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An Integral Formula Related to Inner Isoptics

H. MARTINI (¥) - W. M0ozGAWA (¥*)

ABSTRACT - An isoptic C, of a strictly convex C?-curve in the plane is the locus of all
points from which C is seen under the same fixed angle. The two supporting lines
of C through such a point determine a secant of C, and the envelope of all these
secants is the inner isoptic of C and C,. We describe an integral formula for inner
isoptics in terms of quantities that naturally occur in this geometric configuration.

Let C be an oval, i.e., a simple closed C2-curve in the plane with positive
curvature. We take a coordinate system with the origin O in the interior of
C. Let p(t),t € R, be the distance from O to the supporting line I(f) of C
perpendicular to the vector ¢ = cost + isint. It is well-known that p(¢)
is of class C? and that the parametrization of C is then given by
2(t) = p(t)e' + p'(t)ie, where ie" = —sint + icost. Note that p(t), called
the support function of C, is a periodic function on R with the period 2z.
We introduce the notations

q@) :==2@) — 2@ + o),
b(®) := [q(t),e"],
B(@) == [q(t), €],

where [, -] means determinant. Let C, be the locus of apices of a fixed
angle 7 — o, where « € (0, ), formed by two supporting lines of C. Then C,
is called a-isoptic of C; see Fig. 1. In this paper we want to describe geo-
metric properties of so called inner isoptics which are derived from isoptics
of the given curve C. To avoid possible confusion, we note that the notion of
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isoptic is sometimes also used with different meanings, e.g. in classical
illumination geometry (see [6]) or in the theory of the light field (cf. [2]), for
example with respect to so called isophotic families of area elements.

Regarding notations our paper is based on [4], where also the notion of
inner isoptic was introduced; see also [5]. In particular, we use the symbols
| - |and (-, -) to denote the Euclidean norm and the Euclidean dot product of
the arguments, respectively.

We assume that the oval C is parametrized as above, that the origin
coincides with the Steiner point of C, and that the coordinate system is
placed in such a way that the tangent line at z(0) is perpendicular to the x-
axis. Thus, in particular we have that z(0) = (a,0) for some a > 0 and
p'(0) = 0. Then the distance from O to the line d(¢) determined by the
points z(t) and z(t + «), o € (0, %), is given by

[2(2), ¢(®)]

P(t) = — =200
® lq@)]

Fig. 1. Deriving an inner isoptic from C,.

Then we can determine the envelope of the lines d(t) (see Fig. 1), ob-
taining
150

2o () = 2iso() = POE™ + PpyimiE™ |

where

E" = {— , H=J(=®),
zO1-1a1” = -lqS D = g @
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with J denoting the positive rotation about g,

it {_ 0.9 0.9 }t _ 9
' O ORI

and

[2,q1- |gf* + (q,2) - [q,q']
1 Pyin(t) = — 1.
(1) prim(®) | - [q,q'] ©

Note that the function P for the inner isoptic 2%, is a counterpart of a
support function of an oval. Therefore the term P,y is used to have also a
similar formula for its parametrization. Moreover, it is in fact a derivative of
P with respect to a some naturally arising parameter as explained in for-
mula (3.10) in [4]. We call this envelope the inner isoptic associated to C,

and C; see also Fig. 2.

Fig. 2. An inner isoptic as envelope of the vectors g.

Dropping the point ¢, we get

lq.4q']
g

s .. .. ! .. ..
2y = ‘921;0 — PE" 4 PiE" [T(’];] + PprimiE'" — Py

LEmMA 1. With the above notations we have

o
[q,q,] - prim -
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[ ) /] Al
ngo = <P Tq\% primt ?,Elt.

P

|K|, but for small values of « (cf. [4]) the number K is positive.

Hence we get

We define
+ Pp1'1m|t =K.

Thus ||z

1so|| -

LEmMA 2.  The curvature of zis, 1s given by

1 Ig,q1
Kl gl

Kiso =

Proor. From the above considerations we have

2, = KiE™.
Then we obtain

+1q,q']
it t )
= K'iE" — KE" =2~

1@0

lq|
and next o
Kien = ;SO7 1so] [iEltvElt]'[qaq/]_ [qu/]
1S0 — =
|%ico K] - |qI” K| - |qf*
since [E,iE™] = [J(i> ,i} - <1 ,l>: 1. 0
gl / "lal lq| "1q|

Let us write

oy = sup{oz > O:zfs0 is convex for every f € (0, oc)} ,
and let the angle oy be called the limit angle for inner isoptics.

ExAMPLES:

a) Since one can show that |/ | = 0 iff the curvature of the corre-

2
sponding usual a-isoptic vanishes, in case of an elhpse v + ?2—2 =1 we get
bz

D2 _ a2’
and for 1< < <V/2 all inner isoptics are convex with K > 0 everywhere.

b
Note that usual isoptics are convex under the same condition.

180

COS 0y =
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b) This is no longer true for curves with p(tf) = a + bcos 3, where
a > 8b. And inner isoptics can also have cusps (i.e., points with K = 0)
when their generating isoptics are still convex.
Recall that
Ziso = PEZt + PprimiEmf

q q
= PI( L)+ Ppim| - =
<q|>+ P ( |q|)
B {ivz};(i%([Z”‘ﬂ"q'ﬁq’”)i
lq| lq| lg.¢'] lal ) |q|

_Ja g\ q .41 |q <q,z>>g
z<|q|’|q|> q|<z"’>+( 0.a1 la )T

[z',q]
Z+ ,
lg.q417
where we used the formula
(2) v{w,w) —w(v,w) = [w,v]J(w).
Note that ,
. _z:[z,q].q
1S0 [q7 q/] .
/ /
Thus 225 = — L= ,q/] - q. Moreover, we have L= ,q/] <0.
[q,q'] [q,q']
. . [2',q] [q,2'(t 4 o)]
Thus, if zis, is convex, then t; = — -|lgland tp = —————"
» 1= g 1end e g.g1

(see Fig. 3 for the quantities ¢, t2).

1

e

AR

\
\ Ziso =
TNl il

Fig. 3. Geometric illustration of the numbers ¢; and t,.
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For a given oval C the interval (0, o) yields only inner isoptics that are
convex. Having this, the inner isoptics fill an “annulus” (see Fig. 4), and we
can parametrize this “annulus” CC, minus some set of measure zero (i.e.,

minus a graph of the curve a+— 27 (0)) by means of 2§, (t).

Fig. 4. Several inner isoptics and the whole annulus CC,,.

Let
F(t,o) =2,(0), oc0,m), tc(,2n),

180

and calculate the Jacobian matrix

oF) {aziso aZiso]

ot, o) | Ot Ou
We have
Oziso _ i
ot gl

Let us calculate

O2io  OP <q> (q> OP prim (—q) <—q>
== J(Z)+P.Jg[ (L) |+ A=) + P [ —)
dx  ox " \|q] lal) 9« \lq| P\ lal/

To this aim we have by (2)

(g) _ 94$9 9 — €499 _ 19,94 (i)
a1/ g’ g \lal)’

but q(t) = z2(t) — 2(t + o), and so

Qo = 72’/(t + o).
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Hence
(L) =ty (o) Xty
a1/ gl g P
and
B :(—i> :+wEit’
(2 )\c{ |q| " |q|2
yielding
(Eit) =J (i) :Mi:_wiEﬁ
: 91/ q* gl Iq? '

Also we have

or _ |, (q> _ g, 2/t + o] <2q>
D "\lal/\, lql? gl /’

where we used the formula
(w,v) = [w, JW)].

Hence

0ziso  ORiso
ot Ou

a0 (.
q

L)
= K——5— ST +P. rim | 5
i \qal /T

but by formula (1) we get
aziso aziso [q, Zl(t + 0‘)] [2’, q]
’ K ) .
[ ot " O } lq)? lg,¢'] ll
! / !
_ [q’z(H“)],[z’q]:E-[q’g]-tl-t2>0.
lqllg,q'] lal g

Moreover, we have

oF) 1 [g,7¢+ o)z, q]

A, ) Kiso gl ’

where g, is the curvature of 2§, (?).
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Since
2t + o) = Rt +0)ie ™ | 2(t) = R(t)ie"
then
OF) _ R@)-R(t+0) [g,ie"(cos o+ isina)llie”, q]
ot, o) Kiso i

R-Ro (—p)-J-sina
. ; 7

Kiso | q |

where R = R(t) is the curvature radius of C at z(t),R, = R(t + o) is
the curvature radius of C at z(t + «), A is the length of the segment
2,(t)z(t) on the tangent line of C at z(f) (forming an angle n — « with
the tangent line at z(f + o) and apex z,(f)), and —u is then the length
of the second tangential segment z,(¢)z(t + o) bounding this angle; see
Fig. 5.

C

Fig. 5. Notations for 1 and u.

Recall the sine theorem for isoptics, namely

lgf 2 —u

sino  sineg;  sinog

see [1] and Fig. 6.
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A\

Y,
!

Fig. 6. Notations used for the sine theorem.

Hence, we have

oF R-R, (-7 sino sino
o, o) Kiso - |(I| s |Q| |q|
R-R, . .
= -sinog - sinog
Kiso - |q]
1

= H-R~R“-Riso-sinoq-sinoc2.
q

[0
K2
2 [0.5] 5] K t ay K

3
x,y)
Co

(
C

Flg 7. Notations for oy,09,K1,K9,K3.

47
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Note that for a given point («,¥) inside the curve C it would be inter-
esting to know the angle o generating an inner isoptic containing this point.
We will consider this problem in a forthcoming paper, but we know already
the following: in case of an ellipse one has to consider all chords passing
trough this point, looking for « giving the maximum of the angle 7 — «
between the tangents at the endpoints of the corresponding chord. We
conjecture that this is true for all ovals.

Our derivations above yield the following theorem.

THEOREM. We have

// VRIS ) - dwdy = 27 g,

sin oy - sinag
CCy

where k; are curvatures at suitable points, the o; present the adequate
angles, and t; are determined as shown in Fig. 7.

Proor. Using the formula (3), we have

K1 K2 K3
——————dxdy
Sin o - S1n o2

CCyy
2n oo . .

_ / / K(t) - Kt + Driso Ot + t2) sin oy - sin oy dodt

o sin oy - sinoy K(t) - 1kt + ) - Ko@) - |q]
0 0
2n oo

:/ /dozdt = 270 ,
0 0

since |q| = t1 + to. O
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