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Hopf z-Crossed Biproduct and
Related Coquasitriangular Structures

TIANSHUI MA (*) - YANAN SONG (%)

ABSTRACT - Let 7 be a group and H = ({H, }, 4,¢,S) a Hopf n-coalgebra (not nec-
essarily associative), « € 7. Let A be an algebra and a coalgebra. We find the
necessary and sufficient conditions on the n-crossed product A#7H with suitable
comultiplication and counit to be a Hopf n-coalgebra. Moreover, the necessary
and sufficient conditions for a Hopf n-crossed product Ay7H to be a coquasi-
triangular Hopf n-coalgebra are given. In this case the category 4% M of the
left 7-comodules over AyZH is a braided monoidal category.
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1. Introduction

Recently, Turaev introduced the notion of a modular crossed group-
category ([5]). Examples of group-category can be constructed from the so-
called Hopf 7m-coalgebras. Since then this notion has been studied ex-
tensively. Some investigation related to Hopf n-coalgebras in a purely al-
gebraic study can be found in [6, 3, 7, 8, 11, 10].

In [3], Shen and Wang introduced the notion of z-crossed product
A#7H and gave the necessary and sufficient conditions for A#7H equip-
ped with suitable comultiplication and counit to be a Hopf n-coalgebra (we
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denote this Hopf n-coalgebra by AbZH called Hopf n-crossed product)
generalizing the 7-smash product. We note that in fact the comultiplication
in [3] is trivial. Instead of the trivial comultiplication by a new one induced
by the coaction of H on A, it is interesting to investigate when the 7-
crossed product A#ZH becomes a Hopf n-coalgebra with respect to the
new comultiplication, which extends the Hopf z-crossed product AytH
considered by Shen and Wang.

While in [10], Zhu, Chen and Li gave the definition of coquasitriangular
Hopf n-coalgebras and showed that H is a coquasitriangular Hopf 7-coal-
gebra if and only if 7/ M is a braided monoidal category and (F,, id, id) is a
braided monoidal endofunctor of Z M for any o € 7. So under what con-
ditions the Hopf 7n-crossed product Af7H is coquasitriangular becomes
very interesting, and in this case the category 4% M of the left 7-como-
dules over Af”7H is a braided monoidal category.

In this paper we will answer the above questions. The paper is orga-
nized as follows.

In section 2, we recall some basic notions about z-crossed products and
Hopf n-coalgebras. Let = be a group and H = ({H,},4,¢,S) a Hopf =-
coalgebra (not necessarily associative), o« € n. Let A be an algebra and a
coalgebra. In section 3, we find the necessary and sufficient conditions on
the n-crossed product A#7~H with suitable comultiplication induced by the
coaction of H on A and counit to be a Hopf n-coalgebra, named Hopf z-
crossed biproduct and denoted by A x™ H. As applications, we get the 7z-
coalgebra’s version of the well-known Radford biproduct and the Hopf #-
crossed product Ai7H. Section 4 is devoted to giving the necessary and
sufficient conditions for Hopf n-crossed product AbZH (when the coaction
is trivial in A x™ H) to be a coquasitriangular Hopf n-coalgebra.

2. Preliminaries

Throughout this paper, let 7 be a discrete group (with neutral element
1), k will be a fixed field, and the tenser product ® = ®, is always assumed
to be over k. If U and V are k-vector spaces, Tyy : U®V —V @ U will
denote the flip map defined by Ty y(u ®v) =v®wu, for all w € U and
veV.

Next we recall some useful definitions and notations from [6, 3].

DEFINITION 2.1. A 7-coalgebra is a family of k-spaces C = {C,},., to-
gether with a family of k-linear maps 4= {4,5: Cyy— C, @ Cp}, 4,
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(called a comultiplication) and a k-linear map ¢ : C; — k (called a counit),
such that 4 is coassociative in the sense that for any o, 5,y € =,

(Aa’/j (24 idc},)AaﬁJ = (idCi X A/)’J,)A%ﬁ},,
(idC,( ® &)1 = idC, =(E® idCa)Al,a-
We use the Sweedler’s notation ([4]) for a comultiplication in the fol-

lowing way: for all o, f € m and ¢ € C,p, we write 4, 4(c) = ¢, ® c@ep). For
V a,f,7 € mand ¢ € Cy,, the coassociativity axiom can be written as:

CLapm D Caapep @ €2y = Caa @ Cepmap D Cepme.)

this element of C, ® Cp @ C, is written as ¢ . ® cep @ ¢3,). By iterating
the procedure, we define inductively ¢y ) ® c@u ® ... @ €, for any
c E Cocloczuan-

DEFINITION 2.2. A Hopf n-coalgebra is a n-coalgebra H = ({H,} .., 4, €)
endowed with a family of k-linear maps S = {S,: H, — H,1},., (called
antipode) such that:

aET

(1) each H, is an algebra with multiplication m, and unit element 1, € H,,
(2) e:Hy—kand4,s: H,y— H, ® Hp are algebra maps, for all o, fe 7,
(3) for each o € m, My (S, @ 1dy, ) Ay, = el, = My (1dy, @ Sy1)4, 1.

If a n-coalgebra H satisfies conditions (1) and (2), we call it a semi-Hopf
n-coalgebra.

Remark that (Hy,m1, 11, 411,¢,S1) is a usual Hopf algebra. The anti-
pode of a Hopf 7-coalgebra is anti-multiplication and anti-comultiplication,
ie,forVo,fenand h,g € H,,

Sx(hg) = Sx(g)Sx(h)v Su(la) = 1%*17

Aﬁflﬂ,ISaﬁ = TH,(—I-,H/—l (Sa [024] S/;)Aa’[;, 881 =e.

i

DEFINITION 2.3. Let H be a Hopf n-coalgebra and A an algebra. H
acts weakly on A if there exists a family of maps: H,® A—A,
h®a—h-a, ¥Voen, heH, such that

(F1) 1,-a=aVa€eA, aemn,
E2) - (ab) = (ha - Dgp - b),Y h € Hy, a,b € A,
(E3) h-14 =¢eh)14,Y h € Hy.

Furthermore, if A is an H,-module for V « € = satisfies (£2) and (£3),
we call that A is a n-H-module algebra.
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DEFINITION 2.4. Let H = {H,},., be a Hopf n-coalgebra and A an al-
gebra. H acts weakly on A. Let ¢ : H; ® H; — A be a k-linear map. Define
Ao H={A®H,},.,. Foreach A ® H,, we define a multiplication by

aEn®

(@@ h)(®g) =alhay) - bolhen,9a1) @ hendem-

If each A ® H, is associative with 14 ® 1, as indentity element, we call
A ® H a n-crossed product, denoted by A#7H.

PROPOSITION 2.5. A#7H is a n-crossed product if for ¥ h,g.k € Hy
and a € A, the following conditions
(F1) o(11,h) = e(h)14 = a(h, 11);
F2) (hay - Gay - )ahey, gen) = oha .y, ga,n)henge) - a);
(F3) a(hay,gan)0thengen, k) = (hay - ogay, kap)othe, 9enker)

are satisfied.

REMARK. If a(h,l) = e(h)e(l)14, then the n-crossed product has the
form of n-smash product. From Proposition 2.5, we get each A#H , forms
an algebra if A is 7n-H-module algebra.

DEFINITION 2.6. Let C = ({Cy},,. 4,8) be a m-coalgebra. A left n-
comodule over C is a family M = {M,},.. of k-spaces endowed with
a family pM = {p}l,: M,y — C, © My}, 5., of k-linear maps such that

for Vo,p,y€n, (ide, ® ﬂ%)p%y =y ® idM}.)ﬂ%,y and (¢® idM«)P% =
ida,.

DEFINITION 2.7. Let H = {H,},c,, 4, €) be a n-coalgebra. A left n-H-
comodule object over H is a k-space A endowed with a family
pr={p}: A— H,® A}, of k-linear maps such that for ¥ «, § € = and
a € A, the following conditions

(GD) a10pam @ A14p2p @ WP = U-10) © AO-14 © A0
(G2) elac1naon =a

are satisfied.
DEFINITION 2.8. Let H = ({H,,},,,, 4, ¢) be a Hopf n-coalgebra. Assume

that A is a coalgebra and a n-H-comodule object over H with the structure
maps p* = {p2},.,. If for V « € 7 and a € A, the following conditions are
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satisfied:
(H1)  a1(-1,002(- 1, @ 0100.2) @ 02(0.0) = A1) @ A0, 001 D A(0,22;

(H2) a1 nealaon) = eala),

then we call A a left n-H-comodule coalgebra.
Remark that when = is trivial, a left 7-H-comodule coalgebra is exactly
the left H-comodule coalgebra.

3. Hopf n-Crossed Biproduct A x™ H

In this section, we give the necessary and sufficient conditions for the 7-
crossed product equipped with suitable comultiplication and counit to be a
Hopf n-coalgebra.

THEOREM 3.1. Let A be an algebra and a coalgebra, H = {H,},.. a
Hopf n-coalgebra and act weakly on A. Let o : Hy @ Hi — A be a k-linear
map and A#LH = {A#7H,} .. a n-crossed product. Assume that A is a 7-
H-comodule coalgebra. Then A#7H equipped with the following comulti-
plication and counit

Ayp AFpHyy  —  A#TH, © A#7Hg
a#h  —  mH#H a1l m @ A0 Fhep
e A#ng i k
aftex  +—  eala)e(x)

18 a semi-Hopf n-coalgebra if and only if the conditions below are satisfied:
(A1) eq(o(x,y)) = e(x)e(y);
(A2) &g - a) = e(w)es(a);
(A3) p,(1a) =14, ®1a,, =1, ® La;
(A4) A4(14) =14 ® 14, &4 15 an algebra map;
(A5) a1 ® ag—1.9ha.m) @ G200 @ hep
= a10(A2(-1,4)(1,1), 11,1) @ A2(—1.0)20eE0 @ U204 @ I p);
(A6) (ab); @ (ab)a—1,4) @ (@b)2 . = a1(A2(—1,1,1) - 1) (A2—1.5)2,1), b2(—12)1.1))
® U2(~1,5)3.0 021,022 @ 0200020005
A7) a(hay, 9o @ o(hay, gan)2-10hendes @ oha ), 9a.1))20.
®hspgsp = 0(ha ), 9a.1) @ henden @ olhs),961) @ hapdap;
(A8)  (hay - )1 @ (ha ) - Wa1.00e@0 @ (hay - @200 @ ke p)
= (k) - 01)o(he ), Go1.5)0,1) @ h@we1m@0 @ a1 - G200 @ hep),

where a,b € A, x,y € Hyand h,g € H,.
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In this case we call this semi-Hopf m-coalgebra Hopf n-crossed
biproduct denoted by A x™ H.

ProOF. («<=) Since A is a n-H-comodule coalgebra, we can get
{A®H,},., is a m-coalgebra with the above comultiplication and
counit. And by A#7H = {A#}H,},., a n-crossed product we know
each A#’H, (=A® H, as a vector space) is an algebra. Next we
prove that 4,5 and ¢ are algebra maps. In fact, for all a,b € A and
h,g € H,3, we have

A(a#:h)(b#s9)

=Aalha ) - D)a(hey, 9a.1)F# RS p9@.0p)

=(alhqa ) - D)atheny, ga )i #(@lha 1y - D)ahe. 1), 9a.1))2-1.006 9@
® (alha,yy - D)alhe 1), 9a, 2007 apgep

(‘9(&(/@(1,1) -b)a(he,1), 9a,p)io((@lha 1y - Dahe ), 9a,1))2-1.m0.1): ke n9e1)
#o(alha 1y - D)o(he1), 9a.0)2-10E0 40962
@ (ah 1) - D)a(he), 9a,p)e0.0HFolG.pI@p

(Azﬁ)al(CLZ(—l,a)(l,l) ~((hayy - 0)alhey, ga,np)1)
X a(e—1,m@21): (hap) - D)ol 1y, 9a,1)2-1,20.1)
X (-1, (a1 - Dolhe1), 9a,p)2-12¢1) henge1)
#0210y ((ha 1y - D)oz 1), 9a.1))2(=1.06 009G
® az0.0)(hap) - D)alhe 1), ga,v)20.mF G pIup

(Fg)al(aﬂ—lﬁx)(l,l) ~((hayy - D)olhe.1y, 9a.y))1)
X (az-100@1) - 0(((Ra ) - D)o(he 1), 9a.p)e-1.0.1), hen9e1)
x 0(@a—1m3.1): (hayy - D)alhey), 9a,1)2-1.9@ 193 ,1)
#0210y, (1) - D)oz 1), 9a.1))2(-1,06 060949
® 020,00 (1,1 - D)oz 1y, 91.1)))20.0F 6. $95.5)

i@z 101 - (hay - Dolhen, gan)
x a(((hq1y - D)a(he1y, 9a,0)2-1.200.1), ke n92.1))
x 0(a2-1,521), (ha,p - Dohe1y, 9a y)2-1.0enhen9E.1)
Fo02(—1.03.2)((ha 1) - D)a(hez.1), 90,121,960 M6.59.2
® az0.:)((ha,p - 0)alhe,1), 9a,)20.mFl6 pI6G.p)
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(lg)m(azel,z)(l,n ~(hany - D)1 ((ha ) - Da—1.0a,1) - 01y, 9a,))1)
X a((hq.1y - Do-1.m2.1): 0(he,1), 9a,1)2(-1,001,1)0 (R 1) - Do—1.0)3,1)
x o(h@.1), 90.1))2-1.0@.1), M3 19 )0 @2—1.5@.1), (R 1) - Dot mya )
x a(h2.1), 90.1)2(-1.56,04,096.1) Fo02(—1.06.2 1) - Da-10)6.2
x 0(h@1), 90.1)2-1.0@0 06,0910 @ 020 .a 1) - 02020 1), 91,1))20.0)
#oh6£96.p

(F3)
=ar(az—10,1) - Rrap - D1((hayy - Dac1ma - 0he ), 9a,1)1)

X ((ha 1y - Dac1me1) - 0(@he1), 9a.1)2-1.00.1): ke n9e1)

x o((hq1) - De—1.3,1), 7(he1), Ja.n)2-10enhengen))

X a(az—1m@21) (a1 - Dac1.manohe ), 9a.1)2-1.06.006.194.1)
H#o2-106.00Ra1) * 0)2-1.06.00 e 1) 9012100060960

® 020,011 - D)20,00 (2,1, 91.1))20.0F T p)96.p)

&2)
=a1(@z-1ma.1) - ap - D1 - e 1ma.1)

-a(he ), gan)10(@(he 1), 9a,1)2-1.00.: ke 09 1))

x a((ha1y - Da—1.0e1): 0@ 1), 9a.1))2-1 menhungen)

x 0(a2-1m2.1), - Dac1.06.00MRe1), 9a.1)2-1.06.1006,1D9@1)
Ho02(-1,6.: A1) - Do1.0wnThre 1y, 90.1)2(-1.0@,0/6.296.2

® 200,011 - 020,021, 91,1200 F e p96.p)

(Ab)
=a1(az1a,1) - (rany - D1y - Dac1ma ) - ohen, 9a,1)1)

x o((ha 1y - Da—1.0e1): 0(he ), 9a.1))2-1 90 eI 1)

X (@101, (a1 - Dz-1.0600Ne 1, Ja.n)2-1menhenge )
H#Ho02(-153.20Pa.1) - Da—100.900e 1), 9a.1)2(-1.06.0 06,094

& 00,011 + 020000z 1), 90,1200 H#Mi6,p96.p)

(ﬂ)al(ae(—l,a)(l,l) ~(hay - 01((hay - D100 - 0he 1), 9a,1)
x a((ha1y - Dla-1me1): M 19e1)
x o101 (han - 0z-10600an98.1))Het2( 1,580 ha1) - Do-1.m4.2
X hs.09@.2 @ 020,21y - 0)200.2)0he,1), 96.0)F I p9e6.p

(Fzg)al(az(—m)a,l) ~(hayy - 010((ha ) - Dac1.0a.1): k1)
x o((ha 1y - De-1.0enhen, 9a.1)
X 0(@e—1,m@21) (a1 - Da1mE 109 1)) F 021,060 (A1) - D)a—1m@q0
X h5.093.0 © 0201 - 0)2000Ne6.1), Jan)Folap9de.p
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(EE)QI(G/Z(—IJ)(LI) (ha 1) - 0)10((ha 1y - Da—1.0a,1), M2,1)
X (@2-1e1) - (a1 - Do1enhe.1), 9a.1))
X 0(02-1,03.1): a1 - Dz106.nhangen) Fot2(-10@n P - Dz-10@.2
X hs 96,0 @ 0201 - 020206 1), Jun)#oha pge.p)

(Ab)

=a1(az—1,190,1) - hap - D)2 1me1) - 0(ha gy - Dac1manhen,gan)
X 0(e(—1,:3,1) (hap - Do1.me e 9@ 1)) F 021,06 (a1 - Do1.0)E.
X Ma93,2 @ U200 R, 1) - 020,00 1), 9a1)F o6 £96.5)

(F'3)

=a1(az1:0,1) - hap - D)o@z 1me1), ra - Da1manher)
X (-1, Ra,1 - Da—1.me e 1), 9a,1)F 021,040 (ha1) - D156
X Ran9@.m @ az0.2(ha 1) - 0200 1), 96.1)#F M6 pnIup

(A8)

=a1(a21ma,1) - (a1 - b)o(he 1), ba1.0,1))0(02—1.0@.1): B )b2-1.02.1)
X 0(02(-1,)6,1M@1)b2(-1.03,1), 90,1 Fo 21,0462 02-1.64.09 @2
® 0200, (16.1) - b20.)0 (7 1), 931 F s p9ap

(E2)

=a1(ag1ma.1) - (ha ) - b aa—1.0@1) - 0@, ba1.0a.1))
X 0(Aa(—1,3,1): 73,1 b2(-1,0)2,1) (A2~ 1 a4 1) a1y b2 1.03,1)5 91.1)
H#602(-1.0)6.5)P6.002- 10980920 @ 020,061y - 020.2)0Ra 1), 96.1)

#hsp9up

F3)
=121, - (hap - b))o(@210@.1), Re1)

X 0(a—1,:6,1)E,1), D2—1,0)1.1)0(A2(—1 ma a1 b2-1.0@,1), 9a.1)
H#602(-1.0)6.07G.002-1.96.092.0 @ 20,261 - D200 1), 96.1)

#olus p9up

(F2)

='a10(02(-1,(1,1), ha, ) (@219l 1) - b1)o(az—1,6 16 1), b2—1.00.1))
X 0 (A2(—1, ), 1b2-1.0@,1), 901.1) F o 021,006,015 2)D2(-1.06 9@,
® 2006 1) - b200.0))0 7.1y, 93.1)F s pgap

(F'3)

="a10(a2(—1,)01,1), P, )(@2-1.0@ R - b1)
X (002(71,1)(3,1)/@(3,1) ©ag (52(71,@(1.,1),9(1,1)))0 (a2(71.a)(4,1)h(4,1), 52(71,@(2,1)9(2,1))
Ha02(- 1,606, 021,568,096, @ 020,26 1) - 020207 1), 9(a.1))

#ohEp96.p
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(E2)
= 10(a2(-1.51.1): han)@z1.menhen - 010(ba1.9a0.1),90.1)

X 0(02-1,m6 DG 1) D1 m@1D9E,1) F 02— 1,000 02(— 1,03 09 E.0)
® a200,0)(5 1) + 020,006, 1), G 1) F ol p9G.p)

(A5)
Zar(az 190 nha 1) - b10ba 1901, 90.1)

X 0(A2(-1,m@1)e1), b2(-1,02192.1) Fo02(-1,5)E.0ME 2 D2(-1.06 093 2
® 20,0 (ia 1) - b200,)0 s 1), 9a 1) #H o6 p9G p)

A

5)
= a1(a2—1ma.nha - b)olas1 nenher), ba-1.ma.19a0.1)

Ho02(-1,263.:0E.002(-1.)2.09@.0 @ 0200, (,1) - 0202)0(.1), 93.1)

#ohe p9up

= (@1 #502(-1,0h1 ) 01#5b2(—1.:)91.2)) © (A0, F e p)(b20mF:92p)

= Ma# 1) A(b#49)

and for all ,g € Hy, we compute

(A1)A2)

e(a#sh)(b#s9)

&atha ) - b)othe), 9a.1)#hen9e1)
ea(alhqayy - b)othe, gan)elhg nge)
sa(@)ea(ha yy - Dealo(hey, )

ea(a)e(h)ea(b)e(g)

ela#Neb#49)

Necessity is straightforward. O

We note that Theorem 3.1 is the Wang-Jiao-Zhao’s crossed product in
the Hopf n-coalgebra setting, but here the conditions is different from the
ones in [9] and the condition (A5) is necessary for Hopf 7-crossed biproduct
A x™ H to become a semi-Hopf n-coalgebra.

DEFINITION 3.2. Let H = {H,},., be a semi-Hopf n-coalgebra, A an
algebra and a coalgebra, o : Hy ® Hi — A and S, : H, — H, 1 be linear

maps. Then S = {S,}

e 18 called a g-antipode of H if

B 0@, S (e 1))a.1) @ b @S, 1 (he i 1)en = 1a @ 1,)eh);
B2) oSy (b u1)an, benan) @ Sy1(ha s1)enpheanesy = 1a ® 1,)eh),

for V h € H;. In this case, we say that H is a a-Hopf n-coalgebra.
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THEOREM 3.3. Let A be an algebra and a coalgebra, the linear map
Sa:A— A satisfy Salar)ag = a1Sa(ag) = eala)la, H = ({H,},4,¢8) a
Hopf n-coalgebra. If A x™ H 1s a Hopf n-crossed biproduct (semi-Hopf -
coalgebra), then A x™ H is a Hopf n-coalgebra with antipode S = {S,}
defined as:

Sa(a#o’h) = (]-A#Gsa(a/(fl,a)h))(SA(a(O,a))#a’lafl), Vae Av h € Ho:~

oen

if and only if H is a a-Hopf n-coalgebra.

PROOF. (<=) We prove S = {S,},., is the antipode of A x™ H. For all
a €A, h € H (Here x denote the convolution product), we compute as
follows:

(Sa,l * 7:dA><ﬂH)(a:/%'éah)
= S'arl(al#Ua’Z(fl,arl)h’(l,1*1))(602(0,1*1)#Uh(z,a))

= (Qa#sS, 1 (@1 15102 1,51 )8 a(@10 41)Fo 1) (@20 o1y Foli2,0)

@ (La#oS, (a(fl_1—1)h(1,1—1)))(SA(a(0,a—1)1)#ala)(a(o,a—l)z #ah(Z.x))

= Qa#eS, 1 (a1 1l 1y)S 4l 51100 0 e Foh@.q)
= (lA#GSaA(a(_l,%—1)}2(1,“71)))(1A#ah(z,a))SA(a(O,wl))

D (g #4081 (g )Y A aF oz, )ea (@)

D (1a#1)ea(@)eh)

while

(idasers * Sy ) a#h)

= (1 H#e021,0h1,2)S 1 (@20 0 F Pz 1)

= (a1 #02-1,001.0)AaF S 11 (@200 51,012, 1))S A (@20 20, 0-1)) Fo 1)
D (@1 # 0021000000 LS, 1@ 1 125 12 1))NSa(G201)F0 L)
= (m#o(a210P)a.0)AaF# S, (ag1,R) @ 1)) S alazo,1)#012)

= (a10((a2-1,00)a ma.1) Sy1 (@21, @01 1) F (@21, 0.0

X Sy((ag1,M)@a1)e0) S a(@20,1)#012)
B (1 #: 1S (020, #o 1)@ 1 1)1)
= (m#:1)Salaz)#,1,)e(h)
= (1a#sl)ea(a)e(h)
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Thus S is the antipode of A x™ H.
(=) is straightforward. 0O

Let o be trivial in Theorem 3.1, then we can get the following result.

COROLLARY 34. Let H = {H,},., be a Hopf n-coalgebra and A a n-H-
module algebra and r-H-comodule coalgebra. Then the n-smash product
A#"H = {A#H.,} ., equipped with the comultiplication and counit in
Theorem 3.1 is a semi-Hopf n-coalgebra if and only if the following
conditions hold:

(C1) ealx - a) = e(@)ea(a);
C2) p,(Ag) =1y, ®1y,, =1, ® la;
(C3) &4 is an algebra map, A(1x) = 14 @ 14;

(Cq) (ab); @ (ab)a—1.4) @ (@b)oq.q)
= a1(@2(71,u)(1,1) b)) ® a2(71,a)(2,o¢)b2(71,1) & aZ(O,a)bZ(O.a);

(C5) (hapy - a1 @ (ha ) - a1 mhey @ (hay - W00 @ hap)
= (ha) - 01) ® hewe—1 @ k1) - 0200 @ hap),

where a,b € A, h € H,g and x € Hy. This semi-Hopf n-coalgebra is called
Radford n-biproduct denoted by A x H.

Proor. Let o be trivial in Theorem 3.1. O

COROLLARY 3.5. Let A be an algebra and a coalgebra, the linear map
Sa 1 A— A satisfy Salar)ag = a1Sa(ag) = ea(a)la, H = ({H,},4,¢,8) a
Hopfr-coalgebra. IfA x H is a Radford n-biproduct (semi-Hopf r-coalgebra),
then A x H is a Hopf n-coalgebra with antipode S’ = {577} described by

iS4

S, (@#7™h) = (LA S, (@ 1.9m)Sa(a0.)# 1,),
foralla € Aandh € H,.

When pis trivial in Theorem 3.1, i.e., p(@) = a1, @ @ = 1, @14, we have

COROLLARY 3.6 ([3]). Let H={H,},., be a semi-Hopf n-coalgebra, A
a bialgebra. Suppose that A#-H = {A#7H,}, . is a n-crossed product.
Then A#7H equipped with the following comultiplication and counit

Ay p(0F#ch) = 01#sha ) @ aeFchep, Y a €A, h € Hy,
ta#tex) = eala)e(®), V @ € Hy
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18 a semi-Hopf n-coalgebra if and only if the following conditions hold
(D) ealx - a) = e@)ea(@);
D2)  ealo(e,y)) = e(x)ey);

(D3) a(ha1), 90,01 @ hengen @ o(ha iy, gan)z @ ke pgep
=od(ha1),90.1) @ hengen @ (kg1 96.1) @ hupdup:

D4 (hay - @ @ ey @ (b - ae @ hap
= (hay - a1) @ hey @ kg - 02 @ hap),

whevex,y € Hy, h,g € H,gand a € A. This semi-Hopf n-coalgebra is called
a Hopf n-crossed product and denoted by AtZH.

COROLLARY 3.7. Let A be a Hopf algebra with antipode Sga,
H = ({H,},4,¢,8) a Hopf n-coalgebra. If AtZH is a Hopf n-crossed product
(semi-Hopf n-coalgebra), then AuLH is a Hopf n-coalgebra with antipode
S" =18, },., described by

0ET

S, (@#ah) = Aa# oSy () Sa(@H41, ),
foralla € A and h € H, if and only if H is a o-Hopf n-coalgebra.

We also call this Hopf n-coalgebra Hopf n-crossed product and also
denote by AbZH.

4. The Category 4% M Is Braided

This section is devoted to discussing when the category 4% M of the
left comodules over the Hopf n-crossed product AfZH is braided, following
the idea of [2].

DErINITION 4.1. Let H = ({H,},4,¢,S) be a Hopf n-coalgebra. H is
called a coquasitriangular Hopf n-coalgebra if there exists a linear map
0:Hy® H;—k such that for all « € 7, x,y € H, and h,l,z € Hy, sat-
isfying the following conditions:

(CQTY)  O(h,zl) = O(ha 1), D021y, 2);
(CQT2) O(hz,1) = 0(h,l11)0(z, l21));

(CQT3) Oxa 1y, yaTenyen = Ya.n%an0@e1), Y1)
(CQT4) 0Q1,h) = 0(h, 1) = &h).
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REMARK. When H = ({H,},4,¢,8) is a Hopf n-coalgebra, Definition
4.1 is equivalent to the Definition 5 in [10] since (H1, 4y 1,¢,S1) is a usual
Hopf algebra (see [1]).

DEFINITION 4.2. Let A be a Hopf algebra and H = {H,},., a Hopf 7-
coalgebra. Assume that there exist a map o : H; ® H; — A and two bi-
linear forms f: A®@ A —k, w: A ® H; — k such that the following con-
ditions

(DP1)  w(ab,h) = w(a, hq 1)w, e 1);
(DP2) (a1, genhei)pflaz, olgan, ha)) = olar, wlas, 9);
(DP3)  o(la,h) = &(h), o(a,11) = eaa)

are satisfied for all ~,g € H; and a,b € A. Then we call (A, H, w, g) a skew
(w, 0, ))-Hopf n-coalgebra quadruple.

DEFINITION 4.3. Let A be a Hopf algebra and H = {H,},., a Hopf 7-
coalgebra. Assume that there exist a map o : H; ® H; — A and two bi-
linear forms f: AQA—k, y: HH ® A— k. Then (H,A,y,0) is called an
anti-skew (y,o,)-Hopf m-coalgebra quadruple if for all h,g € H; and
a,b € A, the following conditions hold:

(ADP1)  B(o(ha 1y, 9a.1), aD)yhenge, az) = y(h, 01))(g, az);
(ADP2) y(h,ab) = y(ha ), 0)y(hey), a);
(ADP3) y(11,a) = ea(a), y(h,14) = &(h).

DEFINITION 4.4. Let A be a Hopf algebra and H ={H,},., a Hopf 7-
coalgebra. Assume that there exist a family of mapso, : H, ® H, — A ® H,
and two bilinear forms w:A® Hi—k, y: HHRQA—k. A coquasi-
triangular-like Hopfn-coalgebra associated to (w, v, a,)is apair (H, p) where
¢ : Hy ® Hy — k is a bilinear form satisfying

(CQTLY)  w(o(ha 1y, 9a.1), la)ethengen,len) = ok, la1)e(, le);
(CQTL2)  ¢(ha 1), 9enle )y, 0@an, lan) = ethay, Delhe 1, 9);

(CQTL3)  ¢(xan, yan)(o@e1), Y1) @ LE.0Y6.m)
= (0.1, %1.1) ® Y2.nTe)P@E.1): Y1)

(CQTLA)  ¢(11,h) = p(h, 1) = e(h),

forall x,y € H,, h,g,l € H;.

ExaMPLE 4.5. Let A be a Hopf algebra and H = {H,},., a Hopf
n-coalgebra. If the map o, is trivial and f, w, y satisfies (CQT4), (DP3),
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(ADP3), respectively, then the coquasitriangular-like Hopf 7-coalgebra
(H,p) associated to (w,y,0,) is exactly the coquasitriangular Hopf z-
coalgebra which means Definition 4.4 is a generalization of the
Definition 4.1.

In the following, we describe the coquasitriangular Hopf n-coalgebra
structures over the Hopf n-crossed product Ay7H.

The following is obvious:

PROPOSITION 4.6. Let AyTH be a Hopf n-crossed product Hopf n-
coalgebra. Define maps as follows:

i:A— A#Hy, W) —a#cly; j: Hi— A#Hy, j(h) — 1a#sh,

foralla € A, h € Hy.
Then 1 1s a bialgebra map.

Let A7 H be a Hopf n-crossed product, and 7 : A#,H; ® A#,H1 —ka
bilinear form. Define:
o Hi@H1—k, oh,9) =1 @j)(h @ 9);
BARA—Ek, Blab) =11®i)(ax D)
w:AQH —k, wla,h)=113))(a® h),
vy HI @A —k,yh,a) =120 a).

The following result is straightforward.

ProrosITION 4.7. With notation as above. Let AfZH be a Hopf n-
crossed product Hopf n-coalgebra. If T satisfies (CQT4), then for a € A and
h € Hy, we have

1) o1, k) = ph,11) = &h);
@) w(a,h) =eh), wla,l;)=esla);
3) y(11,a) =eala), yh,14) = eh);
@) pQAa,a) = pla,14) = eala).
PropPOSITION 4.8. Let AyZH be a Hopf n-crossed product Hopf n-

coalgebra and 1 : A#.Hi @ A#.H1 — k a bilinear form. If (AgZH, 1) 1s
a coquasitriangular Hopf n-coalgebra, then we have:

(a®@h,b®g) = wlar,ga)pflaz, b)e(ha 1y, 9e1)y(hen, b2) (%)
foralla,b € Aand h,g € H;.
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Proor. For all a,a’,b,b' € A and h,1h',9,9' € Hy, by (CQT1) and
(CQT2), we have

(@@ k)@ @), b g0 @¢))

UV (a1 @ ha )@, @ By 1), 0 © ¢)(az @ hep)ay @ By 1), b @ g)

QT2
= "lar @ by, by ® gig.1)T(@) @ Ry g, by @ glo1)7(02 @ hey, b © ga.)

x t(ay @ bz 1), b2 @ gan). (%)
Letting o/ =0’ =14 and h = g = 1; in Eq. (), we obtain

(@ ®h,b®g) = wlar, ga1)eha, 9e1)paz, b1)y(he 1), b2).
O

ProprosiTION 4.9. Let AfLH be a Hopf n-crossed product Hopf n-
coalgebra. Assume that the formula (=) defines a coquasitriangular
structure over ATH. Then we have the following identities:

(BC1) Plhqyy - a,b1)y(he 1), b2) = y(h, b1)B(a, by);

(BC2)  alay, he)Blag, ha - b) = Blag, bolag, h);

(BC3)  w(hay - a,9a,1)0he ), 9e1) = olh, gan)o(a, ge,);

(BCYH  oha ), 9e1)yhery,gan - @) = yha 1, Delhe ), 9);

(BC5)  alar, xqn)ag @ xe ) = (Xq,1) - 01) @ e q))oaz, €3 1);

(BC6) y(xa 1, a)(@e) - 02) @ X34) = (@1 @ Xa1..)y(@e 1), a2),
where a,b € A, h,g € Hy and x € H,.

Proor. By (CQT1), one has:
41  wa®h,bogcal)=1a ® haqy,c®Di(ae @ hgi),b g).
By (CQT?2), we have:
4.2) ((a@h)b®g),cxl)=1a®h,c; ®l11)1(b®g,c2 @ lz1)
and by (CQT3) one knows:
4.3) (a1 ®xa1),b1 @ Ya)a2 @ Tex)(bz @ Yem) =
(b1 ® Yam)ar @ xq.4)1(a2 ® Te1), b ® Y1)

Let a =14, g =1=1, in Eq. (4.2), the one obtains (BC1) by the for-
mula of 7. Similarly by letting @ = ¢ =14, ¢ =11 in Eq. (4.2) and by the
formula of z, then (BC3) holds.
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Letting b=14, h=101=1; and a = b =14, [ = 1; in Eq. (4.1) respec-
tively, then by the formula of  we have (BC2) and (BC4).

Let x=1,, b=14 in Eq. (4.3), we have (BC5), and letting
a=1y, y =1, in Eq. (4.3), we can get (BC6). O

PropoSITION 4.10. Let AiZH be a Hopf n-crossed product Hopf n-
coalgebra. Assume that the formula (*) defines a coquasitriangular
structure over AiH. Then we have

1) (A, p) is a coquasitriangular Hopf algebra.
@) (A H,w,0) is a skew (w,0,)-Hopf n-coalgebra quadruple.
3) (H,A,y,0) is an anti-skew(y, g, f)-Hopf n-coalgebra quadruple.

@) (H,p) is a coquasitriangular-like Hopf n-coalgebra associated to
(607 y7 O-O( )

Proor. It follows from Proposition 4.7 that ¢, f, w and y respectively
satisfy (CQTL4), (CQT4), (DP3) and (ADP3).

(1) Since 7 : A — A#,H; is a bialgebra map, and (Ay”H, 1) is a coqua-
sitriangular Hopf 7-coalgebra, (4, f) is a coquasitriangular Hopf algebra.

(2) Tt is obvious by letting 7 = g = 1; and ¢ = 14 in Eq. (4.2) and letting
h=1;and b =c =14 in Eq. 4.1).

(3) It is easy to be seen by setting l = 1; and a = b = 14 in Eq. (4.2) and
setting g =1 =17 and @ = 14 in Eq. (4.1).

(4) Let a =b=c=14 in Eq. (4.2), one gets (CQTL1); and by letting
a=0b=c=1,4in Eq. (4.1) one has (CQTL2); by letting a = b = 14 in Eq.
(4.3), we can complete the proof that (H, ¢) is a coquasitriangular-like Hopf
n-coalgebra associated to (w, 7, g,). O

THEOREM 4.11.  Let AfZH be a Hopf n-crossed product Hopf n-coalge-
bra. Ifthere exist formsf: AQA —k, w:AQH; —k y:H QA—k,
¢ : Hy @ Hy — k such that the following conditions hold:

1) (A, p) is a coquasitriangular Hopf algebra.
(2) (A H,w,0) 1s a skew (w,a, f)-Hopf m-coalgebra quadruple
3) (H,A,v,0)1s an anti-skew (y, g, f)-Hopf n-coalgebra quadruple.

4) (H,p) is a coquasitriangular-like Hopf n-coalgebra associated to
(@,7,04).

(5) The conditions (BC1) ~ (BC6) in Proposition 4.9 hold.
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Then (Ab7H, 1) is a coquasitriangular Hopf n-coalgebra with the coquasi-
triangular structure given by the formula ().

Proor. It is obvious that 7 satisfies (CQT4).
In what follows, we show that (CQ71) hold. Similarly we can get
(CQT2). For all a,b,c € A and h,g,l € Hy, we have

(@@ h), (b® g)c @)

=t(a® h,b(ga - )o@, la) @ 9gsnlen)

=w(a1, (ge nlen)aflaz, (blga - Oalgen, lan)i)
x p(ha1y, @enlen)en)yhery, 0ga - ©o@ey, lan)2)

=w(a1,9snlen)plaz, bi1(9a - 10gen, lan))etha 1, 9anls )
x Y, be(ga ) - ©209e1), lan)2)

(Dzs)w(al,9(3,1)l(2,1))ﬁ((12, bi1(ga.n - 0101, lay))eha 1y, 96.10lw1))

x Y(he1), b2(ga 1 - ©20(9a), k1)

(0225
=1, 9s.nle1)flaz, bi(ga.n - c)o@e), lany)eha 1y, 96.0lu1))

x Y1), b2(9u) - 20961, ls1)

cQr1
o )w(al,9(3,1)l(2,1))/>’((12,0(0(2‘1),l(1,1)))ﬁ(a3,9(1.1) -c)f(ag, b)eha 1), 96 nla)

x ey, b2(9u) - 20961, ls1)

ADP2
gt )w(dl,g(s.l)l(ZJ))/))(az,0'(9(2,1),l(l.l)))ﬁ(a&g(l,n -cf(aq, b)o(ha 1y, 96.1)la1))

x Y1y, 06,0, leo))7(E.1), 9@ - )7, b2)

P oxa, lapy)aaz, 9e1)pas, ga.1 - coflag, b)elha 1y, 96,0k 1)

x Y1y, 0(gan, le )y 1), 96 - )7, be)

CQTL2
(L )w(ahl(l,l))w(a%g(?‘,l))ﬁ(a?ng(l,l) -cp)play, b)o(ha 1y, len)

X 9.1, 9171, ga.n - €27, b2)
(Bgz)w(al, lap)plaz, calas, ga.1y)Bay, b)eha 1y, le1)
X (1), 96,07 1), 92 - €2)7 (), b2)
B xa, lan)Blas, crmlas, ga n)Blas, b)e(ha . le.1)
x 9.1, ge))he, c2)7(ha, be)
=1(a1 ® ha 1), ¢ ® Dr(az @ ke, b ® ).
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Next we check that (CQT3) for t as follows. For all a,b € A and x,y € H,,
we have

(a1 @ a1y, b1 ® Ya.1)(A2 @ X@.4)(b2 @ Y@.m))
= (a1, ya1)p(az, b)e@a 1, Ye1)7(@e1, b2)(as ® 2303 @ Ys.x)
= (a1, ya1)Baz, b)e(xa 1), Yen)y@e.), b2)(as(@e 1) - b3)o(@u), Y1)

® L(5.0Y @)

(BC6)
= o(ar,yan)plaz, b)e@a 1, Ye1)7@au1, b3)azbeo(@e 1), ¥3.1) @ T30 Yuqw))

(CQTL3)
et a1, Yan)plaz, b)) 1, Yu1)7(@au1, b3)(asb20¥e.1), £a.1) @ YE.0)T2.q))

€QT3)
="o(a1, ya1)pas, b2)e@s 1), Yu1)7(@u 1), b3)(b1a20 Y1), a.1) @ Ye.0%e@.0)

C
(B:E’)w(az, Yan)flas, b2)o@s 1y, Y6,1)7 @1y, b3) (01 a1 - 010 e 1), Ta 1)

& y(3,a)x(2.a))
=0iway - a)oWe1), 1) © Ye.nTen) (a2 @ £31), bs @ Yu1))

=1 @ yan)a ® xq.q4)t(a2 @ Xe21), b2 ® Ya1))-
O

Thus it follows from Proposition 4.8, Proposition 4.9, Proposition 4.10
and Theorem 4.11 that we have

THEOREM 4.12.  Hopf n-crossed product Hopf n-coalgebra AtLH is co-
quasitriongular if and only if there exist forms f[:ARA—k,
w:ARH —k y: H®A—k ¢:H @ H —k such that (A,f) is a
coquasitriangular Hopf algebra, (A, H,w,0) is a skew (w,a,f)-Hopf -
coalgebra quadruple, (H,A,y, o) is an anti-skew (y, o, [§)-Hopf n-coalgebra
quadruple, (H, p) is a coquasitriangular-like Hopf n-coalgebra associated
to (w,y,0,) and the conditions (BC1) ~ (BC6) in Proposition 4.9 are sat-
isfied. Moreover, the coquasitriangular structure v on AiZH has a de-
composition

(a®@h,b® g) = wlar, gan)plaz, b)elha 1y, 9e.1)7(he 1), b2).

REMARK. Theorem 4.12 shows that if A is not a coquasitriangular
Hopf algebra then the Hopf n-crossed product Hopf n-coalgebra AfZH is
not coquasitriangular either.

Next by Theorem 2 in [10], we have
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COROLLARY 4.13. Ifthereexistformsff: ARA —k w: A Hi —k,
y:Hi @A —k ¢:Hy ® H — k such that (A, ) is a coquasitriangular
Hopf algebra, (A, H,w, o) is a skew (w,a, f)-Hopf n-coalgebra quadruple,
(H,A,y,0) 1is an anti-skew (y, g, f)-Hopf n-coalgebra quadruple, (H, p) is a
coquasitriangular-like Hopf n-coalgebra associated to (w,y,a,) and the
conditions (BC1) ~ (BC6) in Proposition 4.9 hold, then the category
AZH M of the left comodules over the Hopf m-crossed product Hopf n-
coalgebra AtLH is braided monoidal category.
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