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Stability of Tautological Vector Bundles on Hilbert
Squares of Surfaces

ULRICH SCHLICKEWEI

ABSTRACT - We prove stability of rank two tautological bundles on the Hilbert
square of a surface (under a mild positivity condition) and compute their Chern
classes.

Let S be a smooth, complex projective surface, let Hilb%(S) be the
Hilbert scheme parametrizing subschemes of S of length 2. It is known by
a classical theorem of Fogarty [Fo] that Hilb%(S) is a smooth, projective
variety of dimension 4. Let Z C S x Hilb?(S) be the universal subscheme,
denote by p:Z —Sandbyq:Z — Hilb?(S) the projections. Given a line
bundle £ on S, the sheaf £ := ¢.p*L is a rank two vector bundle on
Hilbz(S), called the tautological vector bundle associated with L.

In this note we prove the following

THEOREM 1. Assume that h(S, L) > 2. Then for N > 0, the vector
bundle L% is py -stable on Hilb*(S).

Here, Hy is a polarization of the form Symz(NH ) — E where H is an
ample divisor on S and £ C Hilb%(S) denotes the exceptional divisor of the
Hilbert-Chow morphism. The proof of the theorem relies upon the fun-
damental short exact sequence for tautological vector bundles on the
blowup of S x S and upon the corresponding result for curves which was
proved by Mistretta [Mi].
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Originally, our interest in this result came from the desire to produce
vector bundles on Hilbert schemes of K3 surfaces with interesting metrics
and with interesting Chern classes. For this reason we give a formula for
the Chern classes of £ in terms of the symmetric product of ¢;(£), of [E£]
and of the characteristic classes of Hilb%(S).

Moduli spaces of stable sheaves on K3 surfaces have been studied ex-
tensively in the literature (cf. e.g. [Mu], [OG], [HL], [Ma]). These spaces
are particularly interesting because they are among the few examples of
compact Hyperkéhler manifolds (cf. Huybrechts’ chapter in [GHJ]). In
analogy it seems to be promising to study moduli spaces of stable sheaves
on higher-dimensional Hyperkéhler manifolds. In this note we present
examples of stable sheaves on the second Hilbert scheme of a K3 surface
which is one of the two prototypes of four-dimensional compact Hy-
perkihler manifolds.

After introducing some notation in Section 1 we prove the theorem in
Section 2. Finally we calculate the Chern classes of £/ in Section 3.

1. Some notation.

Let 14 : 4—8 x S be the diagonal. Denote by o : SxS—8xS the
blowup of S x S in 4. The natural action of the symmetric group Sz on

S x S extends to a holomorphic action on S % S and Hilb%(S) = S xS /©s.

Let 1p : D—S x S be the exceptional divisor of ¢.
In the following diagram we summarize the situation and, at the same
time, give names to the various natural maps.

LD

D SxS il Hilb?(S)
A
WA \ 7
S:A—L/l/—>5><5 : Sym?(S)
IZEEN
S S

_ Given an ample hypersurface H C S, for N sufficiently large the divisor
Hy := N(riH +r3;H) — D is ample on S x S. Moreover, this  divisor is in-
variant under the action of &, on the divisor class group of S x S, hence it
is of the form 7n*Hy for an ample divisor Hy on Hilb?(S).
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Finally we recall the notion of y-stability. Let Y be a smooth, projective
variety, polarized by an ample divisor H. Let £ be a torsion-free coherent
Oy-module. Then the slope of £ with respect to H is defined as

f ¢ (5)[H]dim Y)-1
(1) () =%

rk(€)

The sheaf £ is called uy-stable if for any subsheaf F C & with
0<rk(F)<rk(€) we have py(F) <y (E).

2. Proof of the Theorem.

If £ had a destabilizing subsheaf, then by passing to the reflexive
hull we see that there would exist a destabilizing line bundle. Thus, any
destabilizing subsheaf of £ on Hilb*(S) with respect to Hy induces a
destabilizing sub-line bundle of € := 7°£% on S x S with respect to Hy.
We will show that & is 1y -stable. This will finish the proof of the
theorem. v

Fori=1,2, put £; := 7L and let Lp := 1p.0},L. Consider the funda-
mental short exact sequence (see e.g. the proof of [D, Prop. 2.3])

(2) 08— L1PL — Lp—0

where the surjection on the right is given by (s1, s2)—s1p — szp. This se-
quence shows that ¢;(£) = ¢1(£1) + e1(L2) — [D]. Moreover, we deduce that
£ contains the line bundles £1( — D) and Ls( — D).

Let now A C £ be an arbitrary sub-line bundle. Then A has one of the
following three properties:

1) Ac £i(—D),

2) A C Ly(—D),

3)AZ Li(—D)and A ¢ Lo( — D).

We will prove that there exist N1, N2, N3 € IN such that for all A C &
with property ¢ = 1,2 or 3 and for all N > N; we have

(3) 1y A< " ).

Assume first that we are in case 1.), i.e. that A C £;(— D). Chogse a
natural number N; > 4 (this will be useful in (11) below) such that Hy is
ample for all N > Ni. Then [ A < 1y (L1(— D)) for all N > N;. Let

N N

o; = ¢1(L£;). Then ¢1(€) = oq + ag — [D] and therefore
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ﬂ;IN(S) - ﬂ;N(A) > M;]N(f) — ”EN(EI( - D))

- / (M—m-w]))[ﬁﬁ

2
SxS
(4) - / % A H + / iy
SxS SxS
=0+ / [;g][i‘lrzv]3
SxS
>0

for all N > N because D is effective and H w is ample.
An analogous reasoning applies in case 2.) with Ny = Nj.
In case 3.) we proceed in two steps. First we show that

(5) ,UF(.A) <,UF(5)7

where F' = 7{H + 73 H and uy, is the slope with respect to the nef divisor 7,
defined as in (1). Then we use an asymptotic argument to complete the
proof.

To prove (5), we will consider two divisors in |[MF| for an appropriate
M > 0 which intersect along a reducible surface. Then we reduce our
computation to the irreducible components of these surfaces.

Choose M sufficiently positive such that the linear system |MH| con-
tains two distinet, smooth curves C and C’ which intersect transversely and
which satisfy

(6) deg(£ic) = deg(Lio) = [ e OIMH) = 2
S

Denote by
G =CxSHUE xC) and by Gz :=(C' x S)U(S x 0),

let él and éz be their strict transforms under o : S x S — S x S. Note that
Gi € [MF| because each component of G; meets the center of the blowup,
namely the diagonal of S x S, along a curve. The intersection G; N Gz is the
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disjoint union of the four smooth surfaces

T):=(CNC)x S, Ta:=8x(CNC,
Ts := C/XVC, Ty := C’/>_<VC/,

where for any subvariety Y ¢S x S we write Y for the strict transform of ¥
under ¢ : S x S — S x S. Then for the MF-slope of any coherent sheaf F
we find

[ e(PIMFP )

oy degy (F)

. Sx8 _ T;
HaarF) = ; rk(F)

where degy.(F) := [ ¢1(F|7,)IMF]7,. We will show that
T;
degTi &)

degr,(A) <

fori =1,...,4with strict inequality for 7 = 3, 4. This will conclude the proof
of (5).

t=1: The surface 77 is a disjoint union of surfaces of the form
S, == {p} xS, p € S running over the finite set C N C’. Since the funda-
mental class of S, does not vary for different p € S, we fix an arbitrary
point py € S and we get for any coherent sheaf 7 on S x S

degy, (F) = #(C N C")degg, (F).

Note that S,, is isomorphic to the blow-up of S in p,. Denote by
Op, : Spy — S the blow-down and by &£),, C S, the exceptional divisor. Then
01(5\5[}0) = Uzocl(ﬁ) - [Epg]

because ¢1(€) = 7jce1(L) + r3e1(L) — [D] and because ﬁ‘ﬁ‘sm = OSpO' Now
suppose that

(7) 2degy, (A) > degy, (n* L)
Then we would get
2 / c1(Ag, IMF]s, > / (0}}001(5) — [Ep])[MF lis,, =0
Sy o

because [MF]ISpo is a nef class on S, and because aI*JOL ® O(—E),) is the
line bundle of an effective divisor on S,,. Indeed, since h°(L) > 2, there
exists a divisor K € |£| with py € supp(K). Then the strict transform K of
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K is in the linear system \o L® O(—kE)y)| for some k> 1. Thus,
K+ (k- 1E,, is an effective d1V1sor with line bundle o, £ @ O( — E).
By @), As,, C (L1 L',g)l = Os,, @0, L. Now, smce Ags,, has posi-
tive F‘S -slope, the composmon .A‘S — Osp ® g, L — Og, must be zero.
Since we chose py € S randomly, assumptlon (7) implies that this compo-
sition is zero for all p € S. On the other hand, all x € S x S lie on some S,,.

This shows that the composition
A= LB Ly — L4

is zero. But then the short exact sequence (2) implies that A C 75 £(— D),
because the surjection £; @ Ly — Lp is given by (s, S2)—s1p — sgip. This
is a contradiction to the assumption that A satisfies 3.).

© = 2: analogous to ¢ = 1.

1 = 3: Note that C x C is isomorphic to C x C and that
where p; : C x C — C are the projections. Moreover, it is easily checked
that

o P2 2]
("L )IC neLic

where 7 : C x C — Hilb?(C) is the natural projection and [,[2] is the tau-
tological vector bundle associated with Lic on Hllbz(C) Usmg (6), we can
apply [Mi], Cor. 4.3.3 which says that ncﬁ%] is a stable vector bundle on
C x C. This concludes the case i = 3.

1 = 4: analogous to 7 = 3.

Thus, we have proved (5). To conclude the proof of (3) we define for
n € N the linear function

N 2. ! e .
9, : K'(Coh(S x 8)) — Q, Fis Znﬁ / a(FIFTHy, P
1=0 ’ ’

SxS

Then noting that ﬁlle —nF+H Ny, we get for all F € Coh(S?S)
- 3 (on(j:)
®) g, D) = W)+ iy

Inequality (5) implies that there exists a positive constant k € R such that
for all sub-line bundles A C £ with property 3.) we have

9) 1p(&) — up(A) > k.

This is because y takes integer values on line bundles.
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We will now show that ¢, (A)<g,(E). To see this, we first prove that
AN Li(—D)=0. Indeed, otherwise the torsion-free sheaf A+ £;(— D)
would be of rank 1 as follows from the short exact sequence

0—-ANL(-D)— A L(—-D)— A+ L(—D)— 0.

Then the reflexive hull A’ of A + £1( — D) would be a sub-line bundle of £
which again would have property 3.) because A C A'. From (5) we deduce
wup(A) < 1p(8). On the other hand

tp(La( = D)) = / (1 — [DDIFT

SxS
_ / ulFP
SxS
. o + oo 3
_ / Ly
SxS
_ /oc1+o<;—[D][F]3
SxS
= up(&).

Here, we used that the integral over a cohomology class of degree 6 on D
which is pulled back from A vanishes. Using that £;( — D) C A’ and that F'is
nef, we get a chain of inequalities

1p(E) = pp(L1( = D)) < pp(A) < up(E).

This is a contradiction, whence AN £1(— D) = 0.
Then we have a short exact sequence

(10) 0—-AeLi(-D)—-E—-Q—0

where Q is a torsion sheaf. It follows that ¢;(Q) is either zero or effective.
Since ¢,, involves only products of the nef divisor ' and the ample divisor
Hy,, this implies that ¢,(Q) > 0.

We claim that there exists ny € IN such that for n > n; we have
0,(L1(— D)) > 0. To see this, it is enough to show that the n2-term of
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0,(L1(— D)) is positive. We have
e1(L1(— D)IFPHy,] = (a1 — [DDIFPWN:[F] — [D))
= N1ou[FP + [FPIDF — [DINL[FP + i [FT).

If g denotes the intersection product on S, then we obtain

/ NyalFF + [FEIDE — [DINIFF + a[FP)
oS
-N / rien(C) (FTH] + rH))?
SxS
+ / (FRE o, { (5 TH)+ 05 LH)) (N1 LH] + 51HD + ryea(D)
D —0

_ 3N, / rie L HWSIHTE — 2 / @IH)?
SxS S

(11)

= <3N1Q(C1(£), [H]) - 4) q([H],[H])
> 0.

Here,r; : S x S — Sarethe projectionsand ¢ = [D]p = C](ij(/\/’msxs)( —1)).
We use that [ (o5,00¢ = — [aforo € H*(S, Q), that Ny > 4 and that ¢;(£) is
D s

an effective class on S. This proves the existence of n; with ¢,,(£:(— D)) > 0
for all n > n;.
Now by (10) we have

(12) (pn(-A) = ¢n(8) - (071(@) - ¢’n(£1( - D)) <¢)n(5)

for all n > n;.

Putting together (8), (9) and (12) we find for n > n; and for all line
bundles A C £ with property 3.)

&

e O (A = 1 up® — ) + 2

H, n+Ny n+Ny 2

— P (“4)

3 7(07@(8)
> n’k e

Now since k > 0 and since ¢,,(€) is a polynomial of degree 2 in 7, there exists

ng > my such that n’k — %T(E) > 0 for all n > np. Therefore, with N3:=

N1+ ng, inequality (3) is satisfied for 7 = 3. This completes the proof. O
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3. The Chern character.

In this section we express the Chern classes of £?! in terms of
cz(Hilbz(S)), of the symmetric product of c¢;(£) and of the fundamental
class of the exceptional divisor of the Hilbert-Chow morphism
Hilb%(S) — Sym*(S). Since Hilb*(S) ~ S x S/S3, via pullback along the
quotient morphism 7 we get an identification H*(Hilb?(S), Q) ~
H*(S x 8, Q)% (see [G]) and we are reduced to calculate the Chern
classes of 7*£?. By the short exact sequence (2) we get

71 (L) = oy + a2 — [D] and

1
mea(LP) = ea(L1 ® L2) — ea(Lp) — er(Ley(Lp) = ooz — é(aq + ap)[D],

where as above a; = 77c;(£) and where we used the Grothendieck-Rie-
mann-Roch theorem to calculate co(Lp).

Using the tangent bundle sequence for the ramified covering
n: 8 x S — Hilb*(S)

0—=7T ~ — 7 Ty — Op@D) — 0
we get

7 ey (HibA(S)) = ¢1(S x S) + ¢1(Op(2D))
(13) - _
7 ea(Hilb%(S)) = c2(S x 8) + c2(Op(2D)) + ¢1(S x S)er(Op(2D)).

Now the formulae for Chern classes of blow-ups (cf. [Fu, Ex. 15.4.3]) yield
1S x S) = o*ei(S x S) — [D]

(14) ¢S x 8) = 0" (ca(S x ) — (p).7per(4) — [DF

=cg*ea(S x S) — %a*cl(S x S)[D] — [DP.

By the Grothendieck-Riemann-Roch formula
c1(Op2D)) = [D]
(15)
c2(0p2D)) = — [DF.
Combining (13), (14) and (15) we obtain

7" er(Hilb*(S)) = a¥ce1(S x S)
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and
7" eo(Hilb%(S)) = o*ca(S x S) — %a*cl(S x S)[D] — [DY — [DP?

+ 1S x S)[D] — [DF
= g*ca(S x S) + %a*cl(S x S)[D] — 3[DJ?

= —og"cha(S x S) + %a*c%(s x S)

+ %n*cl(Hilb2 (S)LD] - 3[DF

_ / cha(S) - (A1 + 0" [A14)
S

o (cl(Hile(S))é 2+ A(Hilb*(S)) _3 52) .

Here, [A]" vefers to the (2,7)-th Kiinneth factor of fundamental class of the

diagonal A C S x S and ¢ € H‘Z(Hile(S), Q) is the class with 7*6 = [D]. If

J ¢ha(S) # 0, this implies that
5

2 2 2
apog = 5 (g + a2)* — of — 03)

[ = D] =

5 (1 + 00 — gler(L),ex(0) - 0" (A1 + [49)

(o + ) L 9@ (L), e(L)
o 2 ZIChz(S)
S

H(HiIb*(9)) + e1(Hilb*(8))d s 52}.

{cz(Hile(S)) - 5

As above, ¢ denotes the intersection product on H2(S, Q).
Let ¢ : H2(S, Q) — H2(Hilb?(S), Q) be the homomorphism which is
determined by

7 o(B) = T +7p for all e HAS, Q).
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Summarizing the above discussion we have achieved an expression of
the Chern classes of £ in terms of ¢;(Hilb*(S)) and cy(Hilb*(S)), of
p(c1(£)) and of o:

PROPOSITION. 1) Assume that f chy(S) # 0. Then the Chern classes of
L2 are s

e (L) = p(e1(£)) — 6 and
p(c1(£)) — p(ei(£))d

o (L) = 5
qlei (L), e1(L)) s c}(Hilb*(S)) +e (Hilb*(9)d .
W{CQ(Hﬂb 9) — 5 +30 }
S

ii) For N >0, the bundle L'*' satisfies the strict Bogomolov-Liibke
nequality, that is
ALPYHE, = (4ea(L) — (L) HE, > 0.

In particular, £ is not projectively flat.

Proor. It remains to show ii). Using the above calculations we find
T ALPY) = 20105 — o2 — o2 — [DF = ALy & L2) — [DF.
Now, £1 & Lo is 1y -polystable, thus
N

ALy ® L2)HZ, > 0.
On the other hand,

—[DPH?, = — / H3%¢& = 4N?q(H,H) + O(N) > 0 for N > 0.
D
Thus B
ALPHHE, = m* ALPHHE, > 0
for N > 0. O
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