REND. SEM. MAT. UN1v. PADOVA, Vol. 129 (2013)
DOI 10.4171/RSMUP/129-10

On Gorenstein Flat Preenvelopes of Complexes

GANG YANG (¥) - ZHONGKUI L1U (**) - L1 LIANG (¥%%)

ABSTRACT - In this paper we show that if the class 5 of R-modules is closed under well
ordered direct limits, then the class B is preenveloping in the category of R-
modules if and only if the class dwB is preenveloping in the category of R-
complexes, where dwB denotes the class of all complexes with all components in
B. As an immediate consequence, we get that over commutative and Noetherian
rings with dualizing complexes every complex admits a Gorenstein flat preen-
velope.
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1. Introduction

The study of the existence of envelopes and covers started with the
introduction of the concepts of injective envelopes ([6]), projective covers
([4]) as well as pure-injective envelopes ([18]). An independent research of
Auslander, Reiten and Smal ([2] and [3]) in the finite dimensional case, and
Enochs ([7]) for arbitrary modules, has led to a general theory of left and
right approximations, or preenvelopes and precovers of modules (see [10]
and [15]).
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In a natural way, (pre)envelopes and (pre)covers have been studied in
more general settings than that of modules. A particular and important
example is the study of (pre)envelopes and (pre)covers of complexes of
modules (see [1], [13] and [14]). It was shown [14, Theorem 5.2.2] that a ring
R is right coherent if and only if every complex of R-modules has a flat
preenvelope. It was proved [14, Theorem 3.2.9] that over Gorenstein rings
every complex has a Gorenstein injective (pre)envelope. In this paper we
are inspired to consider the existence of Gorenstein flat preenvelopes. We
show that over commutative and Noetherian rings with a dualizing complex
every complex admits a Gorenstein flat preenvelope. This complements the
work of Enochs, Estrada and Tacob who proved in [8] that over such rings
every complex admits a Gorenstein flat (pre)cover. The method we use to
show that the class of Gorenstein flat complexes is preenveloping in the
category of complexes works in a more general setting, and so the existence
of preenvelopes by many important classes of complexes is obtained.

2. Preliminaries

Throughout the paper, we assume that all rings have an identity and all
modules are unitary. Unless stated otherwise, an R-module will be un-
derstood to be a left R-module. We use R-Mod (respectively, Mod-R) to
denote the category of left (respectively, right) R-modules.

DeFINITION 2.1. A complex C of R-modules is a sequence --- —

5 9 1% 0 % % e
c*—=C'—-0C"—C —C—-.- of Rmodules and R-homo-
morphisms such that 67797 ' = 0 for all m € 7. The mth cycle module of the
complex C is defined as Ker(d;y) and is denoted Z™(C), and the mth
boundary module is defined as Tm (6} ') and denoted B"(C). A complex C'is

said to be exact if Z™(C) = B™(C) for all m € 7.

DEFINITION 2.2 ([10]). A module M is called Gorenstein injective, if
there exists an exact complex --- — 2 - 1 - [ - ' - > — ... with
all I injective such that M = Ker(I° — I') and the sequence remains exact
whenever Hompg(J, —) is applied for any injective module J.

DEeFINITION 2.3 ([10]). A module N is called Gorenstein flat, if there
exists an exact complex --- — F2 — F~1 — FO - F! — F? — ... with all
F' flat such that N = Ker(F* — F') and the sequence remains exact
whenever J ®p — is applied for any injective right R-module J.



On Gorenstein Flat Preenvelopes of Complexes 173

The Gorenstein injective and flat complexes are defined in a similar
manner, but using resolutions of complexes.

Given complexes X and Y, we let Hom(X, Y) denote the usual complex

associated complexes X and Y, ie., the complex with Hom(X,Y)" =
[T Hom(X?, Y"*i) and with differential given by 0"((f)icy) = (0% 'fi—
€7,
(— D"fiH10L)ie for f = (f1)icy, in Hom(X,Y)". A morphism of complexes
f: X — Yis defined to be a family (f?);c, of homomorphisms of R-modules
fi: X' — Y such that 6% f! = fi+15% for each i € 7. We use Hom(X, Y) to
present the group of all morphisms from X to Y. We let C(R-Mod) (re-
spectively, C(Mod-R)) be the category of complexes of left (respectively,
right) R-modules. Unless stated otherwise, an R-complex will be under-
stood to be a complex of left R-modules.

We also recall that a complex [ is injective if the functor Hom(—,7) is
exact. Equivalently, a complex I injective is if and only if it is exact and
Z'(I) is an injective module for each i € 7. For example, if N is an injective
module then --- — 0 — N TN S0 s injective. In fact, any in-
jective complex is uniquely up to isomorphism the direct sum of such
complexes. The dual notion is that of projective complex. A complex P is
projective if the functor Hom(P, —) is exact. Equivalently, P is projective if
and only if P is exact and Z/(P) is a projective module for each i € 7. For

example, if M is a projective module then --- — 0 — M M0
is projective. In fact, any projective complex is uniquely up to isomorphism
the direct sum of such complexes. Thus the category of complexes of
modules has enough projectives.

DEFINITION 2.4 ([14]). A complex H is called Gorenstein injective, if
there exists an exact sequence of complexes --- — I 2 =1 -] —
I' — I? — ... with all I' injective such that H = Ker(I° — I') and the se-
quence remains exact whenever Hom(J, —) is applied for any injective
complex J.

REMARK 2.5. It was shown by Liu and Zhang [17, Theorem 8&] that a
complex H is Gorenstein injective if and only if each term H' is a Goren-
stein injective module for all 7 € 7 when R is left Noetherian.

The definition of Gorenstein flat complexes is introduced in terms of
tensor product of complexes.

Recall from [14] that if X is a complex of right R-modules and Y is a
complex of left R-modules, then the usual tensor product X @ Y is defined
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by X ® Y)' = @ X' ®g Y/ indegreen, and the differential 6" is defined
i+j=n . . B . .
on the generators by d%®) ® y + (— 1)'z ® 64 (y) for x € X', y € Y. Let
X®Y)

X ® Y denote the complex BX o 1)

with the maps

(X ® Y)n (X ® Y)n+1
BW(X ®° Y) B77/+1(X ®" Y) ’

X Y)
B"X @ Y)
functor — ® — is right exact in the category of complexes and the category
of complexes has enough projectives, thus we can construct left derived
functors which we denote by Tor;.

Recall from [14] that a complex F'is flat if the functor — ® F'is exact. By
[14, Theorem 4.1.3], a complex F'is flat if and only if F' is exact and Zi(F)isa
flat module for each ¢ € 7. It is clear that any projective complex is flat.

rRY—ox(@) @Yy,

where x ® yis used to denote the coset in Then we note that the

DEFINITION 2.6 ([14]). A complex G is called Gorenstein flat if
there exists an exact sequence of complexes --- — F2 — F~1 — F0
— F' — F?2 — ... with all F" flat such that G = Ker(F° — F') and the
sequence remains exact whenever K ® — is applied for any injective
complex £ of right R-modules.

We also recall the definitions of precovers and preenvelopes as well as
right and left resolutions in an abelian category A.

DEFINITION 2.7. Let Q be a class of objects of A, and M is an object of
A. We say that a morphism f : M — @Q is an Q-preenvelope if @ € Q and the
sequence Hom(Q,®') — Hom(M,Q') — 0 is exact for any @ € Q. If
moreover, gof =f implies that g is an automorphism whenever
g € End(Q), then f is called an Q-envelope. Q-precovers and Q-covers are
defined dually. We say that the class Q is preenveloping (respectively,
enveloping) if every object of A has an Q-preenvelope (respectively, Q-
envelope).

DEFINITION 2.8. A right Q-resolution of M is a complex 0 — M —
Q’ — Q' — --- with each @' € Q and which remains exact whenever
Hom(—,Q’) is applied for any @ € Q. We note that 0 — M —
Q" — Q' — ---is aright Q-resolution of M if and only if M — @° and each
Coker(Q2 — Q1) — @' for i > 1 are Q-preenvelopes (with @ ! = M).
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The left Q-resolutions are defined dually. Note that if Q contains all
injective (respectively, projective) objects then any right (respectively,
left) Q-resolution is an exact complex.

We note that there is no loss of generality in what follows in assuming
that if B is a class of R-modules and M, N are R-modules such that M = N
and M € B, then N € B. Hence we will always assume that the class B is
closed under isomorphisms and contains 0. Let 5 be a class of R-modules,
we say a complex D is a dwB3 complex if each term D' is in B for i € 7 (the
“dw” is meant to be thought of as “degreewise”).

3. Gorenstein flat complexes over coherent rings

The aim of this section is to give some characterizations of Gorenstein
flat complexes over coherent rings. So throughout this section R will de-
note a right coherent ring.

Since over a right coherent ring every module has a flat preenvelope by
[10, Proposition 3.3], then every module has a right flat resolution. Thus
one can define right derived functors of — @ — by using (right) injective
resolutions and right flat resolutions in the first and second variables re-
spectively (see [10]). These new derived functors are denoted by Tor}, and
such functors can be used to characterize Gorenstein flat modules (see [11,
Proposition 2.1]). Similarly since over a right coherent ring every complex
has a flat preenvelope by [14, Theorem 5.2.2], then every complex has a
right flat resolution. Thus we can define right derived functors of — ® — in
the category of complexes by using (right) injective resolutions and right
flat resolutions in the first and second variables respectively. These new
derived functors are denoted by Tor”. We also note that there exists a
natural morphism X ® ¥ — TorO(X JY).

Given an R-module M, we denote by M the complex --- — 0 —

M2 M0 . withall components 0 except M in the degrees —1 and
0. Given a complex C and an integer m, we let C[m] denote the complex
such that C[m]" = C"*" and whose differentials are (— 1)"0™"". We first
give the following useful lemma.

LemMa 3.1.  Let C be a complex, M a right R-module and let m be an
wnteger. Then the following statements hold.

) [Tor"(M[m],C)1’ = Tor(M,C**™) for any i € 7, and any n > 0.
@) [Tor,(M[m],C)1 = Tor(M, C**") for any i € 7 and any n > 0.
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Proor. (1). Let 0 = M — I — I' — I> — ... be an injective resolu-
tion of the module M. Then 0 — M[m] — I°[m] — I[m] — I2[m] — - - - is
an injective resolution of the complex M[m], and so we have the following
commutative diagram

0—— Mm]®C PmleC Mm@ C——1m|eC — -

gl %l %l gl

0 —> M ®g C[m] —> I° ® C[m] —> I' ®g Clm] — I? ®g Clm] — - -

where the vertical isomorphisms follow from [14, Proposition 4.2.1(4)]. Now
it is easy to see that [Tor" (M[m], O] =~ Tork(M,C*™) for any i € 7 and
any n > 0.

(2). The proof is similar to that of (1). O

Note that Hom(X,Y) = Z°%(Hom(X,Y)). If we let Hom(X,Y)=
Z(Hom(X,Y)) then we see that Hom(X, Y) can be made into a complex
with Hom(X, Y)™ the abelian group of morphisms from X to Y[m] and with
a differential given by: f € Hom(X,Y)"™, then 6" (f) : X — Y[m + 1] with
S = (= D)"Y ¥n € /. For a complex C, we let C* denote the
complex Hom(C, Q/7), that is, C™ = Homg(C, Q/7).

In the following we give a characterization of Gorenstein flat complexes
over right coherent rings by using the new derived functors Tor".

PRrROPOSITION 3.2. Let G be a complex. Then the following conditions
are equivalent.

(1) G is Gorenstein flat.

(2) Tor,(E,G) =0 Vn >1 for every injective complex E of right
R-modules, Tor"(R,G)=0 VYn>1 and G — Tor’R,G) is an
isomorphism.

() G' are Gorenstein flat modules for all i € 7.

4) Tor,(E,G) =0 VYn > 1 for every injective complex E of right R-
modules, Tor"(P,G)=0 Yn>1 and P® G — TorO(P, G) 1s an
isomorphism for every projective complex P.

Proor. (1)=(2). It is clear that Tor,(E,G) =0 Vn >1 for every
injective complex £ of right R-modules. Furthermore since R is right
coherent then there exists an exact sequence 0 — G — F' — F' — ...
that can be used to compute Tor"(R,G)=0, V7 >1. Finally G =
Ker(F* — F') 2 Ker(R @ F* — R F') = Tor"(R, ().
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(2)=(3). It follows from Lemma 3.1 and [11, Proposition 2.1].

(3)=-(4). Since the derived functors Tor, and Tor" of the tensor product
preserve arbitrary direct sums, every projective module is a direct sum-
mand of a free R-module and every projective complex P is a direct sum of
some projective complexes K[i], then the result follows from Lemma 3.1
and [11, Proposition 2.1].

4)=@1). Let 0 = G — F* — F' — ... be a right flat resolution. Then
by the fact that Tor,(R,G) = 0 Vr > 1 we get that F* — F! — ... is exact.
But since G 2R ® G — Tor’(R,G) = Ker(R@ F* — R F') is an iso-
morphism, we get that 0 — G — F* — F' — ... is exact. Let E be an
injective complex of right R-modules. In order to show that
0-E®G—-E®F" - E®F' — ... is exact, it is enough to show that
s EFFY 5 (EFYT - (FEeG)T — 0 is exact. But this follows
from isomorphisms (' ® C)" =~ Hom(C,E*) for any complex C, and
the exactness of the sequence --- — Hom(F!,E*) — Hom(F°,E*) —
Hom(G,E') — 0 because ET is flat. On the other hand Tor,(E,G) =0
vn > 1 implies that any (left) flat resolution --- — Fy — Fy — G — 0
remains exact whenever the functor £ ® — is applied for any injective
complex ¥ of right B-modules. |

REMARK 3.3. The equivalence of statements (1) and (3) of Proposition
3.2 was shown over more general rings by Yang and Liu [21, Theorem 3.11].

Since a left R-module M is Gorenstein flat if and only if the character
module M is Gorenstein injective as a right R-module by [16, Theorem 3.6],
the following result follows directly from Remark 2.5 and Proposition 3.2.

COROLLARY 3.4. Let R be a right Noetherian ring. Then a complex G
is Gorenstein flat in C(R-Mod) if and only if G is Gorenstein injective in
C(Mod-R).

4. The existence of Gorenstein flat preenvelopes

In this section we will prove that over commutative and Noetherian
rings with a dualizing complex every complex has a Gorenstein flat
preenvelope. To obtain this result, we develop a general approach. More
precisely, for a given class 5 of R-modules we will show that if the class B of
R-modules is closed under direct limits, then the class B is preenveloping
in R-Mod if and only if the class dwB of complexes is preenveloping in
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C(R-Mod), where dwB denotes the class of complexes of all components in
B. We first start with the following lemma.

LEmmA 4.1.  If the class of R-modules B is enveloping in R-Mod then
every left bounded complex has a dwB-envelope. Furthermore, if the class
of R-modules B s preenveloping in R-Mod then every left bounded complex
has a dwB-preenvelope which is also left bounded.

POROOF. ‘lWe assume without loss of generality that C=:0—

co e, Ct 2, C? — . ... Using anidea dual to the one used in [14, Theorem
3.3.10], we are going to construct a complex D € dwB and a morphism of
complexes f : C — D which is a dwiB-envelope of C in the following way.

Firstly, for n<0, let D" =0 and " = 0. Let f* : C° — D° be a B-en-
velope of C°. Now for n > 0, we proceed inductively. Suppose that we have
constructed:

0 1 n—1 n
0 CO %c Cl dg 000 Cn—l (SC Cn 86 Crn+1
f()l fll fn—ll fnl
0 1 n—1
0 DO b Dl %p ke Dn—l b D"

We consider the push-out diagram of J : C* — C"*! and »f": C" —
Coker(dpy ™),

677,
on —>C Cn+l

1) - fnl lw

Coker(57571) 2 s X

where 7" : D" — Coker(djs 1) is the natural epimorphism.

Then we take a B-envelope " : X" — D"*1 of the module X" and define
oy : D" — D" as the composition 6, = t"¢"z" and f"*1 : C"1 — D"l ag
the composition f"+! = ¢"y". It is easy to see that 567" = 0 (9 * = 0 if
n =0) and thus this construction produces a complex D € dwB and a
morphism of complexes f : C — D.

Secondly, we will show that the above morphism of complexes
f:C— D is a dwB-preenvelope of the complex C. Let A € dwB and
p:C — A be a morphism of complexes. We are going to construct a
morphism of complexes y: D — A satisfying ¢ = 7f. For n<0, we take
7" =0. For n = 0, since f*: C® — D is a B-envelope of C°, there exists
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70 : D% — A° such that y°f° = ¢°. By induction, suppose y" : D" — A" is
defined such that y"f" =¢" and "9 ' =34 1y"1. We notice that
Ker(n") C Ker(dyy"). Since " : D" — Coker(éﬁ‘l) is epimorphic, by the
factor lemma, there exists a morphism g¢" : Coker(éﬁfl) — A" guch that
the following diagram is commutative:

D" —> Coker(s751)

n n
A l =

An+1

i.e., we have g"n" = 67" Hence g"n"f" = 53y"f" = 649" = ¢" 164 This
yields the induced commutative diagram by the following push-out diagram:

n

on < o on+l

TrTL f’!L l
n+1

\\
An+1

Since 7" : X" — D"*! is a B-envelope of X" and A"*! is in B, there exists
p" L il AL gueh that 9" 1¢" = #. Therefore, we get from the
commutative diagram (2) that p"t1fr+l = yntlenn — pyn — "+l By
above construction, it is not hard to check that y"+16;, = 5y". So it is easy
to see that in this way we can get a morphism of complexes y: D — A sa-
tisfying yf = ¢, thus we proved.

In the last, let y : D — D be a morphism of complexes such that yf = f.
For n <0, we have that " is the zero morphism. For n = 0, we have that y°
is an automorphism since f° : C° — D is a B-envelope of C°. For n > 0, we
proceed inductively. Suppose that 7%, y!, - - -, 7" are automorphisms, we will
show that y"+!: D"+ — D" is also an automorphism. By the factor
lemma, there exists a morphism 77 : Coker(é}ﬁ’l) — Coker(ég’l) such that
the following diagram commutes:

n—1
D1 6—D> pr—T> Coker(675 ") —=0

5n—1 1'rn
D1 —= pDn —"> Coker(§%1) —= 0
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By the five lemma, we get that " : Coker(él”fl) — Coker(&ﬁ‘l) is an iso-
morphism. Combining the commutative diagrams (1) and (3), we have y"J; =
' =a" " (Y f ") =" (") f " =" (y"n")f . Hence, the push-out diagram

6n
on e o ontl

er E

Coker(57371) 2 s xn

maps into itself by an automorphism. This implies that there exists an au-
tomorphism 7" : X" — X" such that y"y" = y” and the following diagram
commutes on each surface

cn e cntt
S B
v
L Coker (9D ) st .
g
m—
Coker(°p ' ) - Xxn

Since
fWrFlég — 53](‘% — Tno_nn_nfn — ,L_nannn(ynfn) — Tno_n(nnyn)fn
— Tﬂan(ﬁn%)f% — %(O.ﬂy_n)n.nfﬂ — T?Z();;Za%)nnf%
_ (_[nj;;bo_n)(nnfn)’
there exists an unique morphism w : X" — D" such that the following

diagram is commutative

n

on—< o ontl

Coker (o7 ") LA xm

fn+1
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o~

By standard computation, we can substitute o with either )" or y"*17", so
they are identical, i.e., ty" = y"*1¢" where 1" : X" — D"*1is a B-envelope
of X”. We get that y"*1 : D"*! — D"*! is an automorphism. By induction,
we get that y: D — D is an automorphism. This shows that every left
bounded complex has a dwB-envelope.

To complete the proof it only remains to argue that if the class of R-
modules B is preenveloping in B-Mod then every left bounded complex has
a dwB-preenvelope which is also left bounded. But this is obvious from the
proof above. O

The following theorem gives our main result in this section, which
presents a nice relation of preenvelopes between R-modules and un-
bounded complexes of R-modules.

THEOREM 4.2. Let B be a class of R-modules which is closed under well
ordered direct limits. Then B is preenveloping in R-Mod if and only if the
class dwB is preenveloping in C(R-Mod).

Proor. For the necessity, we need only to show that every complex of
R-modules has a dwB-preenvelope. Let

A::...HAZ_)AI_)AO_)A_I*)...

and we write

A(TL) = 0— An — An—l — An—Z —
Then we get that ((A(n)), (p,,,)n>0 is a well ordered direct system in
C(R-Mod) and liLnA(n) = A, where p,,, : A(m) — A(n) is a natural injec-
tion for any m < n.
By Lemma 4.1, there exists a dwB-preenvelope 7, : A(0) — D(0) of A(0)
with D(0) left bounded. Then we consider the push-out diagram of
morphisms 7, : A(0) — D(0) and py; : A0) — AQQ)

7o

A(0) =~ D(0)

Po1 l l)\“

A(l) Ho U

Clearly, U is left bounded Since the others of above diagram are so. Again
using Lemma 4.1, we have a dwB-preenvelope v : U — D(1) of U with D(1)
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left bounded. In the following we will show that the composition
vy A1) — DQ) is a dwB-preenvelope of A(1). Suppose that o : A(1) — B
is any morphism with B a dwlB complex. Then there exists a morphism
o : D(0) — B such that apy; = ar, since 7, : A(0) — D(0) is a dwB-preen-
velope of A(0), and so we have a morphism « : U — B such that the com-

pleted diagram

o

(0) > D(0)

A
Pml )\ol
A U

)
(1) _ Mo

commutes. Since v: U — D(1) is a dwB-preenvelope of U, there exists a
morphism f: D(1) — B such that o = fv, and so o = ou, = fvuy. This
proves that vy, : A(1) — D(1) is a dwB-preenvelope of A(1). Therefore we
get, by the construction above, a commutative diagram

A(0) == D(0)

oo |
(

A1) —"> D(1),
where Zo; = v and 1, = vy, and it has the property that if

7o

A(0) ™~ D(0)

S

A(1) B

is commutative with B in dwBB then there exists a morphism of complexes
D(1) — B such that the completed diagram

A(0) —2~ D(0)
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commutes. If we continue this process, we get a commutative diagram

A(0) —> D(0)

where 7, : A(n) — D(n) is a dwB-preenvelope of A(n) for each n > 0 and
each diagram

Pn,n+1 l Annt1

Nn+1

An+1) 25 D(n+1)

has the preceding property. Clearly, (D(n)), (4yn))n>0 forms a well ordered
direct system in C(R-Mod).

Note that dwB is closed under well ordered direct limits and we have
limD(n) in dwB. We will see in the following that the morphism
E liglA(n) — liin D(n), n = liLn 7,, 18 a dwB-preenvelope of liglA(n) =A.
In fact, if f: A — X is a morphism with X € dwB, then there exists
%0 : D(0) — X such that the following diagram

A(0) —™~ D(0)

A(l) — X

commutes since 7, : A(0) — D(0) is a dwB-preenvelope of A(0), where
A(1) — X is the composition of morphisms of the natural injection
A1) — Aandf : A — X. Thus, by construction above, there is a morphism
71 : D) — X such that the completed diagram
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commutes. By using this procedure continuously, we get that the following
diagram

Pnn+1 l Ann+1

MNMn+1

An+1) D(n+1)

is commutative for any n > 0, now it is easy to see that there exists a
morphism y : liLn D(n) — X suchthatf = y5.Thusy : lilr}A(n) — liLn D(n)is
a dwB-preenvelope of liLH Aln) = A.

For the sufficiency, let M be an R-module and consider f : M — D a
dwB-preenvelope of M in C(R-Mod). Then it is easy to see that
f%: M — D' is a B-preenvelope of M in R-Mod, and so we have completed
our proof. O

By Proposition 3.2, a complex C over any right coherent ring R is
Gorenstein flat if and only if each C™ is a Gorenstein flat module for m € 7.

COROLLARY 4.3. Let R be commutative and Noetherian with a dualiz-
g complex. Then every complex of R-modules has a Gorenstein flat
preenvelope.

Proor. By [5, Theorem 5.7], over such a ring the class of Gorenstein
flat modules is closed under direct products. Note also that the class is a
Kaplansky class closed under direct limits by [12, Proposition 2.10].
Thus the class of Gorenstein flat modules is preenveloping in R-Mod by
[12, Theorem 2.5]. By Theorem 4.2, the class of Gorenstein flat com-
plexes is preenveloping in C(R-Mod), as desired. O
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REMARK 4.4. The result above can also be obtained from Corollary 2.7,
Theorem 4.2 and the Theorem on page 2, in [20].

Recallthat an R-module M is said to be FP-injective (also absolutely pure),
if Ext}g(A, M) = 0 for all finitely presented R-modules A. A ring R is left co-
herent if and only if the class of all FP-injective left R-modules is closed under
arbitrary direct limits [19, Theorem 3.2]. Thus we have the following result.

COROLLARY 4.5. Let R be a left coherent ring and P be the class of all
FP-injective left R-modules. Then every complex of R-modules has a
dwP-preenvelope.

Proor. Note that the class of FP-injective R-modules is preen-
veloping for any ring R by [10, Proposition 6.2.4]. Thus the result holds by
Theorem 4.2. d

In the following, we denote by F the class of flat left R-modules. It is
showed in [1] and [13] that every complex has a flat cover and a dwF-cover.
As mentioned in the introduction that a ring R is right coherent if and only
if every complex of R-modules has a flat preenvelope, we extend this result
to the following.

COROLLARY 4.6. A ring R s right cohevent if and only if every
complex of R-modules has a dwF-preenvelope.

Proor. A ring R is right coherent if and only if every R-module has a
flat preenvelope [10, Proposition 6.5.1], and by Theorem 4.2, if and only if
every complex of R-modules has a dwF-preenvelope since the class F is
closed under direct limits. O

Recall from [14] that a short exact sequence 0 — P — X — X /P — 0 of
complexes is pure if for any complex Y of right R-modules, the sequence
0-Y®P—-Y®X—Y®X/P— 0is exact, and a complex is said to be
According to [14, Proposition 5.1.4], the complex C™ is pure injective, and
the evaluation C — C*™ is a pure monomorphism for any complex C.

COROLLARY 4.7.  Let R be commutative and Noetherian with a dualiz-
g complex. Then every pure injective complex C has a Gorenstein
myjective precover.



186 Gang Yang - Zhongkui Liu - Li Liang

ProOOF. Since every complex over such a ring has a Gorenstein flat
preenvelope by Theorem 4.2, sohas C*. Letf : C* — G be a Gorenstein flat
preenvelope of C*. Then G is Gorenstein injective by Corollary 3.4. Now it
is easily seen that f* : G© — C*7 is a Gorenstein injective precover of C**
by [9, Corollary 3.2]. On the other hand, C is a direct summand of C** by
[14, Proposition 5.1.4] since C'is pure injective, and then it is easy to see that
nf T : Gt — Cis a Gorenstein injective precover of C, wherez : C*" — Cis
the canonical projection. O
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