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The Amalgamated Duplication of a Ring Along
a Semidualizing Ideal

MARYAM SALIMI (*) - ELHAM TAVASOLI (**) - SIAMAK YASSEMI (¥%*)

ABSTRACT - Let R be a commutative Noetherian ring and let 7 be an ideal of R. In this
paper, after recalling briefly the main properties of the amalgamated duplication
ring R < I which is introduced by D’Anna and Fontana, we restrict our attention
to the study of the properties of R < I, when I is a semidualizing ideal of R, i.e., I
is anideal of R and I is a semidualizing R-module. In particular, it is shown that if
I is a semidualizing ideal and M is a finitely generated R-module, then M is totally
I-reflexive as an R-module if and only if M is totally reflexive as an (R < I)-module.
In addition, itis shown that if I is a semidualizing ideal, then R and I are Gorenstein
projective over R < I, and every injective R-module is Gorenstein injective as an
(R < I)-module. Finally, it is proved that if I is a non-zero flat ideal of R, then
fdp(M) = fdg (M @p (R < 1)) =fdr(M Qg (R >< I)), for every R-module M.
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1. Introduction

Throughout this paper all rings are considered commutative with
identity element, and all ring homomorphisms are unital. Over a commu-
tative local ring, semidualizing modules provide a common generalization
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of a dualizing (canonical) module and a free module of rank one. In [10],
Golod introduced the notion of semidualizing modules, though suggestions
of this notion can be traced back to Foxby [9] and Vasconcelos [18].

Let R be a ring and let M be an R-module. The idealization R x M (also
called trivial extension) introduced by Nagata in 1956 [14, Page 2], is a new
ring where the module M can be viewed as an ideal such that its square is 0.
In [11, Lemma 3.1], it is proved that if C is a semidualizing module for
Noetherian ring R, then every injective (R x C)-module is a direct sum-
mand of the R-module Homg(R x C, E), where E is an injective R-module.
Also, Holm and Jgrgensen in [11, Lemma 3.3], showed that if C is a
semidualizing module for Noetherian ring R, then

() R and C are Gorenstein projective over R x C.
(1) Homp(R, E) = E and Homp(C, E) are Gorenstein injective over
RxC.

This paper builds on work of Holm and Jgrgensen for the amalgamated
duplication instead of idealization. First, we recall the definition of amal-
gamated duplication. In [6] D’Anna and Fontana, considered a different
type of construction obtained involving a ring R and an ideal I C R that is
denoted by R v« I, called amalgamated duplication, and it is defined as the
following subring of R x R:

Roal={(rr+ireRicl.

They showed that R < [ is reduced if and only if R is reduced. This con-
struction has been studied by different authors, since it allows to produce
rings satisfying preassigned conditions and this is the main motivation for
the investigations of the authors. In this paper, we study the ring R >< I for
semidualizing ideal /. In Section 3, we show that if / is an ideal of Noe-
therian ring R such that I is a semidualizing R-module, and M is a finitely
generated R-module, then M is totally I-reflexive as an R-module if and
only if M is totally reflexive as an (R 0< I)-module (see Theorem 3.2). Also,
we show that, if I is a non-zero ideal of Noetherian ring R such that I is a
semidualizing R-module and M is a totally reflexive (R t< I)-module, then

Torf(M,N) = 0 = Extj,(M,I ® N)
forall? > 1, provided that N is a locally finite flat dimension B-module, and
ExtL(M,G) = 0 = Tor(M, Homg(I, G))

for all ¢ > 1, provided that G is a locally finite injective dimension R-
module.
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Finally, we prove that if I is an ideal of Noetherian ring R, then every
injective (R < I)-module is a direct summand of the R-module
Homp (R < I, M), where M is an injective R-module. In addition, we show
that if I is semidualizing, then R and I are Gorenstein projective over R < 1,
and every injective R-module is Gorenstein injective as an (R < I)-module.

2. Preliminaries

First, we deal with some applications of a general construction, in-
troduced in [6], called amalgamated duplication of a ring along an ideal.
Let R be a commutative ring with unit element 1 and let I be an ideal of

R. Set
Real ={(r,s)r,scR,s—rel}.

It is easy to check that R >« [ is a subring, with unit element (1,1), of R x R
(with the wusual componentwise operations) and that Rovoal =
{(r,r +9)|r € R,1 € I}. In the following, we recall some main properties of
the ring R v< I from [5] which we use in the next section.

ProposiTION 2.1. Let R be a ring and let I be an ideal of R. Then the
Sollowing statements hold.

(1) By introducing a multiplicative structure in the R-module direct
sum R @& I by setting

(r,0)(s,7) = (rs, ) + st + ),

the map f: R® I — Ro< 1 defined by f((r,7) = (r,r+1) is a ring iso-
morphism and R-isomorphism too. Moreover, there is an split exact se-
quence of R-modules

0-RLZR=ILTI =0

where p(r) = (r,r) for all r € R, and y((r,s)) =s —, forall (r,s) € R < I.
Notice that this sequence splits.

(1) R and R>< 1 have the same Krull dimension. Also, if R is a
Noetherian ring, then R > I is a finitely generated R-module.

In [1], [5], [6], [16], and [17], the properties of the ring R < I were
studied extensively.

The following notion was introduced by Golod, though suggestion of
this notion can be traced back to Foxby and Vasconcelos.
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DEFINITION 2.2.  Let C be a finitely generated R-module. An R-module
G 1s totally C-reflexive if it satisfies the following conditions:

(1) G 1s finitely generated over R;

(i1) the biduality map 58 : G — Homg(Homp(G, C),C) given by
52(9)(1//) =w(g) for each g € G and v € Homg(G, C), is an iso-
morphism; and _

(i17) Extp(G,C) =0 = Extz(Homg(G, C),0) for all i > 1.

In this paper, for an R-module M, we use “M is totally reflexive” instead
of “M is totally R-reflexive”.

The following notion was introduced, seemingly independently and using
different terminology, by Foxby, Golod, Wakamatsu, and Vasconcelos.

DEFINITION 2.3. The R-module C is semidualizing if it satisfies the
following:

(1) C 1is finitely generated;
(i) the homothety map y& : R — Homg(C, C) given by yE(r)(c) = rc
foreachr € R and ¢ € C, is an isomorphism; and
(i) Exty(C,C) =0 foralli>1.

In addition an R-module D s called dualizing if it is semidualizing
and idp(D) < oc.

By the term “I is a semidualizing ideal for ring B”, we mean that [ is an
ideal of R and [ is a semidualizing R-module.

Recall that a complete projective resolution is an exact sequence of
projective modules

P:....—pP,—P,—P —pP— ...

)

such that Homp(P, Q) is exact for every projective R-module @. An R-
module M is called Gorenstein projective, if there exists a complete pro-
jective resolution P with M = coker (Py — P). The notion of Gorenstein
injective modules are defined dually.

3. Main Results

Throughout this section, R is a Noetherian ring. We follow standard
notation and terminology from [2].
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In this section, we study the ring R v< [ for a semidualizing ideal 1. In
the following Theorem, we show that a finitely generated R-module M is
totally I-reflexive if and only if M is totally reflexive as an (R < I)-module,
provided that 7 is a semidualizing R-module. First, we prove the following
lemma:

LEmMa 3.1.  Let I be a semidualizing ideal of R. Then the following
statements hold.

(@) There is an (R < I)-isomorphism Homg(R>< I1,1) = R > 1.
(1) There is a natural equivalence of R-modules
Homp..;(—, R > 1) =2 Hompg(—,I).
(111) Let M be an R-module. Then the biduality map
M — Homgp(Homp (M, I),I)
1s an R-isomorphism if and only if the biduality map
M — Homp,o;(Homp,.;(M,R < I), R < )
18 an (R < I)-isomorphism.
(w) There is an (R < I)-isomorphism Hompg.;(R, R < 1) =2 I.

() If K is an injective R-module, then there is an equivalence of
(R <t I)-module

Homp,.;(Homg(R < I, E), —) =~ Homg(Homg(I, E), —).

Proor. (1) We have the following isomorphisms of R-modules:

Homp(R < 1,1) =2 Homp(R ® I,1) =2 Homg(I,I) ® Homg(R,I)
~*RplI~Rral,

since [ is semidualizing. The proof of [1, Theorem 3.3] implies that the R-
isomorphism Hompg(R < I, 1) = R < [ is an (R < I)-isomorphism.

(17) Let M be an R-module. In the following sequence, the first
isomorphism is from (2), the second isomorphism is from Hom-tensor
adjointness, and the third isomorphism is induced by tensor cancella-
tion:

Homp. . ;(M,R><al) = Homp. .;(M,Homg(R < 1,1))
=~ Homp(M ®ppar (R < 1),1)
=~ Homgp(M, I).



120 Maryam Salimi - Elham Tavasoli - Siamak Yassemi

(727) In the next sequence, the first isomorphism is from (z), (i7) and
Hom-tensor adjointness, and the second isomorphism is induced by tensor
cancellation:

Homp.o;(Homp oo (M, Re<1), R < I) = Homp(Homp(M, I) @p s (Re<l), I)
~ Homg(Homp (M, I),I).

It shows that there is an (R < I)-isomorphism
M ~ Homp,.;(Homp..;(M,R < 1), R < 1)

if and only if there is an R-isomorphism
M = Homgp(Homg(M, I),1).

By [15, Proposition 5.4.1 (a)], the biduality map 5@“‘1 is an (R >« )-iso-
morphism if and only if the biduality map 5{14 is an R-isomorphism.

(1v) Tt follows from (i7). Note that I has (R >« I)-module structure by
Proposition 2.1 ().

(v) In the following sequence, the first isomorphism follows from (), the
second isomorphism follows from [7, Thorem 3.2.11], and the third iso-
morphism is induced by Hom-tensor adjointness:

Homp..;,(Homgr(R < I, E),—) = Hompg..;,(Homr(HomgrR <1,1),F),—)
=~ Homp,o/(Homg(I, E) ®p (R < 1), —)

=~ Homp(Homg({, E), —).
O

THEOREM 3.2. Let I be a semidualizing ideal of R, and let M be a
finitely generated R-module. Then M is totally I-veflexive as an R-module
if and only if M is totally reflexive as an (R > I)-module.

Proor. Let E°® be an injective resolution of I as an R-module. Let
¢ : R — R < I be R-homomorphism in Proposition 2.1(i). By [15, Proposi-
tions 2.1.12 and 2.1.13], I and R are totally /-reflexive, so according to [15,
Proposition 2.1.4], R ¢ [ is totally /-reflexive. Therefore, R < I is totally /-
reflexive by Proposition 2.1(7). Hence Extﬁe(R >11,I)=0for all 7 > 1, so
the complex Homp(R < I, E®) is an injective resolution of the (R > I)-
module Homg(R > I, 7). By Lemma 3.1(2), Homg(R < I, E°) is an injective
resolution of the (R >« I)-module R t< I. This yields the first isomorphism
in the next sequence:
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Exth, (M, R><I) =~H ;(Homp..;(M, Homp(R v< I, E*)))
~H_ ;Homp(R <) Qpoag M, E*))
~ H_,(Homgp(M, E*))
(%) ~ Exth(M, D).

It f_'ollows that Extﬁem JM,Rral)=0 for all ¢>1 if and only if
Exty(M,I) = 0 for all © > 1. Also, we have the following isomorphisms:

Extl, ,(Homp..;(M,R>aI),R< 1) = Exth,_,(Homg(M,I),R >a1)
~ Exth,(Homgp(M, ), ).

In the above sequence, the first isomorphism follows from Lemma 3.1(i7)
and the second one follows from (), using Homg (M, I) in place of M. It
follows that Ext%MI(HomRMI(M,R >11),R>al) =0 for all 7 >1 if and
only if EXt%(HOInR(M, D), I) =0 for all 7 > 1. By Lemma 3.1(:12), the bi-
duality map M — Homg(Hompg(M, I),I) is an isomorphism if and only if
the biduality map M — Hompg,.;(Homp,;(M,R < 1), R>< 1) is an iso-
morphism. So, the assertion follows from definition. O

COROLLARY 3.3. Let I be a semidualizing ideal of R. Then I is totally
reflexive as an (R > I)-module.

Proor. By [15, Proposition 2.1.12], I is totally /-reflexive as an R-
module. So by Theorem 3.2, [ is totally reflexive as an (R >< I)-module. [J

COROLLARY 3.4. Let I be a non-zero semidualizing ideal of R, and
let M be a totally reflexive (R < I)-module. Then the following state-
ments hold.

(@) If N 1s a locally finite flat dimension R-module, then
Torf(M,N) = 0 = Ext,(M,I @ N)

forall 1> 1.
(1) If N is a locally finite injective dimension R-module, then

Exti,(M,N) = 0 = Tor®(M, Homg (I, N))

foralli> 1.
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Proor. By Theorem 3.2, M is totally I-reflexive as an R-module.
Therefore, (i) follows from [15, Proposition 5.4.8], and (i7) follows from
[15, Proposition 5.4.9]. O

In [15], Sather-Wagstaff investigated the behavior of semidualizing and
totally reflexive modules under flat based change of ring, indeed, in [15,
Propositions 2.2.1 and 5.3.1], he showed that if ¢ : R— S is a flat ring
homomorphism, then the following statements hold.

(1) Let C be a finitely generated R-module. If C' is a semidualizing
R-module, then C ®g S is a semidualizing S-module. The con-
verse holds when ¢ is faithfully flat.

(#1) Let C be a semidualizing R-module and let M be a finitely
generated R-module. If M is totally C-reflexive, then the S-
module C ®p M is totally (C @z S)-reflexive. The converse holds
when ¢ is faithfully flat.

Assume that I is a non-zero flat ideal of Noetherian ring R. It is
straightforward to see that the map ¢ : R — R v« [ is faithfully flat, since
Rl =R @I, by Proposition 2.1(i). So we have:

LEmma 3.5. Let I be a non-zero flat ideal of R. Then the following
statements hold:

(1) Let C be a finitely generated R-module. Then C is semi-
dualizing R-module if and only if C @p (R><1) is a semi-
dualizing (R > I)-module.

(#1) Let C be a semidualizing R-module and let M be a finitely
generated R-module. Then M 1s totally C-reflexive if and only if
the (R < I)-module M ®p (R < 1) is totally (C Qg (R < I))-re-
flexive.

PROPOSITION 3.6.  Assume that I is a non-zero flat ideal of R. Let C be
a semidualizing R-module, and let M be a totally C-reflexive R-module.
Then the following statements hold.

(#) If N 1s a locally finite flat dimension (R < I)-module, then
Torf™!(M,N) = 0 = Ext}, (M ®p (R > I),C @ N)

forall 1> 1.
(#1) If N is a locally finite injective dimension (R > I)-module, then

Tor!™ (M, Homp,.;(C @ (R > 1), N)) =0 = Exty, (M @ (R> 1), N)
forall 1> 1.
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Proor. Note that R >« 1 is a flat R-module, since [ is a flat ideal of
R. By Lemma 3.5, C ®g (R < I) is a semidualizing (R > I)-module and
M @p (R 1) is a totally (C ®p (R < I))-reflexive (R < I)-module.

(2) In the following sequence, the equality follows from [15, Proposition
5.4.8], and the isomorphism holds, since R >« [ is a flat R-module

0 =Torf (M @ (Rv<I),N)
=~ Torf™!(M,N) @ (R < I),

for all 7> 1. So, TorfMI(M,N) =0, since R/ is faithfully flat R-
module.

In the following sequence, for all ¢ > 1, the equality follows from
[15, Proposition 5.4.8], and the isomorphism induces by tensor can-
cellation:

0 = Extp, (M &g (Rea]),(C®p (R > D) @pear N)
=~ Exty, (M @ (R < 1),C @g N).

(77) In the following sequence, for all 7 > 1, the equality holds by
[15, Proposition 5.4.9], and the isomorphism holds, since R >« 1 is a flat
R-module

0 =Tor®™ (M @p (R« I), Homp,.;(C @ (R 1), N))
=~ Tor?™! (M, Homp..;(C @ (R > 1), N)) @g (R >< I).

So, TOI'fEMI(M7 Homp .. ;(C ®r (R><1),N)) =0, since R<1 is a faith-
fully flat R-module. By [15, Proposition 5.4.9], we have

Exth,.,(M © (R><1),N) = 0. .

Let I be a semidualizing ideal of . In the following, we investigate that
R and I are Gorenstein projective over R < I. Also, we show that every
injective R-module is Gorenstein injective as an (R < I)-module. First, we
prove the following lemma:

LeEMMA 3.7.  Let I be an ideal of R. Then the following statements hold.
(@) If M is a (faithfully) injective R-module, then Hompg(R < I, M)
1s a (faithfully) ingective (R <t I)-module.
(1) Every injective (R < l)-module is a direct summand of
the R-module Hompg(R >< I, M), where M 1is an injective
R-module.
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Proor. (2) The following sequence of (R t< I)-isomorphisms makes
clear that if M is a (faithfully) injective R-module, then Homg(R < I, M) is
a (faithfully) injective (R < I)-module

Hompg..7(—, Homp(R <1, M)) = Homp((R 1) @psar —, M)
=~ Hompg(—,M).

Note that in the above sequence, the first isomorphism follows from Hom-
tensor adjointness, and the second isomorphism is induced by tensor can-
cellation.

(17) Let JJ be an injective (R < I)-module. It is enough to show that J is
embeded into an R-module of the form Homp(R < I, M) where M is an
injective R-module. Consider J as an R-module and embed it into an in-
jective R-module M. Then use isomorphisms in part (i), to convert the
monomorphism of R-modules J—M to a monomorphism of (R < I)-mod-
ules J—Hompg(R < I, M). O

THEOREM 3.8. Let I be a semidualizing ideal of R, and let E be an
mjective R-module. Then the following statements hold.

(1) R and I are Gorenstein projective over R < I.
(1) Homp(R,E) = E and Homg(I, E) are Gorenstein injective over
Ro<l

Proor. (i) By Lemma 3.1 (iv), Homp,.;(R, R < I) =2 I. It means, the
dual of R with respect to the ring R v< [ is I. But dualization with respect to
the ring preserves the class of finitely generated Gorenstein projective
modules by [3, Observation (1.1.7)]. So, to prove part (¢), it is enough to show
that R is Gorenstein projective over R < I. By [4, Proposition 2.16], it is
enough to show that R is a totally reflexive (R < I)-module, since R is a
Noetherian ring and R is a finitely generated (R < I)-module. By Theorem
3.2, it suffices to show that R is a totally /-reflexive R-module, and this
follows from [15, Proposition 2.1.13].

(17) First, we show that Homp (I, E) is Gorenstein injective over R >« 1.
Since [ is Gorenstein projective over R < [, it has a complete projective
resolution as follows:

o 04)

P —P 5Py P

such that P; are projective (R < I)-modules and I = cokerd', and
Hompg,..;(P, Q) is exact where @ is a projective (R >« I)-module. We can
assume that P consists of finitely generated (R < I)-modules, since R is a
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Noetherian ring. By Lemma 3.7(¢), the (R > I)-module J = Homp(R <1, E)
is injective. Consider the exact complex K = Homp,;(P,J) of injective
(R <t I)-modules. Note that for every injective (R > I)-module L we have

Homp../(L,K) = Homg.;(L, Hompg..;(P,J))
= Homle(L RRwal P,J)
(*) =~ Homp .o/ (P, Homp (L, J)).

Also, Hompg,.;(L,J) is a flat (R >« I)-module, so it is the direct limit of
projective (R < I)-modules Q,, that is, Homp .. ;(L,J) = li_w)n Q.. Soby (*)

Hompg..;(L,K) =~ Hompg..;(P, lij)@ Q.) = lij} Homp../(P, Q,),

is exact. This shows that K is a complete injective resolution over R < I and

ker (Homp,.;(0%,J)) = Homp.;(coker(d),J)
~ Hompg, (I, Homg(R < I, E))
=~ Homgp(I ®ppar (R > 1), E)
~ Homg({, E).
Therefore, Homp (I, E) is a Gorenstein injective (R >« I)-module.

Using the same argument, one can show that Homp(R,E) = E is
Gorenstein injective over R < 1. O

In [12] and [13], some properties of homological dimension of R <1
were investigated.

PropoSITION 8.9.  Let I be a non-zero semidualizing ideal of local ring
R. Then I is a dualizing R-module if and only if R > I is Gorenstein.

Proor. By [13, Lemma 2.1], idg,.;(R < I) = idg(). So, the assertion
follows by definition. |

COROLLARY 3.10.  Let I be a non-zero semidualizing ideal of local ring
R. Then I is an injective R-module if and only if Re< 1 is a quasi-
Frobenius ring.

Proor. Reecall that the ring R is called quasi-Frobenius if R is a Gor-
enstein ring of Krull dimension zero (see [7]). The assertion follows from
Proposition 3.9. O



126 Maryam Salimi - Elham Tavasoli - Siamak Yassemi

ProrosITION 3.11. Let I be a non-zero flat ideal of R. For every R-
module M we have:

(@) idp(M) =1idpM ®@r (B> 1))
(1) fdp(M) = fdr(M ®@p (R < 1))

ProoF. Note that R < [ is a faithfully flat R-module. (z) follows from
[20, Corollary 2.9] and (i) follows from [20, Corollary 2.11]. O

COROLLARY 3.12.  Let I be anon-zero flat ideal of R. For every R-module
M, we have

fdpM) = fdppas(M @p (R > 1)) = fdp(M ®p (R >a1)).

Proor. By [12, Lemma 2.3], we have fdr(M) = fdg,.;(M @ (R > 1)),
and by Proposition 3.11, fdp(M) = fdp(M @z (R > I)). O

ProPOSITION 3.13. Let I be a non-zero ideal of a ring R of Krull
dimension zero. If Re< I is a Gorenstein ring, then idgr(Rv< )=
fdp(R < I).

ProoF. Note that dim(R >« 1) = dim(R) = 0, so R < [ is self-injective.
By [20, Corollary 3.4], idg(R < I) = fdg(R < I). O

THEOREM 3.14.  Let I be an ideal of Artinian ring R. Then R is Gor-
enstein if and only if Extp(k,R) = 0.

ProorF. By assumption, R is Gorenstein if and only if R is self
injective. Note that R is an Artinian ring if and only if R is an Artinian
(Rw<I)-module. So, the assertion follows [8, Theorem 6.1]. O
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