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Tropical Open Hurwitz Numbers

BENOIT BERTRAND (*) - ERWAN BRUGALLE (¥*) - GRIGORY MIKHALKIN (¥**)

ABSTRACT - We give a tropical interpretation of Hurwitz numbers extending the one
discovered in [CJM]. In addition we treat a generalization of Hurwitz numbers
for surfaces with boundary which we call open Hurwitz numbers.

Hurwitz numbers are defined as the (weighted) number of ramified
coverings of a compact closed oriented surface S of a given genus having a
given set of critical values with given ramification profiles. These numbers
have a long history, and have connections to many areas of mathematics,
among which we can mention algebraic geometry, topology, combinatorics,
and representation theory (see [LLZ04] for example).

Here we define a slight generalization of these numbers that we call open
Hurwitz numbers. To do so, we fix not only points on S and ramification
profiles, but also a collection of disjoint circles on S and the behavior of the
coverings above each of these circles. Note that the total space of the ramified
coverings we consider now is allowed to have boundary components.

We also define tropical open Hurwitz numbers, and establish a corre-
spondence with their complex counterpart. This can simply be seen as a
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translation in the tropical language of the computation of open Hurwitz
numbers by cutting S along a collection of circles. A decomposition of S into
pairs of pants reduces the problem to the enumeration of ramified cover-
ings of the sphere S? with 3 critical values. In the particular case where all
ramification points are simple, except maybe two of them, we recover the
tropical computation of double Hurwitz numbers in [CJM].

This note is motivated by the forthcoming paper [BBM] where the com-
putation of genus 0 characteristic numbers of CP? is reduced to enumeration
of floor diagrams and computation of genus 0 open Hurwitz numbers.

We would like to thank Arne Buchholz and Hannah Markwig who
pointed out an inaccuracy in the first version of the discussion at the end of
the paper.

1. Open Hurwitz numbers

The data we need to define open Hurwitz numbers are

e S an oriented connected closed compact surface;

e L a finite collection of disjoint smoothly embedded circles in S; we
denote by S the surface S \ (UrecL);

e P be a finite collection of points in S;

e a number 6(S’) € Z~( associated to each connected component S’ of
S; to each circle L € £ which is in the closure of the connected components
S" and S” of S (note that we may have S’ = S”), we associate the number

W(L) = 168" — 5(S");

e apartition x(p) of J(S") associated to each point p € P, where S’ is the
connected component of S containing p;

e a partition u(L) of y(L) associated to each circle L € L.

In this note we identify two continuous maps f : S; — Sandf’: S| — S
if there exists a homeomorphism @ : S; — S such that f' o @ = f.

Now let us denote by S the set of all (equivalence class of) ramified
coverings f : S; — S where

e S is a connected compact oriented surface with boundary;

o f(0S1) C UrecL;

e f is unramified over S\ P;

e fir1(s) has degree 6(S') for each connected component S’ of S

e for each point p € P, if u(p) = (41,..., /), then f~1(p) contains ex-
actly k points, denoted by q1, ..., q, and f has ramification index 4; at q;;
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e for each circle L € £, if u(L) = (41, ..., /), then f~1(L) contains ex-
actly k boundary components of S1, denoted by c1, ..., ¢, and fi., : ¢; — Lis
an unramified covering of degree ;.

Note that the Riemann-Hurwitz formula gives us

7(S1) = Z SSH(x(S) = IPNS'|) + > Upulp))

peP

where [(u(p)) is the length of the partition u(p) (i.e. its cardinality as a multi-
set of natural numbers).

DEFINITION 1.1.  The open Hurwitz number Hg(ﬁ, P, ) 1s defined as

HY(L, P,
MEP =D T P
where Aut(f) is the set of automorphisms of f.
S?
L a———

a) b)
Fig. 1

ExampLE 1.2. Let S be the sphere, L be a circle in S, and p1, p2, and p3
three points distributed in S as depicted in figure 1a. Let us also denote by
S’ and S” the two connected components of S \ L according to figure 1a. We
define u(py) = u(p2) = u(ps) = (2). The table below lists some values of
HY(L, P, ) easily computable by hand. Figure 1b depicts the only map to
be taken into account in the second row of the table.

5S) | 6) | 88" L (L) P HY(L, P, )
2 0 {p2,p3} 3
1 2 {L} 1 {p2, p3} 1
1 2 {L} (1) {p1,p3} 0
0 e |y | @y | {pops) 3
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ExampLE 1.3. If u(p) =(1,...,1), then it is clear that Hg(ﬂ,P, W=
HY(L, P, 1) where P' = P\ {p}.

ExampLE 1.4. Suppose that L € £ bounds a disk D which contains no
point of P, and that u(L) = (J4, ..., A4;) with 4; # 1. Choose a point p € D,
define £'=L\{L}, P =PuU{p}, and extend u at the point p by
up)=QaQ,...,1,4,...,4) where the number of 1 we add is equal to
o(D). Then H g(ﬁ, P, = Hg (L', P, ). Here ¢ is obtained from J by
increasing it by (L) over D.

We have to assume that 1; # 1 for all ¢in {1,...,k} to get this identity.
Otherwise, new automorphisms of coverings might appear (e.g. the first
two rows of example 1.2).

Note that the open Hurwitz number HY(L, P, ) is a topological in-
variant that depends only on the topological type of the triple (S, S, P), and
the functions ¢ and u.

In the special case where L is empty, we recover the usual Hurwitz
numbers. In particular ¢ is just a positive integer number, the degree of
the maps we are counting and that we denote by d. We simply denote
Hurwitz numbers by H4(P, w).

The problem of computing Hflg(P, 1) is equivalent to counting the
number of some group morphisms from the fundamental group of a
punctured surface to the symmetric group ;. Hence, Hurwitz numbers
are theoretically computed by Frobenius’s Formula (see for example
[LZ04, Appendix, Theorems A.1.9 and A.1.10]).

EXAMPLE 1.5. If P = {p;1,p2} is a set of two points on the sphere S?
with u(p1) = u(pz) = (d), then

1
ExXaMpPLE 1.6. If P = {p1,p2,p3} is a set of three points on the sphere
S% with s(p1) = (41, A2), u(p2) = (d), and pu(ps) = (2,1,...,1), then

1

HL(P) =
Pl = o))

To end this section, let us mention the following nice closed formula due
to Hurwitz.
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ProrosiTION 1.7 Hurwitz). If u(p) = (2,1,...,1) for all p in P except
for one point py for which we have 1(py) = (A4, ..., ), then

d"=3(d + k — 2)! lﬁ[ /lL

d _
HpPoa0= [Aut(u(po))| -7 4!

2. Tropical open Hurwitz numbers
2.1 - Tropical curves with boundary

Given a finite graph C (i.e. C has a finite number of edges and vertices)
we denote by Vert(C) the set of its vertices, by Vert’(C) the set of its
vertices which are not 1-valent, and by Edge(C) the set of its edges.

DEFINITION 2.1. An irreducible tropical curve C with boundary is a
connected finite graph with Edge(C) # 0 such that

o C\ Vert™(C) is a complete metric graph for some set of 1-valent
vertices Vert™(C) of C;

o the vertices of Vert’(C) have non-negative integer weights, i.e. C is
equipped with a map

Vert’(C) — 7o

v — gv
o any 2-valent vertex v of C satisfies g, > 1.

Ifvis an element of Vert’(C), the integer g, is called the genus of v. The
genus of C is defined as

9O =)+ > g

veVert’(0)

where b1 (C) denotes the first Betti number of C. When g(C) = b1(C), we say
that the curve C is explicit.

A boundary component of C is a 1-valent vevtex which not in Vert™(C).
An element of Vert™ is called a leaf of C, and its adjacent edge is called an
end of C.

By definition, the leaves of C are at infinite distance from all the other
points of C. A tropical curve without any boundary component is said to be
closed. Our definition of tropical curves with boundary extends the defi-
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nition of tropical curves with stops introduced by Nishinou in [Nis]. We
denote by dC the set of the boundary components of C, and by Edge’(C)
the set of its edges which are not adjacent to a 1-valent vertex.

Since 01(R) = GL1(7), the data of the metric on C is equivalent to the
data of a Z-affine structure on each edge of C, i.e. the data of a lattice
M, ~ Z in each tangent line of such an edge at the point p. In order to
avoid unnecessary formal complications, we treat points on edges of a
tropical curve as 2-valent vertices of genus 0 in the next definition.

DEFINITION 2.2. A continuous map h : C; — C is a (non-proper) trop-
ical morphism between the two tropical curves Cy and C if

° h‘l(aC) C 801;

e for any edge e of C, the set h(e) is contained either in an edge of C or
in a vertex in Vert’(C); moreover the restriction hyo is a dilatation by some
wnteger wye > 0 (i.e. dhy(Mp) = wy My for any p € e in the first case,
and wy,. is obviously 0 in the second case);

o for any vertex v in Vert’(Cy), if we denote by e1, . . . , e the edges of C
adjacent to h(v), and by 32,17 . ,e;_li the edges of C; adjacent to v such that
h(e; j) C e;, then one has the bal(mcmg condition

li U
M Vi, D Wi, = Y Wi,
I=1 I=1 ‘

This number s called the local degree of h at v, and is denoted by dj,

o for any vertex v in Vert’(Cy), ifl (resp. k) denotes the number of edges
e of C (resp. of Cy with wy ., > 0) adjacent to h(v) (vesp. tov) and k > 0 then
one has the Riemann-Hurwitz condition

2) k— dh,v(zgh(v) +1- 2) + 291} -2>0

This number is denoted by 1y, ,.
The morphism h is called proper if h~(0C) = 0C}.

Note that the definition implies that 2 1(Vert>(C)) c Vert™(C;) for
a tropical morphism % : C; — C. The Riemann-Hurwitz condition in the
previous definition comes from the classical Riemann-Hurwitz Theo-
rem: if S; is a genus ¢, oriented surface with k punctures, S is a genus
Jnw oriented surface with ! punctures, and f:S; — S is a ramified
covering of degree dj,,, then the left hand side of inequality (2) is the
sum of the ramification index of all points of S;. In particular, it is non-
negative.
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The integer wy, . is called the weight of the edge e with respect to h. When
no confusion is possible, we will speak about the weight of an edge, without
referring to the morphism %. If wy,, =0, we say that the morphism &
contracts the edge e. The morphism £ is called minimal if h~1(Vert™(C)) =
Vert™(Cy), i.e. h does not contract any end.

Two tropical morphisms % : C; — C and /' : Co — C are said to be of the
same combinatorial type if there exists a homeomorphism of graphs
¢:C1 — Cy (ie. we forget about the metric on C; and Cs) such that
h=H o¢, gw) = g(¢(v)) for any vertex v of C; and wy, = wy g for all
e € Edge(Cy).

ExampLE 2.3. We depicted in figure 2a a tropical morphism from a
rational tropical curve with five leaves and one boundary component to a
rational curve with four ends. Three edges have weight 2 with respect to A.
In the picture of a tropical morphism % : C; — C, we do not precise the
lengths of edges of C; and C since the length of edges of C and the weights
of edges of C; determine the length of edges of Cj.

b)

Fig. 2. Representation of two tropical morphisms.

The sum of all local degrees of elements in 2~1(v) is a locally constant
function on C \ K(OC)); if C’ is a connected component of C \ 2(9C}) then
this sum over a point of C’ is called the degree of h over C'.

Note that for the morphism from Figure 2a we have two connected
components of C'\ (OC1) as the boundary of C; consists of a single point
(the only 1-valent vertex whose image is inside an edge of C). The degree
over the components of C \ 2(9C}) are 1 and 2.

DEFINITION 2.4. Let h : C; — C be a tropical morphism.
A subset E of Cy such that h(E) is a point of C is called a ramification
component of h if E is a connected component of h~1(h(EK)), and contains
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either an edge in EdgeO(Cl), or a vertex v € VertO(Cl) with 1y, > 0, or a
vertex v € Vert™(Cy) adjacent to an end e with wy,, > 1 (note that in such
case h(e) cannot be a point as otherwise wy,, = 0).

If p € C is such that h=Y(p) does mot contain any ramification com-
ponent of h, we say that h 1s unramafied over p.

Letv = (1q,...,4) be an unordered l-tuple of positive integer numbers.
We say that the map h has ramification profile v over the leaf v of C if
L) = {vy, ..., v} where v; is a leaf of Cy adjacent to an end of weight A;.

As in section 1, we identify two tropical morphisms % : C; — C and
I : C{ :— C if there exist two tropical isomorphisms @ :C; — C] and
¢ : C — C such that ¢ restricts to the identity map on Q and R, and
W o @ = ¢ o h. An automorphism ¢ of a tropical morphism #: C; — Cis a
tropical isomorphism ¢ : C; — Cj such that ko ¢ = h.

2.2 — Definition of tropical open Hurwitz numbers

Similarly to section 1, we start with the following data

e C a closed explicit tropical curve with Vert’(C) # 0;

e R afinite collection of points in ¢\ Vert(C) such that any connected
component of the set C'\ R, denoted C, contains a vertex of C;

e Q Dbe a finite collection of points in Vert™(C);
L ea number J(C’) € 7 associated to each connected component C’ of
C; to each point ¢ € R which is in the closure of the connected components
C’ and C” of C, we associate the number y(q) = |6(C") — o(C")|;

e a partition v(g) of 6(CO" ) associated to each point ¢ € Q, where C’ is the
connected component of C containing g;

e a partition v(q) of y(q) associated to each point q¢ € R.

We denote by S' the set of all minimal tropical morphisms % : C; — C
such that

(1 is a tropical curve with boundary;

MoCi) C R;

h is unramified over C'\ Q; .
h|h71(cf) has degree o(C’) for each connected component C’ of C;

for each point ¢ € Q, the map h has ramification profile v(q) over g;
for each point ¢ € R, if v(g) = (J1,..., ), the set h~1(g) contains
exactly k& boundary components of Cy, denoted by ci,...,c, and ¢; is ad-
jacent to an edge of C; of weight /;.
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Note that the fact that % is minimal and unramified over C'\ Q implies
that h(Vert’(Cy)) c Vert’(C) and that % does not contract any edge of Cj.
In particular the set S' is finite. Moreover the length of edges of C; are
completely determined by the combinatorial type of &. In other words, the
following lemma holds.

LEMMA 2.5. Two distinct elements of S' have distinct combinatorial
types.

As usual in tropical geometry, a tropical morphism 4 : C; — C in S
should be counted with some multiplicity. Given v a vertex in Vert’(Cy)
such that h(v) is adjacent to the edges ey,...,e;, of C, we choose a con-
figuration P’ = {p},..., Py, } of ky points on the sphere S2, and we define
W (p}) as the partition of dj,, defined by & at v above the edge ¢; (cf the
balancing condition (1)).

DEFINITION 2.6. The multiplicity of h : C1 — C is defined as

1 kﬂ / / hv / !
m(h) = m H Whe H (H |Aut(u (Z%)) ng (P, 1)

ecEdge’(Cy) veVert’(Cy) \i=1

The tropical open Hurwitz number TH g(R, 9, v) s defined as

THYR, Q. v) = > m(h)

hes"™

Asin section 1, if R = () then ¢ is a number denoted by d, and we denote
by TH %(Q, v) the corresponding tropical (closed) Hurwitz number.

ExamMpPLE 2.7. Let h: C; — C be the tropical morphism depicted in
figure 2a. It is the tropical analog of the map considered in figure 1. Let
q1 be the image of the boundary component of Cj, and ¢ and g3 be the
leaves of C which are image of a leaf of C; adjacent to an edge of weight
2. We denote by C’ (resp. C”) the connected component of C \ {q;} which
does not contain (resp. contains) q; and ¢3, and we define 6(C') =1,
3(C") =2, v(q1) = (1), and v(g2) = (g3) = (2). To compute THA(R, Q, ),
the morphism of figure 2a is the only one to consider and it has
multiplicity 1 so THg(R, Q,v) =1 (see the second row of the table in
example 1.2).
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ExampLE 2.8. Let C be a closed rational curve with four leaves. We set
Q = Vert™(C) and v(¢q) = (3) for ¢ € Q. Then according to figure 3, we have
TH(Q,v) = 1.

Indeed, for the first morphism of Figure 3 we have the (classical)
Hurwitz numbers at the inner vertices equal to 1 each. In the same time the
group of local automorphism at each vertex is the symmetric group &3, so
its order is 6. Finally the group of automorphisms of the morphism itself is
also 3. Using Definition 2.6 we get (g)zz % as the multiplicity.

For the second morphism we have local Hurwitz numbers at the inner
vertices equal to § again. There are no local or global automorphisms, but
there is an inner edge of weight 3. Thus we get 3(%)2: 1 as the multiplicity.

vertices of genus |

m(h) = 53 m(h) = 1;

Fig. 3

ExampLE 2.9. Let C be a genus 2 explicit tropical curve with two leaves
and whose combinatorial type is as in figure 4. We set @ = Vert™(C) and
wq) = ) for ¢ € Q. Then according to figure 4, we have THZC(Q, v) =8&.

ExampLE 2.10. Suppose that ¢ € R is on an end with an adjacent leaf
¢’ not in Q, and that v(q) = (J1,...,4) with 4; # 1. Define R' = R \ {¢},
Q' =9u{q¢},and v(¢) =(,...,1,41,...,4) where the number of 1 we
add is equal to 5((¢q")). Then H; (C,R,Q,v) = Hy(C,R', Q',v), where &' is
obtained from ¢ by increasing it by y(q) over (gq’). This is the tropical
counterpart of the identity described in example 1.4. Note that as in
example 1.4, we have to assume that 1; # 1 foralliin {1,...,k} otherwise
new automorphisms of coverings might appear (e.g. Figures 2a and b
which are the tropical analogs of the morphisms corresponding to the first
two rows of example 1.2).
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m(h) =1 m(h) =1 m(h) =2

m(h) =2 m(h) =2

Fig. 4

2y &

Fig. 5. A tropical curve C'is depicted on the left and the corresponding surface S on

the right. The two leaves of C are elements of Q and correspond to elements of P

(depicted by dots) on S while crosses on C represent points of R and correspond to
the circles of £ pictured on S.

Let us relate these tropical open Hurwitz numbers to the open Hurwitz
numbers we defined in section 1. Let C be a tropical curve as in defini-
tion 2.6 with the data introduced at the beginning of this subsection. Let S
be an oriented connected compact closed surface whose genus is the genus
of C. We choose a collection £ = {Lg} . of disjoint smoothly embedded
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circles in S such that there is a natural correspondence C' — Si, between
the connected components of C' and S which preserves incidence relations
and such that b;(C") = g(C§). For each point q € Q, we choose a point
pq € Si where (' is the connected component of C containing g, such that
Py # pg for q#q (see figure 5 for an example). Finally we define

P = Ugea{py}s 0Sp) = 8(C1, ulLy) = Wg), and p(py) = (g).
THEOREM 2.11. For any J,R, Q, and v, one has

THY(R, Q,v) = HY(L, P, )

ProoF. The proof is quite straightforward: there exists a natural
surjection ¢ : S — S, and for any element / : C; — C we have

1
iy = 3 i
VE20) [Aut(f)]

Note that according to examples 1.4 and 2.10, we may suppose that
Vert*(C) =0 =P = 0.

Let us construct the map ¢. For this we choose a configuration R’ of
points lying in the edges of C such that each edge in Edge’(C) contains
exactly one point of R U R’, and we define Cy = C'\ (R U R'). For each point
qin R’, we choose a smoothly embedded circle L, in S such that L, N Ly = 0
if ¢ # ¢ € RUTR/, such that there is a natural correspondence C' — Sy,
between the connected components of Cy and Sy = S\ (£ Uyer' Lg) which
preserves incidence relations, and such that all connected components of S
have genus 0. Note that C is a realisation of the dual graph of the decom-
position of S induced by (£ Uycr' L), and that a connected component of Sy
cannot be a disk since Vert™(C) = 0. . .

Let f : S; — S be an element of S, and let us denote S; = f1(Sy). We
construct a graph C in the following way

e to each connected component S| of S1 corresponds a vertex vg, in
Vert’ (Cr); we set gy, . to be equal to the genus of S};

e to each circle L in I 1 (Ugerur Lq) \ 981 adjacent to the connected
components S} and S} of 81 corresponds an edge ez, in Edge’(C;) joining
Q)S/l and ’US/l/,

e to each connected component L of 9S; adjacent to the connected

component S} of S; correspond a boundary point vy, in 9C; and an edge ey,
joining vy, to Vg
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For each circle L in f ' (U crur' Lg), we denote by w(er,) the degree of
the unramified covering f;, : L — f(L). There exists a unique tropical
structure on C; and a unique tropical morphism % : C; — C such that

h(vg) =v < f(S) =8, hler) C e f(L) = L, where ¢ = (RUR')Ne,

and
Whe, = wler) Ver € Edge(Cy)

We define ¢(f) = h

Now it remains us to prove that m(h) = for any

1
e At

L :C; — Cin S"'. For this, we reconstruct elements in qb*l(h) step by step,
taking care of automorphisms.

The tropical curve C; induces the structure of a reducible tropical
curve on the topological closure C1 of C; \ A" Y(R UR). Note that to any
vertex v in VertO(Cl) corresponds a connected component of 01 The
tropical morphism % : C; — C induces a reducible tropical morphism

IOL: 6‘1 — C. For each vertex v in Vert’(C;) adjacent to the edges
ei,...,e, we choose an unramified covering f, : S}, — Sﬂv) of degree
dy» where S}, is a surface with boundary components Ly,..., Ly, of
genus g, , and f,z, is a degree wy, o unramified covering from L;to L,

where ¢ = (RUR/)Ne;. Let us set S1 = UveVertO(Cl)S and letf S1 — S

be the map defined by f s, = = £, for any v in Vert’(C;). The union of all

10

maps f constructed in this way (up to equivalence) is a finite set Ay, and

we clearly have (in the notation of Definition 2.6)

DN I1 (H |Autl (pm) HY (P ).

;'GAO |Aut(f)| |AUt(h)‘ veVert’(Cy)

To get an element f : S; — S of S, it remains to glue all the coverings
f, according to the edges in Edge’(Cy). Suppose we already have per-
formed these gluings according to s edges in Edgeo(Cl) and obtained a
set A of coverings of S, and that we want now to glue elements of A,
along the edge e in EdgeO(Cl). Since we can identify in exactly d dif-
ferent ways two degree d unramified coverings of the circle by the
circle, we have wy,, different ways to perform this gluing given an ele-
ment f:S; — S of A;. We denote by fi,...,f,, the coverings of S
constructed in this way. Let ¢=1,...,wp,. Any automorphism
v € Aul( f ) fixing globally the two boundary components of S; corre-
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sponding to e extends to an equivalence of coverings y; ]71 —>J~§- for some
J- The homeomorphism y; is in Aui(f;) if i =j, and identifies the two
coverings f; et f; otherwise. Hence at the end of this gluing procedure,
we obtain a set A 0Cy) and we have

1
2 ) "

[Edge

fea

[Edged(Cy)|
According to Lemma 2.5, the setAlE dge’(Cy) is exactly ¢71(h) so the Theorem
is proved. O
We can allow points with ramification profile v(¢) = (2,1,...,1) in

C \ Vert™(C), and recover in this way results from [CJM]. Suppose that
C is trivalent, and that there exists ¢ € Q with v(¢) = (2,1,...,1). Let e
be the end of C adjacent to ¢, and v be the other vertex adjacent to e. We
denote by ey, ..., e the edges of Cy in h~1(e), and by {v1,...,v} =h"1(v).
By assumption on 1(q), one of the edges e;, say e;, has weight 2 while the
other edges e; have weight 1. Suppose that e; is adjacent to v;. The
Riemann-Hurwitz condition implies that all vertices v; are (dh,vj + 2)-
valent vertices of (i, so the vertex v; (resp. vj, j > 2) has exactly 3
(resp. 2) adjacent edges not mapped to e. Now according to Examples
1.3, 1.5, and 1.6 we have

l 5 . L dp».!
TT{ TT1Aut @)l | THE P i) = @, — 20 T] 72

j=1 \li=1 j=2 Chi

The contraction 7 : C — Cy of ¢ induces a contraction 7; : C; — Cs and a
tropical morphism %' : C; — Cy such that noh = k' o ;. Moreover, all
points in 2/~1(n(q)) lie in the interior of edges of Cs, except one point which is
a trivalent vertex of Cs (see figure 6). We also have

l
|Aut(h)| = |Auth)|(dpp, — 2! | [ diay!

j=2

So if C is rational, £ = (), and all points p € P satisfy v(g) = 2,1,...,1)
except maybe two of them, by contracting all the points ¢ € Q with
wq) = 2,1,...,1)we find ourselves in the situation discussed in [CJM]. In
particular, we recover the same multiplicities in all cases except for ex-
ample 1.5 (in this special case, the tropical computation from [CJM] is
wrong).
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ExampLE 2.12. The result of this sequence of contractions in the case
of the tropical morphism depicted in figure 2 a) is depicted in figure 6.

Fig. 6
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