REND. SEM. MAT. UN1v. PADOVA, Vol. 129 (2013)
DOI 10.4171/RSMUP/129-5

An Identity on Partial Generalized
Automorphisms of Prime Rings

SHULIANG HUANG (¥)

ABSTRACT - Let R be a prime ring with center Z(R), T : R — R be a non-zero partial
generalized automorphism of R, L a Lie ideal of R, s > 0,¢ > 0 and n > 1 fixed
integers, such that (u*(T'(w) o wyu')" = 0 for all u € L. If either Char(R) > n + 1
or Char(R) = 0, then L C Z(R).
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1. Introduction

The standard identity s4 in four variables is defined as follows:
6= (= DXy X2 Xop Xe

where (—1)" is the sign of a permutation ¢ of the symmetric group of
degree 4.

In all that follows, unless stated otherwise, R always denotes a
prime ring, Z(R) the center of R, @) its Martindale quotient ring. The
center of @, denoted by C, is called the extended centroid of R (we
refer the reader to [1] for these objects). It is well-known that C is a
field. For any «,y € R, the symbol [x,y] and « oy stand for Lie com-
mutator xy — yx and Jordan commutator xy + yx respectively. An ad-
ditive subgroup U of R is said to be a Lie ideal of R if [u,r] € U for all
u € U and r € R. Recall that a ring R is prime if for any a,b € R,
aRb = (0) implies a =0 or b =0. An additive mapping d: R — R is
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called a derivation if d(xy) = d(x)y + xd(y) holds for all x,y € R.
Starting from this definition, Bresar [2] introduced first the definition
of generalized derivation: an additive mapping F': R— R is called a
generalized derivation if there exists a derivation d : R — R such that
F(xy) = F(x)y + xd(y) holds for all x,y € R, and d is called the asso-
ciated derivation of F. Hence, the concept of generalized derivations
covers both the concepts of a derivation and of a left multiplier (i.e., an
additive mapping satisfying F(xy) = F'(x)y for all x,y € R). Basic ex-
amples are derivations and generalized inner derivations (i.e., map-
pings of type x — ax + xb for some a,b € R). We refer to call such
mappings generalized inner derivations for the reason they present a
generalization of the concept of inner derivations (i.e., mappings of the
form x — ax — xa for some a € R). Zhang and Wang [20], defined first
the concept of partial generalized automorphisms: an additive mapping
T :R— R is called a right (resp. left) partial generalized automorph-
ism if there exists an automorphism o¢: R — R such that T(xy) =
T@x)o(y) (resp. T(xy) = a(x)T(y)) holds for all x,y € R. If T is both left
as well as a right partial generalized automorphism, then it is called a
partial generalized automorphism. They proved that every partial
generalized automorphism 7 on a dense right ideal of R can be un-
iquely extended to a partial generalized automorphism of ¢ and assume
the form T'(x) = Zo(x) for all x € @ for some 1 € C and an automorphism
o of Q.

This paper is included in a line of investigation concerning the re-
lationship between the global structure of a ring R and the behaviors of
some additive mappings defined on R that satisfy certain special
identities. A well-known result of Herstein [14] states that if p is a right
idea of R such that «" =0 for all u € p, where n is a fixed positive
integers, then p =0. In [6], Chang and Lin considered the situation
when d(u)u" = 0 for all u € p, where d is a nonzero derivation of E. In
[8], Dhara and De Filippis studied the case when u*H(u)u! = 0 for all
u € L, where L a noncommutative Lie ideal of R, H a generalized de-
rivation of R and s,t are fixed nonnegative integers. More precisely,
they proved the following: Let R be a prime ring, H a nonzero gen-
eralized derivation of R and L a noncommutative Lie ideal of R. Sup-
pose that w*H(u)u! = 0 for all u € L. Then R satisfies s,, the standard
identity in four variables.

On the other hand, in [5] Carini and De Filippis proved that if R is a prime
ring with Char(R) # 2 satisfying [d(u), u]" = 0 for all u € L, where L is a
noncentral Lie ideal and d a nonzero derivation of R, then R is commutative.
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De Filippis [7] generalized this result for generalized derivations. In [19],
Wang studied the identity [o(u), u]" = 0 replacing the derivation d by an
automorphism ¢ of R and obtained that R satisfies s4. Recently, Dhara and
Sharma [9], considered the situation (u™[d(u), wJu")" =0 for all u € L,
where 11, ng, n3 are fixed nonnegative integers, L. a noncentral Lie ideal and
d a derivation of R and proved that d = 0 provided Char(R) # 2. Later,
Dhara [10] extended this result by replacing the derivation d with a gen-
eralized derivation F. Motivated by the previous results, we here prove a
similar version for partial generalized automorphisms involving Jordan
commutators. More precisely we will study the identity (u*(T(u) o u)u')" = 0
forallu € L,wheres > 0,t > 0,n > 1 are fixed integers, L a noncentral Lie
idealand 7' # 0 a partial generalized automorphism of R and proved that L is
central in this case.

2. Main results

THEOREM 2.1. Let R be a prime ring, T : R— R be a mon-zero
partial generalized automorphism of R, I a two-sided ideal, s > 0,1 > 0
and n > 1 fixed integers, such that (u*(T(u) o wyu)" = 0 for all u € [I,1].
If either Char(R) > n + 1 or Char(R) = 0, then R is commutative.

PrRoOOF. Assume that R is not commutative, so that I is not central. In
view of Zhang and Wang [20, Theorem 3.1], T(x) = Ja(x) for all x € R,
where 42€ C and ¢ is an automorphism of R. We are given that
(u*(T(u) o wyu')" = 0 for all u € [I,I]. This implies that ([x, y]*(io([, y]) o
[, y DI, y]t)" = 0forall x,y € I. Since T is nonzero and so 4 # 0, then it is
invertible in C, which implies that ([«,y]’(a([x, ¥]) o [x, y])[oc,y]t)" =0 for
all x,y €. If 0 =1p, the identity map on R, from above equation,
27, y1¢ 2" = 0 and so [i, y]“T*?" = 0 for all &,y € I. Then it follows
from Herstein [13, Theorem 2] that R is commutative, a contradiction.
Hence onward we assume that ¢ # 1. Since ¢ is an automorphism of R, we
have

@.1) (e, y T (o), a@)] o [, yDlae, y1)" = 0 for all 2,y € 1.

By Kharchenko’s theorem [16], we divide the proof into two cases.

CASE 1. Let o be Q-outer. Since either Char(R) > n+1 or Char(R) =0,
by Chuang [4, Main theorem], we arrive at ([x, y1°([u, v] o [, y D[z, y]t)" =0
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for all x,y,u,v €I, in particular, by letting v =« and v =1y, then
21, y] T2 — 0 for all 2z, y € I. By the same arguments as above, we get a
contradiction.

CasE 2. If ¢ is Q-inner, then there exists an invertible element b € @)
such that o(x) = b~1xb for all x € R. We note that b ¢ C since ¢ # 1. By
Chuang [3, Theorem 2], I, R and @ satisfy the same generalized polynomial
identities (or GPIs in brief), from (2.1) we have

22) (@, yl(b wb, b yb] o [, yDlw,y])" = 0 for all x,y € I.

In case the center C of @ is infinite, we have ([x,y]*((b~1ab,b 'yb]o
L, yDlee, )" =0 forall x,y € Q@ R C, where C is the algebraic closure of
C. Since both @ and Q ®c€ are prime and centrally closed [12, Theorem
2.5 and Theorem 3.5], we may replace R by @ or Q Q. C according as C is
finite or infinite. Thus we may assume that R is centrally closed over C
(i.e., RC =C) which is either finite or algebraically closed and
(L, y (b1, b Lyb] o [, y DI, y1)" = 0 for all &,y € R. By Martindale
[18, Theorem 3], RC (and so R) is a strongly primitive ring. In light of
Jacobson’s theorem [15, pp.75], R is isomorphic to a dense ring of linear
transformations of a vector space V. Let pV be a faithful irreducible left R-
module with commuting division D = End(gV). Since C is either finite or
algebraically closed, we know that D must coincide with C. By the density
theorem, R acts densely on Vp.

For any given v € V, we want to show that v and bv are linearly D-
dependent. If bv = 0 then v and bv are D-dependent and we are done in this
case. Suppose that bv # 0, v and bv are D-independent. We consider the
following two cases.

SUBCASE 1. Assume that v, bv, b~1v are D-independent. Then by the
density of R, there exist x,y € R such that
xv = bv;xbv = 0;yv = 0; ybv = .
From (2.2), we can see that
0 = ([, yT([b b, byl o [, yDlae, y1)"v = (= DEHD2my £ 0
a contradiction.
SUBCASE 2. Otherwise, v, bv, b~!v are D-dependent. Since v and bv are

D-independent, then b~'v = vd; + bvds for some dy,ds € D. Moreover, we
claim that ds # 0. Indeed, if ds = 0, then b~'v = vd; and v = bvd;, con-
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tradicting the independence of v and bv. By the density of R, there exist
2,y € R such that

xv = 0;2bv = v;yv = b~ = vd;y + buds; ybv = bvd;.
It follows from (2.2) that
0= ([90, y]é([b—lgcb7 b_lyb] o [96, y])[x,y]t)”v — 2”7.)d;8+t+2)n 7& 0

again a contradiction. From the above we have proven that bv = va, for all
v € V, where o, € D depends on v € V. In fact, it is easy to check that o, is
independent of the choice of v € V. Indeed, for any v,w € V, by the above
arguments, there exist oy, oy, 0y € D such that bv = voy,; bw = woy;
b+ w) = (W + W)otyyy and S0 vo, + wo,, = b + w) = (v + w)o,,,. Hence
V(0 — Olyyiap) + W(0tyy — oyig) = 0. If v and w are D-independent, then
0y = Oy = 0y and we are done. Otherwise, v and w are D-dependent, say
v = Jw for some A € D. Thus va, = bv = blw = lbw = Aww,, = va,,, that is
V(o — o) = 0. Since V is faithful, hence o, = oy, .

So we conclude that there exists 6 € D such that bv = vd for allv € V.
We claim that 6 € Z(D), the center of D. Indeed, for any f € D, we have
b(wf) = (Wf)o = v(fo) and on the other hand b(vf) = (bv)f = W) = v(op).
Therefore V(o — df) = 0 and hence d = Jf, which implies that 6 € Z(D).
So b € C, a contradiction. This completes the proof.

REMARK. Let R be a prime ring and L a non-central Lie ideal of R.
Then either there exists a non-zero ideal I of R such that 0 # [I,R] C L or
Char(R) = 2 and R satisfies s4.

Proor. See [14, pp. 4-5], [11, Lemma 2] and [17, Theorem 4].

THEOREM 2.2. Let R be a prime ring with center Z(R), T : R — R be
a non-zero partial generalized automorphism of R, L a Lie ideal of R,
s> 0,t>0 and n > 1 fived integers, such that (us(T(u)ouyu’)" =0 for
all w € L. If either Char(R) > n + 1 or Char(R) = 0, then L C Z(R).

Proor. Assume that L is non-central. By previous Remark and since
Char(R) # 2, there exists a non-zero ideal I of R such that 0 £ [I, R] C L.
By Theorem 2.1, it follows that R is commutative, which is a contradiction.

The following example demonstrates that R to be prime is essential in
Theorem 2.1.
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ExampLe 23. Let Z be the ring of all integers. Set

0 a b 0 a b
R = 0 0 clla,b,ceZyandl= 0 0 O0]la,beZ . Next,
0 0 0 0 0 0
0 a b
let us define a mapping T:R—R given by 7|0 0 c | =
0 0 0
0 —a b 010 010
0 0 —c|. The fact {0 0 O | #0 implies that {0 0 0
0 0 0 000 0 0O
0 a b 010
0 0 ¢ 0 0 0 ) =0,proving R is not prime. And it is clear that

0 0 0 000

I is a non-zero ideal of R and T is a nonzero partial generalized auto-
morphism of R. And it is easy to check that (u*(T(u) o uwyu!)" = 0 for all
u € [1,I]. However R is not commutative.
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