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Ostrowski Type Inequalities Related to the Generalized
Baouendi-Grushin Vector Fields
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ABSTRACT - In this paper, we employ a new method to prove a representation for-
mula related to the generalized Baouendi-Grushin vector fields, and then the
Ostrowski type inequalities is established in the ball and bounded domain, re-
spectively, via the representation formula and L> norm of the horizontal gra-
dient. In addition, in the same spirit, we show the Hardy inequalities with
boundary term related to the generalized Baouendi-Grushin vector fields.
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1. Introduction

In 1938, A. Ostrowski [21] established the following sharp integral in-
equality
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for f € C'[a,b] and x € [a, b], which is known as the Ostrowski type in-
equality. Because the Ostrowski type inequality is useful in some fields, it
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was extended from intervals to rectangles and general domains in RY (see
[3] and [4]). Moreover, many authors improved inequality (1.1) to the
higher-order derivatives case (see [5, 17, 22] and the references therein).

Recently, Lian and Yang [16] obtained the Ostrowski type inequality on
the H-type group by the representation formula.

Our main interesting in this paper is to prove the Ostrowski type in-
equality related to the generalized Baouendi-Grushin (B-G) vector fields
by an improved method. To do this, we first introduce the generalized B-G
vector fields.

Let o= (w1,29, --,2,) € R", y = W1,y2, -, Ym) € R™, &> 0. The
generalized B-G vector fields is defined as

0 s 0 ) )
1.2) Zi:a_xi’ Z"+j:|x|6_?/~ t=1,2,...,n;7=1,2 ... ,m).

j
Denote the horizontal gradient
VL = (Zla e >Z7Z7Z’VL+1 e 7Zn+m)a

n+m
and divr,(uy, Uz, ..., Un, Uni1 - - Unim) = ., Ziu; denotes the general-
i=1
ized divergence. Then the second order degelnerate elliptic operator and p-
degenerate sub-elliptic operator are defined as
n+m
Ly = Ay + "4, = Z Z; =V -V, and
i=1

ﬁp,a% :divL(|VLu|”’2VLu) = VL(|VL%‘I)72VL%>, p > 1,

respectively, where 4, and 4, are Laplace operators on R" and R™, re-
spectively.

L, is usually called the B-G operator. This second order operator be-
longs to the wide class of sub-elliptic operators introduced and studied by
Franchi and Lanconelli in [13, 15]. When x # 0, £, is elliptic and becomes
degenerate on the manifold {0} x R™. Moreover, For « = 1, the B-G op-
erator can be viewed as Tricomi operator for transonic flow restricted to
subsonic regions.

In particular, Caffarelli and Silvestre [6] established an equivalent defi-
nition of the fractional Laplacian 4%, s € (0,1), which can be written to a
nondivergence form as £, with m = 1 by the suitable change of variables.
Thus it seems conveniently to study fractional Laplacian equation in some
sense. Furthermore, a series of results obtained for B-G operator can be
carried over to fractional Laplacian. For example, the fundamental solution
of equation £,u = 0 can apply to the fractional Laplacian problem, see [6, 19].
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In recent years, the integral inequalities and partial differential equa-
tions related to the generalized B-G vector fields have been paid much
attention by many scholars (see, e.g., [8, 9, 11, 10, 19, 20]).

To state our main results, we need also some notations. There exists a
natural family of anisotropic dilations attached to £,, i.e.,

1.3) 0,(x,y) = (Ax, /Loc+1y)’ 2> 0, (v,y) € R

The homogeneous dimension with respect to the dilations (1.3) is
Q =n+ (a+ Dm.
The distance function is written as

d = d,y) = @ y)| = (2T + @+ Dy[H=

Take & = (x,y) € R"™™, |&] = d(&), «* —m,y —W,é = (x",y"), and write

1" = 0,(£") = d,(x*, y*). The open ball of radius R and centered at (0,0)
R™*™ is denoted by B (R) = B((0,0),R) = {(x,y) € R""™|d(x,y) < R}. Let
X = {(@,y) € R""™|d(x,y) = 1} be the B-G unit sphere and |X| be the vo-
lume of the 2. Obviously, & € 2. For f € C(BL(R)), let

: 1
- * d *
7o =5 ! FrE )

be the avenge of f/* over the B-G sphere, here 0 <7 <R, du is the surface
measureon 2. Denote N (f) = || f —fll = If —fllo~®,&) = ) S;I?R) |f—f()].
CEDL

One of the main results in this paper is

THEOREM 1.1. Assume that f € C'(BL(R)) and 0<o<mn. Then for
& = &, there holds

G- (dnl< N +
‘ff—m/f’?ﬁ‘ f+1"
(1.4) BL(R)

2 Q+1
X(QﬁlR (Q“"DRQ)HWHW

It seems that the estimate (1.4) is not sharp since |V.d| # 1 with
(x, ) Z (x,0) (see next section).

Suppose that (&) = f(d(¢)) is the radial function. Then, we can improve
the result of Theorem 1.1 as follows.
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COROLLARY 1.2. Let f € CY(BL(R)) be a radial function. Then for
¢ =&, it holds

1 Q 2yQ+1 ,
G5Wﬂ®—uhmmBéfwmﬂSAﬂﬂ+<Q+1R—HYQ+1mQ)VHw

Let Q ¢ R™™ Dbe a bounded domain, and let

Lip(@) = {u € C(Q) : Jux) — uy)| < Kl —y|
for some K > 0 and for any x,y € Q}.
We define
CHQ) = {u € CH(Q),VLu =0 on 92},

and
W(Q) == {u € C' (@), Viu € Lip(@)}.

If f € W(Q) N C}(Q), we can extend the function f by zero to F on Br(R),
the smallest ball centered at the origin and containing Q. We state the
following theorem.

THEOREM 1.3. Assume that O<o<n and f € Wh(Q)NCLQ).
Let R=inf{Ry > 0|2 C BL(Ry)}. Then for all &=+ € Q and
F € WY>(BL(R)),

1 2 \| 1
kmw@/mw%N®+QW&®mﬁjmm‘
O ety 2R
26:0) ! (26m Q 2ret )
R — —_ (o).
+F(z<ﬁn)”zﬁﬁf§>) <Q+1 "tarore) Vil la

Note that Liu and Luan [18] established the Ostrowski type inequality
associated with Carnot-Carathéodory distance d. on the Grushin plane
(=2, =m =1). Since |V5d.| =1, the estimate (1.4) is sharp for
Grushin plane.

A key process in the proof of our results is to establish the re-
presentation formula related to the generalized B-G vector fields. We
employ a new technique to prove the representation formula which is
different from Lian et al. [16] and Dong et al. [12], bases on the appropriate
use of a suitable vector field and elementary calculations.

We also can obtain the following Hardy inequalities with boundary
term by the above mentioned technique. It has the advantage that it
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allows us to compute explicit constants for the remainder term. We point
out that our method is different from M. Zhu and Z. Wang [23] and
Adimurthi et al. [1, 2].

Let D(l)’p () be thelcompletion of C3°(Q) with respect to the norm

Il = ( J IVedc)"

THEOREM 14. Let R >0,1<p<oc and p#@Q. Then for all
= Dl,p(R’VlJr’H’L),

P ulP
wupae- |20 [y, e
( ) BL(R) BL(R)
1.7
Q-pl@-p[”" 1 [uf?
> — ——=dHg_
= p | p | R / Vi q e
OBL(R)
and
Q_ p up
wudz - |2 [y, e
s BS(R) BS(R)
Q-p|Q-p|™ 1 [ul”
> —=dHg_
= e ] Vi e
OBL(R)

where BS (R) :== R"™\BL(R), dH_; is the (Q — 1)-dimensional Hausdorff
measure and V is usual gradient on R"""”. For further improvement of
these inequalities see Sec. 4.

ReEMARK 1.5. The Hardy inequalities related to the generalized
B-G vector fields have been established in space C3*(Q) or CE(R"™™),
see [8, 9, 11]. In this work, we extend these inequalities to D'P(Q) or
Dl’p(Rn+WZ).

This paper is organized as follows. In section 2, we give some elemen-
tary facts and provide a representation formula related to the generalized
B-G vector fields for function without compact support. In section 3, we
prove Theorem 1.1 and 1.3. In section 4, we derive a family of Hardy in-
equalities with boundary term.
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2. Arepresentation formula related to the generalized B-G vector fields

Let us note that some essential differences appearing unavoidably. We
recall some known facts about the generalized B-G vector fields (see, e.g.,
[15, 19, 8)).

We need the following concepts. A function  : Q ¢ R"™" — R is said
cylindrical, if u(x,y) = u(r,s) (i.e., u depends only on r = |x| and s = |y|),
and in particular, if wu(r,y) =u(d(x,y)), we call u is radial. Let
Q = B(R2)\BL(Ry) with 0 < R; < Ry < +00,u € L'(Q). Then, the change
of polar coordinates defined in [19, 10]

(xla"wxn;yla”'vym) - (,0797017”-»Hn—17717-~-a)’m71)

allows the following formula to hold

R,
/ w(, y)dady = / / w(S,(, y)p? dudp

@.1) Q R X
Ry
=s -1y, |sin0ﬁ e |cos 0] |d
n,m P P a1 P,
Ry

1 " G2 w g 1
where sy, = <m Wpy, [ [sin O |cos 0| dO, w,,w, are the

a1
Lebesgue measure of the unitary Euclidean sphere in R” and R™, re-

spectively, a1, az depend on » and m, see [19].
Let us recall some elementary facts about distance function d = d(x, ).
_ |x|a o o o
Vied =25 (o1, |22, .. o] "2, (o + Dy, - o, (2 + DY)
™ Q-1 Q-1

|de|P :l//pa - dpe < 17 Efxd = WZ:XT’ ‘vaad = d l//p‘%’

p=>1
It is easy to see d and V,d are homogeneous of degree one and zero with
respect to the dilations (1.3), respectively. From the formula of V,d, it holds
V(@) = 20+ Dd* 'V d
= 200+ Dlee|* (|oe] "1, |2, - -+, " ®, (0 4+ Dy, -+, (o + DY)
Noticing V,(d2*V) = 2(o + 1)d**+1V 1 d, it is not difficult to obtain
@23) VL@ ) = [2(e + DdF PV = (20 + P |afd2D.
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Introduce the following two matrix

(I, O (I, 0O
Aa—(o |90|2“Im>’ "“‘(0 ac|°‘lm)’

where [,, and I, are the » and m order unit matrix, respectively. Thus, we
can denote

L = dwr,(Vu) = div(A,Vu) = div(afcaVu), and Vj=o0,V.

n+m * x * * * * £3 £3
Let (=@ € R"™,a" = 2y =|é|%,é = (", y") and & = 5,(&),

We have & € X = {(x,y) € R""" |d(x,y) = 1}. Arguing as in [14], we can
obtain the following result from the polar coordinates and dilations (1.3).

Lemma 2.1, If f € LY(R™™™), then

2.4) / FOde = / / £ )dp.

Rnﬂn
On the other hand, by Federer’s coarea formula
@)
x)dx =
[ s [ o [ itam
RY

where g € Lip(R ), dHy_1 denotes the (N — 1)-dimensional Hausdorff
measure and V is usual gradient. It follows

R
@5 [red=[a [ L5 - /d / o g1 00,0
BL(R) 0 OBL(p)

Combining (2.4) with (2.5), it yields

Vi)
IVdI

f©

OBL(p)

@0 [ = dHg 1.
2

Using the polar coordinates and (2.1), as in [7], we have

LEmMA 2.2.  Suppose that y > —n, and

c, = / & du
X
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Then,

In particular,

12 = Co = / du(aﬂ)mi;)p%(fl)g'

Proor. Fory > — @, it follows from (2.4) that

1
0= [Wetdu=@+n [ 1o ar [
X 0 P
1
:(Q+y)//er*1|wc*|ydudr
0 X
—@+9 / I —

B()

Now, invoking (2.1), as in [19], it gets for y > —n

C,=@+y [ fldudy
Br(1)

1 Qo

1 " nty
Z(Q-FV)(m) wnwm/pQﬂfldp/ |sin 071 *|cos 0" d0O
0

ay

1 m a2 .
(OC + 1) OnOrm / Isin 07 cos 0]"1do
ay

_( 1 )m dns F(zmn)

11 rer(Zs)

The proof of Lemma 2.2 is finished.
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LEMMA 2.3. Assume0<Ri<Reo<ocoandf € Cl(BL(Rg)\BL(Rl)). Then

@7 | fBe)du — [ (R )dp
Jren

B 1 dZ(““)(f)
a / dQ(é>|x|2“<va ’VL<2<a+1>>>dé'

Br(R2)\BL(R1)

Proor. Let T be a C! vector field on U := Br,(R2)\Br(R1) and be
specified later. For any f € C'(U), integrating by parts, we have

2.8 — [ div Tfdé = — [ divel Tfdé = [ (T, VL f)dé — [ fal(T,n)dHg 4,
[ favcinc= [ e |

ou

where n is the outer unit normal vector to the boundary.

1 OO
Choose now T = 5 VL ( ) From (2.2), it is easy to see
dQ(&)|x[** 20 +1)
V5d o, Vd

= o = 5,- We compute
dQ72o«fl|x| 4 dQ72a71|x|

dive! T =dival (ViLd)

dQ—Zoc—lW‘Z“
o ‘Cﬁd 204+1—Q | .| —20
= e+ (Ve Vi@ )
|90|2“ Q-1 20 120-Q
_ T Qu+1— Qe Zd*UV,.d, V,.d
(29) d2e ddQ72“71|9€|2a Q| | < L L >

+ v L d, V(e 7))

Q-1 2¢+1-Q I T
== + 7 — 20 ps Il 1
200 20

@ @

Note that n :% and |V,d|> = A,(Vd, Vd). Combining (2.8) and
(2.9), we obtain V|
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1 A2eHD(E) Vv5d
/ A <va ’VL<2(o<+1> >> / fo <dQ 2oL P >dHQ1

vd
= [ <dQ DRI |Vd|>dHQ1
@10 Y

s
|Vd| dQ—Zoc—l‘xF“ Q-1
U

————dHg_ 1 — ————dHg_1.
/ d-1vd| Q-1 dQ-1|Vd| Q-1

OBL(Rs) OB (Ry)

Invoking (2.6), we deduce the formula (2.7). Hence, this completes the proof
of Lemma 2.3. O

3. Ostrowski type inequalities

In this section, we prove Theorem 1.1 and 1.3. To begin with, we need
the following estimates.

LEMMA 3.1. Let 0<R;<Rp<o00,0<a<n and f € CY(BL(R2)\BL(Ry)).
Then

1
[t [rmond s [ v

3.1) x Py Br(R)\BL(R1)
< C,“|R2 *R1| Hva”oc

Proor. Using the pointwise Schwartz inequality, it follows from
Lemma 2.3 and (2.3) that

) ) 1 dZ(oc+1)
‘ Z/ﬂch )i~ Z/ﬂRlé )du‘é / lew(—zm:—l))‘df

Br(R2)\Br(Ry)
< ! Vifld
< m| Lfld¢
Br(R)\Bp,(R1)

1
Wt [ et

Br,(R2)\Br(R1)
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Therefore, invoking Lemma 2.2, we get for 0<a<n

1
/f(sz*)d,u - /f(R1f*)dﬂ < ||va|oo‘ / 7dQ—1|x*|“dé‘
> >

Br(R)\BL(Ry)

R;
=||va|00] [ar| Ix*l_“du‘
By b5

=C4|Ry — By[|| VLSl
The lemma is proved. O

PrOOF OF THEOREM 1.1. Since

BB = m%,
it follows from this and Lemma 2.1 that
1 .
‘f(f) B / f(n)dn‘ < |f —F)
BL(R)
1 .
R / / Fe |
)

= N()+1I
By Lemma 3.1 and 2.2, we have

R
1 Q B
[=|— Yy — = - Qldd’
’mz/f(ré)ﬂ RQ|ZO/E/f(pé)p udp

(3.2)

R
R Vdpdp — / / f(pé*)pQ‘ldudp‘
P

— plpQ-1

59  Shi / = % gl L1
QC_, [ Rl  yRQ 9 @+1
:RQEI(Q+1_?+W>” LSl
Ca( @ g,
2] <Q+1R”(6)2+1)RQ>|VLJ{|»c
F(%)F(Z@%l))< Q 2rQ+1 )
(o R—r+ =5 |IVLSl
F(M)F(zuﬂ)) Q+1 (Q +DRA

Combining (3.3) and (3.2), we obtain the conclusion. O
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ProOF OF COROLLARY 1.2. Let f € CY(B.(R)) be a radial function.
From Lemma 2.3 and 2.2, the following estimate holds

d2+1D)

21| VLSl L(2( D

‘ [wcran- [ f(Rlé*)dﬂ‘ < )lde
P P

da|

Br(R2)\Br(R1)

1 /
< / A9 D[ |f1IVLd|dE
B (R2)\BL(R1)

, 1
TN -

Br(R2)\BL(R1)
= CO|R2 - R1|||f,||oo

Similar to (3.3), we can get

‘IE /f@”f )dp — RQ|Z|//f(pé VAN ldudp‘

Co [ Q 241 /
< (g% "+ ome I

- Q 2pR+1 :
_(Q+1R_’”+(Q+1)RQ>W|°°

Hence, we obtain (1.5) from the proof of Theorem 1.1. O

ProOF OF THEOREM 1.3. Assume that R =inf{Ry > 0|Q C B (Ry)}.
Then

if (0
PO = {f@, if ¢e@,
0, if ¢€BL(R)\Q,

and satisfies F € WL (BL(R))N C(l) (BL(R)). We can split ‘f(é)
as

d
|Q|Qf(71) 1

1
)f(é) g Q/ f(n)dn’

1 1 1
'F(é)—m / F(ﬂ)dﬂ’+‘m / Fopdn — 157 / f(n)dn}
B (R) B (R) Q

=11+ 1.

(3.4)
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By the definition of R, we can obtain

1 1
L=|—— F(p)dn — —
2= B / (mdn 18] /f(n)dn‘
B (R) Q
1 1
S - dn — — d
|BL(R)Q/f('7) n |Q|Q/f(f7) 17’

1 1
N d
TG H Q/ o ”’

o) | | Fo
—(1- — .
( B.®)] ) 12| Q/ S ey

Further, replacing By (R) by 2 in Theorem 1.1, it follows

3.5)

3.6)
7 I'ot5) ! (wn) [ Q 2Q+1
<||F —F ||+ = 1 < R—r+ >||va||Lx(Q).
F(z<an+1))r(28+1>) Q+1 (Q+1RQ

Substituting (3.5) and (3.6) into (3.4), we conclude (1.6). Theorem 1.3 is
established. O

4. Hardy inequalities with boundary term

In this section, we present some Hardy inequalities with boundary term
which improves the Hardy inequality established in [8, 9, 11]. Here we
point out that our interests is to establish inequalities, the best constants of
inequalities are not discussed (due to the optimality of the constants in the
inequalities is of its independent interest).

Proor oF THEOREM 1.4. Let T be a C! vector field on By, (R) and let
it be specified later. For any u € D'"(R""™), integrating by parts, we
have

4.1) /divLT\u|pd£:fp/<T, lulP2uV Lu)dé + /|u|7’a“T(T,n>dHQ_1.
BL(R) BL(®) OB (R)



238 Jingbo Dou - Yazhou Han

Using Hélder’s inequality and Young’s inequality we obtain

—p <T,VLu>|u|p2ud§§p< |vLu|f’d§>’_7( |T|%|upd5>
/ / /

B (R) B (R)

p-1
P

“4.2)

< / IV ulPdé + (p — 1) / T T u|P dé.
BL(R) B (R)

Thereby, substituting (4.2) into (4.1), it follows

43) / [div,T— (p— DT[] fulPdé < / ViulPdé+ / lul’o” (T, n)dHy ;.

BL(R) BL(R) OBL(R)
p—2 _
Choose now T = A|A[P 2 w, where A = Q-p for p # Q. A di-
. ar-1 P
rect computation gets
) »
diun T — (p— DITFhp” = jap~ VEE

and note that n = % Combining these with (4.3) yields

jup
ap [t
BL(R)

o 1 |ulP

P p—2

< / |Viul'dé+ AlA| yoT / Yo |Vd\dHQ*1'
Br(R) 0BL(R)

Thus, inequality (1.7) is proved.
A similar argument can prove inequality (1.8), so we omit the details
here. O

In the same spirit with Theorem 1.4, we can obtain the following Hardy
inequality with boundary term on bound domain.

THEOREM 4.1. Let1<p<Q. IfQ c R"™ is a smooth domain with 0Q
being bounded and 0 ¢ 0Q, then there exists Ry = inf{R > 0|Q C BL(R)}
such that for all w € DVP(R"™)
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p ul?
/wpa%dé
Q

| |ul?
S 2 dH,
Ry / Vv et
0Q

/ Vuldé - ‘%
(4.4) @
Q-p

2
p

In addition, if @ C R"™™ is a bounded and star-sharped with respect to
the origin, there exists Ry =inf{R > 0|Q C BL(R)} such that for all

u € DIP(R™™)
P |u|1’
/ T
Q(‘

p—1 1 |%‘P
— ——dHg_
Rzl,l/l//pa|vd| Q-1
0Q

/ IV ulPdé ‘ Q-
Q° b

(4.5)
Q-p

2
p

where Q° == R"7"\Q.

In addition, J. Dou, Q. Guo and P. Niu [11] had established the following
Hardy inequalities with remainder term.

PROPOSITION 4.2. Let 0 € Q be a bounded domain in R"™™ and
l1<p<oo.

). If p # Q, then there exists a positive constant Ry > sup d(&) such

that for any R > Ry and all u € D(l)"” (Q\{0}), cea
Q-pl’ |uf”
(4.6) / Vouldé > ‘p / Vi
Q Q
p—lQ—p”z/ (1 (B
T2 ‘ P v (" () %
2

In particular, if 2 < p<@, one can take sup d(&) = Ry.
e

). If p=@Q, then there exists R >supd(l) such that for all
u € DP(Q\{0}) tea

p p

4 P 79;1) I

4.7 /lVLu| ¢ > ( » /y/pa (dln(E))pdé
Q Q d
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We note that a simple density argument can show that D1 P@\{0}) =
1p (). Hence, inequalities (4.6) and (4.7) can be extended to the space
D”’ (Q).

THEOREM 4.3. Let 0 € Q be a bounded domain in R"™™ with smooth
boundary and 1 <p < cc.

(). If p # Q, then there exists a small positive constant Mo such that
forany R > Ry := e”o sup d(&) and all w € DVP(Q),

e
P
/ VyulPdé - ‘Q oL g
Q
~1|Q-p|? wl’ (o R\
8 e /me (7)) d
Q
>C Q.R /l// |'I/L‘deQ1
= YD, p“|Vd‘ )
o)
where
CP-QROZ
p=Q|Q—p|" (1+=; Mo +aMy) @-pp-1)
’ R 1 for 1<p<2,0<a< AT
_ _p P2 (1221,
_r Q‘Q p|"* At M) for 2<p<@,
RP
0
_ -1 2
Q-p|Q—p | (G5Mo+aMy) @—p)(p—1)
R’g‘l for p>Q,0>a> AT

). If p = Q, then there exists R > supd(&) and the definition of M
as above such that for all w € D'P(Q) <2

o p;l b L
“.9) /IVLul dc ( » ) /W”“ (dln(ﬂ))pdé
Q @ '

—1 3401 p
p—1\" My / |u
> —— dH,
- ( P > ry ) Trwd T
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Proor. Let B(s) = s€(0,1) and A= @ —p' For R > sup d(¢),
~In(s) ( )’ D eQ

there exists a constant M > 0 such that

0<5(%) <M. cce

Furthermore,
d\  B(L)vd  dB(L)  B(L)
(O _ R R) _ R
V5B <R) y J , i y , for all y € R,
and

b 7+1
/ 5 S(S) ds = % [B'(b) - B/(@)].

a

(1) For p # Q. Let T be a C! vector field on Q and let it be specified
later. For any u € D'P(Q), similar to (4.3), it holds

(4.10) /[deT (p—DI|T|T 1]|u\pdé</\VLu|pdf+/\u|p ™NT,n)dHg ;.

0Q

We choose

-2
w2l VidPvd [ p-17d o(d
T(d) = AA| e 1+ B ) +eB (7))

where a is a parameter to be chosen later.
As in [11], take

C-pp-1
6p2A2
(1) a=0for2 <p<Q,

C-pp-1
6p2A2

@) a> >0for l<p<2<Q,

(iii) a< <0forp > Q.

Thus, it is not difficult to choose My(small enough) in all cases such that

for 0<B < My, and then

. o V5dP d
(4.11) deT_(p_1)\T|p512|A|P| (’ip‘ <1+2 A232< ))

Noting that the condition B < M, is equivalent to R > Ry := eW sup d(¢)
ceQ

and n :%,ifp<Q, then
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/ luPa? (T,n)dHg 4

p— 2|VLd\p -1./d 2 |uf”
4.12) /A|A| a1 pA Bz ) T8\ & )) wg @l

(1+ Z;J;AMO + aM%) / Juf?
RI r1vd]

< AlAPE

dHQ 1,

and substituting (4.11) and (4.12) into (4.10), we conclude inequality (4.8). If
p > @, we have

2L My + aM? P
(pA 0 0) / |7/L| dHQ L

p T < p—2
@13) [julel (T m)dHq 1 <AlA = Vi

0Q

where the facts A <0, <0 is used.

_ p-1 p—2
(2) For p = Q. Choose T(d) = (p 1) WLd;p_led Bt <g>, as
in [11], we can obtain p

' " -1\’ _/d\|V.dl
(4.14) div,T — (p — DT = (p' D ) Bp(ﬁ)l (l]:p| '

Notice

-1 P P
p.T _ p_l P |de| n—1 |ZL‘
/|?/L| 01<T7n>dHQ1_/< p ) dpr1 B |Vd|d Q-1
0Q 0Q

4.15)
p-1\" My / Juf”
< [ ==
< (%) gt ) Vrejwa e
o0
Combining (4.14) and (4.15) yields inequality (4.9). O
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