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Non Completely Solvable Systems
of Complex First Order PDE’s
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ABSTRACT - We revisit the lack of local solvability for homogeneous vector fields with
smooth complex valued coefficients, in the spirit of Nirenberg’s three dimen-
sional example. First we provide a short expository proof, in the case of CR
dimension one, with arbitrary CR codimension. Next we pass to Lorenzian
structures with any CR codimension > 1 and CR dimension > 2. Several dif-
ferent approaches are presented. Finally we discuss the connection with the
absence of the Poincare lemma and the failure of local CR embeddability, and
present a global example.
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Introduction

History and motivation

Hans Lewy in [30] and Louis Niremberg in [36] gave two fundamental
results in the theory of linear partial differential equations. The first
showed that a non homogeneous equation for a first order partial differ-
ential operator with complex valued real analytic coefficients, but C>-
smooth right hand side, may, in general, have no local weak solution. The
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second, that a homogeneous equation for a first order partial differential
with complex valued smooth coefficients may have no non constant weak
local solutions. Both results were formulated and proved for partial dif-
ferential operators in R3. A fuller understanding of [30] opened different
directions of investigation (see e.g. [3, 4, 19, 37, 38]), especially from the two
points of view of p.d.e. theory and of the analysis of CR manifolds.

Nirenberg’s example was especially relevant to the problem of
embedding CR manifold into complex manifolds. From this point of
view, there have been two types of results. The Nirenberg example
means that pseudoconvex three dimensional CR hypersurfaces cannot
be locally CR-embedded. However the existence of sufficiently many
independent solutions of the tangential Cauchy-Riemann equations was
shown to hold for pseudoconvex higher dimensional CR hypersurfaces
(see e.g. [1, 9, 12, 26, 27, 28]), and some general results were also ob-
tained in terms of Lie algebras of vector fields (see e.g. [5, 17]). In the
opposite direction, the counterexample of [36] was extended to CR
hypersurfaces with degenerate or non degenerate Lorentzian signature
(see e.g. [14, 15, 20, 22, 23].

The results above were all obtained for the case of CR hypersurfaces.
For higher codimension, a crucial invariant is the scalar Levi form, which is
parametrized by the characteristic codirections of the tangential Cauchy-
Riemann complex. The first result in higher codimension on the absence of
the Poincaré lemma at the place ¢ when some non degenerate scalar Levi
form has ¢ positive eigenvalues was first proved in [3]. In [18] this result
was extended to some cases where the scalar Levi form is allowed to de-
generate. Much less is known about the CR-embedding of manifolds of
higher CR codimension. In [32] some results of [22] are extended under
some supplementary conditions of the Cauchy-Riemann distribution. We
also cite some partial results in [10, 11, 16].

Here we want to reconsider some of these questions, also in the more
general framework of general distributions of complex vector fields of [2].

Contents of the paper

Let M be a smooth paracompact manifold of dimension m, and let
Ly, ...,L, be smooth complex vector fields on M. In local coordinates each
L; can be written as

m
0
0.1) Lj = Lj(xyD) = ; &jﬁi(%) 3—961'7
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with coefficients a;; which are assumed to be complex valued and C*-
smooth. We are interested in considering local solutions of the homo-
geneous system

0.2) Liu=0, forj=1,...,n
When n > 1, since every local distribution solution u of (0.2) also satisfies

(L, Ljp Jw = (Ljy Ljy, = Ly Ly = 0, s [Ljy s [y, Lo Ly 1w = 0

J12

require that Ly, ..., L, satisfy the formal Cartan integrability conditions,
i.e. that all commutators [L;,L;,] are linear combinations, with smooth
coefficients, of L1, ..., Ly,.

When this condition is satisfied, and Ly,...,L, define linearly in-
dependent tangent vectors on a neighborhood U of a point py € M, there are
at most m — n solutions uy, . .., Uy, of (0.2), with dui(po), . . ., dutyn,—n(Po)
linearly independent. In fact this is always the case when the L,’s have
coefficients that are real analytic in some coordinate neighborhood of py.
Nirenberg’s result in [36] shows that in general this is not true in the C* case
if n = 1, m = 3. A small perturbation of a vector field for which (0.2) has two
analytically independent solutions changes to a vector field for which all local
solutions of (0.2) are constant.

In § 1 we show how this result extends to the case where n = 1, but m is
allowed to be any integer larger or equal to 3. Namely, we show that the
smooth complex vector fields for which (0.2) admits non locally constant
solutions near some point of M form a small nowhere dense set of first
Baire category in the Fréchet space of complex vector fields on M.

This generalization of [36] was already given in [32], and our main goal
is to extend in fact the results of [22] to the case of higher CR codimension.
We show that in general, given a smooth manifold M and any locally CR-
embeddable Lorentzian CR structure on M, and a point py € M, there is a
new Lorentzian CR structure, which is defined on a neighborhood of p, in
M, and agrees to infinite order with the original one at py, which is not
locally CR-embeddable. We also show that the corresponding system (0.2)
is not completely integrable in the class C.

In § 2 we collect the notions on CR manifolds that will be employed
throughout the rest of the paper. In § 3, § 4, § 5, § 6 we prove the analog of
the result of § 1 for overdetermined systems by adaptations of the argu-
ments therein. The results are weaker than those obtained for a scalar p.d.e.
In fact, our constructions involve perturbations of an original system which,
to keep formal integrability, employ either functions that are constant with

for all sequence jy, jo, . . ., j» With 1 < j1, jo, ..., jr < m,itis not restrictive to

1?
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respect to some variables, or, in § 5, special morphisms of CR manifolds, and,
in the more special cases of § 6.7, analytic objects, called CR-divisors. In
general, we obtain new overdetermined systems which are only defined in
small coordinate neighborhoods. In § 6.8 we prove that we can globally de-
fine anew CR structure on the Lorentzian real quadric @ in CIP¥ which is not
locally CR-embeddable at all points of a hyperplane section.

In § 5 we also describe the CR complexes and show in § 6.2 how the
technique used in the rest of the paper can be also employed to give proofs
of the non validity of the Poincaré lemma different from those of [3, 4, 18].

1. Homogeneous equations with no nontrivial solutions

In this section we prove a generalization to dimensions >3 of a re-
markable theorem of Nirenberg about local homogeneous solutions to a
single homogeneous linear partial differential equation having smooth
variable complex coefficients ([36], see also [32]). Our construction is close
to the one in [22, Corollary p. 238] and the argument that completes the
proof of Theorem 1.1 akin to [23] (compare p. 469 there and our (1.3)). Thus
the methods in these section are not original, but we found it convenient to
explain the general original construction in a simpler case, before ex-
tending and adapting it to discuss more general situations.

Here and in the following sections, M will denote a smooth paracompact
real manifold of dimension m.

We denote by X" (M) the Fréchet space of all C* complex vector fields
on M. Note that X“ (M) includes also real vector fields on M. When M is an
open set in R™, each L € X“(M) can be written as

0 0 0
L = e —_— e m _—,
ay(x) o + az(x) 0 + - 4 ap(x) o,
where x = (1,22, ...,%,), and the coefficients a;(x) € C*(M) are (in gen-
eral) complex valued.

THEOREM 1.1.  Let M be a smooth mawifold of dimension m > 3. Then
the set © of L € X" (M) for which there exists a non empty open subset U of
M, an e > 0, and a solution u € C*(U) of Lu = 0 on U with du(p) # 0 for
at least one p € U, is a nowhere dense set of first (thin) Baire category.

In other words: the set of all L on M having the property that any u
with Ho6lder continuous first derivatives, which is a local solution to Lu = 0,
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in any neighborhood of any point, must be constant, is a dense set of the
second (thick) Baire category.
First we prove a Lemma.

Lemma 1.2. Let M be a smooth Riemannian manifold of dimension
m > 3, and let Ly € X" (M). Then for every point po € M, h € N, and & > 0
we can find L € X" (M) with

such that
1.2) w e CHU), UP™ > po, Lu =0 on U = du(pg) = 0.

Proor. We can argue on a small coordinate patch Q about py, and then,
substituting Ly by another vector field L, sufficiently close in the #-norm,
we can assume that the coefficients of L are real analytic in the coordinates
in Q, and that

Lo(p), Lo(p), [Lo, Lol(p) are linearly independent in CT,M,Vp € Q.

Let k = m — 2. By the real analyticity assumption, using the Cauchy-Ko-
walevski theorem, and by shrinking Q if needed, we can find £ + 1 complex
valued real analytic zg, 21, . . . , 2y, on Q2 with

Loz; =0, fori=0,... )k, dzoNdZoAdzy A---ANdz, 20 on Q.

Let x; = Rez;, y; = Imz;. We can also arrange that xy, v, 1, ..., x; are
real coordinates in © centered at py, and that y;(po) = 0, dy;(po) = 0 for
1=1,...,k. This preparation yields a local CR-embedding of 2 as a CR
submanifold of CR dimension 1 and CR codimension k in C**!, given by

yi = hi(zo,x) fori=1,... k,

After multiplication by a nowhere zero function, we can take L, of
the form )
Ly =i+2a- )
6%0 Py ' 8901" ¢

The condition that [Lg, L](po) # 0 implies that 6%h;/0200zy # 0 at p, for
some index 7. Moreover, we note that we obtain new solutions of the
homogeneous equation Lyu = 0 by taking for « any holomorphic function
of 29,21,...,2; This allows us to use biholomorphic transformations to
obtain that

() the real Hessian of /(zg,x) is positive definite in Q .



134 C. Denson Hill - Mauro Nacinovich

Inthis way, the sets @, = {p € @ | Imz; <r},forr > 0, form a fundamental
system of open neighborhoods of py in M. Set

M, ={peQ|z =1}, fortecC.

Then, by &, My = {po}, and there is an open connected neighborhood w of 0
in C and a smooth real curve Im 7t = ¢(Re 7) in w, passing through 0, with
the properties

@) M, cQifrew,

(29) M, =0 if Imt < ¢ (Ren),

(227) M, = {a point} if Imz = ¢(Re1),
(iv) M, ~S" if Imt > ¢ (Re1).

Let {D,} be a sequence of pairwise disjoint closed discs in
o ={t€w|Int > ¢Re1)},
with centers and radii converging to 0 for v — oo. For asuitable vy > 0, all sets
o ={tcw|HRer)<Imr<r}

are connected, for 0 <r<wy. Set
o, = \| D, 2, ={pcQ|ap cal.

Let u be a C! solution of Lo(x) = 0 on Q. for some 0 <r<7y. Foreacht € w),
we define

F(r) = /udZO/\dZZ/\"'/\de.
M.

We claim that F" is holomorphic in ). Let indeed « be an arbitrary smooth
simple closed curve in w,. Then | J M, is the boundary of a domain N, in Q,

TEK

that is diffeomorphic to the Cartesian product of a 2-disc and a (k — 1)-ball,
and

]{F(r)dr:}{dr/udzo/\dzy\~~~/\de :ﬁ:/udzo/\dzl Adzo A+ Ndz
K M,

AN,

K

::t/du/\dzg/\dzl/\--~/\dzk:0,
Nr
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because (see [29])
du Ndzg ANdzy A -+ Ndz, = (Low) dzg Adzg Adzy A --- Adzy, = 0.

By Morera’s theorem, /' is holomorphic on /.. Moreover, F' extends to a
continuous function on the closure of @) in w N {Im <7}, that equals 0 for
Imt = ¢(Re 1) because of (z22). It follows that F'(r) = 0 for 7 € ..

Foreachve N,let Q, = {p € 2| z1(p) € D,}. We fix smooth functions
w; in ©, such that w;dzg A dZo A - - A dzy is, for each 1 = 0,1,...,k, a non-
negative real regular measure, with

Suppy; = U Qitjte+1)
=0

and such that, for
0

P k
L:L0+W08_,Z()+leia_96'¢
1=

we have ||L — Ly|, <e. Assume now that u € C'(,) satisfies Lu = 0.
Hence, for all v sufficiently large, @, C €,, and

0=+ f dr/udzo/\dzz/\-~~Adzk= /udzo/\dzl/\---/\dzk
oD, M. 0,

:/(Lou)dzo ANdzo Ndzi NN dzy, :/((L() —Lyw)dzo Adzg ANdzi N --- N dzy,
Q Q.

implies, by the mean value theorem, that, for all large ¢ € N, there are
points p;, p; € Q; such that, for large j,

Re PMPiask) _ o OulPjan) _ 0

0z 029
Re MPisitn) _ o PPsen) g gy
690{ (9901'

By passing to the limit, as p; — p,, we obtain that

upo) _ o 9P _ g gori o1,k
0z ox;
Together with Lu(pg) = 0, this yields du(pg) = 0. O

Proor or THEOREM 1.1. We fix a Riemannian metric on M, so that we
can compute the length of vectors and covectors and the C"-norms of
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functions defined on subsets of M. Then we have seminorms which endow
X(M) with a Fréchet space topology, and we may discuss Baire category.
Let {U,},cx be a countable basis of non empty open subsets of M, and for
each v € N fix a point p, € U,. For h € N we define €(v, k) to be the clo-
sure in X" (M) of the set of L such that

Lu=0 onU,,

1.3) Ju € C1+%(Uv) with ||u|\1+%7 U, <h,

1
)l > =,
|du(p,)| > 7

The set (v, k) has an empty interior. This can be proved by contradiction. If
some €(v, k) had an interior point, by Lemma 1.2 it would contain an interior
point L satisfying (1.2) with po = p,. By definition, thereis asequence {L;};
with L; — L in X (M) for J — oc such that for each j, there is u; € C”%(U )

1
with Lyu; = 0 on U,, |lu;||;, 10, < h and |du(p,)| > W By the Ascoli-Arzela

theorem, passing to a subsequence we can assume that u; — u € C”%(U V),
uniformly with their first derivatives on every compact neighborhood of p, in

1
U,.Then Lu = 0 on U,, and |du(p,)| > 7 > 0 contradicts (1.2).
Therefore the union | J €(v, /) is a countable union of closed subsets

v,h
having empty interior, hence of first Baire category. Then also € is of first
Baire category, because € C |J€(v, ). This completes the proof of the
Theorem. vk O

2. Involutive systems and CR manifolds

To extend the result of § 1 to overdetermined systems of homogeneous
first order p.d.e.’s, we will develop ideas from [14, 15, 20]. In this section we
begin by describing the general framework. In the following, M will denote
a C*-smooth manifold of real dimension m.

2.1 — Generalized complex distributions and CR structures

Let % be a generalized distribution of smooth complex vector fields on M.
This means that 2 defines, for each open subset U of M a, C**(U) submodule
of X" (U), in such a way that the assignment U — % (U) is a sheaf:

(1) If gerer c V" € M, then Z|; € Z(U) for all Z € Z(V);

(2) If {U,} is a family of open subsets of M, a smooth complex vector
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field Z, defined on |J U,, belongs to 2 (|JU,) if and only if Z|;, € #(U,)
for all v. v v

Our main interest in the sequel will be focused on the local solutions to
the homogeneous system

@2.1) Zu=0, VZeZ.

It is therefore natural to assume in the following that & is involutive, or
Sformally integrable. This means that

2.2) [Z1,22] € Z(U), V21,72 € Z(U), YU C M.

Since Z is a fine sheaf, every germ Z(,) of Z at a point p € M is the re-
striction of a global Z € Z(M). Thus we can for simplicity utilize global
sections Z € Z (M) in most of the discussion below.

For each point p € M, we consider the set

2.3) Z,M = {Z(p) | Z € Z(M)} C CT,M.

If the dimension of the C-linear space Z,M is constant, we say that 2 is a
distribution of complex vector fields.

DEFINITION 2.1. A CR structure on M 1is the datum of an involutive
distribution Z of smooth complex vector fields with # N % = 0.

The constant dimension n of Z,M s its CR dimension, and k = m — 2n
its CR codimension. We call the pair (n, k) the type of the CR manifold M.

In the case where Z is a CR structure on M, we write sometimes 701 M
for ZM.

When M is a real smooth submanifold of a complex manifold X, we
consider on M the generalized distribution

ZWU)={Z X" (U)| 2, e T)'X, vp e U},

where T%! X is the bundle of anti-holomorphic complex tangent vectors to X.
Then % is involutive and 2 N % = 0. When Z has constant rank, % defines
a CR structure on M, for which we say that M is a CR-submanifold of X.

Let 1 <a < oo. A complex CR-immersion of class C* of M is a C*-
smooth immersion ¢: M — X of M into a complex manifold X with
dd(Z,M) C T X for all p € U.

&(p)
For any open set U of M we set

2.4) On(U) = {u e CHU) | Zu =0, VZ € Z(M)}.

The assignment U°P" — (0,(U) defines a sheaf of rings of germs of com-
plex valued differentiable functions on M.
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2.2 — The differential ideal and complete integrability

Let @, = €@ ), be the sheaf of germs of alternated smooth dif-

0<p<m
ferential forms on M. We associate to 2 the differential ideal
(2.5) Iu =P T with T4, = {ne Q| nl,q =0}
p>1

This is a graded ideal sheaf of 2}, generated by its elements of degree 1.
Being interested in the local solutions to (2.1), we can assume that 7y, is
complete and that & is the characteristic system of Jy, i.e. that

2WU) ={Z € XD | Z)TuU) C Tu(U)}
={ZcX" () |nZ) =0, Vne TLM)}, YU c M.

If Z is a distribution, it is the characteristic system of its differential ideal.
The pointwise evaluation of the elements of 7}, yields in this case a smooth
subbundle Z°M of CT*M, given by

26) Z2°M=| | Z)M, with Z)M ={neCT;M |nZ)=0VvZ € Z(M)}.
peM

In general, (2.6) defines a subset of the complexified tangent bundle of M.

DEFINITION 2.2. Let & be a generalized distribution of smooth com-
plex vector fields on M and py € M. We say that Z is completely integrable

at po if
@.7 VneZ) M Ju € Oy(po) with du(po) =n.

This means that (2.1) has at py the largest number of differentially
independent local solutions that is permitted by the rank of .

2.3 — The case of CR manifolds

Let Z be a CR structure of type (n,k) on M. Complete integrability at
po € M is equivalent to the existence of a complex CR-immersion of class
C! of an open neighborhood U of p, into crtk,

The question of the regularity of complex CR-immersions seems in
general a rather delicate open problem (see e.g. [31]). Note that any cl-
immersion is in fact C*°-smooth when M satisfies suitable pseudo-concavity

assumptions (see [2]).
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For C*-smooth complex local CR-immersions we introduce a special
notation.

DEFINITION 2.3. A CR-chart on M is the datum of an open subset U
and of n + k smooth CR functions z1, . .., 2, € Oy (U) N CZ(U), such that

dzi(p) A~ Ndzyii(p) # 0, Vp € U.

Clearly ¢(p) = z1(p), ..., 2u1k(p)) provides in this case a C*-smooth
CR-immersion of U in C"**,

The functions z1,...,2,,; of a CR-chart are not independent complex
coordinates when k > 0. For each point py of U there are indeed k real
valued functiokns P1s -« Py, defined and C* on an open neighborhood G of

~n+

&(po) in C"™) with p;(z1,...,2,4%) =0 on a neighborhood of py, and
Op1(d(po)) A - -+ A Op(d(po)) # 0.

DEFINITION 2.4. We say that a CR manifold M is locally CR-embed-
dable if the open subsets U of its CR-charts make a covering.

Locally CR-embeddable CR manifolds can be abstractly defined as
ringed spaces, using the structure sheaf 03; = Oy N €™ of the germs of its
smooth CR functions.

LeEmMA 2.5.  Let M be a CR manifold of type (n,k) and py € M. Then
we can find an open neighborhood U of py in M and a new CR structure
on M which is locally CR-embeddable and agrees to infinite order with
the original one at pg.

Proor. Let Z be the CR structure on M. It suffices to consider smooth
functions zp,...,z, which are defined on a neighborhood of py, satisfy
Zz; = 0% at po, and have dz1(po) A - - - A dzy(po) # 0. To prove the existence
of such functions, we observe that it is always possible to find a smooth
coordinate chart (U, xy, ..., x,) centered at p, such that & is generated in
U by vector fields of the form

6 m
Z; = + aj(x) , with a;(x) = O(|x|).
6967 Witn ];I

0 0
Let Ly =—+1 dR; =
b i o; T i, 8901+n . J %1 4 (x) ]
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We denote by m the maximal ideal of the local ring C{{xy,..., 2, }} of

formal power series of 1, . . . , x,,. We obtain formal power series solution to
(2.1) by constructing by recurrence sequences {f;},-o C C{{x1,...,%n}}
which solve the equations

fu e mh,
(%) L;fi e m, forj=1,....n,

Ljfh+1 +ijh S mh+17 forj=1,....,n.

We observe that, taking i equal to x; +ix;, for i=1,... n, or to xz,,
for i =1,...,k, we obtain v independent solutions of L;f; =0 for
1 <1< n.

Assume now that d > 1 and f; € m? satisfies
Lifi+Rifi,em? for 1<i<mn.

The integrability conditions yield [Z;,Z;] = 0 for 1 <<, j < n. Hence we
obtain

(%) 0=1[Z;,Zjlfa = —LiR;fq + LiR; fag + [R;, B;] fa-

We have R;f; € m?, and hence there is a polynomial 9id € Clar, ..., 2],
homogeneous of degree d, such that R;f; —g;q € m?*l. Since
[Ri,Rj1fy € m%1, we obtain from () that L;g;q = Ljg;q for all
1 <1, <n and therefore there is a polynomial f;.; € Clxy,...,&nl,
homogeneous of degree d+ 1, such that L;f3.1 =g;4 for i=1,..., n.
The series Y f; of the terms of a sequence {f;} solving () is a formal
power series solution of (2.1).

In particular, we can find solutions {z1},...,{zv} € C{{x1,...,xn}} to
(2.1) with d{z;}(0) = du;(0) + ida; ,(0) for i=1,...,n and d{z;}(0) =
dx,i0) for 1 =n+1,...,v. It suffices then to take smooth functions
?1,.-.,%y having Taylor series {z1},...,{z,} at 0. O

2.4 — Characteristic bundle and Levi form [33]

The underlying real distribution and the characteristic bundle of Z are:
@28 H={ReZ|Zcz}, ie HWU)={ReZ|ZczU)}, VU™ CM,

Q9 H'M = {(cT"M | &X) =0, VX € HM)}.
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To each characteristic covector &, € H gOM we associate a Hermitian sym-
metric form on Z, M, by

(2.10) Qe (Zh, Zs) = iy Z1,Z2)), VZ1,75 € Z(M).

In fact a straightforward verification shows that the value of the right hand
side of (2.10) only depends on Z1(po), Z2(po) € Zp, M.

Moreover, £ (Z1, Z2) = 0if one of the two vector fields is real valued on
aneighborhood of pg. Thus £, defines a Hermitian symmetric form on the
quotient of Z, M by the subspace N, M = {Z(po) | Z € ZM) N Z M)},
consisting of the values at py of the complex multiples of the real vector
fields in Z(M). Set,

(2.11) Z, M =Z, M/N, M.

If& e HgOM , then (2.10) defines a Hermitian symmetric form L, on ZPOM ,
that we call the Levi form of 2 at &,.

DEFINITION 2.6. Let py € M and &, eHgOM. We say that Z 1is q-
pseudoconvex at &y if Le, is nondegenerate and has exactly q positive
eigenvalues on Z,,M.

If 7 is 1-pseudoconvex at some &, € HgOM, we say that Z is Lorentzian
at po.

If (M) is generated by a single vector field L near po, the condition of
being Lorentzian at py means that L(py), L(py), and [L, L](p,) are linearly
independent in CT), M.

2.5 — Reduction of complete integrability to the case of CR manifolds

When N,M has constant dimension on a neighborhood U of py € M,
then the real vector fields in Z(U) define an involutive distribution .4~ of
real vector fields on U. By the Frobenius theorem, there is an open
neighborhood W of po in U and a smooth fibration n: W — B of W such
that B is a smooth manifold and the fibers of © are integral submanifolds
of 4. One easily proves

LEmMA 2.7.  There is a CR structure 2 on B such that for every p € W
we have Oy (py = T Op (x(py), and Z is completely integrable at p € W if and
only if 2" is completely integrable at n(p).
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3. Involutive systems which are not completely integrable at p,

In this section, we give a weak generalization of the results of § 1 to
Lorentzian CR manifolds M with arbitrary CR-codimension k£ > 1 and
CR-dimension n > 2. We recall that m = dimg M = 2n + k, and we set
v=mn-+k.

We closely follow the arguments of § 1.

Assume that M is locally CR-embeddable and Lorentzian at py. Then
there is a real valued function p, defined on a full generic complex neigh-
borhood of pg, and vanishing on M, whose complex Hessian has signature
(1,7 —1) on H,, M. By adding a real valued function v, vanishing to the
second order on M, we obtain a new function p + v, vanishing on M, with
d9(p + ) = 00p on H,,, M, while the signature of the full complex Hessian
of p + y has been arbitrarily adjusted in the transversal directions to M.
Then there is a CR-chart (U, z1, . . ., z,) centered at py, with dz'(p,) real for
t=n-+1,...,v,and

n—1 v—1
3.1) Imz, + 2,2y + széj = Z 2% + O(|z|3) on U.
=1 i=n
. . v—1 1
By shrinking, we get > z;z; > élm zyon U.

i=n
We consider the map n: U > p — w = (21(p), . .., 2,_1(p), 2y(p)) € C".

\n

By a further shrinking, we can assume that there is an open ball B ¢ C",
centered at 0, such that

n(U) = o, with B \ w strictly convex, and 0w N B smooth;

if Imt >0, then {w € B | Imw, =1} C w;

for all w € w the set M,, = n~1(w) is diffeomorphic to the sphere S¥;
for w € Ow N B the set M,, = n~'(w) is a point.

As in § 1, we have:
LemMA 3.1.  Ifu € Oy(U), then
3.2) Fw) = / wdz, N Ndzy_1 =0, Yw € w.
MH)

Proor. We prove first that F' is holomorphic on w.
Fix any polyeylinder D =Dy x---xD, in , with D;=
{teCllt—1|<g}. For 1 <j<nweset g;(D)={weD | |wj— 1| =¢},
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Y = %J (divy A - -+ A divy,) and consider the integral
)j

%F(w)dwl /\~-~/\dwn/\yj:?{dwl/\~~-/\dwn/\yi-/udzn/\on/\dzv,l.
a;D a]D MZU

n
Let N; = n71(9;D) and N = n (D). We have N = >_ + N;. Moreover, the
i=1
form uwdzy A -+ Adzy Am"y; is zero on N; for i # j. Thus we obtain:
% F(w)duw, /\---/\dwn/\yj =+ / udzl/\~--Adzv/\n*yj
oD N;

n
:Z/iudzl/\---dzv/\n*yj:i/duAdzlA--~dszn*yj:O

because du € (dzy,...,dz,) by the assumption that u € @y (U). This
equality, valid for all closed polycylinder D in w and all 1 <j < n, implies
that F' is holomorphic in w. Clearly F(w) — 0 when w — 9w N B, because
My, is a point for wy € dwN B, and hence F =0 on @ by Holmgren’s
uniqueness theorem, since 0 has constant coefficients in C". O

Let y be a smooth function with compact support in C, and set
/ / U/(C)dC A dC
X " 2mi
Then 8_y_/ =y and therefore

ot
wH(C, 1) = Qp(DdT + p(v)dl = D))
is a d-closed form in CZ, with

81//(1:) 51//(17)

dy* = dt AdC+C d/\d_fdr/\aa\u

LEmMMA 3.2. Let U'cU. Ify;, fori=1,...,v — 1, are smooth functions
of a complex variable v, with |w;| sufficiently small. Then
(3.3) 0, = dzl + W§(2n, zv)» sy 0,1 = dZ'\,,l + l//g,_l(zn; zv)a 0, = dzv
generate the involutive ideal sheaf T, of a CR structure of type (n, k) on U’

Proor. The ideal sheaf is generated on U by dz,...,dz,. After
shrinking, we can assume that dzi,...,dz,, dzi,...,dz, are linearly
independent on U.
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Thus, by taking |y,| sufficiently small, we may keep 01, ..., 0y,01,...,0,
linearly independent in any neighborhood U’ of py with U’'cU. Moreover,
since dz//g(zn, 2y) ANdz, = 0, for 1 < i<v, we obtain

@OAOL A -~ A O =dyi(2,,2) NOLA -~ AB,_ 1 Adzy =0, Vi=1,...,v—1.

This shows that the ideal sheaf 7, generated by 6, . . ., 6, is involutive and
defines a CR structure of type (n,k) on U'. O

Let us fix a sequence of distinct complex numbers {t;}, such that
Imt; >0 forallj, 17 —0, {w,=71}Nw#0forallj.

For each j we choose an open disk 4; in C, centered at t;, and such that
4;N U 4; = 0. Provided the 7;’s are sufﬁc1ently close to 0, for each j we can

fix a pomt w? € w, withw? = 1j, and w? — 0, and take the functions y; in

Lemma 3.2 in such a way that

o0
suppy; = | J iy, for i=1,...,n,
=0

Cipjy = / wg(zn, 2 ANdzy, A Ndzy_1 ANdz, is real and > 0,
A,jﬂ'v

where (eq, . .., e, is the canonical basis of C")
Aj=n 1 {w? + (- 1)e, | TE€ 4]

Let u be a CR function on an open neighborhood V of py in U for the
structure defined by (3.3). This means that du(,) € J);(,, for all p € V.
Since Jy and 7}, agree to infinite order outside (Jn'({w | w, € 4;}, and

J
U{w € o | wy, € 4;} does not disconnect w, by the argument of Lemma 3.1
J

we have (4.2) for all w in the complement in n(V)\ J{w € o | w,, € 4;}.

J
Thus we obtain

0=+ 7{ dr / udz,, \ -/\dzv,lzi/udzn/\---/\dzv

t€d; 04

u( D ten

=i/du/\dzn/\~--/\dzv.

A
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This yields

ou
/ a—%wg/\dzn/\---/\dzvzo,

Ai+jv

ou . . .
where, to compute 2 e consider any C!-extension of u as a function of

7 —
the complex variables 21, . . ., 2z, for which du = 0 at all points of U. Taking

the limit, we observe that

. ou(po) N ou(po)

= i=1,...,v—1
Bzi 82’1' 0 v ’ Y ’

ou

-1 b

Cijv / 0% Wi Ndzy A - Ndzy
Aj+jv

which, together with (2.1) shows that du(p,) € C dz,(po).
We have proved:

THEOREM 3.3. Let M be a CR manifold of type (n, k) and assume that
M is Lorentzian at a point py. Then we can find a new CR structure of
type (n, k) on a neighborhood U of py, which agrees with the original one
to infinite order at po, and a real codirection n, € T;OM such that, if Z s
the distribution of (0, 1)-vector fields for this new structure, all solutions
u € C on a neighborhood of po to the homogeneous system (2.1) satisfy
du(pg) € Cnj.

Proor. Indeed, using Lemma 2.5 we can always reduce to the case in
which M is locally embeddable at py. O

COROLLARY 3.4. We can find a new CR structure of type (n, k) on U,
which agrees with the original one to infinite order at py, and which is not
CR-embeddable at py.

4. Involutive systems whose solutions are critical at p,

In this section we improve the result of the previous section in the case
of a Lorentzian CR manifold of the hypersurface type.

A proof of Theorem 4.3 is contained in [24], where, however, the result
is not correctly stated (see Remark 4.4 below). However, our proof here is
different and outlines, in the simpler case of the hypersurface-type, the
argument used later for higher CR codimension.
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We assume that M has CR-dimension # > 2 and CR-codimension 1,
and is Lorentzian and locally embeddable at py € M. We have
m=dimgM =n+2 and we set v=mn+1,

We can fix a CR-chart (U, zy,...,2,) centered at py, with

%
4.1) Imz, + Zzzz =2121 + O(|z|3) on U.
i—2
1
By shrinking, we get that z1z; 2§Im zy on U. Consider the map

n:U3p—w= (22(p),...,2y(p)) € C". By a further shrinking, we can
assume that there is an open ball B ¢ C", centered at 0, such that

n(U) = o, with B\ w strictly convex, and dw N B smooth;

if Imt >0, then {w € B | Imw,, =1} C w;

for all w € o the set M,, = n~'(w) is diffeomorphic to the circle S;
for w € Ow N B the set M,, = n~'(w) is a point.

By repeating the proof of Lemma 3.1, we obtain
LEmma 4.1. Ifu € Oy(U), then

4.2) F(w) = jl{ udz; =0, Yw € w. O

M,

Since 22121 > Imz, on U, for any smooth function y of a complex
variable t, with suppy C {Imt > 0}, the function z; Ly(z,) can be ex-
tended to a smooth function on U, vanishing to infinite order on
{Zl = 0} NnuU.

LemMA 4.2, If y;, for i =1,...,v are smooth fuctions of a complex
variable T, with support contained in {Imt > 0}, then

4.3) 0; = dz1 + zl‘lz//l(zv)dév, e, 0y =dzy + zl‘ll//v(zv)d,%v

(the functions z7 'w;(2,) are put = 0 for z; = 0) generate the ideal sheaf T,
of a CR structure of type (n, 1) in a neighborhood U’ of py tn U, which agrees
to infinite order with the original one at py.

Proor. By the condition on the supports, the functions z;ly;(z,) are
smooth on U and vanish to infinite for z; = 0, and in particular at py. Thus
01,...,0y,01,...,0, yield a basis of C7, M for p in a suitable neighborhood
U’ of py, and agree with dzq, ..., dz,,dz1,. .., dz, to infinite order at p,.
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We have moreover

a0; = 2;! a"gz(zv) dzy A d2y — 272w, dz A da,.
Hence
dO; NOL A A0, =dO; Adzg A+ Adzy, =0
shows that J7; is involutive. The proof is complete. O

Let us fix a sequence of distinct complex numbers {t;}, such that
Imt; >0 forallj, 17 —0, {w,=71}Nw#0foralljy.

For each j we choose an open disk 4; in C, centered at t;, and such that
4;N U 4; = 0. Provided the 7;’s are sufflclently close to 0, for each j we can

fix a pomt wW € w, with w? = t;,and w'” — 0, and take the functions y/; in

Lemma 4.2 in such a way that

oo
suppy; = Uﬁi+j<v+1), for i=1,...,v,
j=0

Citjov+1) = / zflz//i(zv)dév Adzy Adz, is real and > 0,

Aijet
where

Aj =1 {w? + (= 1)en | T € 4.
Here we denoted by ey, . .., e, the canonical basis of C".

Let u be a CR function on an open neighborhood V' of py in U’ for the
structure defined by (5.2). This means that du,) € J ’U,(p) for all p e V.
Since Jy and J 7 agree to infinite order on n(U’) outside | supp w;(w), and

1
this set does not disconnect U, by the argument of Lemma 3.1 we have (4.2)

for all w in the complement in n(V) of [ J{w € @ | w, € 4;}. Thus we obtain
J

0=+ 7{ dr }{ udzn—:t/udzl/\dzv—i/du/\dzl/\dzv

1€04; . 04,
This yields
ow ;.
(44) L;H(vﬂ)(u) = 8—2 2 A dZV AN dz1 A dZV = 0,
1

Ai+j(v+1)
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ou . . .
where, to compute % we consider any C'-extension of « as a function of
.

the complex vau"iablesZ 21, ...,2, for which Ou = 0 at all points of V. When
Jj— 00, € Jrlj(v oliviosy — 6%(7:') 0). Hence, from (4.4) we obtain that
%ﬁo) =0 for 1 <1<y, W;lich, together with (2.1) shows that
du(;)o) =0.

We have proved:

THEOREM 4.3. If M is a CR manifold of type (n,1) and is Lor-
entzian at po € M, then we can find a new CR structure of type (n,1)
on an open meighborhood U of py in M, which agrees with the
original one to infinite order at po, such that, if Z is the distribution
of (0,1)-vector fields for this mew structure, all solutions u € C' on
a meighborhood of py to the homogeneous system (2.1) satisfy
du(pg) = 0.

ProoF. We can apply the discussion above after reducing, by
Lemma 2.5, to the case in which M is locally CR-embeddable at py. O

REMARK 4.4. The statement of Theorem 4.3 is weaker than that of
Theorems I, IT in [24], in which the perturbed CR structure is claimed
to exist globally. However, the final part of the argument there has a
serious gap. Let us explain in what it consists. Let L;,...,L, and
Ay, ..., 4, be basis for the original and the perturbed structure, re-
spectively, defined on a coordinate neighborhood (U, x), centered at a
chosen point p € M. In [24, p. 290, (4.10)] new global structures are
defined, which agree with the original one outside of U, and having, in
U, the basis L](.") =gdj+A—g)L;, j=1,...,n. Here g,(x) = g(x/r)
for a scalar function g, having a star-shaped compact support in x(U),
equal to 1 on a neighborhood of 0, and 0<#,<1, 7, \, 0. The flaw
consists in the fact that these new structures, which are perturbations
with arbitrarily small compact support of the given one, fail to be
formally integrable in 0<g, <1.

We think instead that, when n > 1, there are geometrical ob-
structions to the existence of perturbations with arbitrarily small
compact supports and that in fact propagation should be a foremost
important topic in further investigations on the deformations of CR
structures.
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5. The case of higher codimension

In this section we extend the result of Theorem 4.3 to some CR mani-
folds with CR dimension and CR codimension both greater than 1. To this
aim we will first recall some results on weak unique continuation and next
consider morphisms of CR manifolds.

5.1 — Minimal locally CR-embeddable CR manifolds and unique contin-
uation

We recall that a CR submanifold M is minimal at pg € M if there is no
germ (V, po) of CR submanifold of M at py, having the same CR dimension,
but smaller CR codimension. We have

LEmMA 5.1.  Assume that M is minimal and locally CR-embeddable at
po € M.

Let (S, po) be a germ of a CR submanifold of M, of type (0,v). Then a
germ f € Uy py) of a CR function at po, vanishing on (S, po), is equal to 0.

If M is minimal and locally CR-embeddable at all points, then the CR
Junctions on M satisfy the weak unique continuation principle.

Proor. Inthe first part of the proof, we can assume that M is a generic
CR submanifold of an open set in C". For any open neighborhood U of p in
M, there are an open neighborhood Uy of py in U, and an open wedge W in
Y, with edge Uy, such that, the restriction uly, of any u € Oy(U) is the
boundary value of a holomorphic function %, defined on W (see [43, 44, 6]).
Assume now that u € @y (U) vanishes on S. Then u = 0 by the edge of the
wedge theorem (see [39]), and therefore u = 0.

The last statement follows by unique continuation for holomorphic
functions on open subsets of C". O

5.2 — CR-maps with simple singularities

Let M,N be CR manifolds. A smooth map n: M — N is CR if
dn(T*M) c T*'N. We say that  is
— a CR-immersion if ker dn = 0 and dn(T%*M) = dn(CTM) N T*'N;
— a CR-submersion if dn(T,M)=Tw,N and dn(T9'M) =T, N,
Vp € M;
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— alocal CR-diffeomorphism if it is at the same time a CR-immersion
and a CR-submersion.

Next we consider critical points of some CR-maps.

Letk >1andn: M — N a CR-map, with M of type (n, k) and N of type
(n,k—1).

If po € M is not a critical point of n, then n is a CR-submersion near py.

Assume now that pg is a critical point of &, and gy = n(pg) the corre-
sponding critical value. Then the rank of dn(pg) is less than 2n + k — 1.
Assume that it is exactly equal to 2n+k —2. Then the dual map
dn*(po) : T;ON — T;OM is not injective, and has a 1-dimensional kernel.

DEFINITION 5.2. If ker drn*(pyg) ﬂHgoN = {0}, we say that © has at po
a CR-noncharacteristic singularity.

Assume that this is the case and fix 0 # 7, € ker dn*(po). Then there is
1, uniquely determined modulo H‘q)oN , such that 7, + iy, € ZgON , and we
obtain an element &; € HgOM , With 0 # & = dr*(po)(p).

DEFINITION 5.3. Ifwe can choose r;, in such a way that Le, has 1 positive
and n — 1 negative eigenvalues, we say that n has a Lorentzian CR-non
characteristic singularity at po.

Assume now that M and N are locally CR-embeddable at py, qo,
respectively, and that L, has 1 positive and (n — 1) negative eigenvalues.
We set v=n + k. We can choose CR-charts (U;zy,...,z,) of M, centered
at po, and (W;wq,...,w,) of N, centered at gy, with n(U) C W and
zj = mwj for j = 2, ..., v, such that &, = dz,(po), and

Imz, = hz) on U, with k() = 2121 — > 2% + O(z ).
=2

LEmMA 54. Let D= {p e U|z(p) =0} Then, there is an open
neighborhood U’ of py in U, an open neighborhood w of qo in N, and
an open domain w_ in ®, with qy € dw_, such that

1) w_ c (U ConDNU) C Owand wis strictly pseudoconcave at
qo;

() n: U — N is proper and, for g € n(U"), 1 X(q) is either a point oris
diffeomorphic to a circle.

Proor. Provided U is sufficiently small, the restriction of = to D is
a smooth diffeomorphism of D onto a closed hypersurface n(D) in an
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open neighborhood w of ¢y in N. By further shrinking, we can assume
that A \ n(D) consists of two connected components w; and w_ and that
wo_ C n(U).

Since w_ = {Imw, + Z wyiw; + O(lwl*) > 0} near g, we have gy € dor_
;)
and w_ strictly pseudoconcave at qo. Moreover, by taking U small, we can

assume that

Imz, += Z 2% > i 2121 on U,

and therefore we obtain an U’ satisfying (1) and (2) by setting
U’ = U N n Y (w) for a smaller neighborhood o of ¢ in N. O

5.3 — Perturbation of the CR structure of M

We keep the notation of § 5.2, and we shall assume that (1) and (2) of
Lemma 5.4 hold true with U’ = U.

LEMMA 5.5.  Assume that N is a minimal CR manifold. If w is a CR
Sfunction on a connected open neighborhood V of py in U, then

(5.1) 9(q) == f wdz; =0, Vg enV).

n(g)

Proor. First we note that W = (V) U (@ \ n(U)) is a neighborhood of
qo in N. The function g, equal to the left hand side of (5.1) for w € n(V) and 0
on W\ n(V) is continuous, because the fiber n~1(q) shrinks to a point when
q — On(V) N w. Since n(V) is connected and its connected component in W
contains an open subset where g = 0, our contents follows by the weak
unique continuation principle (see Lemma 5.1) if we show that g is a CR
function on W. To this aim, it suffices to show that

/ dgAn=0, Ve EEW) 0TI,
where .QO(W) means smooth exterior forms with compact support in W. We

note that n'y € Q2"**-2(V) N 74 *1(W), because the map = is CR and
proper. Thus we obtaln

/dg/\iy:/du/\dzl/\n*nzo,
N M



152 C. Denson Hill - Mauro Nacinovich

because % is CR on a neighborhood of the support of dz; An*ye
Q(z)’”k’z(V) Ng ”M+k(V). The proof is complete. O

By shrinking, we get 2z;2; > Imz, on U. In particular, if y is a smooth
function of one complex variable t, with suppy C {Imt > 0}, the function
zfly/(zv) can be extended to a smooth function on U, vanishing to infinite
order on {z; =0} N U.

LEmmA 5.6.  Ify,, for i=1,...,v are smooth fuctions of a complex
variable T, with support contained in {Imt > 0}, then

(5.2) 01 = dzy + 27w (2y)d2y, ..., 0y = dzy + 27w (20)d2y
1 1 1 \

(the functions z; 'w;(2y) are put = 0 for z; = 0) generate the ideal sheaf J7,
of a CR structure of type (n, k) in a neighborhood U’ of po tn U, which agree
to infinite order with the original one at py.

Proor. By the condition on the supports, the functions z;ly;(z,) are
smooth on U and vanishing to infinite for z; = 0, and in particular at py.
Thus 64,...,0y, 01,...,0, yield a basis of CT,M for p in a suitable neigh-
borhood U’ of py, and agree with dz1,...,dzy,dz1,...,dz, to infinite order
at po. We have moreover

0; = 2, %dzv A dZy — 27220 dzy A dZy.
Hence
dO; NOLA---ANO, =dO; ANdzy A---ANdz, =0
shows that J7;, is involutive. The proof is complete. O

Let us fix a sequence of distinet complex numbers {t;}, such that
Imt; > 0forallj, 17 —0, {w,=71}Nw#0forally.

For each j we choose an open disk 4; in C, centered at t;, in such a way that
4; 0 |J 4; = 0. Next we choose balls B; in "2 with
i#]

I{j = {q cw | (wz(Q)7 cee ;wvfl(q» S Bj, wy € Zj}Cw.

We set K; = {q € K; | wy(q) € 94;}, Aj = n1(K;). Note that the A;’s are
compact because = is proper.
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Then we take the functions y; in Lemma 5.6 in such a way that, for
suitable forms 1 € Qg’l(Bj), we have

oo
Suppy; = Ul'i+j(v+1), for 1=1,...,v,
j=0

Citjv1) = / zl’ly/i(zv)dév Adzy A+ ANdzy A'n; is real and > 0.
Ajyjevrn)
Let u be a CR function on a connected open neighborhood V of pg in U’

for the structure defined by (5.2). Since 7y and 77, agree to infinite order
on n(U’) outside £ = {wv € Usupp l//i}, and this set does not disconnect

n(V), by the argument of Lelmma 5.5 we have (5.1) for all ¢ in the com-
plement in n(V) of E. Thus we obtain

0:/ jl{ u dzq dwz/\---/\dwv/\nj:/udzl/\---Adzv/\n*nj
8Kj T[fl(q) 0Af

= / du Ndzy A -+ Ndzy AT, yielding
A

)

ou — *
(53) / % ZIII//L(Z'V) dZ'V N le JANCIERIVAN dzv AT 771'+j(v+1) = 0,
)
A;+j(v+1)

ou . . .
where, to compute o e consider any C'-extension of u as a function of

the complex Variableslzl, ..., %, for which Ou = 0 at all points of V. But

ou
-1 1 _
Ci+j(v+1) / 6—21 21 l//l(zv) dzv A dz1 VARERWA dzv A Tc*ﬂi+j(v+1)

Ai+j(v+1)
au(zp 0 when j — + co. Therefore %;)0)
i i
Together with (2.1), this shows that du(pg) = 0.
We have proved:

converges to =0fori=1,...,v.

THEOREM 5.7. Let M, N, be CR manifolds of types (n, k) and (n,k — 1),
respectively, with k > 1. Assume that N is minimal and that there is a CR
map n : M — N having a Lorentzian CR-non characteristic singularity at
po € M. Then we can find a new CR structure of type (n,k) on an open
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neighborhood U of py in M, which agrees with the original one to infinite
order at po, such that, if Z is the distribution of (0, 1)-vector fields for this
new structure, all solutions u € C* on a neighborhood of py to the homo-
geneous system (2.1) satisfy du(py) = 0.

Proor. The discussion above proves the theorem in the case where
both M and N are locally CR-embeddable at py and at gy = n(py), re-
spectively. In general, we can reduce to this case by taking formal
power series solutions {z},,...,{z}, at po, {w},,...,{w}, at qo, to the
homogeneous tangential Cauchy-Riemann systems on M and N, re-
spectively, with {z;} =n*{w}, for j=2,...,v. Then we take smooth
functions ws,...,w, on N having Taylor series {w},,...,{w}, at qo,
define z; = m*w; for j = 2,...,v, and choose a smooth function z; on M
with Taylor series {#1} at py. By restricting to a suitable neighborhood
U of po in M and W of qq in N, we obtain CR-charts (U;zy,...,z,) and
(Wiws, ..., wy) for new CR structures which agree to infinite order with
the original ones at py in M and at qo in N. The same map m has a
Lorentizian CR-noncharacteristic singularity at p, also for the new lo-
cally CR-embeddable CR structures, so that the previous discussion
applies. O

54 — Example

Letn>1,k>1,v=n+k,and N any CR manifold of type (n,k — 1),
contained in an open neighborhood G of 0 in C¥"!, and minimal. Let
wy, ..., w,_1 be the canonical holomorphic coordinates of V! and assume
that dw, and di; are linearly independent on N.

Let $:CY2(21,...,2y) — (1,...,2v-1) € V1 be the projection onto
the first v — 1 coordinates. If

v—1
M = {z e CY|d(z) €N, Imz1+2ziéi —zvzv},

i=1

then M is a minimal CR submanifold of type (n, k) of n71(G) C ", and the
restriction of ¢ describes a CR map nt : M — N which has at 0 a Lorentzian
CR-noncharacteristic singularity.

In particular, there are CR structures on a minimal Lorentzian CR
manifold M of arbitrary CR codimension such that a point py € M is critical
for all CR functions defined on a neighborhood of py.
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6. Tangential Cauchy-Riemann complexes and a global example

Throughout this section, M is a smooth CR manifold, of positive CR di-
mension 7, and arbitrary CR codimension k > 0. We set v =n + k, and de-
note by & the distribution of smooth complex vector fields of type (0, 1) on M.

We recall that ¢y (U) is the space of CR functions of class C' on
U C M. We set 033(U) = Oy(U) N C¥(U), and O55(U) = Oy (U)NC>(U)
for the restrictions to U of smooth functions on M, which are CR in U.
Likewise, when Q is an open subset of a complex manifold X, we write ((Q)
for C*(Q) N O(Q).

6.1 — Definition of the Oy-complexes

Let Jy be the ideal sheaf, corresponding to the characteristic dis-
tribution 2 of (0,1)-vector fields on M. Formal integrability of 2 is
equivalent (see Lemma 3.2) to

(6.1) dIm C Tu-

This implies that also d(7 )" C (J )", where, for each positive integer a,
(T )" is the a-th exterior power of the ideal 7y, and we set (J M)O = Q.
We can define cochain complexes on M by considering the quotients
2 =UTw" /(T ) and the map 9y 297 — 247 induced on the quo-
tients by the exterior differential. We have

2 =@, with 24 = (Ta ) N QDT ) 02,
q>0

and Oy (23)) C ;@?‘,’Iqﬂ. This indeed was the intrinsic definition for the tan-
gential Cauchy-Riemann complexes on CR manifolds given in [33].

Let Z%UU) = {f € 2°9(U) | 9yf =0} and B™I(U) = 5M(,@}@"_1(U)).
The quotient H*Y(U) = Z“%(U)/B"(U) is the cohomology group of the
smooth cohomology of dy; on U in bidegree (a, q). We set

H"(po) = lim H"Y(U)

ppeuopen

for the group of germs of bidegree (a, q)-cohomology classes at py.

Let us give a more explicit description of the equations involved in the
Oy-complexes.

An element of Z*%(U) has a representative f € Qﬁj 7). The conditions
that f € (7y)" and that its class [ f1 € Z%%(U) satisfies the integrability
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condition Oy[ f] = 0 are expressed by

(6 2) {f/\nl AN /\nvfaJrl = 07 vT]la s anvfaJrl S j}W(U)7
df/\nl ARER /\nv—aﬂ = 07 vT]la ce. anvfaJrl S jZIW(U)a

and the equation dyo =[f] for « € 2%9-1(U) is equivalent to finding
w e Q4 71(U) such that

(6.3) {u/\nl ARRRIAN | P =0, vnla"'vnvfaJrl S jZIW(U)’
(du—f)/\nl/\---/\n\,_aH :0, an,...,nv_oH_l szlw(U)

Both equation (6.2) and (6.3) are meaningful when f, % are currents, and
therefore we can consider the djy-complexes on currents, or require dif-
ferent degrees of regularity on the data and the solution.

6.2 — Absence of Poincaré lemma

In general, the J-complexes are not acyclic (see e.g. [3, 4, 18, 33]). In
fact, the perturbations we used in the previous section to deduce non
complete-integrability results utilize elements of H*!(po). The arguments
of § 4 provide simpler proofs of the absence of the Poincaré lemma in some
special cases. We have e.g. (see § 4)

PRrOPOSITION 6.1. Let M be a CR manifold of type (n,1), which is
locally CR-embeddable and Lorentzian at py, and let (U; z1,. .., zy), with
v=n+1, be a CR chart centered at p, for which (4.1) holds and
2z1z1 > Imz, on U.

Let y be a smooth function of one complex variable 1, with compact
support contained in {Imt > 0}. Then o = z;7lw(z,)dz,, continued by 0
where z, = 0, defines a smooth Oy-closed 1-form. A necessary and suffi-
cient condition for o to be cohomologous to 0 is that

(6.4) / Py(Ddt AdT =0, Vh € 7, h > 0.

PrROOF. Assumeindeed thatthereisu € C'(U) such that 9y u = [w]. We
keep the notation of § 4 forn, w, B,anduseintegration on the fiber to define

g(w):;—;i ?{ udzl, ie. /ch): /u/\ol,z'l/\;-c*d;7 VCID EQZ"’.

My @ U
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Clearly g = 0 on 0w N B and furthermore we obtain

-1
/dg/\nzz—m,/du/\dzl/\n*n
w U

= 2_711/ zflz//(zv)dév ANdzy AT = /y/(wn)dwn AM

@]

vn e QM (w).

Thus ¢ satisfies
g = w(w,)div,, on dw,
9=0, on dw N B.
These equations imply that © — ¢(0, t) has compact support and hence that

the equation 0v/dt = w(t) has a solution with compact support. This is
equivalent to the momentum conditions (6.4) in the statement. O

Wy can repeat the same argument to show that the 9y, complexes are
not acyclic in dimension ¢ when M is strictly ¢-pseudoconvex at p,. Still
restraining to type (n, 1) this condition means that, for a suitable CR chart
(U;#4,...,2y) centered at py we have

(6.5) Imz, + XV: 22 = Xq:ziéi + O(|z\3) on U.

i=q+1 i=1
Here v = n + 1. By taking U small we can assume that Imz, < 2 Zq: 2;Z; on
U. Set ¢ = v — q. By taking U sufficiently small we obtain a proé:elr map
(6.6) n:U3p— @ga(p),...,2p) €wc CF

with o the complement of a strictly convex open subset in an open ball B of
! and M, ~ S%-1 for w € & and My, ~ a point for w € dw N B. Let

q
Y2021, ..., 2g)
i-1

Ky 1(z1,...,29) = with 0;(z1,...,29) = aij dzy A - - dz,.

q 2L

ProposiTION 6.2. Let M be a CR manifold of type (n,1), which is
locally CR-embeddable and strictly q-pseudoconvex at py. Take a CR-
chart (U, z1, ..., z) with (6.5), Im 2z, <221z, on U, and let ©: M — w be
given by (6.6).
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If v 1s a smooth function with compact support of one complex
variable 1, with suppy C {Imt > 0}, then o = w(z,)dzy N Kq_1(21,...,2¢)
continued by 0 where z; = 0, defines a smooth dy-closed q-form on U,
and (6.4) is a necessary and sufficient condition for o to be cohomolo-
gous to 0.

Proor. The proofis analogous to that of Proposition 6.1. Here we need
to utilize, instead of Cauchy’s formula, the identity

(= D™V~ 1)!
@2mi)? '

6.7) / Ky 1@, ...,z Ndzi A+~ Ndzg =
1 (w)

Y € o Nsupp y(wy).

We have indeed d(K,_1(21,...,2¢) Adz1 A --- ANdzq) = 0 and then the value
of the left hand side of (6.7) is a homology invariant. For all w € o, the fiber
n}(w) is equivalent to the sphere S?¢~1. Then the value in (6.7) can be
computed by integrating on S2¢-1 (see [25]). O

6.3 — Strictly pseudoconvex subdomains of CR manifolds

Let Q be an open set in M. Saying that 02 is smooth at a point py € 9Q
means that there is an open neighborhood U of py in M and a smooth real
valued function ¢ € C*(U, R) such that

(6.8) QNU ={peU|gp0}, d(py) #O0.

DEFINITION 6.3. We say that Q is strictly pseudoconvex at po if
Lagpe) > 0 0on Z, M N ker dg(po).

Note that Z,,M Nker d¢(po) = Z,,M when dé(py) € HgOM.
We need to introduce a weaker notion of CR funection on M.

DEFINITION 6.4. If U ¢ M, we say that u € C°(U) is CR if

Judi=o0. e @ @ngi-o.
U

where we indicate by @y, (U) smooth exterior forms having compact
support in U.
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If M is a CR submanifold of a complex manifold X and is minimal at py,
then all germs of continuous CR functions extend holomorphically to
wedges in X whose edges contain neighborhoods of pg (see [43, 44]). We set
O™ for the sheaf of germs of continuous CR functions on M. For every
U ¢ M, the space O5"(U) is Fréchet for the topology of uniform
convergence on the compact subsets of U.

DEFINITION 6.5. Let Q be an open subset of M, f € Oy(Q), and
po € 0. We say that f weakly CR-extends beyond pg if there exists a
connected open neighborhood U of py in M and g € @ﬁj}nt(U ) such that
{pe@nU|gp) =f(p)} has a non empty interior.

ProposITION 6.6.  Let M be a CR submanifold of CR-dimension n > 1
and arbitrary CR codimension k> 0 of a Stein manifold X, and Q a
smooth strictly pseudoconvex domain in X, with 02 N M # (. Let My be
the set of points of M N O at which M is minimal. Consider on O(Q) the
natural Fréchet topology of uniform convergence with all derivatives on
the compact subsets of Q.

Then the set I of the elements f € ((Q) such that f,;o weakly CR-
extends beyond some point p € My is of the first Baire category in 0(Q).

Proor. Fix a point py € My and a countable fundamental system of
open neighborhoods {V,}, . of po in X. We can assume that for every ve N
the intersection M NV, is connected and contained in the set of minimal
points of M. In particular, two CR functions on M NV, which agree on some
non empty open subset of M NV, are equal on all M NV,. For each v the
set

B, ={(,9) € 0Q) x O MnV,) |g=fonMNQNV,}

is a Fréchet space, being a closed subspace of ((Q) x @ﬁ?[m(M nv,.
Let 7, : I, — (0(Q) be the projection into the first component.
Assume by contradiction that the set of f € ((Q) such that f| Mo can be
weakly CR-continued beyond pg is of the second Baire category. Then
U m,(I%,) is of the second Baire category, and hence at least one 7, (I7,,)
veN
is of the second Baire category in 0(Q). Hence =,,(I,,) = ((Q) and, by
Banach-Shauder’s theorem, the map =,, : F,, — ((Q) is open (see e.g.
[40, § 2.1]). By the assumption of minimality and the fact that Lemma
5.1 also applies to continuous CR functions, for each f € (O(Q) there is
at most one g € O5"(M NV,) such that (f,g) € If,.
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Thus, we conclude that there is a relatively compact open neighborhood
V of pp in X such that

(6.9) Ve 0@ ge Oy(MnNV) withf=gonMn QN V and
(6.10) g < fllog, YPEMNV,
where K is a compact subset of Q and || f]| ¢k & seminorm involving the

derivatives of f up to order ¢ on K. Let K, be a sequence of compact
subsets of X such that K,,;cint(X,), for all ve N, and K, = K. By

Cauchy’s inequalities, there are constants C, > 0 such that
1fllex < Co sup [fl, V¥ € OCX).
Using (6.10) we obtain
If(p)| <C,sup|f], Vfe€OX), vpeMnV.
K,

By applying this inequality to the positive integral powers of the entire
functions on X, we obtain that

[f(p)| <C}/" sup|fl, vf € OCX), ¥peMNV, W<heN

=|f(p)| <sup|f], VfelX), VpeMnV.
K,

Since (N K, = K, we obtain

v

|f(p)] < sup Ifl, Vf e 0(X).

But this gives a contradiction, because the fact that Q is strictly pseudo-
convex implies that Q is holomorphically convex in X.

We showed that, for every point p € M, the set E, of f € O(Q) for
which f1;,~o weakly CR-extends beyond p is of the first Baire category in
0(Q). The set M is separable. Then we take a dense sequence {p,} in M,
and we observe that I = |J I, is of the first Baire category, being a

veN
countable union of sets of the first Baire category. O

6.4 — The Cauchy problem for Oy

Let Felosed gyoven - A Set, foralla =0,...,v,¢=0,...,n,
DT FY = {f € 279U | f = 0% on FAUY.
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Clearly (2%*(U;F),0y) is a subcomplex of (2%*(U), dy) and we can con-
sider the cohomology groups

H*(U,F) = ker(0y : 2%UU; F) — 29N U; F)) /0y 2“9 Y(U; F)

and also their germs
HU(py, F) = lim H"“U,F).

poelopen

We obtain from Proposition 6.6

ProposiTION 6.7.  Let M be a CR submanifold of positive CR dimen-
sion n of a Stein manifold X. Let M' be the set of points of M where M is
minimal. Let Q be a strictly pseudoconvex open subset of X, with
My =M NoQR +0. Then the set of « € H*'(M, QN M) that restrict to
the zero class of H"'(p, @ N M) for some p € M, is infinite dimensional.

More precisely, if we consider the Fréchet space

F ={f € QM) | flgry = 0%, df € T},

then the set of f € F for wh_ich we can find p € My and w,) € C?p) with up)
vanishing on QN M, and Oyuy) = fip), span a linear subspace of infinite
dimensional codimension in F. Here we wrote f,) for the germ of f at p,
and the equality Oy = fip) has to be interpreted in the weak sense: it
means that there is an open neighborhood U, of p and a continuous
Sfunction w € C(Up), vanishing on onu p» such that

/ wdn = — / FAN, Yne(In) Uy N &1,
M M

PrOOF. Let g € 0(Q). By Whitney’s extension theorem, there is a
smooth complex valued function g on X with g = g on Q. Thenf = 9g|,, is an
element of 7. Let w = g|;;. Then w is a smooth function on M and its re-
strictionto M N Qis CR.If p € My and u(,,) € C?p) solves dyu(y) = f(,), then
Wp) + U(p) yields a weak CR extension of w|y,~, beyond p. Therefore the
thesis follows by Proposition 6.6. |

Let N be a smooth submanifold of M. Its conormal bundle in M at
p €N is
Tz*v,pM ={¢e T;M | év) =0, Vv € T,N}.

DEFINITION 6.8. We say that N is characteristic at pe N if
Ty M 0 H)YM # {0},
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Equivalently, N is non characteristic at p € N if it contains a germ
(N, p) of CR submanifold of type (0, v) of M. We have the following

LEMMA 6.9.  Let M be a CR manafold of positive CR dimension n, and N
a smooth submanifold of M. Let U be an open neighborhood of a non

characteristic point py of N.
Iff € 2%NU,N) and u € C°(U) solves

{8Muf on U,

(6.11)
u=0 on N

then u vanishes to infinite order at py.

ProoF. The statement follows by the uniqueness in the formal non
characteristic Cauchy problem. O

6.5 — The canonical bundle

The sheaf 2¥° = (Ty)' N Q) is the sheaf of germs of smooth sections
of a line bundle KM on M, that is called the canonical bundle of M.

Let U ¢ M, and assume that 0;,...,0, € 7y (U) give a basis of
ZgM at all points p € U. Since d0; € Ty (U), we obtain

dO1A---ANO) =aAB A---ABy, with o€ QYU).

The form o is uniquely determined modulo 734, and thus defines a unique
element [o] € 2°1(U). By differentiating we get

0=ca?O1A - AO)=()AOLA---AO, —a AdO; A---AB,)
=) ANOL A ANO, —aAALABLA---AD,
=D)AL A A, < Oyla] =0.
If ® is another non zero section of KM, defined in a neighborhood of a point

po € U, we have ® = ¢"0; A --- A 0, on a neighborhood U, of po in U and

hence
do=e"(du+o) ANOy A---AO, on Up,.

Thus we obtain

LEMMA 6.10. There is a section y € I'(M, H"Y) of the sheaf of germs of
cohomology classes of bidegree (0,1) such that
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(6.12) {VP €M, Yo € I'(KM), with o (p)#0, 3u € Q, such that
| do(p) = a(p) Ao(p). dylal =0, [«] € y(p).

Here [o] is the element of H"'(p) defined by [«] € 2.
LeEMMA 6.11.  If M is locally CR-embeddable at p, then y(p) = 0.
If & 1s completely integrable at p, then, for o € Q%p) satisfying (6.12)
there is u € C?p) such that dyu = [o].

6.6 — CR-foldings

Let us recall the notion of a fold singularity for a smooth map (see
e.g.[13]). Let M, N be real smooth manifolds of the same real dimension.
A maprn: M — N is a fold-map if there is a smooth submanifold V of M
such that:

— the restriction of w to M \ V is a two-sheeted covering;

— the restriction of © to V is a smooth immersion;

— there is an involution o : U — U of a tubular neighborhood U of V in
M such that toc =mnon U.

The corresponding notion in CR geometry will be a folding about a
CR-divisor. Let us introduce the notions that we will utilize in the
sequel.

DEFINITION 6.12 (Smooth CR-divisors). A smooth CR-divisor of a CR
manifold M is a smooth submanifold D of M, having real codimenison 2,
such that for each py € D there is an open netghborhood Up, of po tn M and
a function f € Oy(Upy,) such that DU, ={p € Uy, | f(p) =0} and
df (po) A df(po) # 0.

DEFINITION 6.13 (CR-folding). Let M, N be CR manifolds having the
same CR dimension. A CR-folding is a proper smooth CR map n : M — N
such that there exists a smooth CR-divisor D on M with the properties:

— the restriction of tto M \ D is a CR-submersion and a smooth circle
bundle;

— the restriction of mto D is a smooth CR immersion;

— there is a tubular neighborhood U of D in M and an S*-action on the
fibers of n|; : U — n(U), for which D is the set of fixed points.
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EXAMPLE 6.14. The map 83 = {(z,w) | 22 +ww =1} 3(z,w) — 2z € C
is a CR-folding. The set D = {(2,0) | 22 =1} = {(z,w) € S* |w =0} is a
smooth CR-divisor in S3, and n~1(z9) = {(zo,w) | wi = 1 — 29Z9}. We can
define, in the tubular neighborhood U = S* N {|z| > 0}, an S'-action by
e . (z,w) = (z,ew).

ExampLE 6.15. Let Q@ c CPY, with v > 3, be the ruled real projective
quadric, which is a CR submanifold of type (n,1), with n = v — 1, and Levi
signature (1,n — 1). For a suitable choice of homogeneous coordinates, @
has equation

(6.13) 2020 + 2121 = Y 2%
j=2

The point pp = (1,0, ...,0) does not belong to Q. Hence, by associating
to each p € Q the complex line pop, we obtain a map n:Q — CP",
where CP" is the set of complex lines through p, of CP"™!. After
identifying CP" with the hyperplane {z, = 0}, the map = is described in
homogeneous coordinates by

(6.14) (20,21, .05 2v) — (B1, ..., 2y).

This map is a CR-folding of M into CP", with divisor Q N {zy = 0},
whose image is the complement of an open ball in the projective space:

(6.15) Q) = {2’121 < ZZ7Z]}
=

To describe the generators of the ideal sheaf 7 of @, we consider the
covering {U,V} of Qwith U = {zp # 0}, V = {21 # 0}. Then [J¢ is defined
by the generators

zgldzl, zgldzz, e zo‘ldzv on UNQ,
27 dzo, 2 dzs, ..., 27z, on V NQ.

The canonical bundle is generated by z;Vdz1 A dzz A - - - dz, on U N @ and by
i Vdzo Adza A -+ -dzy on V N Q.

6.7 — Construction of a locally non CR-embeddable perturbation

In this subsection we describe a procedure to define a non locally CR-
embeddable CR structure on a neighborhood of p, in M that we will use in
§ 6.8 to produce a global example.
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Let M, N be CR manifolds of type (n, k), (n, k — 1) respectively. Assume
that there is a CR map n : M — N having a Lorentzian singularity and a
CR-folding at pg, and that M, N are locally CR-embeddable at py, qo, re-
spectively. We are in fact in the situation of Lemma 5.4 and we keep the
notation therein.

Let o be a (0, 1)-form on w, with dyo = 0 and o = 0 on .. Then 27 o
is well defined and smooth because n*a vanishes to infinite order on
D = {#z = 0}, and we may consider on U the CR-structure with ideal sheaf
Jy generated by

(6.16) dzy — 2o, dzs, ..., dz,.

This new CR structure agrees with the original one to infinite order at all
points of D. If this new CR structure admits a CR-chart centered at py, then
there is a smooth function u, defined on a neighborhood of pg, with
u(po) = 0 and

(6.17) de"(dz; — z{ln*oc) Adza A ---ANdzy) = 0.
Then we obtain
du N (dzq —zl‘ln*oc)/\dzz/\-~-/\dzv+z1‘2dz1 AT auAdzg A+ ANdzy, =0,

from which we get

(d(Z2u) — o) A ? Adzg A - Ndzy + dun*o* Adzs A --- Adz,) = 0.
1

Next we integrate on the fiber. For ¢ € W N w_, where W is a suitable small
neighborhood of q( in w, we obtain

1
w(q) = m.(ZFu)(q) = 5 f{ audz,

n1(q)
and therefore

dw(@) Ndzo A -+ Adzy :i. jf d(z?u)@AdzzA---Adzv
2m 21

g
1

dz
=— j{ n*oc*—l/\dz'g/\--~Asz:oc/\dz'2/\--~/\dz\,,
2m 21

Ll ()]
because
f dlum*w* Ndzg A --- ANdz,) = 0.

()
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We observe that w = 0? on W N dw_ and that the equality established
above means that w satisfies

Oyw =[o] on N.

By I:emma 6.9, we actually have w = 0> on ON. By Proposition 6.7 there
are dy-closed forms o, of type (0, 1), vanishing to infinite order on W N dw_,
for which the Cauchy problem

{an:oc on Wnao_,
w=0° onWnow_

has no solution when W is any open neighborhood of ¢, hence yielding non
CR-embeddable CR structures on U which agree to infinite order with the
original one.

6.8 — A global example

In this section we construct a non locally CR-embeddable CR structure
on the Lorentzian quadric of Example 6.15.

In CPY, with homogeneous coordinates zg,z1,...,2,, for v>2, we
consider the quadric @ = {20z + #2121 = #2Z2 + - -- +2,3y}. Fix the
divisor D = {zp =0} and the global CR-folding @ — N where N =
{2121 <2222 + - + 2,2, } C cPl s a strictly pseudoconcave closed
domain in CP'~!. The closure of its complement is an Euclidean ball B
of OV =CP" !\ {2 =0}. Fix a smooth function f, with compact
support in C¥~1, which is holomorphic on B, but cannot be continued
holomorphically beyond any point of 9B, and let o be the restriction of

Of to N. We observe that { = Z—l is meromorphic on CP™ and that {n*a
0
is well-defined on Q. We define a new CR structure on @ by the ideal

sheaf having generators
zl‘ldzo — {mf ¥, 21‘le27 A zl‘ldzv on M N{z #0},

2o1dzy, 25 dzs, ..., 29 dz, on M\ suppm*a.

Note that the hyperplane {z; = 0} in CI?*~! does not intersect the support
of o, and hence the ideal sheaf is well defined. By the argument in § 6.7, with
this new CR structure @ is not locally CR-embeddable at all points of the
divisor D. Thus we have obtained
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THEOREM 6.16. There are CR structures of type (m —1,1) on the
Lorentzian quadric Q that are not locally CR-embeddable at all points of a
hyperplane section of Q. O
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