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Screen Transversal Lightlike Submanifolds of Indefinite
Cosymplectic Manifolds

RAM SHANKAR GUPTA (¥) - A. SHARFUDDIN (%)

ABSTRACT - In this paper, we introduce screen transversal lightlike submanifolds of
indefinite Cosymplectic manifolds. Then, we study the geometry of this new
class and its subspaces with example.

Introduction.

In the theory of submanifolds of semi-Riemannian manifolds it is in-
teresting to study the geometry of lightlike submanifolds due to the fact
that the intersection of normal vector bundle and the tangent bundle is
non-trivial making it more interesting and remarkably different from the
study of non-degenerate submanifolds.The geometry of lightlike sub-
manifolds of indefinite Kaehler manifolds was studied by Duggal and
Bejancu [2] and a general notion of screen transversal lightlike submani-
folds of indefinite Kaehler manifolds was introduced by Sahin [3]. How-
ever, a general notion of screen transversal lightlike submanifolds of in-
definite Cosymplectic manifolds has not been introduced as yet.

In section 1, we have collected the formulae and information which are
useful in subsequent sections. In section 2, we define screen transversal,
screen transversal anti-invariant and radical transversal lightlike sub-
manifolds. In section 3, we obtained a characterization of screen trans-
versal anti-invariant lightlike submanifolds as well as a condition for in-
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duced connection to be a metric connection and provided an example of S7-
anti-invariant lightlike submanifold of RJ. In section 4, we have studied
radical screen transversal lightlike submanifolds.

1. Preliminaries.

An odd-dimensional semi-Riemannian manifold M is said to be an in-
definite almost contact metric manifold if there exist structure tensors
{$,V,n,g}, where ¢is a (1,1) tensor field, V a vector field, # a 1-form and g
is the semi-Riemannian metric on M satisfying

@ {¢2X:—X+n<X>V, no$=0, ¢V =0, nV)=¢
GSX,9Y) = g, V) — anXOon(Y),  gX, V) = n(X)

forany X,Y € TM,where T'M denotes the Lie algebra of vector fields on M
and ¢ = +1.

An indefinite almost contact metric manifold M is called an indefinite
Cosymplectic manifold if [1, 4],

1.2) (Vxd)Y =0 and VxV =0

for any X,Y € TM, where V denote the Levi-Civita connection on M.

A submanifold M™ immersed in a semi-Riemannian manifold {MMHC7 g}

is called a lightlike submanifold if it admits a degenerate metric g induced
from g whose radical distribution Rad(TM) is of rank », where 1 < r < m.
Now, Rad(TM) = TM N TM*, where

(1.3) ™" = | J{u € T.M : glu,v) = 0,Yv € T,M}.
xeM

Let S(TM) be a screen distribution which is a semi-Rie-
mannian complementary distribution of Rad(TM) in TM, that is,
TM = Rad(TM) L S(TM).

Also, there exists a screen transversal vector bundle S(TM™), which
is a semi-Riemannian complementary vector bundle of Rad(TM) in
TM*. Since, for any local basis {&;} of Rad(TM), there exists a local
frame {N;} of sections with values in the orthogonal complement of
S(TM*) in [S(TM)]* such that 9(;,N;) = 0; and g(N;, N;) = 0, it follows
that there exists a lightlike transversal vector bundle ltr(TM) locally
spanned by {N;}(cf.[2], page 144). Let tr(TM) be the complementary
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(but not orthogonal) vector bundle to 7M in TM| u- Then

1.4) tr(TM) = ltr(TM) L S(TM*)
' TM|,; = S(TM) L [Rad(TM) & ltr(TM)] L. S(TM™).

A submanifold (M, g, S(TM), S(TM™)) of M is said to be

@) r-lightlike if r<min{m,k};
(i) Coisotropic if r=k<m, S(TM+) = {0};
(iii) Isotropic if r=m<k, S(TM) = {0};

(iv) Totally lightlike if r=m =k, S(TM) = {0} = S(TM™).

Let V, V and V! denote the linear connections on M, M and vector
bundle tr(TM), respectively. Then the Gauss and Weingarten formulae are
given by

(1.5) VxY =VxY +(X,Y), VXY eI'(TM),
(1.6) VxU = -AyX + VU, YU € I'tr(TM)),

where {VxY,AyX} and {h(X,Y), V%U} belong to I'(TM) and I"(tr(TM)),
respectively and Ay is the shape operator of M with respect to U. More-
over, according to the decomposition (1.4), R, h* are I'(Itr(TM))-valued and
I'(S(TM™*))-valued lightlike second fundamental form and screen second
fundamental form of M, respectively, then

1.7 VxY = VxY + (X, Y)+ B¥(X,Y), VX,Y € I'(TM),

(1.8) VxN = —AxX + V&(N) +D*(X,N), N e I'lir(TM)),

1.9) VxW = —AwX + V(W) + DX, W), W e I'(S(TM")),
where DY(X, W), D*(X,N) are the projections of V! on I'(itr(TM)) and
I'(S(TM™)), respectively and V!, V* are linear connections on I"(itr(TM))
and I'(S(TM™")), respectively. We call V!, V* the lightlike and screen
transversal connections on M, and Ay, Aw are shape operators on M

with respect to N and W, respectively. Using (1.5) and (1.7)-(1.9), we
obtain

(1.10) g (X, Y),W) +g(Y,D'X, W)) = g(AwX, Y),
(1.11) gW*X,N), W) = g(N, AwX).

Let P denote the projection of TM on S(TM) and let V*, V*! denote the
linear connections on S(TM) and Rad(TM), respectively. Then from the
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decomposition of tangent bundle of lightlike submanifold, we have

(1.12) VxPY = ViPY + h*(X,PY),
(1.13) Vxé = —AX + V¥¢,

for X, Y € I'(TM) and ¢ € I'(RadTM), where h*, A* are the second fun-
damental form and shape operator of distributions S(T'M) and Rad(TM),
respectively.

From (1.12) and (1.13), we get

(1.14) gi'(X,PY), &) = g(AIX, PY),
(1.15) g(h*(X,PY),N) = g(ANX, PY),
(1.16) (X, 8,9)=0, A=0.

In general, the induced connection V on M is not a metric connection.
Since V is a metrie connection, from (1.7), we obtain

(1.17) (Vx)(Y,Z) = g\ X, Y), Z) + gh' (X, Z),Y).

However, it is important to note that V*, V* are metric connections on
S(TM) and Rad(TM), respectively.

2. Screen transversal lightlike submanifolds.

In this section, we introduce screen transversal (ST), radical screen
transversal and screen transversal anti-invariant lightlike submanifolds of
indefinite Cosymplectic manifolds.

LeEmMA 2.1.  Let M be an r-lightlike submanifold of an indefinite Co-
symplectic manifold M. Suppose that $RadTM is a vector subbundle of
S(TM™*). Then, $ltrTM s also vector subbundle of the screen transversal
bundle S(TM*). Moreover, $ltrTM N ¢RadTM = {0}.

Proor. Let us assume that l{rT'M is invariant with respect to ¢. Then
by the definition of a lightlike submanifold, there exist vector fields
&€ I'(RadTM) and N ¢ I'(itr(TM)) such that g(&, N) = 1. Also from (1.1),
we get

g(@<,¢N) = g(&,N) — en(N)n(©) = g(¢,N) = 1.

However, if ¢N € I'(ltr(T'M)) then by the hypothesis we get g(¢&, ¢N) = 0.
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Hence, we obtain a contradiction which implies that $N does not belong to
itr(TM).
Now, suppose that ¢N € I'(S(TM)). Then, in a similar way, we have

9@, ¢N) = g(&,N) — en(N)n(Q) =g({,N) =1

which is again a contradiction. Thus ¢N does not belong to S(TM).
We can also obtain that ¢N does not belong to RadTM. Then, from the
decomposition of a lightlike submanifold, we conclude that ¢N € S(TM™).
Now, suppose that there exists a vector field X € I'(¢pltrTM NpRadTM).
Then, we have g(X,¢N) = 0, since X € I'(¢ltrTM). However, for an »-
lightlike submanifold there exists some vector fields ¢X € I'(RadTM) for
X € I'¢(RadTM) such that g(¢X, N) # 0. Since ¢ is skew symmetric, we get

which is a contradiction. Thus, proof is complete.

DEFINITION 2.1. Let M be an r-lightlike submanifold of an indefinite
Cosymplectic manifold M. Then M is called screen transversal lightlike
(ST-lightlike) submanifold of M if there exist a screen transversal vector
bundle S(TM*) such that $RadTM C S(TM™4).

DEFINITION 2.2. Let M be ST-lightlike submanifold of an indefinite
Cosymplectic manifold M. Then

(a) M is a radical ST-lightlike submanifold of M if S(TM) is invariant
with respect to .

(b) M is a ST-anti-invariant lightlike submanifold of M if S(TM) is
screen transversal with respect to ¢ i.e. $S(TM) C S(TM™).

From Lemma 2.1 and Definition 2.1, it follows that ¢ltrTM C S(TM™).
Also it is obvious that there are no co-isotropic and totally lightlike ST-
lightlike submanifolds of indefinite Cosymplectic manifolds. It is important
to point out that ¢RadTM and ¢ltrTM are not orthogonal otherwise
S(TM*) would be degenerate.

For ST-anti-invariant lightlike submanifold M of an indefinite Co-
symplectic manifold M with structure vector field tangent to M, we have

2.1 S(TM*) = $RadTM) ® ¢(ltrTM) L (D) L Dy

where S(TM) = D’ L {V} and D, is complementary distribution orthogo-
nal to g(RadTM) & ¢(ltrTM) L (D') in S(TM™).
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PRrROPOSITION 2.1.  Let M be ST-lightlike submanifold of an indefinite
Cosymplectic manifold M. Then the distribution Dy is invariant with
respect to ¢.

Proor. For X € I'(Dy), & € I'(RadTM), N € I'(ltrTM), we have
9(¢X,0) = -gX,¢0) =0 and g@X,N)=—-g(X,¢N)=0

which implies that ¢(Dg) N RadTM = {0} and (Do) N litr(TM) = {0}.
From (1.1), we get

9@X,¢8) = g(X, &) — en(X)n(é) = g(X,&) =0
and
9@X,¢N) = gX,N) — en(X)n(N) = g(X,N) =0

which shows that ¢(Dy) N ¢(RadTM) = {0} and ¢(Dy) N ¢(Utr(TM)) = {0}.
Moreover, since ¢(S(TM)) and D, are orthogonal, we obtain

9(¢X,2) = —g(X,¢Z) =0

and
9(¢X,¢2) = g X, Z) — enXm(Z) = g(X,Z) = 0

for Z € I'(S(TM)), ¢Z € I'(¢(S(TM))), which shows that
D) NS(TM) = {0} and (Do) NGS(TM)) = {0}.
Thus, we find that
éDo) NTM = {0}, ¢(Dy) N Utr(TM) = {0}
and
(Do) N{HS(TM)) L ¢(ltr(TM)) © $(RadTM)} = {0}

which shows that D, is invariant.

3. ST-anti-invariant lightlike submanifolds.

Takahasi [5] shows that it suffices to consider those indefinite almost
contact manifolds with spacelike structure vector field V. Therefore from
now on, we restrict ourselves to the case of being V spacelike unit vector.

A plane section I7 in T, M of a Cosymplectic manifold M is called a ¢-
section if it is spanned by a unit vector X orthogonal to V and ¢X, where X
is a non-null vector field on M. The sectional curvature K(IT) with respect
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to 17 determined by X is called a ¢-sectional curvature. If M has a ¢-sec-
tional curvature ¢ which does not depend on the ¢-section at each point,
then c is constant in M. Then, M is called an indefinite Cosymplectic space
form and is denoted by M(c). The curvature tensor of R of M(c) for
spacelike vector field V is given by [1, 4]

RX, V)% = LG 20X ~ GX, DY + nOnZ)Y — ¥ X
@.1) FGX, DXV — G, 2KV +G@Y, 206X + §(¢Z, X)gY
—29(pX, Y)¢Z)}

for any X, Y, Z vector fields on M.
The (R2"*', ¢y, V,#,g) will denote the manifold RZ"*! with its usual
Cosymplectic structure given by

n=dz, V =0z,
q/2 . . . . m ) ) ) )
g=nn—> (dr*de'+dy' @dy") + > (dx'®dx'+ dy* ® dy'),
i=1 i=q+1

m R . m . .
o ( S (X006 + Y;0y)) + Z6z> =Y (Y;0%" — X;0y")
i=1 i=1

where (2!, 9, z) are the Cartesian coordinates.
we have

ExAMPLE 3.1. Let M = (R}, 7) be a semi-Euclidean space, where g is
of signature (—,+,+, +, —, +, +, +, +) with respect to the canonical basis

{axla ax27 89(;3, 8904, ayla 8?/2, (9?/3, ay47 az}
Consider a submanifold M of RS, defined by

21 = sinujcoshug, x2 = cosujcoshug,

X3 = sinusinhug, x4 = cosuisinh ug,

5 =u1, xg=0, X7 =cosug, &g =sinug
z=1.

Then a local frame of T'M is given by

Z1=cos u1coshugs0x; — sinujcosh ugdxs + cos uysinh ugdis
— sinuysinh u0x4 + s,
Zo = sin uysinh up0x;1 + cos uy sinh ue 022 + sin 4 cosh ug 03 + cos uj cosh ugdxy,

Z3= —sinugdxy + cos uz0xg, Za=V =0z
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Thus, M is a 1-lightlike submanifold with RadTM = span{Z;}, and
screen distribution S(TM) = {Z3,Z4}. It is easy to see that S(T'M) is not
invariant with respect to ¢. Since {¢Zs, $Z3} is non-degenerate it follows
that ¢(S(TM)) C S(TM™).

The lightlike transversal bundle ltr(TM) is spanned by

1 . .
N = E( — COS U1COS U201 + sinuqcosh usdxe — cos uqsinh us O3
+ sinuysinh ug 04 + Ox5)

and the screen transversal bundle is
S(TML) = SpCWL{Wl = ¢N, Wy = ¢Z1, W3 = ¢Z3, Wy = ¢Z2}

where

1 . . .
Wi = E( — sinujcosh usdx; — cos uqcosh usOxs — sin uqsinh usOx3
— cos uisinh ue Oy + Oxg),

Wy = sinuqcosh usdx; + cos uqcosh usdxs + sin uqsinh us Oy
+ cos usinh ug 0y + O,
W3 = — cosugdxy — sinugoxs,

Wy = — cosuisinh ue0x1 + sinu;sinh us0xs — cos uicosh ug s
+ sin uicosh us0x4.

Then it is easy to see that M is a ST-anti-invariant lightlike submanifold.
Now, we give a characterization for ST-anti-invariant lightlike sub-
manifolds of indefinite Cosymplectic space forms.

THEOREM 3.1. Let M be a lightlike submanifold of an indefinite Co-
symplectic space form M(c). Suppose that ¢ # 0 and $(RadTM) c S(TM™).
Then M is ST-anti-invariant lightlike submanifold if and only if

(3.2) JRX,Y)E,¢N) =0
for X, Y € I(S(TM)), ¢ € I'(RadTM) and N € I'(ltr(TM)).

ProoF. Since ¢(RadTM) C S(TM*), from Lemma 2.1, we have
$(ltr(TM)) C S(TM+). From (1.1), we have

for X € I'(S(TM)) and N € I'(ltr(TM)). Hence ¢(S(TM)) N RadTM = {0}.
Moreover, we find that
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for X € I'(S(TM)) and N € I'(ltr(TM)). Hence, we get
#S(TM) N RadTM = {0} and @S(TM)) N ¢ltr(TM)) = {0}.

Similarly, we can obtain that ¢(S(TM)) N itr(TM) = {0}.
On the other hand, since ¢¢ € I'(S(TM™)), from (3.1), we get

JR(X,Y)E, ¢N) = g gX, ¢Y)g(E,N).

Since ¢ # 0 and g(&,N) £ 0, for & € I'(RadTM), N € I'(ltr(TM)). Thus,
JR(X,Y)E, ¢N) = 0if and only if ¢(S(TM)) L S(TM).

Therfore, (S(TM)) C S(TM~) as S(TM)) N ltr(TM) = {0}. Thus, the
proof is complete.

If Fi, Fe, F3 and Fy be the projection morphisms on ¢(RadTM),
A S(TM)), (ltr(TM)) and Dy respectively. Then, in view of (2.1), for
W e I'(S(TM*1)), we have

(3.3) W =FW+F.W+ FsW + F,W.
On the other hand, for W € I'(S(TM™)) we write
3.4) oW = BW + CW

where BW and CW are tangential and transversal parts of $W. Then ap-
plying ¢ to (3.2), we get

(3.5) oW = ¢F1W + ¢FoW + ¢FsW + ¢FyW.
Separating tangential and transversal parts in (3.4), we find
(3.6) BW = ¢F\W + ¢F2W, CV = ¢FsW + ¢F,W.

We put ¢F1 = By, ¢F2 = Bs, pF5 = C; and ¢F4 = Cy, we can write (3.4) as
follows:

3.7 ng :31W+B2W+01W+CQW,

where BV € I'(RadTM), BV € I'(S(TM)), CiV € I'ltr’M)  and
CgV S F(Do).

THEOREM 3.2. Let M be a ST-anti-invariant lightlike submanifold of
an indefinite Cosymplectic manifold M. Then the induced connection is a
metric connection if and only if Vi @& has no components in ¢(S(TM)) for
X e I'(TM) and ¢ € I'(RadTM).
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Proor. From (1.2), we have
Vx¢e = (Vx@)é + ¢(Vxd)
= Vx¢é = $(Vx&)
= Vx¢ = —¢Vx¢e

for X € I'(TM) and ¢ € I'(RadTM).
Using (1.7), (1.9) and (3.7), we get
Vxé+ X, 0+ h (X, &) = ¢AgX — BiVi¢é — BoVigé
— C1V39¢ — CoVié — ¢D' (X, $0).

Taking the tangential parts of above equation, we get
Vxé = —B1Vy¢E — BaVi¢E.

Thus assertion follows from (cf. [2], Theorem 2.4, p. 161).

4. Radical ST lightlike submanifolds.

THEOREM 4.1. Let M be a radical ST-lightlike submanifold of an in-
definite Cosymplectic manifold M. Then

(a) screen distribution S(TM) is integrable if and only if
4.1) g’ (X, ¢Y),¢N) = g’ (¢Y, X),¢N)

for X, Y € I'(S(TM)) and N € I'(ltr(TM)).
(b) radical distribution is integrable if and only if

gh* (&1, ¢X), ¢&) = g’ (&s, X)), $1)
for X € I(S(TM)) and &, &, € T'(RadTM).
ProoF. (a) From (1.1) and (1.2), we have g([X,Y],N) = g(Vx¢Y, ¢N)
—g(Vy¢X,¢N)for X, Y € I'(S(TM)) and N € I'(itr(TM)). Then, using (1.5)

and (1.7), we get (4.1).
(b) From (1.1), (1.2), (1.13) and (1.16), we have

9(&1, &), X) = g(Ve, ¢, ¢X) — g(Ve, $E1, ¢X).
Then, using (1.5), we get g([&y, &l X) = —9(Ag, &, X)) + g(Age, &2, $X).
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Thus, from (1.10), we obtain
91, &1, 8X) = g(h* (&, ¢X), §&2) — gl (&, 9X), $E1)

which proves the assertion.

THEOREM 4.2. Let M be a wﬂical ST-lightlike submanifold of an in-
definite Cosymplectic manifold M. Then

(@) S(TM) defines a totally geodesic foliation on M if and only if
g (X, ¢Y)) has no components in (RadTM) for X,Y € I'(S(TM)).

(b) RadTM defines a totally geodesic foliation on M if and only if
(&, ¢X) has no components in ¢tr(TM)) for & € I'(RadTM) and
X € I'(S(TM)).

Proor. (a) Using (1.1), (1.2), (1.5), (1.7) and (1.10), we obtain
g(VxY,N) =gl’X,¢Y),¢N)

which proves the assertion.
Similarly, we have (b).
Now, we have:

THEOREM 4.3. Let M be a radical ST-lightlike submanifold of an in-
definite Cosymplectic manifold M. Then, the induced connection is a
metric connection if and only if h*(X, ¢Y) has no components in ¢(ltr(TM))
for X,Y € I'(S(TM)).

PrOOF. From (1.2), we have Vx¢ = —¢Vx¢é for X € I'(TM) and
¢ € I'(RadTM). Hence, using (1.7) and (1.9), we get
Vxé+ WX, O + WX, ) = Ay X — §ViE — ¢D'(X, §0).
Taking inner product in above with Y € I'(S(TM)), we obtain
9(Vxl,Y) = —g(Az:X, ¢Y).
Hence, using (1.10), we get
9(Vx&,Y) = g’ (X, ¢Y), ¢0).

Thus, the proof is complete.
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