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The Category of Partial Doi-Hopf Modules and Functors

Q.-G. CHEN (*) - D.-G. WANG (**)

ABSTRACT - Let (H,A, C), (H',A’, C") be two partial Doi-Hopf datums consisting of a
Hopf algebra H, a partial right H-comodule algebra A and a partial right H-
module coalgebra. Given o: H — H', f: A — A" and y: C — C’, we define an
induction functor between the category M(H )g of all partial Doi-Hopf modules
and the category M(H ’)g,', and we prove that this functor has a right adjoint.
Specially, we then give necessary and sufficient conditions for the functor
F: MH )g — M(H), (exactly the category of right A-modules). This leads to a
generalized notion of integrals. Moreover, from these results, we deduce a
version of Maschke-type Theorems for partial Doi-Hopf modules. The applica-
tions of our results are considered.
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1. Introduction

Partial group actions were considered first by Exel [E1] in the context
of operator algebras and they turned out to be a powerful tool in the study
of C*-algebras generated by partial isometries on a Hilbert space [E2]. A
treatment from a purely algebraic point of view was given recently in
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[DEP], [DFP], [DZ] and [DE]. Partial Hopf actions were motivated by an
attempt to generalize the notion of partial Galois extensions of commu-
tative rings in [DFP] to a broader context. The definition of partial Hopf
actions and co-actions were introduced by using the notions of partial
entwining structures in [CJ].

The category M(H )ﬁ of Doi-Hopf modules was introduced in [D],
where H is a Hopf algebra, A a right H-comodule algebra and C a right H-
module coalgebra. It is the category of the modules over the algebra A
which are also comodules over the coalgebra C and satisfy certain com-
patibility condition involving H. The study of M(H )g turned out to be very
useful: it was shown in [D] that many categories such as the module and
comodule categories over bialgebras, the Hopf modules category [S], Ta-
keuchi’s relative Hopf modules, graded modules, modules graded by
G-sets, Long dimodules and the Yetter-Drinfeld category ([(CMI], [RT],
[Y]) are special cases of M(H )fl.

Asageneral version of the category M(H )ﬁ of Doi-Hopfmodules, we shall
consider a partial Doi-Hopf datum (H, A, C), and the category M(H )f;; of so-
called partial Doi-Hopf modules. The starting point of this paperis an attempt
to discuss the results of [CR] in the partial case. This would have meant in
particular giving generalizations of the induced and the coinduced functors. In
the paper, we give a generalization of the induction functor and try to char-
acterize the separability of the functor F' : M(H )f1 — M(H), which leads to
the generalized integral of the partial Doi-Hopf datum (H,A,C). Also, a
version of Maschke-type Theorems for partial Doi-Hopf modules is proved.

The paper is organized as follows.

In Section 2, we recall definitions and basic results related to Hopf
partial action, and introduce the induction functor: given maps
o:H—H,p:A—A andy: C— (', we have a functor (called induction
functor) F =e®@4 A’: M(H)g — MH' )f;:,. This functor have a right
adjoint G. In Section 3, we discuss the separability of the functor
F: MH )g — M(H), that forgets the C-coaction,which leads to a
generalized integral of a partial Doi-Hopf datum (H, A, C). The applica-
tions of our results are considered in Section 4.

2. Partial Module Coalgebras, Partial Comodule Algebras, Partial
Doi-Hopf Modules

Throughtout this paper, k£ will be a field. Unless specified otherwise, all
modules, algebras, coalgebras, bialgebras(or Hopf algebras), tensor pro-
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ducts and homomorphisms are over k. : denotes the identity mapping. H
will be a Hopf algebra with an invertible antipode S and we will use
Sweedler’s sigma-notation extensively. For example, if (C,4¢,ey) is a
coalgebra, then for all ¢ € C, we write

dclc)=c1®c e C®C.

DEFINITION 2.1. Let H be a Hopf algebra. A k-algebra A is called a
partial right H-comodule algebra, if there exists a k-linear map
pa:A—A® H, pyla) =ap @ app such that the following conditions
satisfy:

2.1) palad) = pa(a)ps (D),
2.2) palago) @ apy = apylag ® apnlap ® ape,
2.3) glap(a) = a,

for all a,b € A.

ExavprLE 22. Let ec€ H be an idempotent such that e®e =
Ale)(e ® 1) and ¢(e) = 1. Then we can define the following partial right
H-coactionon A =k: p(x) =x®eck® H.

DEFINITION 2.3. Let H be a Hopf algebra. A k-coalgebra C is called
a partial right H-module coalgebra, if there exists a k-linear map
¢:C®H — C, ¢lc®h)=c-h such that the following conditions sat-
isfy:

2.4) (c-h)-g=c-hg,
(2.5) (c-h)y-1g@(-h)s=c1-h1®cs-he,
2.6) elc - h) = e(e)e(h),

forallce Candg,h € H.

ExampLE 2.4. Let e € H be a central idempotent such that e ® e =
Ale)(e ® 1) and &(e) = 1. Then we can define the partial right H-action on
C=H:g- h=egh.

A partial Doi-Hopf datum is a threetuple (H,A,C), where H is a
Hopf algebra, A a partial right H-comodule algebra and C a partial right
H-module coalgebra. Given a partial Doi-Hopf datum (H, A, C). A partial
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Doi-Hopf module M is a right A-module and there exists a k-linear map
p:M — M ® C such that

2.7 Par(m) = myq) - Lagoo) @ My - Lagory © Mpge - Lap,
where p%; = (py; 01) © pyy,

2.8 plm - a) = myg; - age) ® My - ap),

2.9 e(myp)myg) = m,

for allm € M and a € A.

ExampLE 2.5. Let e € H be a central idempotent such that e ® e =
Ale)(e ® 1g) and &(e) = 1. Then (H, k, H) is a partial Doi-Hopf datum.

MH )f:; will be the category of partial Doi-Hopf modules and A-linear,
C-colinear maps. Now we can give the following result for the category of
partial Doi-Hopf modules which is analogous of [Theorem 1.1, CR].

THEOREM 2.6. Constider two partial Doi-Hopf datums (H,A,C) and
(H',A',C"), and suppose that we have maps o: H — H', f: A — A’ and
y: C — C" which are respectively Hopf algebra, algebra and coalgebra
maps satisfying

(2.10) y(c-h) = y(c) - alh),
2.11) pa(f(a)) = flao) @ alap),

for all ce C, h € H and a € A. Then we have a functor F : /\/l(H)f1 —
MH", defined as follows:

FM)=M x4 A,
where A’ is a left A-module via § and with structure maps defined by
(2.12) m®aa)-0=mx,ydb,
2.13) pran(m ®a a') = mi) @ afg @ Ympy) - afyy,
forall o', b € A" and m € M.

Proor. Let us show that M ®4 A’ is an object of M(H' )f,i. For this, we
need to show that M @4 A’ satisfies conditions (2.7)-(2.9). Notice that
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M @4 A’ satisfies (2.9) obviously. We restrict here to check that M ®4 A’
satisfies conditions (2.7) and (2.8). Take m € M and o', b’ € A’. Then

Pran((m ®4 a') - b') =myo) @4 ajgbfo) @ (mi1) - agybiy
= (myo) ®a aggy) - bjoy ® Ompay) - ap) - biyy,
i.e, (2.8) holds. For (2.7), for all m € M and o' € A’, we have
Prapm @4 )
= myo)i0] @4 Agye) @ Y(Myo1)) * Aoyy) @ Y(myn)) - @y

7
= myo) - Lajo] ®a Cjopo; @ Y11 - 1apy) - Apoyy ® Y0Mpp) - afy,

= myo) @4 BLao) oy @ Ymqan) - 2(Lapejopny @ Y(mpae) - afy)
@1
=" myo] @4 la0)age @ Y0mq) - Lameyy ® M) - agy;

1

2 g0) ®a ooy ® Y1) - Ay © V(m[l]z) - ayy

= myo) @4 Aoy Lagoro; ® Ym1) - @y Lagorn ® Ympage) - afpplan

2.5)

%2 gy ©4 afgy) - Laoqer © Glmpn)) - afrps - Lagoyn © GOmgny) - @l - Lagy-

This is exactly what we have to show. O
THEOREM 2.7. Under the assumptions of Theorem 2.6, we have a

Sfunctor G : M(H' )g, — MH )fj; which is right adjoint to F. G is defined by

GWM') = M'O¢C = {m" - fLao) @ ¢ - 1ay},
where m' @ ¢ € M' @ C satisfies the following condition:

(2.14)  myy - fQagogo) @ My - aagoyn) @ € - Lap

=m' - f(Laoyo) ® p(c1) - aLapoyny) ® €2 - Lapy,
forall M' € M(H' )f;, and with structure maps

2.15)  poa (M f(Lago) ® c-1apy) = m' - fLapoyo) ® ¢1 - Lagoyy ® €2 - 1apy,

(2.16) (m' - pLapo) @ ¢ - 1apy) - @ = m' - Plage) @ ¢ - apy,
forall a € A.
Proor. Let us first show that G(M") is an object of M(H )g. Itis routine

to check that G(M') is aright C-comodule. In order to prove that M is aright
A-module, we need to show that m' - f(ajn) ® c-ap; € M'OC, for all
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a € A. Indeed,

(m' - Blago)ior - PQagorop) @ (M - flago))y - L agoyny) © ¢ - apylapg

@8)
=" myq; - BlagoDiofLaroro) @ My - flago)meagom) @ ¢ - alap

(2.11)
=" mjgy - BlaoronBLagoro) ® myy; - olagoreLagoyy) @ ¢ - apylapy

2.1)
=" myq; - fLaoronB(@roron) @ myyy - x(Lago)edaorn) @ € - Lapag

214
CLD . B aroronflaoro) @ yler) - el aopedagoy) @ c2 - Lapam

21
ED - Plagoron P Lagoop) @ y(c1) - alaporapPaLapoyp) & €2 - alap

222.1)
=7 m' - Plao)fLagoyo) @ y(cr) - olap)oaafoyny) @ €2 - apelap

2.10
CL 0’ BlagopBLagoro) @ 7e1 - apmn) - oLagopy) © €2 - applapy

& - PlaopfLagoyop) @ y((e - appi) - ellapoy) @ (¢ - appz - Lap-

This is exactly what we have to show.

GWM') e MH )g and the functorial properties are checked in a
straightforward way. Let us finally show that G is a right adjoint to F.
Take M € M(H)g, we define 7y, : M — GF(M) = (M ®4 A")OeC as fol-
lows: for all m € M,

ny(m) = myg) @4 fLagoy) @ myay - Lap-
For all a € A, we have
nyu(m - a) = (m - @) ®a fQag) @ (M - @)y - Lapy

2.8)
=" myq] - aro) ®a fLago) @ M1y - apylap
= myo; ®a Pl fLam) @ My - aaylang

2.1)
=" myo; @a BLagop)Blajo) @ M1y - Lapay

= (myo) @4 PLago) @ myy) - lapy) - @
and

(13 @ 1) © pyr(m) = mygyo) @4 fLagop) @ Moy - Lapy ® My

@
= myo) - Lyjo; ®a BLago)) @ myny - Uyppylap @ mpe

= myo) @4 FLsp01Lar0) @ My - Uapgylap @ mpage
2.1)

=" myo; @4 Pago) @ my1n - Lapy @ My

= peron © My (M)

So iy € M(H)S.
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Take M' € M(H')5.. Then we define 6y : FG(M') — M', where
O ((m' - P(Lago) @ € - 1ap) ®a @) = eclc)m’ - a'.
Notice that 0,y is A’-linear. That oy is C’-colinear is proved as follows:

Omr @ 1) o (ppgary)m’ - flag) @ ¢ - 1apy) ®4 @)
= oy ((m" - fLajoro) ® c1 - Lagoyny) ®a afg)) ® (ez - 1ap) - afy
=m’ - fLapo)ag) ® (¢ - Lap) - apyy.

Applying : ® 1 ® & to (2.14), this yields

m’ - f(Lagop) @ (e - Lapay) = e(e)myg; - fLagop) @ myyy - o(Lagay)
= e(©)myy; - fAago) @ Mmyyy - 2Lapy)-

Using the identity above, it follows that

m’ - fAao)agy @ e - Lam) - apyy = ele)myg; - fAao)agy @ myy - elappag,

(2.11)
= S(C)W’LEO] . lAf[O]aEO] & mh] : ]-A’[l]afl]

@2.1) / / / /
= ele)myg; - aggy ® My - apyy

= pyr © O (M - fLapo) @ € - 1ap1y) @4 ).

This is what we need to show. We can check 7 and ¢ defined above are all
natural transformations and they satisfy

GO o ngary =1, Srany o Fly) =1,

for all M € M(H)§ and M’ € M(H")S,.
The proof of Theorem is completed. O

REMARK 2.8. We consider (H,A,k) and the map iy, iz and
e : C — k. Now M(H),(or Uya), the category of right A-modules, and F’
is the functor which forgets the C-comodule structures. From Theorem
2.1, GM') = {m' - 1450 ® ¢ - 1411} = M’ ® C with structure maps

@17 peary (™ a0 @c - Lapy) = m - Loy @ €1 - Lajony @ €2 - 1apy,
(2.18) (m' - 1p00 @ ¢ - Tapy) - @ = m' - g @ ¢ - apy,

foralla € Aand M’ € M(H)4. The unit  of the adjunction (¥, G) is given by
MM — G,

™M m') = mig; - Lajo] @ My - Lapay.
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3. Integral of partial Doi-Hopf datum

DEFINITION 3.1. Let (H, A, C) be a partial Doi-Hopf datum. A k-linear

map
0:CeC—A

is called a normalized A-integral, if 0 satisfies the following conditions:
6.1 Cz - Lz ® Lag)0(d - 1app @ ¢1 - Lappe)

= ¢2 - Lapn ® Lagonon010(d - Lagoyorn) ® €1 - Lajoyny)
= dy - LapoyuyO(dz - 1111 ® ©)apy @ Lagoyo)0(dz - 1apiy @ ©)pop,

3.2) 0(c1 ® co) = 142(0),

(3.3) agoynd(c - aoyn ® d - ay) = 0(c ® d)a,
foralla € Aandc,d € C.

THEOREM 3.2. For any partial Doi-Hopf datum (H, A, C), the follow-
ng assertions are equivalent,

(1) nin Remark 2.8 is a split natural monomorphism.
(2) The forgetful functor F' is separable.
(8) There exists a normalized A-integral 0 : C @ C — A.

Proor. (1)<=-(2) follows by Rafael Theorem ([R]).
(8)=-(1). For any partial Doi-Hopf module M, we define
W M&C — M, Wim - 1 ® ¢ - Lapy) = mig)0(myn) @ c),

forallm € M andc € C.
Now, we shall check that v/ € M(H )ﬁ. In fact, for allm € M, ¢ € C and
acA,
VM((WL g ®c-lapy) - @) = \/W(m - Qo) ® ¢ - ay)
= (m - agoPi00((m - agoPy ® ¢ - a1y

—~
[\
(]

<

myo; - apojor (M) - Aoy @ ¢ - agry)

—
[°8)
@

=z

mpo0(my1) ® c)a

= VM(WL . lA[O] X cC- 1A[1]) - Q.

Hence it is a morphism of A-module. Next, we shall check that v is a
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morphism of C-comodule. It is sufficient to check that
pMovM =(vM®l)opG(M)
holds. For all m € M and ¢ € C, we have

par o VYm0 @ ¢ - 1apy)
= pyu(myo; - 00mpy; @ ¢))

= (myo) - 0(my1) ® ©)jo; @ (myg) - O(myp1y @ )y

@8)
=" myoyo) - 00my1) ® ©)o) @ Moy - O0myn @ Oy

2.7

=" myo - Liojo00mp - 1111 ® oy @ My - Loy 00mye - 1y ® o)y

M @) 0 papym - Lag @ ¢ - Lap)
= (M @ )(m - Lagoye ® €1 - Lagoyn @ €2 - Lapny)
= W (m - Lajoy0) @ €1 - Lagoyn) @ €2 - Lap
= (m - Laponop o7 - Lagoo)y @ c1 - Lagoyny) ® 2 - 1ap
= Moy 1:4[0]1,4[0][0]6(7%[1] “Lapoy ® €1 - Lapp) @ c2 - 114[1]
= myo) - Lajo)0(my1) @ ¢1) ® €2 - Lap).-

Using (3.1), we can get the desired result. For all m € M, Since
W oy m) = VMm@ myp)
= myoyo10(mioy1y @ My11)

2.7
D mggy - Lagoro 0mpy - Loyn © My - Lapy)
= myo; - Ompyn @ M)
3.2
(:) WL[O]E(WLU]) =Mm.
So it follows that v splits #. It is evidently natural.

(1)=(3). We consider the following partial Doi-Hopf module G(A).
Evaluating at this object, the retraction v of the unit » yields a morphism

W AgCeC —-AC,

where A C®C = <CL1[0][0] Xc- 1A[0][l] ®d1A[1],OL cA,c,d e C>.From
von =1, we have

VG(A)(CLIA[O][O] Xcq - 1A[0][1] X Co - 1A[1]) =aQcC.
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It can be used to construct 6 as follows:
0:CoC—A,
0c®d) = @ ec) o V¥ (Lajopo ® ¢ - Lagon @ d - Lapy)-
For all ¢ € C, since
0(c1 ® ¢2) = (1@ ec) 0 VD Uapono) @ €1 - Lapoyn @ €2 - Lap)
= (1da ® &c)(1a ® €) = Laec(c).

Hence (3.2) holds. It can be seen to obey (3.3) by naturality and the A-
module map property of .

The verification of (3.1) is more involved. For any C-comodule M, we
consider the partial Doi-Hopf module M ® A. The A-actions and C-coaction
are defined as follows:

mea)-b=m®c ab,
/)M®A(m Qa) = mo] @ Ao @ My1] - A1,

for all m € M,a,b € A. For C-comodule C, there is a partial Doi-Hopf
module C ® A and the map

ECRA—-ARC, &e®a)=ap®c-an

induces a morphism of partial Doi-Hopf modules C ® A — A ® C. Thus by
naturality of v, we have the following commutative diagram

C®A

GF(C® A) v C®A

GF(&) 3
JAGC

GF(A®C) A®C

Explicitly, for all a € A, ¢,d € C, we have

3.4) 0’ (c®ala©d-Lap) =)@ Lago) @ ¢ - apylagorn @ dlapy).

We consider next the following partial Doi-Hopf module C' ® C with partial
C-coaction given by comultiplication in the second factor. Then

1=401:CA—-CC®A, c®a)=c1®Rc®a
induces a morphism of partial Doi-Hopf modules C ® A — C @ C @ A. Thus
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by naturality of v, the following diagram

CRA

GF(C® A) v C®A
GF(x) X
yCRC®A
GF(C®C® A) CRC®A

The commutative diagram above is equivalent to
(3.5) 70 e @ alag @ d - 1ap) = VW% e ® 2 @ al g @ d - 1apy),
for all ¢,d € C and a € A. Finally, for any ¢ € C, the map
fi: CRA—-CRCRA, doa—c®d®a

induces a morphism of partial Doi-Hopf modules C® A — C® C® A.
Hence by naturality of v, we have

B6) c® VC®A(6 ® ala ® d- lA[l]) = VC®C®A(C ®e® alap ® d- 1A[1])a

for all c,e,d € C and a € A. From (3.5) and (3.6),

BN oW e @ alyn @d - 1apy) = ¢1 @ v ee @ ala @ d - 1ap),

forallc,d € C and a € A.
From v¢“ being C-colinear, it follows that

P 0 VD gy © ¢ - Lagoqy @ d - Lapny)
= v Lapororor © ¢ - Lagoror © da - Lagoyny) @ dz - Lapy,

forallc,d € C.

For all ¢,d € C, since

¢ - 1ap1) @ Lagono010(d - Lajoyonny @ ¢1 - Lagoyay)
= ¢z - Lan @ Lao)(d - Lapin ® ¢1 - 1apnp)
= 14,00 ®ec @) Lapo) Ly 010 @ d - Lapn Loy @ €1 - Lapelag) ®¢2 - Lapg)
= 1400 ®ec @ DO Laponono; ® d - Lagoyory €1 - Laoyny) @ €2 - Lany)
= 1400 (1 ® &c ® Dpgeay © VP Lagoyo @ d - Tajoyy ® € - Lapyy)
= 140 0 VD (Lyjo50 @ d - Lagoy @ ¢ - Lapy),

where the second equals is followed from v being a left A-module. In fact, for
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all a € A, the map
fuo:AC—-A®C, fa(blA[O] ®c- 1A[1]) = ablA[g] ®c - lap

is a morphism in the category /S . Hence by naturality of v, we have that v is
a left A-module. Since

dy - 140 0(dz - 14111 @ €)1y @ Lajoy010(dz - 1ajy @ Oy
=dy - Lag(ds - 14111 @ )y @ (Lag010(ds - 14117 @ €y
= dy - (Lagoi ® &) 0 V¥ Lyig07 @ da - TapyLygopn @ € Ly
® (Lap(t ® &) © vG(A)(lA[OJ[O] ®dg - 1A[1]1:4[0][1] ®c- 1:4[1]))[0]
= dy - (@ &) o V¥ (LagoLapoqo @ d2 - LapLagoy @ € - Lap)ing
@ ((®ec)o VG(A)(lA[O] 1:4[0][0] @ 1‘4[1]1:4[0][1] ®c- 1:4[1]))[0]
g e ec) 0 &0 VP (dy @ 1apylamn @ € - lap))y
@ (@ ep) 0 &0 N dy @ 1a10 @ ¢ - Lap)a

Let v¢24(d ® alap0] ® ¢ - 1ap17) = ¢; ® a;. Then

dy - (@ ®ec) 0 &0 VP (dy @ 1apylage @ ¢ - Tap))y
@ (@ ec) 0 &0 VP dy ® 14100 @ € - Tapy)io]

e e ec) 0 &(cizg @ a)i ® (@ ec) o E(eiz @ ai)ioy

= Ci1 " i1y © Qi) = Z t4,0 0 C(e; ® a;)
= Z TAC© f o VC®A(d X (LlA[O] X cC- lA[l])-

Hence we can get (3.1) by using (3.4). O

4. Applications
4.1 — Maschke-type Theorems for partial Doi-Hopf modules

Since separable functors reflect well the semisimplicity of the objects of
a categogy, by Theroem 3.2, we will prove the Maschke-type theorems for
partial Doi-Hopf modules.

COROLLARY 4.1. Let (H,A,C) be a partial Doi-Hopf datum, and
M, N € US. Suppose that there exists a total integral 0 : C @ C — A. Then
a monomorphism (resp. epimorphism) f : M — N splits in Z/{g, if the
monomorphism (resp. epimorphism) f splits as an A-module morphism.
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4.2 — Partial relative modules

Let H be a Hopf algebra and A a partial right H-comodule algebra.
Then the threetuple (H,A, H) is a partial Doi-Hopf datum. The category
MH )f is called a partial (H, A)-Hopf module category and denoted by ¢/%.

COROLLARY 4.2. Let H be a Hopf algebra and A a partial right H-
comodule algebra. Then the following statements are equivalent:

(1) The forgetful functor F : Z/{f{ — Uy 18 separable,
(2) There exists a normalized A-integral 0 : H @ H — A.

We will now introduce the partial total integral for the partial right H-
comodule algebra, and investigate the difference between the partial total
integral and the total integral in sense of Doi.

ProrosiTION 4.3. Let H be a Hopf algebra and A a partial right
H-comodule algebra. If 0: H® H — k is a normalized A-integral for
(H,A,H), the k-linear map

p:H—A, oh) =01y h),
for all h € H, satisfies the relations:
4.1) ooy @ ey = p(h1)lage) ® helapy,
4.2) o(1y) = 14.
Proor. Notice first that p(1y) = 01y ® 1) = eg(15)14 = 14. Since
halap ® 0(g @ h1)1 g0
= h21411) ® Lagoyono) @1 aonony ® h1lagoy)
= g11ajo10(g2lar ® My @ Lagogor0(gelap @ ko)
= g1(Laj00(g214111 @ 7)1y @ (Lago10(g21arn @ M)ioy
= g1(0(g2 @ M) @ (0(g2 @ )0y
It follows by taking g = 1y that
holap @ 0y @ ha)lage) = 0y ® ) @ 01y @ b))
So (4.1) holds.
DEFINITION 4.4. Let H be a Hopf algebra and A a right partial H-co-

module algebra. A k-linear map ¢ : H — A is call a partial total integral for
(H,A), if ¢ satisfies the conditions (4.1) and (4.2).
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REMARK 4.5. If 1400; ® 141y = 14 ® 1, then the right partial H-co-
module algebra A is just the ordinary right H-comodule algebra, and

the partial total integral is the same with the total integral in sense of
Doi in (D2).

Let ¢ : H — A be the total integral for the partial right H-coalgebra A,

and define
0:-HoH — A, 0h®g) = 141009S *Aamh)),

forallg,h € H.

THEOREM 4.6. Let A be a partial right H-comodule algebra and
o : H— A be a partial total integral. If

g1y ® p(ho) = p()119 @ e},
o(h) € Z(A) (the center of A), 1400S (1) = 14,

Then 6 is a normalized A-integral.

Proor. Foralla € A and g,k € H, one has

o009y ® hary) = oo laoe(harS ™ (Lapgagon)
= aorlaphanpS ™ gapnlapy)
= Laoip(hS(glap))a
=0gQh)

and

91(0(g2 @ R)1 @ (0(g2 @ h))jo
= g1 Lapo(BS (Lapig2)in) ® Lajoyo9(hS " (Lag1yg2))io)
= p(hS™' Lamg2)mgr Lawoin © Laporore(eS ™ (Lapgz)ion
= heS ' Aamg2)ely1y91 Laorm © LapogophaS " Lage)) 1y
= 7S~ (Lap)S~ (g2)g1 Lo © Lajoo0a S~ (Lagipgs))
= heS ' (Lapp)lamm Lyr1y ® LajorLg0y0(1S Tanpg)
= holjy ® 1A[0]1£4[0]¢(h1S71(lA[1]g))
= halap) ® 0(g @ h1)la)-

0(hy @ he) = Lary0(h2S 1apihn))
= e (W) Lapo10( S (Lam)) = en()14

So 6 is a normalized A-integral. O
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4.3 — Partial Doi-Hopf Datum (H, k,H)

COROLLARY 4.7. Under the assumptions of Example 2.5. Then the
following statements are equivalent:

(1) The forgetful functor F : MH)" — My, (the category of all vector
spaces) 1s separable.

2) k-linear map 0 : H® H — k such that the following conditions are
satisfied:

4.3) O0(hy @ he) = eg(h),
4.4) 0(eh ® eg) = 0(h ® g),
4.5) eho0(g @ hy) = eg10(egs @ h).

Take e = 1. Then the partial Doi-Hopf datum (H, k, H) is just the Doi-
Hopf datum, the category M(H) is the category M of H-Hopf module.
Suppose that ¢ is the right integral of H*, the map 0 : H ® H — k is de-
fined by

0h ® g) = p(gS~" (h)).

By the properties of the right integral ¢, we can check that 6 satisfies (4.3)-
4.4).

COROLLARY 4.8. Let H be a finite dimensional cosemisimple Hopf
algebra. The forgetful functor F : M — M, is separable.

Proor. Since H is a finite dimensional cosemisimple Hopf algebra, it
follows that there exists a right integral ¢ € H* such that ¢(15) = 1. The
desired total integral 6 can be constructed by using ¢. |

Acknowledgment. The authors would like to thank the referee for the
valuable suggestions and comments.
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