REND. SEM. MAT. UN1v. PADOVA, Vol. 126 (2011)

Star Stability and Star Regularity for Mori Domains

STEFANIA GABELLI (*) - GIAMPAOLO P1c0zzA (*)

ABSTRACT - In the last few years, the concepts of stability and Clifford regularity
have been fruitfully extended by using star operations. In this paper we study
and put in relation these properties for Noetherian and Mori domains, sub-
stantially improving several results present in the literature.

Introduction

In this paper, we study stability and Clifford regularity of Noetherian
and Mori domains with respect to star operations, substantially improving
several results present in the literature and answering some questions left
open.

Recall that a domain R is stable if each nonzero ideal I of R is invertible
in its endomorphism ring E(I) := (I : I). Stable domains have been thor-
oughly investigated by B. Olberding [26, 27, 28, 29].

Stability implies Clifford regularity. A domain is called Clifford regular
if each nonzero ideal I of R is von Newmann regular, that is I = I?J for
some ideal J. This concept was studied for orders in quadratic fields by P.
Zanardo and U. Zannier in [34]. Later S. Bazzoni and L. Salce proved that
all valuation domains are Clifford regular [6] and S. Bazzoni deepened the
study of Clifford regularity in [2, 3, 4, 5].

Stability with respect to semistar operations was introduced and stu-
died by the authors of this paper in [15].

The first attempt to extend the notion of Clifford regularity in the
setting of star operations is due to S. Kabbaj and A. Mimouni, who studied
Clifford t-regularity for PvMDs and Mori domains [20, 21, 22, 23]. Suc-
cessively F. Halter-Koch, in the language of ideal systems, introduced
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Clifford *-regularity for any star operation of finite type [18] and the au-
thors of this paper continued this study in [16].

Here we mainly consider the cases where * = d,w,t. In fact the most
interesting results on star stability and star regularity were obtained in
[15] and [16] for star operations spectral and of finite type. In addition, if *
is spectral and of finite type, *-regularity implies x = w [16, Corollary 1.7];
in particular, if R is Clifford regular, then w = d.

Definitions are given in Section 1.

In Section 2, we prove that t-regularity and t-stability extend to -
compatible Mori overrings (Proposition 2.1). We also show that for Mori
domains t-regularity, t-stability and w-stability are ¢t-local properties, while
w-regularity is a t-local property for strong Mori domains (Proposition 2.5).

In Section 3, we prove that Noetherian *-stable domains have x-di-
mension one and strong Mori ¢-stable domains have {-dimension one
(Corollary 3.3), extending the well-known result that Notherian stable
domains are one-dimensional and a result of Kabbaj and Mimouni [23,
Lemma 2.7]. This allows us to show that, for strong Mori domains, w-
regularity and w-stability are equivalent (Corollary 3.11), while t-reg-
ularity and ¢-stability are equivalent only in dimension one (Corollary 3.10).
In relation to a question of Kabbaj and Mimouni [23, Question 2.11(3)], we
also prove that the w-integral closure of a strong Mori Boole w-regular
domain is a unique factorization domain (Proposition 3.12).

In Section 4, we consider the Mori case. We are unable to extend all the
results obtained for the t-operation in the Noetherian case; however we
show that w-stable Mori domains have ¢-dimension one (Proposition 4.1)
and that in {-dimension one w-regularity and w-stability are equivalent
(Proposition 4.3). As a consequence, we are able to give an answer to a
question posed by Kabbaj and Mimouni in [20, page 633] (Corollary 4.4):
namely we show that a Mori w-regular domain has ¢-dimension one if and
only if its w-integral closure is a Krull domain (Corollary 4.4).

1. Preliminaries and notation

Throughout all the paper, R will be an integral domain and K its field of
fractions. If I is a nonzero fractional ideal of R, we call I simply an ideal and
if I C R we say that [ is an integral ideal.

We assume that the reader is familiar with the properties of star op-
erations (see for example [17, Sections 32, 34]). Occasionally we will also
consider semistar operations; standard material about semistar operations
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can be found in [10]. We just recall some basic notions that will be used in
the paper.

By F(R) we denote the set of nonzero R-submodules of K and by F(R)
the semigroup of all ideals of R. A semistar operation (respectively, a star
operation) * on R is a map F(R) — F(R) (respectively, F(R) — F(R)),
I — I*, such that the following conditions hold for each 0 # a € K and for
each I, J € F(R) (respectively, F(R)):

() (al)* = al* (respectively, (al)* = al* and R = R*);
) ICIf,and I CJ = I* CJ%
(i) I** =I*.

If « is a semistar operation on R such that R* = R,  is called a
(semi)star operation on R and its restriction to the set of ideals F(R) is a
star operation on R, still denoted by . Conversely, any star operation * on
R can be extended to a (semi)star operation by setting /I* = K for all
I € F(R)\ F(R).

We will be mainly concerned with star operations and (semi)star op-
erations.

If % is a semistar operation on R and D is an overring of R, the re-
striction of * to the set of D-submodules of K is a semistar operation on D,
here denoted by *p or by * when no confusion arises. When D* = D, *is
a (semi)star operation on D [13, Proposition 2.8]. Note that # shares many
properties with x (see for instance [31, Proposition 3.1]); for example, if * is
of finite type then #* is of finite type [13, Proposition 2.8].

To any semistar operation *, we can associate a semistar operation of
finite type #¢, defined by I/ := [J{J*|J € F(R) finitely generated and
J C I}, and a semistar operation spectral and of finite type *, defined by

I':= (| IRy, foralllecF(R).
Mexp—Max(R)

If x is a (semi)star operation, an ideal I is a x-ideal if I = I* and [ is
called x-finite (or of finite type) if I* = J* = J* for some finitely generated
ideal J € F(R).

A «-prime ideal is a prime ideal which is also a x-ideal and a x-maximal
tdeal is a *-ideal maximal in the set of proper integral x-ideals of B. We
denote by *-Spec(R) (respectively, x-Max(R)) the set of x-prime (respec-
tively, x-maximal) ideals of R. If * is a (semi)star operation of finite type, by
Zorn’s lemma each x-ideal is contained in a x-maximal ideal, which is prime.

In this case, R = (| Ry.Wesay that R has x-finite character if each
Me«-Max(R)
nonzero element of K is contained in at most finitely many *-maximal

ideals.



110 Stefania Gabelli - Giampaolo Picozza

When x is of finite type, a minimal prime of a x-ideal is a x-prime. In
particular, any minimal prime over a nonzero principal ideal (in particular
any height-one prime) is a *-prime, for any (semi)star operation = of finite
type. The *-dimension of R is the supremum of the lengths of the chains of
prime ideals (0) C Py C ... C P, C ..., where P; € x-Spec(R).

The identity is a (semi)star operation denoted by d, I? := I for each
I € F(R). Two nontrivial (semi)star operations which have been in-
tensively studied in the literature are the v-operation and the t-opera-
tion. The v-closure of I is defined by setting IV := (R : (R : I)), where for
any I,J € F(R) we set (J:I):= {w € K : I CJ}. A v-ideal of R is also
called a divisorial ideal. The t-operation is the (semi)star operation of
finite type associated to v and is therefore defined by setting
It .= (U{J" | J finitely generated and J C I}. The (semi)star operation
spectral and of finite type associated to v is called the w-operation and is

defined by setting 1" := N IRy.
Met-Max(R)
If %x; and x¢ are (semi)star operations on R, we say that %1 < %o if

I C I*2, for each I € F(R). This is equivalent to the condition that
()= = (I"2)" =12 If %1 < *, then (1 )y < (2 ) and %, < *3. Also, for
each (semi)star operation *, we have d < x < v (so that x <t and * < w)
and * < ¥ < x (so that w <t <w).

For any (semi)star operation x, the set of x-ideals of R, denoted by
F.(R), is a semigroup under the x-multiplication, defined by (I, J) — (IJ)",
with unit B. We say that an ideal I € F(R) is x-invertible if I* is invertible
in F.(R), equivalently (I(R : I))" = R. If x is a (semi)star operation of finite
type, then I is x-invertible if and only if 7 is *-finite and I*R}, is principal
for each M € x-Max(R) [24, Proposition 2.6].

For a semistar operation * on R, if [ is an ideal of R and K :=
E(I*) := (I* : I"), it is easy to see that E* = E. Thus the restriction of * to
the set of E-submodules of K (denoted by # := ) is a (semi)star op-
eration on £. We say that an ideal I of R is *-stable if [* is *-invertible in £
and that R is *-stable (respectively, finitely *-stable) if each ideal (re-
spectively, each finitely generated ideal) of R is x-stable. We also say that I
is strongly *-stable if I* is principal in £ and that R is strongly *-stable if
each ideal is strongly *-stable.

If * is a star operation on R, denoting by P(R) the group of principal
ideals of R, the quotient semigroup S.(R) := F.(R)/P(R) is called the x-
Class semigroup of R.

We say that R is Clifford x-regular, or simply x-regular, if the semi-
group S.(R) is Clifford regular. This means that each class [[*] € S.(R) is
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(von Neumann) regular. Note that this is equivalent to saying that each
ideal I* is (von Neumann) regular in F,.(R), that is I* = (I2J)", for some
nonzero ideal J of R; in this case necessarily (IJ)* = ([(EI*) : 1)), so that
x-stability implies x-regularity. If [I*] is regular, we say that I is x-regular.
If [I*] is idempotent, that is [I*] = [(I?)*] (equivalently (I?)" = aI* for a
nonzero x € K) we say that I is Boole x-regular and if each [I*] is idem-
potent we say that R is Boole x-regular. Clearly Boole x-regularity implies
Clifford *-regularity. More precisely, we have the following relations.

ProprosiTION 1.1 ([16, Proposition 1.5]). Let I be an ideal of R and, for
a star operation x on R, set E := E(I*).

(1) If I is =-stable, then I is x-regular. Hence a *-stable domain is
Clifford *-regular.

(2) If I is x-regular, then I* is vg-invertible in K and if, in addition, I is
finitely generated, then I* is tg-invertible in E (where vg and tg denote
respectively the v-operation and the t-operation on E).

(3) 1 1is strongly x-stable if and only if I is Boole x-regular and x-stable.
Hence a strongly -stable domain is precisely a Boole x-reqular *-stable
domain.

Note that if x; < x9, then x;-regularity (respectively, *;-stability) im-
plies xg-regularity (respectively, xq-stability).

For our purposes, it will be useful to work in the more general context
of x-Noetherian domains. Given a star operation * on R, R is called x-
Noetherian if it satisfies the ascending chain condition on x-ideals, or
equivalently, if every x-ideal is *-finite. This implies that if R is *-Noe-
therian then x is of finite type. Note that if *; < *¢, then x;-Noetherianity
implies *g-Noetherianity.

Clearly when * = d a *-Noetherian domain is just a Noetherian domain.
When *x = v or £, a *-Noetherian domain is called a Mori domain and when
* = w it is called a strong Mori domain. We recall that R is a strong Mori
domain if and only if it is a Mori domain such that R, is Noetherian for
each M € t-Max(R). For the main properties of Mori domains we refer to
the survey article [1].

For technical reasons, the most interesting results on star stability and
star regularity were obtained in [15] and [16] for star operations spectral
and of finite type. In addition, we proved that, for  of finite type, either -
stability or *-regularity implies that * = w ([15, Corollary 1.6] and [16,
Corollary 1.7]); in particular, if R is Clifford regular, then w = d. This
implies that a Clifford regular strong Mori domain is indeed Noetherian.
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We observe that Kabbaj and Mimouni in [23] defined a t-stable domain
as a domain with the property that each ¢-ideal I is stable, that is invertible
in its endomorphism ring E(I). However this condition is generally
stronger than the usual definition, in fact any Noetherian integrally closed
domain R is t-stable (since each t-ideal I of R is t-invertible in
R =(U:1I)=: E1)), but a t-ideal of R need not be invertible [23, Example
2.9]. However we will show in Corollary 3.7 that the two definitions are
equivalent in the Noetherian one-dimensional case. On the other hand,
denoting by tz the t-operation on £ := E(I), we have that a t-regular t-ideal
I of a Mori domain is always tg-invertible in £. This follows from Propo-
sition 1.1(2), since I = J¢, with J finitely generated.

2. Overrings

Let R C D be an extension of domains. If * denotes the w- or the t-
operation on R and xp denotes the respective operation on D, we say that
the extension is x-compatible if (ID)™® = (I*D)*™ for each ideal (equiva-
lently, finitely generated ideal) I of R. Also recall that D is t-linked over R if
(Q N R)' ¢ R for each prime tp-ideal of D with Q N R # (0). By [12, Proposition
3.10], the extension R C D is w-compatible if and only if D is t-linked over R.

We recall that, viewing * as a (semi)star operation on R, an overring D
is x-compatible over R if and only if D = D* (see for example [16, Corollary
2.2]). This implies that a t-compatible extension is also w-compatible (i.e., t-
linked).

Flat extensions and generalized rings of fractions are examples of -
compatible extensions. In addition, the endomorphism rings of w, ¢ or v-
ideals of R are t-linked.

PRrROPOSITION 2.1. Let R be a domain and let D be a t-compatible Mort
overring of R. If R is Clifford t-regular (respectively, Boole t-regqular, t-
stable, strongly t-stable), then D is Clifford tp-reqular (vespectively, Boole
tp-reqular, tp-stable, strongly tp-stable).

ProoF. If Dis Mori each ideal of D is tp-finite, that is of type I'> with I
finitely generated. Since R and D have the same field of fractions, I is an
ideal of R. By [16, Lemma 2.4], it follows that if I is Clifford ¢-regular (re-
spectively, Boole t-regular, t-stable, strongly ¢-stable) as an ideal of R, then
it is Clifford ¢p-regular (respectively, Boole tp-regular, tp-stable, strongly
tp-stable) as an ideal of D. O
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COROLLARY 2.2. Let R be a Mori domain and let D be a generalized
ring of fractions of R. If R is Clifford t-regular (respectively, Boole t-
reqular, t-stable, strongly t-stable), then D is Clifford tp-regular (respec-
tively, Boole tp-reqular, tp-stable, strongly tp-stable).

Proor. It follows from Proposition 2.1, because a generalized ring of
fractions of a Mori domain is a ¢-compatible Mori domain. O

REMARK 2.3. A t-linked overring of a Mori domain need not be Mori.
In fact, if R is a Mori domain and each ¢-linked overring of R is Mori, then
R has t-dimension one [9, Proposition 2.20]. The converse holds for strong
Mori domains [33, Theorem 3.4].

However a t-compatible fractional overring of a Mori domain R is a
Mori domain. In fact, by the next Proposition 3.1, any fractional overring D
of R is t-Noetherian. If, in addition, D is t-compatible (i.e., D' = D), t is a
(semi)star operation on D. Hence t < tp and so D is also tp-Noetherian,
that is Mori. We also observe that each ¢-compatible fractional overring D
of a domain R is of type E(I?) := (I* : I'), for some ideal I of R. To see this,
note that if D = D' is an ideal of R, we can write D = x~!I* for some (in-
tegral) ideal I of R. Whence D = (D : D) = (I' : I').

We recall that for any domain R and x = d, w, t, if R is Clifford *-regular
(respectively, Boole #-regular, x-stable, strongly x-stable), each ring of
fractions of R has the same property [16, Corollary 2.6(a)]. We now prove a
converse for Mori domains.

The following lemma is an easy calculation and follows from the fact
that each ideal of a Mori domain is ¢-finite.

LeEmMA 2.4.  Let R be a Mori domain and let Rg be a ring of fractions of
R. Then, denoting by ts the t-operation on Rg, for any two ideals J and I of
R, we have (J' : I"Rg = (J'Rg : I'Rg) and I'Rg = (IRg)".

PRrOPOSITION 2.5. Let R be a Mori domain. Then:

(1) R s Clifford t-reqular (respectively, t-stable, w-stable) if and only if
Ry is Clifford ty-regular (respectively, ty-stable, stable) for each
M € t-Max(R);

(2) If R s Clifford w-regular, then Ry is Clifford regular, for each
M € t-Max(R). If; in addition, R is strong Movri, R is Clifford w-reqular if
and only if Ry is Clifford regular for each M € t-Max(R).
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Proor. (1) Assume that Ry, is ty;-stable for each M € ¢t-Max(R). Then,
if I is a nonzero ideal of R, by applying Lemma 2.4, we get
AU P)Ry = A" : YRy)™ = URy(IRy)™ : URy))™ = (IRy)™ :
(IRy)™) = (I' : I')Ry;. Whenee (I(I : I2))! = (I' : I') and R is t-stable.

In the same way, if Ry is ty-regular, we get I'Ry = (IRy)™ =
(IR (Ry)™ : IRy N™ = (I Ry (I'Ryg: I3 Ry))™ = (I : 1)) Ry,
for each M € t-Max(R) and so I' = (IX(I* : I?))".

Conversely, if R is t-regular (respectively, t-stable), Ry, is ty-regular
(respectively, ty-stable) by Corollary 2.2.

The result for w-stability follows from [15, Corollary 1.10], since a Mori
domain has the ¢-finite character.

2) If R is Clifford w-regular, Rj; has the same property by [16, Cor-
ollary 2.6](a). But since R is Mori, MR, is a ty-ideal (Lemma 2.4) and so
the w-operation is the identity on Ey,;.

If R is strong Mori and R, is Clifford regular for each M € t-Max(R),
to show that R is Clifford w-regular we can proceed as in (1), recalling that
if R is strong Mori each w-ideal is w-finite and so (I : I?)Ry; = (IRy; : I?),
for each ideal I and M ¢ t-Max(R). O

We now show that a Mori Clifford w-regular domain is ¢-stable, so that
for Mori domains

w-stable = w-regular = t-stable = t-regular.

The following is an example of a Mori ¢-stable domain that is not (w)-
stable (this answers the question in [15, Remark 1.7(1)]). We will see in
Section 2 that a Noetherian Clifford ¢-regular domain of ¢{-dimension
strictly greater than one cannot be w-stable (equivalently w-regular).

ExamMpPLE 2.6. Let R be an integrally closed pseudo-valuation domain
arising from a pullback diagram of type

R — k
| |
V 25 K=Y

M

where V :=(V,M) is a DVR and R # V. Note that R is Mori one-
dimensional [1, Theorem 2.2], so that d = w and £ = v on all the ideals
of R.
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Since an integrally closed stable domain is Priifer [32, Proposition 2.1],
then R is not stable. However R is (strongly) t-stable; in fact, for each
divisorial non-principal ideal J* of R, we have that J* = JV is an ideal of V'
[19, Proposition 2.14] and so it is principal in V = (JV : JY).

LEMMA 2.7.  In a Mori finitely stable domain R every t-ideal is stable.
In particular R is t-stable.

ProoF. Let I =J', with J finitely generated, a t-ideal of R. Since
R is finitely stable, J is invertible in E(J) := (J : J). Since E(J) C E(I) :=
(:I), JE() is invertible in E(I). Since (JE))' = (JEI) =1, we
get E(I) = JE()(E(I) : JED)) = JEI)E) : JEU))") = JEAVEU) : I) C
I(EU) : I) C EU). 1t follows that [ is invertible in E(I). O

ProrosITION 2.8.  Let R be a Mori domain. If R is Clifford w-regular,
then every t-ideal of R is stable. In particular R is t-stable.

Proor. Ina Mori domain, the property that each t-ideal is stable is a ¢-
local property. In fact, assume that I' Ry, is stable, for each M € t-Max(R). By
using Lemma 2.4 we have E(I")Ry = EI'Ry) = I'Ry(E(I'Ry) : I'Ry;) =
TINEIY) : IRy, for each M € t-Max(R). So that E(I') = INE?) : I'). Thus
it is enough to show that every tj-ideal of R, is stable, for each
M € t-Max(R). By Proposition 2.5(2), we know that Ry, is Clifford regular;
hence R, is finitely stable [4, Proposition 2.3]. Since Rj; is Mori, we
conclude by Lemma 2.7. |

3. Noetherian and strong Mori domains

A Clifford (indeed Boole) t-regular Noetherian domain need not be t-
stable. In fact Kabbaj and Mimouni gave an example of a Boole t-regular
local Noetherian domain whose maximal ideal is divisorial of height two
[23, Example 2.4], while as we will see in a moment a ¢-stable Noetherian
domain has t-dimension one. This last fact was proved in [23, Lemma 2.7]
under the stronger hypothesis that each ¢-ideal of R is stable.

We work in the more general context of x-Noetherian domains.

ProrosiTION 3.1. Let R be a domain, x a star operation on R, D a
fractional overring of R. If R is x-Noetherian, then D is %-Noetherian.
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PrOOF. A ik-ideal of D is in particular a (fractional) x-ideal of R. So the
ascending chain condition on *-ideals of R implies the ascending chain
condition on %*-ideals of D. O

Recall that, for a star operation x on R, the x-integral closure of R is
the integrally closed overring of R defined by RU :={(J*:J*);
J € F(R) finitely generated} [13]. When * = d is the identity, we obtain
the integral closure of R, here denoted by R'. IfR = J{av: 17, I~€ FR)}
is the complete integral closure of R, we have R C R’ C R C R.

As shown in [16, Theorem 4.1], when * = *, each pair R,D with
R C D C R satisfies a star version of Lying Over, Going Up and In-
comparability. It follows that the x-dimension of R and the s#-dimension of
R are the same [16, Corollary 4.2].

PROPOSITION 3.2.  Let * be a star operation on a domain R and assume
that R is *-Noetherian. If each x-maximal ideal M of R is a tg-invertible
tg-ideal in E := EM), then x-dim(R) = 1 = t-dim(R).

Proor. We adapt the proof of [23, Lemma 2.7]. Assume that R has -
dimension greater than one. Note that x is of finite type (since R is *-
Noetherian and so also *-Noetherian). Let P be a height-one prime ideal of
R.Since Pis at-ideal, it is also a x-ideal. So, there exists a *-maximal ideal M
of R containing P. Assume M # Pandlet £ := E(M) := (M : M). Since M is
a x-ideal, it is also a *-ideal, so it is *-finite, i.e., M = J * for some finitely
generated ideal J of R. Thus E = (J* : J*) C Rl*). So, by *-GU, there exist
two *-ideals Q1 & Q2 contracting respectively to P and M in R. Let Q be a
prime ideal of £ minimal over M in E such that @ C Q.. We want to show
that @ has height one. Note that £ is %-Noetherian (Proposition 3.1) and so
also strong Mori. Assume that M is a tg-invertible tg-ideal of E. Since @ is
minimal over M, @ is a tg-prime of £ and so ¢ C N for some tg-maximal
ideal N of E. Now, M is tg-invertible in £ and so MEy # Ey is principal.
Since Ey is Noetherian (because E is strong Mori), by the Principal Ideal
Theorem, QFy has height one. It follows that @ has height-one.

S0 QS Q2 and QNR =Q2NR =M, contradicting *-INC. It follows that
R has *-dimension one. Since * <, we have *-dim(R) = 1 = {-dim(R). O

COROLLARY 3.3. Let R be a domain and * a star operation on R. If R
is *-Noetherian and all the x-maximal ideals of R are x-stable, then
*x-dim(R) = 1 = t-dim(R).

In particular:
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(1) If R is Noetherian and *-stable, then x-dim(R) = 1 = t-dim(R).
(2) If R 1s strong Mori and t-stable, then t-dim(R) = 1.

ProoF. A x-maximal ideal M of R is -invertible in £ := E(M); thus it
is tg-invertible (note that # is of finite type since R is *-Noetherian) and
M = M * = M!. Thus M is a tg-invertible ¢z-ideal of E(M) and we can apply
Proposition 3.2.

For (1), note that a Noetherian domain is *-Noetherian for every x. (2)
follows for * = t. O

COROLLARY 3.4. Let R be a *-Noetherian domain. If R is Clifford *-
regular and each x-maximal ideal M of R is a tg-ideal of E := E(M), then
x-dim(R) = 1 = t-dim(R).

ProoF. As a consequence of Proposition 1.1(2), in a Clifford x-regular
*-Noetherian domain every x-maximal ideal M is tz-invertible in £. Hence
we can apply Proposition 3.2. |

REMARK 3.5. Kabbaj and Mimouni showed that in a pullback diagram

of type

R —— k

T > K:=1=
where T := (T, M) is local Noetherian with maximal ideal M, R is a Boole -
regular domain if and only if so is T [23, Proposition 2.3].

In this way it is possible to construct, as in [23, Example 2.4], examples
of Boole t-regular local Noetherian domains of {-dimension greater than
one. Namely, if T is a Noetherian UFD of dimension #» > 2 and [K : k] is
finite, then R is a Boole t-regular local Noetherian domain whose maximal
ideal M is divisorial of height %». We note that since M is not divisorial in T,

then T =M : M) =: E(M) [14, Proposition 2.7] and so, according to
Corollary 3.4, M is not a tg-ideal of £ := E(M).

Next, we prove a technical result that can be applied both to Noetherian
«-regular domains and to strong Mori ¢-regular domains.

PROPOSITION 8.6.  Let 1 = %1 < x be two star operations on a domain
R. Assume that R is x1-Noetherian of x-dimension one. The following



118 Stefania Gabelli - Giampaolo Picozza

conditions are equivalent for an ideal I of R:

(1) 1 s Clifford xo-reqular (respectively, Boole xg-regular) ;
(ii) I is *g-stable (respectively, strongly *o-stable);
(iii) I*2 is *1-tnvertible (respectively, principal) in E(I*2) := (I'2 : I*2).

Hence R is Clifford xg-reqular (vespectively, Boole *o-regular) if and
only if R is xg-stable (respectively, strongly *o-stable).

Proor. (i) = (iii) Assume that [ is Clifford e-regular. The overring
E .= E(I*?) .= (I : I'?) is ¥;-Noetherian by Proposition 3.1. Moreover, £
has #;-dimension one. Indeed, I*? is a *;-ideal, so by *;-Noetherianity there
exists a finitely generated ideal H of R such that I*2 = H*'. Hence
E = E(H*) C R and the #;-dimension of E is one by [16, Corollary 4.2].
Since *; is of finite type, ¥; <tz and F has {g-dimension one. Hence tz-
Max(F) = x;-Max(E) and so tg-invertibility coincides with *;-invertibility.
Now I*2 = H* = H* is tg-invertible in £ by Proposition 1.1(2). Thus I*2 is
*1-invertible.

If I is Boole x2-regular, we have just seen that I*2 is x;-invertible in E.
Since *; < *g, I is also #p-invertible. Hence [ is strongly =x,-stable by
Proposition 1.1(3).

(iii) = (ii) is clear since x; < *g and (ii) = (i) by Proposition 1.1(1). O

COROLLARY 3.7. Let R be a one-dimensional Noetherian domain and
x a star operation on R. The following conditions are equivalent for an
ideal I of R:

() I is Clifford x-regular (respectively, Boole x-reqular);
(ii) I s *-stable (respectively, strongly x-stable);
(iii) I* 1s inwvertible (respectively, principal) in EI*).

Hence R s Clifford x-regular (respectively, Boole x-regular) if and
only if R is *-stable (vespectively, strongly x-stable). In addition, under
any of these conditions * = d.

ProoF. Apply Proposition 3.6 for x; = d.
In addition, if R is x-stable, * = w [15, Corollary 1.6] and if R is one-
dimensional w = d. O

In the local one-dimensional Noetherian case x-stability and Boole -
regularity are equivalent.
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ProrosiTiON 3.8. Let R be a local one-dimensional Noetherian do-
main and * a star operation on R. The following conditions are equivalent
for an ideal I of R:

() I is Clifford x-regular;
(ii) I is x-stable;
(iii) I* is tnvertible in E(I*);
(iv) I* is principal in E(I*);
(v) I is Boole x-regular.

Thus R s Clifford =-regular if and only if R is Boole x-regular if and
only if R s (strongly) *-stable. In addition, under any of these conditions
¥=d.

Proor. (i) & (ii) < (ii) and (iv) < (v) by Corollary 3.7. (v) = (i) is clear.

(iii) = (iv) Since R is Noetherian, E' := E(I*) is a finitely generated R-
algebra and E is integral over R. By [7, Chapitre 5, § 2, n. 1, Proposition 3]
the number of prime ideals of E contracting to the maximal ideal of R is
finite. Hence E is semilocal and it follows that I* is principal in E.

Finally * = d by Corollary 3.7. O

REMARK 3.9. Proposition 3.8 does not hold in the non-local case. In
fact, any Dedekind domain that is not a PID furnishes an example of a one-
dimensional Noetherian domain that is stable but not strongly stable.

For Boole t-regularity, the equivalence of conditions (i) and (ii) in the
next corollary was proven in [23, Theorem 2.10].

COROLLARY 3.10. Let R be a strong Mori domain. The following
statements are equivalent:

(i) R 1is Clifford t-regular (respectively, Boole t-regular) of t-di-
mension one;
(ii) R 1s t-stable (respectively, strongly t-stable);
(i) R s Clifford t-regular (respectively, Boole t-regular) and the t-
maximal ideals of R are t-stable.

Proor. (i) & (i) follows by Proposition 3.6 (for x; = w and *2 = t)
and the fact that a ¢-stable strong Mori domain has ¢-dimension one
(Corollary 3.3).

(ii) = (iii) is obvious and (iii) = (i) follows by Corollary 3.3. O
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By [16, Proposition 1.6], w-regularity and w-stability coincide on strong
Mori domains, because each w-ideal is w-finite. We now give another proof
by using Proposition 3.6.

CoOROLLARY 3.11. Let R be a strong Mori domain. The following
statements are equivalent:

() R is Clifford w-reqular (respectively, Boole w-regular);
(ii) R s w-stable (respectively, strongly w-stable).

Proor. A Clifford w-regular strong Mori domain is ¢-stable (Proposi-
tion 2.8) and so it has ¢-dimension one (Corollary 3.3). Hence we can apply
Proposition 3.6 for x; = xo = w. O

Motivated by the fact that a Krull Boole ¢-regular domain is a UFD [21,
Proposition 2.2], Kabbaj and Mimouni ask whether the integral closure of a
Noetherian Boole t-regular domain is a UFD [23, Question 2.11(3)]. The
answer is positive for w-regularity (recall that in a Krull domain ¢ = w).

ProPOSITION 3.12. Let R be a strong Mori domain. If R is Boole w-
regular then R is a UFD.

PrOOF. If Ris strong Mori then R is a Krull domain [8, Theorem 3.1].
In addition, if R is Boole w-regular, then R™ is a GCD-domain [16, Theo-
rem 4.3]. Thus R™! is a UFD. O

COROLLARY 3.13. Let R be a Noetherian domain. If R is Boole w-
regular (respectively, reqular) then R’ is a UFD (respectively, a PID).

PrOOF. Just recall that, when R is Noetherian, R’ = R™! and that
Clifford regularity implies d = w. O

4. Mori domains

The proof of Proposition 3.2 cannot be extended to Mori domains,
since it is based on the Principal Ideal Theorem. However we now show
that (w-)stable Mori domains have (¢-)dimension one (cf. [20, Lemma 4.8]).

PROPOSITION 4.1. A stable (respectively, w-stable) Mori domain has
dimension (respectively, t-dimension) one.
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Proor. By a corrected version of [28, Corollary 2.7], a local domain
R is stable if and only if one of the following conditions holds:

(a) R is one-dimensional stable;
(b) R is a strongly discrete valuation domain;
(¢) R arises from a pullback diagram of type:

R —— D

L

] 7
ety ¥
where V is a strongly discrete valuation domain, 7 is an ideal of V, D is a
local stable ring of dimension at most one having a prime ideal P such that
P contains all the zero-divisors of D and P? = (0), and V /I is isomorphic to
the total quotient ring of D [30].

Since a Mori valuation domain is a DVR and in a diagram as in (¢) R is
Mori if and only if V is a DVR and D is a field [25, Theorem 9], we see that a
local Mori stable domain has dimension one.

To conclude, recall that a (w-)stable domain is (¢-)locally stable [15,
Corollary 1.10]. |

When x is the identity, the analog of Proposition 3.8 was proved for
Mori domains in [16].

ProposITION 4.2 [16, Corollary 3.4]. Let R be a local one-dimensional
Mori domain. The following conditions are equivalent:

(i) R is Clifford reqular;
(i) R is (strongly) stable;
(iii) R is Boole regular.

In [16, Theorem 4.8] we showed that in {-dimension one w-regularity
and w-stability are equivalent on a domain R if and only if the w-integral
closure R™ is a Krull domain. For Mori domains we have the following
result.

ProrosiTION 4.3.  Let R be a Mori domain. The following conditions
are equivalent:

(i) R is Clifford w-regular of t-dimension one (respectively, reqular
of dimension one);
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(ii) R 1is Clifford w-regular and R™! is a Krull domain (respec-
tively, reqular and R’ is a Dedekind domain);
(iii) R is w-stable (respectively, stable).

Under (anyone of) these conditions R = R (respectively, R' = R) is
the complete integral closure of R.

Proor. Since Clifford regularity and stability imply d = w, it is en-
ough to prove the theorem for the w-operation.

(i) = (iii) For each M e t-Max(R), Ry is one-dimensional Mori and
Clifford regular by Proposition 2.5(2). Hence R}, is stable by Proposition
4.2. We conclude by applying Proposition 2.5(1).

(iii) = (i) If R is w-stable, D := R"! is a w -stable overring of R [15,
Corollary 2.6], hence D is a PvMD with ¢-finite character such that
(P2)! # P, for all P € t—Spec(R) [15, Theorem 2.9]. Since R has w-dimen-
sion one (Proposition 4.1), D has ww-dimension one (see for example [16,
Corollary 4.2]) and since w < tp it has also {p-dimension one. It follows that
D := R™ is a Krull domain.

(i) = () If D = R™!is Krull, it has wp-dimension one. Now R is Clifford
w-regular, so that w = wp [16, Theorem 4.3]. Hence we conclude that R has
w-dimension one (and so, {-dimension one) by [16, Corollary 4.2].

Since a Krull domain is completely integrally closed, if R is Krull,

we have Rl = Rlvl, Hence, from R C R™ C R, we obtain R C Rl —
R™ C R and R™ = R. O

If R is strong Mori then R is a Krull domain [8, Theorem 3.1], hence
from Theorem 4.3 we obtain again that w-stability and w-regularity coin-
cide on strong Mori domains, as seen in Corollary 3.11.

Proposition 4.3 improves [20, Theorem 4.7]. In relation to this result,
Kabbaj and Mimouni ask whether a local Mori Clifford regular domain is
one-dimensional if and only if its complete integral closure R is Dedekind
[20, page 633]. We can give the following answer.

COROLLARY 4.4. Let R be a Mori Clifford w-reqular (respectively,
reqular) domain. The following conditions are equivalent:

(i) R has t-dimension one (respectively, dimension one);
(i) R™'is a Krull domain (respectively, R’ is a Dedekind domain).

Under (anyone of) these conditions, R is w-stable and R™ = R (re-
spectively, R' = R) is the complete integral closure of R.
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ProrosITION 4.5.  Let R be a Movi integrally closed domain. Then the
Sfollowing conditions are equivalent:

(i) R is Clifford w-regular;
(ii) R is a Krull domain,
(iii) R is w-stable.

Proor. (i) = (ii) Since an integrally closed Clifford w-regular domain
is a PvMD [16, Corollary 4.5], R is Krull.

(i) = (ii) because in a Krull domain each ¢-ideal is t-invertible and
t=w.

(iii) = (i) is clear. O

If R is Mori and w-divisorial, that is w = t = v (as star operations), R is
a strong Mori domain of ¢-dimension one [11, Corollary 4.3]. If, in addition,
R is also w-stable, each domain D t-linked over R is wp-divisorial [15,
Corollary 3.6]. Hence from Corollaries 3.10 and 3.11, we obtain the fol-
lowing result.

ProposiTION 4.6.  Let R be a w-divisorial Mori domain. The following
statements are equivalent:

(i) R is Clifford w-regular;
(i) R is Clifford t-reqular;
(iii) R is w-stable;

(iv) R is t-stable.

In addition, all these properties are inherited by each t-linked overring
of R.
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