hence

(Mj+1 ma) VM, QM]'.
The claim and the Lemma are proved. O
In establishing the properties of the Hilbert coefficients of a filtered
module M, it will be convenient to use induction on the dimension of the
module. To start the induction we need first to study the one-dimensional
case.
Let us be given a good g-filtration M = {M;},., on a module M of di-

mension 1. We have Hy(n) = pa(n) = eo(M) for n > 0 so that we define
for every j

9 ;i (M) := eo(M) — Hm(j).

LeEmmA 2.2.  Let M be a good q-filtration of a module M of dimension
one. If a is an M-superficial element for q, then for every j > 0 we have

wi(M) = AMj11 /aMly) — 20 -y, @).
Proor. By (6) we have
eo(M) = eg(M/aM) — 20 =y a) = AM JaM) — X0 :p1 @)
= MM JaM;) — iaM JaMj) — 0 3 a).



208 M. E. Rossi - G. Valla

By using the following exact sequence
0—(0:ya)/0 ‘M; @) —M/M; — aM/aM; — 0
we get
eo(M) = MM JaM;) — WM [M;) + (0 :pr @) /(0 :p1; @) — 400 2y @)
and finally
ui(M) = eo(M) — A(M; /Mjy1)
=AM /aM;) — 2(MM;) — 20 :p; @) — AM;/ M)
= )L(Mj+1/a/Mj) — /L(O :M]. CL).
O
It follows that, in the case M is one dimensional and Cohen-Macaulay,
then u;(M) = A(M;1/aM;) is non negative and we have, for every j > 0,
Hyi(9) = eo(M) — AM 11 /aM;) < eo(M).

It will be useful to write down the Hilbert coefficients through the in-
tegers u;(M).

LEmMMA 2.3.  Let M be a good q-filtration of a module M of dimension
one. Then for every j > 0 we have

D= (jf 1>uk(M).

k>j-1

Proor. We have

h N
Py =" - S Gred
J>0

Hence, if we write iy (z) = ho(M) + A (MDz + - - - + s (M)2%, then we get for
every k > 1

hk(lv‘i) = HM(IC) — HA\[(k -1 = uk,l(M) — uk(M)

Finally

)1
600 =52 = 57 (e = 3 () a0 - w00y

k=) k>j

=y (j’jl)uk(;wl>.
k>j-1
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If we apply the above Lemma in the case M is Cohen-Macaulay, and
using the fact that the integers u; (M) are non negative, we get

a0 =Y w0 > ug(d) +ur (M) > ug(M).
k>0

Since we have wuy(M) =ey(M) — AM/M;), and wue(M) +u; (M) =
= 2¢9(M) — LM /M3), we trivially get

e1 (M) > eo(M) — AWM /M),

and
e1 (M) > 2ep(M) — MM /M),

which are the bounds by Northcott and Elias-Valla, in the one dimensional
Cohen-Macaulay case.

If we do not assume that M is Cohen-Macaulay, the integers u;(M) can
be negative and the above formulas do not hold anymore.

At this point we are going to describe the correction term which will
appear in our upper bound of e;.

Given a good q-filtration M of the module M of dimension d, let
ai, ..., aq be a M-superficial sequence for g. We denote by J the ideal they
generate and consider the J-adic filtration of the module M. This is by
definition the filtration

which is clearly a good J-filtration. By (3) M is also a good /-filtration, so
that, by (4), eg(M) = eo(IN).

In the case M is Cohen-Macaulay, the elements ay, ..., aq form a reg-
ular sequence on M so that J'M /J M ~ (M /JM)(" ). This implies that

AWM JTM)

the Hilbert Series of IN is Px(z) = a ) y and thus e;(IN) = 0 for every

1 > 1. This proves that these integers give a good measure of how M differs
from being Cohen-Macaulay. In the case M = A, Vasconcelos in [17] and
[18] conjectured that if A is not Cohen-Macaulay, then e;(/) <0 and he
proved it for large classes of local rings.

First we prove that e;(IN) < 0 in the one dimensional case where the in-
teger e;(IN) can be easily related with the 0-th local cohomology module of M.

LEmMA 2.4.  Let M be a good q-filtration of a module M of dimension
one. If a is an M-superficial element for q, then for every t > 0 we have

erl(N) = — (0 ;37 a).
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Proor. We have pl\v(X) =ee(MN)X +1) —et(N) = eoe(M)X +1) —
—¢1(NN). On the other hand we have short exact sequences

0— (0:3 /0 ;s F — M/aM = a*M /"M — 0

o .
0—-0:a—0: a0 a —0

which give

J J J
H ()= _Hx@)=>_ Ma'M/a'M)=>[AM/aM) - 0 1 &' /0 :qy1 a)]
=0 =0 =0
J
= (j+DAM [abl) =30 pp @) = Y [0 2y @) = 20 zqpg aD)] + 40 1y a7
i=1
= (J+DIAM JaM) — 30 37 @)+ 40 =37 &™) = (5 + DegM) 4 40 =37 a/™).

The conclusion follows. O

In this section we denote by W the 0-th local cohomology module

HY (M) of M with respect to nt. Recall that
W =0 :pr m)).
J=0

When M is a module of dimension one and a an M-superficial element for q,
then M /aM has finite length so that 0 :4 (M /aM)is a primary ideal. Now it
iseasytoseethat0:4 (M/aM) C /(@) +0:4 M,and thus (a) +0:4 Misa
primary ideal too. This means that a power of m is contained in (a) + 0 :4 M,
say m® C (a) + 0 :4 M. Hence, fort > 0

W=0:3m C0:ya CO:p mt*=W.
The above lemma and this remark give
(10) W) = —er(N)

as was already proved in [5], Lemma 2.4.

Given a good g-filtration of the module M, we consider now the cor-
responding filtration of the saturated module M** := M /W. This is the
filtration

M= MYW = {M,, + W/W},-,

Since W has finite length and N M; = {0}, we have M; N W = {0} for every
1> 0. This implies pr(X) = pypa(X).
Further, it is clear that for every j > 0 we have an exact sequence

0—-W/MjzanW)—M/Mj1 — M/(Mj1 +W)—0
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so that for every j > 0 we have

HM Mj1) =AM (Mjoq + W]+ 2W)
which implies
11) PH) = Pl X) + AW).

This proves the following result:

PROPOSITION 2.5. Let M be a good q-filtration of the module M and
= H° (M). If we let d := dim (M) and M*™ := M /W, then

m
ei(M) = (M) 0<i<d-1, ea(M) = eg(M*™) + (— D AW).

We remark that, if dim (M) > 1, the module M /W has always positive
depth. This is the reason why, sometimes, we move our attention from the
module M to the module M /W. This will be the strategy of the proof of the
next proposition which gives, in the one dimensional case, the promised
upper bound for e;.

ProposiTION 2.6. Let M be a good q-filtration of a module M of
dimension one. If a is a M-superficial element for q and N the (a)-adic
filtration on M, then

er(M) — ex(N) <> UMjy /aM)).
Jj>0

If W C My and equality holds above, then M is Cohen-Macaulay.

Proor. By Proposition 2.5 and (10) we have
er(M) = er (ME™) — A(W) = e3(MF™) + e, ()
so that we need to prove that e; (M) < > AWM /aMy).

Jj=0
Now M /W is Cohen-Macaulay and a is regular on M /W, hence by
Lemma 2.3 and Lemma 2.2, we get

(V) =D (M) = 3 MM JaM;)

7>0 7>0

{ J+1 + W} { My‘+1
=0 CLM + W CLM]' + Mj+1 nw

< Zi(MjH/an)-

J=0
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The first assertion follows. In particular equality holds if and only if
M;..NW C aM; for every j > 0. Let as assume W C M; and equality
above; then we have W = W N M; C aM. Now recall that W = 0 :3; o for
t>> 0, hence if ¢ € W then ¢ = am with a'c = a'*'m = 0. This implies
m € 0 : a1 = W so that W C aW and, by Nakayama, W = 0. O

In the last section we need to compare the Hilbert coefficients of the J-
adic filtration IN on M with those of the following filtration. Given a good q-
filtration M on M and the ideal J generated by a maximal M-superficial
sequence for q, we let

EW,M):=M2>My DJM; D2J*°M;D---DJ" M; D ...

When there is no ambiguity we simply write E instead of [E(J, M).
It is clear that this is a good J-filtration so that

eo(M) = eg(I2) = eg(IN).

By considering the leading coefficients of p!;(X) — pL(X) and pL(X)—
—pL(X), since J"I1M C J*My C M, it follows that

e1(M) > e () > e (IN).

PropoSITION 2.7. Let M be a good q-filtration of the module M; if
dimM =1 and J = () with a M-superficial for q, then

e1 () — er(N) > eg(M) — ho(M).
Proor. It is clear that for every n > 0 we have
pr) =AM /a"My) = eg(M)(n + 1) — ey (1),
phn —1) =AM /a"M) = eg(M)n — e;(N).
It follows that
e1(B) —er(N) =eg(M) + AWM /a"M) — MM /a" M1) > eg(M) — Ma""M /a" My).

The conclusion follows because the map M/M; < @M Ja"M; s
surjective. O

We come now to the higher dimensional case; a natural strategy will be
to lower dimension by using superficial elements.

The following Lemma is the key for doing the job. It is due to David
Conti.
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LeEmmaA 2.8. Let My, ..., M, be A-modules of dimension d, J a m-pri-
mary ideal of A and My = {M ;},..., M, = {M, ;} good J-filtrations of

My, ..., M, respectively. Then we can find elements ay,. .., a5 which are
M;-superficial for J forevery i =1,... 7.
Ifd>2and My =---=M, =M, then for every 1 <1 <j < we have

e1(M;) — es(M; /a1 M) = ey (M) — e (M /a1 M).

Proor. Let
r r r r r
D= DM DM PMiz2 2 DMy 2
i=1 i=1 i=1 i=1 i=1
r r
It is clear that this is a good J-filtration on € M;. Let us choose a @ M;-
i=1 i=1
superficial sequence {a,...,aq} for J. Then it is easy to see that
{ai1,...,aq} is a sequence of M;-superficial elements for J for every
1 =1,...,r This proves the first assertion. As for the second one, by (7) and
(8) we have
A0y ar) if d=2
My) — er (M =
e1 (M) — ex (M /ay M) { 0 it d>3
from which the conclusion follows. |

We first extend to the higher dimensional case the result of Proposition
2.7. We will see that the following result is a strengthened version of the
classical inequality due to Northcott.

PropPoSITION 2.9.  Let M be a good q-filtration of the module M and let
J be the ideal generated by a maximal sequence of M-superficial elements
for q. Then we have

e1(5) — er(N) > eo(M) — Rp(IMD).

Proor. If dimM = 1 we use Proposition 2.7. Let dim M > 2; by the
above Lemma we can find elements a;, . . . ,ay € J which are superficial for
J with respect to I, and I\ at the same time. Further

e1(E) — er(B/aaM) = es(N) — es(N/a1. M)

and J = (aq,...,aq) by 3).

The module M/a; M has dimension d — 1 and M/a;M is a good J-fil-
tration on it. Further ay, . .., a4 is a maximal M /a; M-superficial sequence
for J. If we let K := (ag, ..., aq), then the K-adic filtration on M /a1 M is
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given by
{K/(M [y M)} g = {(EM + axM) [ as M} g = {(J'M + ax M) /ax M}
and thus coincides with N/a; M. On the other hand the filtration

Mi+a M DKMl—Hle 5 Kle—‘rCLlM S5
aM - a M - au M -
. J
coincides with the filtration [/a; M because K’ M+ oM = JIMy + alM.
. . oM a M
By induction we get
e1(B) — er(N) = e;(E/a1 M) — e;(N /a1 M)

> eo(M/ar M) — ho(M /a1 M) = eo(M) — ho(M)

E(K, M /ayM) =M Ja;M D

as desired. O

Since e;(M) > e1(IE) we obtain Nothcott’s inequality which had been
extended to non Cohen-Macaulay case by Goto and Nishida in [5].

COROLLARY 2.10. Let M be a good q-filtration of the module M and
let J be the ideal generated by a maximal sequence of M-superficial
elements for q. Then we have

e1 (M) — e1(N) = eo(M) — ho(M).

Given a good g-filtration M = {M;};., of the A-module M and an
ideal J generated by a maximal sequence of M-superficial elements for
q, we let for every j > 0:

v(M) = AMj1 /TM;).

THEOREM 2.11. Let M be a good q-filtration of a module M of di-
mension d > 1, J an ideal generated by a maximal sequence of M-super-
ficial elements for q and N the J-adic filtration of M. Then we have

er(M) — ex(N) <> (M.
720

Proor. We prove the Theorem by induction on d. If d = 1 we can apply
Proposition 2.6; hence let d > 2. As in the above Proposition, we can find a
system of generators ay, . .., ag of J with the properties that are superficial
for J with respect to M and N, and verify

el(N) — el(N/alM) = el(M) — el(M/alM)
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by (3). Also, if we let K := (ag, ..., aq), then K is generated by a maximal
M/a;M-superficial sequence for J and the K-adic filtration on M/a; M is
N/a1M. Thus, by induction, we get

1) — ex(N) = e; (M /@ M) — ex(N/an M) <>~ (M /ar M)

-

B .20:7 (M1 + an M) /(KM +]“1M )]
J=

_ 2; A[(Mj 1 + M) /(TM; + a, M)
JZz

— ; M1 /(UM + (M N M)
Jz

< ;X(MHI/JM»'
J=

We would like to study when the equality in the above Theorem holds.
In the case M is Cohen-Macaulay, we have a solution for a general filtra-
tion which broadly extends previous results of [7] and [6].

THEOREM 2.12.  Let M = {M;};. be a good q-filtration of the Cohen-
Macaulay module M of dimension d > 1 and J an ideal generated by a
maximal sequence of M-superficial elements for q. Then we have

a) ex(M) < 3 v;(M)
J>0
b) ex(M) < 377 v(M).

Jj>0
¢) The following conditions are equivalent

1. depth grv(M) > d — 1.
2. e(M)= ) < J l)vj(M)for every i > 1.

jric1 \U—

3. ex(M) = 3" 0 (M).

Jj=>0
4. eo(M) = 3" j v;(M).
J=>0
MM /M) +J§) W; (M) — vy 1 (M) 11
5. Py(z) = - z)d
Proor. Let J=(ay,---,aq9) and K = (ay,---,aq_1); we first re-

mark that, by Valabrega-Valla, depth gr\i(M) >d —1 if and only if
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M. "KM = KM; for every j > 0. Further we have
Uj(i\/‘l) = Uj(i\ﬁ/KM) + /1(Mj+1 NKM + JM]'/JM]'),

hence v;(M) > v;(M/KM) and equality holds if and only if M;,;nN
NKM C JM;. This is certainly the case when M;,; "KM = KMJ, hence, if
depth gr\;(M) >d—1, then v;(M)=v;(M/KM) for every j>0. By
induction on j, we can prove that the converse holds. Namely
M N KM = KM and, if 7 > 1, then we have

M "KM C JM; "KM = (KM; + agM;) " KM
= KMj + (ade NKM) C KMj + CLd(Mj NKM)
= KM; + agKM; 1 = KM,
where aqM; N KM C aq(M; N KM) because a4 is regular modulo KM , while

M; "KM = KM;_, follows by induction.
Since M /KM is Cohen-Macaulay of dimension one, we get

er(M) = ey (M/KM) = > " v;(M/KM) <> 0;(M).

Jj=0 J=0

Equality holds if and only if depth gr (M) > d — 1. This, once more, proves
a) and moreover gives the equivalence between 1 and 3 in ¢). By using
Lemma 2.2 this also gives the equivalence between 1. and 5. in ¢).

Further, if a is the ideal generated by a4, - - -, a4_2, then, as before, we
get
(M) = ex(M/aM) < ex(M/KM) =Y " j o;(M/KM) <Y~ j oM.
J>1 J>1

This proves b) and 4 =—>1. To complete the proof of the Theorem, we need
only to show that 1 = 2. If depth gryi(M) > d — 1, then M and M /KM
have the same Z-polynomial; this implies that for every ¢ > 1 we have

e = e(M/KM) = 3 (Z ’ 1>p7~(M/KM) == (Z ’ 1>v_,-(M).

Jzi-1 Jzi-1

O

If we do not assume that M is Cohen-Macaulay, we are able to handle
the problem only for the nt-adic filtration on A.

THEOREM 2.13.  Let (A, m) be a local ring of dimension d > 1 and J the
ideal generated by a maximal m-superficial sequence. The following
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conditions are equivalent:
1. ex(m) — e (J) = > v(m).
J>0
2. A is Cohen-Macaulay and depth gry(A) > d — 1.

Proor. If A is Cohen-Macaulay, then e;(J) = 0 and, by the above re-
sult, we get that 2) implies 1).

We prove now that 1) implies 2) by induction on d. If d =1, the
result follows by Proposition 2.6 since W C m. Let d > 2; by Lemma 2.8
we can find a minimal basis {a4,...,a4} of J such that a; is J-superficial,
{ay,...,aq} is an m-superficial sequence and e;(m)—e;(J) =
=e;(m/(a1)) — e1(J /(a1)). Now A/(a1) is a local ring of dimension d — 1
and J/(a;) is generated by a maximal m/(a;)-superficial sequence. We
can then apply Theorem 2.11 to get

> v =e () —e () =ex(m/ (@) —er(J /(@) <D /(@) <Y vi(m).
Jj>0 Jj>0 >0

This implies

ex(m/(ay) — e1(J /(a1)) = Zvj(m/ (a1))
J=0

which, by the inductive assumption, implies A/(a;) is Cohen-Macaulay.
By Lemma 2.1 A is Cohen-Macaulay so that e;(J) =0 and then
er(m) = > v;(m); this implies depth gr,(A) > d — 1 and the Theorem is
proved. /=0 O

As a trivial consequence of the above result we have the following

COROLLARY 2.14. Let (A, m) be a local ring of dimension d > 1, J the
ideal generated by a maximal m-superficial sequence. If e1(J) < 0, then

er(m) < Z v;(m).

j>0
Moreover, the following conditions are equivalent:
1 ey(m) = > vi(m).

j=0
2. A is Cohen-Macaulay and depth gry,(A) >d — 1.

We notice that the condition e;(J) < 0 is satisfied if, for example, A is
Buchsbaum, see [13] Proposition 2.7. It is verified as well if depth
A > d —1; namely, if this is the case, given a J-superficial sequence
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a,...,04-1, we have e;(J) = e1(J /(aq, .. .,aq-1)). Since A/(aq,...,aq_1) is
one dimensional, by Lemma 2.4 we get e;(J/(a4,...,aq_1)) < 0. More in
general Vasconcelos conjectured in [17] that e;(J) <0 whenever A is not
Cohen-Macaulay. This is proved for local integral domain essentially of
finite type over a field.

3. Application to the Sally module.

Given a primary ideal q in the local ring (4, m) and a minimal reduction
J of q, Vasconcelos introduced in [17] the so-called Sally’s module S;(q) of
q with respect to J. It is defined by the exact sequence

0 — qA[Jt] — qAlat] — S;(@) = @ a"*!/T"q — 0.
n>1
We know that, if different from zero, S;(q) is an A[Jt]-module of the same
dimension d as A.
The Hilbert function of this graded module is

Hs, o) == Ag" /J"q),

and its Hilbert series is

PSJ(Q)(Z) _ Z /l(q”H/J"q)z".

n>1

We write ¢;(S;(q)) for the corresponding Hilbert coefficients.
In [19] it has been proved that if A is Cohen-Macaulay then

eo(S; () <> Ao’ /T))

J=1

and equality holds if and only if depth gr,(4) > d — 1.

In this section we extend the definition of the Sally module to any good
g-filtration of an A-module M and prove that the inequality above holds in
this generality and without the assumption that M is Cohen-Macaulay.
Further, we study when equality holds in the special case of the g-adic
filtration.

Let M be a good q-filtration of the A-module M of dimension d and let J
be the ideal generated by a maximal M-superficial sequence for g.

We let

Sy = @ Mya /T My)

n>1
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and call it the Sally’s module of M with respect to J. We remark that S ;(IM)
is not a graded module associated to a filtration, but if we consider the fil-
tration

E:=MDM DJM;DJ°M;D...2J"M; D ...

then S;(M) is related to grvi(M) and grp(M) by the following two short
exact sequences:

0— J" "My /J"My — M, /"My — M, /J" "My — 0
0— My1/J"My — My /J"My — M, /M1 — 0.
Since M,,/J" M, = (S;(M)( — 1)),,, by standard facts it follows that
12) depth gry(M) > min{depth S;(M) — 1, depth gry(M)}
Moreover we get
Ps,0n-1)(®) + Pr2) = Py(2) + Ps,on(2)
so that
(13) (z — DPgs, (@) = Pu(z) — Pr(?)
If dim S;(M) = d, this implies that for every ¢ > 0 we have
(14) €i(Sy (M) = €1 (M) — ;11 (E)
Now, by Proposition 2.9, we know that
e1(5) — er(N) > eo(M) — fo(IMD),
so that
eo(S;(IMD) = e (M) — €1 () < e(M) — €1 () — eo(M) + ho(MD).

Notice that, for the special case of the g-adic filtration on A , this result has
been proved in [3].
Now we can use Theorem 2.11, to get
eo(S; (M) < Do) — eo(M) + g(M).
J>0

Thus we have proved the following

THEOREM 3.1. Let M be a good q-filtration of the A-module M of di-
mension d and let J be the ideal generated by a maximal M-superficial
sequence for q. If dim S;(M) = d, then

eo(Ss0D) < Y v — o) + k(D).
J>0
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It is clear that if the equality holds above then e;(M) — e (N) =

= > vj(M). Hence, in the case of the m-adic filtration on A, we can
J>0

apply Theorem 2.13 and we get that A is Cohen-Macaulay and depth

grmA) >d—1.

In this way we get the following result which completes Theorem 2.13.

THEOREM 3.2. Let (A, m) be a local ring of dimension d > 1 and J the
ideal generated by a maximal m-superficial sequence. If dim S;(m) = d,
then eg(Sy(m)) < > vi(m) — eg(m) + 1. Moreover the following conditions
are equivalent: 720

L eg(S;(m)) = >_ vj(m) — eo(m) + 1

J=0
2. ex(m) — ey (J) = Y- v;(m)
Jj>0
3. A is Cohen-Macaulay and depth gry,(A) > d — 1.

We finish the paper with the following Theorem which adds some more
equivalent conditions, involving the Sally module of M, to those of Theo-
rem 2.12 in the case M is Cohen-Macaulay. The result extends to a con-
siderable extent a series of results proved in [19] for the special case of the
g-adic filtration on A.

First we remark that if M is Cohen-Macaulay, then gr; (M) is Cohen-
Macaulay with minimal multiplicity and hence

hoD) + (eo(MD) — koD

Pu(z) =
6(2) a—2

In particular e;(E) = eg(IM) — ho(M).
By using (14), (12), (13) we get
1. If dim S;(M) = d, then eo(S;(M)) = e; (M) — eo(IM) + ho(M)
2. depth gryi(M) > depth S;(M) — 1
MM [ My) + (eo(M) — (MM /M1))z
1 -2 '

3. (z — DPg,on(2) = Pui(z) —

If M is the g-adic filtration on M then it is easy to see that the as-
sumption dim S;(M) = d is equivalent to S;(IM) # 0. In fact, by (13), we
have that dimS;(M) = d if and only if e;(M) > e1(E) = eo(M) — ho(M).
This is equivalent to My # JM; and hence S;(M) # 0.
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THEOREM 3.3. Let M be a Cohen-Macaulay A-module of dimension
d > 1, q a primary ideal in A, M the g-adic filtration on M and J the ideal
generated by a maximal sequence of M-superficial elements for q. The
Sfollowing conditions are equivalent:

1. eo(S;(MD)) = 3~ v;(M)

J=z1

> v (M)R7
Jj>1
2. PSJ(;\‘[)(Z) = 7(1——2)7‘

3. S;(M) s Cohen-Macaulay

and each of them is equivalent to the equivalent conditions of The-
orem 2.12.

Proor. We have ¢eo(S;(M)) = e (M) — eo(M) + ho(M). Hence, by
Theorem 2.12, we get

eo D) < Do) — (D) + ho(MD) = Y (M),

Jj20 j>1

By Theorem 2.12, the equality holds if and only if e; (M) = > v;(M). Hence
J=>0
1.is equivalent to 1., 2., 3., 4., 5. of Theorem 2.12. Because 1. is equivalent to
MM /M) + X @00 — v (VD)1
Jj>0

Pu() = a_2

and we know that

MM /M) + (eo(M) — (AWM / M)z

& — DPg,00(@) = Pu(z) 1 -2

)

it is easy to see that 1. is also equivalent to 2. Now, since depth gr\(M) >
> depth S;(M) — 1, we get that 3. implies depth gr\(M) > d — 1 which is
equivalent to 1.

We have only to prove that 2. implies 3. We may assume S;(M) of
dimension d and recall that S;(M) is a R(J) = A[JT]-module and we have
S;M)/JTS; (M) = @ Myi1/IM,,. By 2. we deduce that Pg,on() =

1 n>1

= WPS L on,7ts,0n(2). Then JT is generated by a regular sequence of
-z

lenght d = dim S;(M) and hence S;(M) is Cohen-Macaulay. O
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