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Hopf p-Crossed Biproduct and

Related Coquasitriangular Structures
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ABSTRACT - Let p be a group and H � (fHag;D; e; S) a Hopf p-coalgebra (not nec-
essarily associative), a 2 p. Let A be an algebra and a coalgebra. We find the
necessary and sufficient conditions on the p-crossed product A#p

sH with suitable
comultiplication and counit to be a Hopf p-coalgebra. Moreover, the necessary
and sufficient conditions for a Hopf p-crossed product A\psH to be a coquasi-
triangular Hopf p-coalgebra are given. In this case the category A\psHM of the
left p-comodules over A\psH is a braided monoidal category.
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1. Introduction

Recently, Turaev introduced the notion of a modular crossed group-

category ([5]). Examples of group-category can be constructed from the so-

called Hopf p-coalgebras. Since then this notion has been studied ex-

tensively. Some investigation related to Hopf p-coalgebras in a purely al-

gebraic study can be found in [6, 3, 7, 8, 11, 10].

In [3], Shen and Wang introduced the notion of p-crossed product

A#p
sH and gave the necessary and sufficient conditions for A#p

sH equip-

ped with suitable comultiplication and counit to be a Hopf p-coalgebra (we
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denote this Hopf p-coalgebra by A\psH called Hopf p-crossed product)

generalizing the p-smash product. We note that in fact the comultiplication

in [3] is trivial. Instead of the trivial comultiplication by a new one induced

by the coaction of H on A, it is interesting to investigate when the p-

crossed product A#p
sH becomes a Hopf p-coalgebra with respect to the

new comultiplication, which extends the Hopf p-crossed product A\psH

considered by Shen and Wang.

While in [10], Zhu, Chen and Li gave the definition of coquasitriangular

Hopf p-coalgebras and showed that H is a coquasitriangular Hopf p-coal-

gebra if and only if HM is a braided monoidal category and (Fa; id; id) is a

braided monoidal endofunctor of HM for any a 2 p. So under what con-

ditions the Hopf p-crossed product A\psH is coquasitriangular becomes

very interesting, and in this case the category A\psHM of the left p-como-

dules over A\psH is a braided monoidal category.

In this paper we will answer the above questions. The paper is orga-

nized as follows.

In section 2, we recall some basic notions about p-crossed products and

Hopf p-coalgebras. Let p be a group and H � (fHag;D; e;S) a Hopf p-

coalgebra (not necessarily associative), a 2 p. Let A be an algebra and a

coalgebra. In section 3, we find the necessary and sufficient conditions on

the p-crossed product A#p
sH with suitable comultiplication induced by the

coaction of H on A and counit to be a Hopf p-coalgebra, named Hopf p-

crossed biproduct and denoted by A�p H. As applications, we get the p-

coalgebra's version of the well-known Radford biproduct and the Hopf p-

crossed product A\psH. Section 4 is devoted to giving the necessary and

sufficient conditions for Hopf p-crossed product A\psH (when the coaction

is trivial in A�p H) to be a coquasitriangular Hopf p-coalgebra.

2. Preliminaries

Throughout this paper, let p be a discrete group (with neutral element

1), k will be a fixed field, and the tenser product 
 � 
k is always assumed

to be over k. If U and V are k-vector spaces, TU;V : U 
 V ÿ!V 
U will

denote the flip map defined by TU;V (u
 v) � v
 u, for all u 2 U and

v 2 V .

Next we recall some useful definitions and notations from [6, 3].

DEFINITION 2.1. A p-coalgebra is a family of k-spaces C � fCaga2p to-

gether with a family of k-linear maps D � fDa;b : Cab ÿ!Ca 
 Cbga;b2p
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(called a comultiplication) and a k-linear map e : C1ÿ! k (called a counit),

such that D is coassociative in the sense that for any a; b; g 2 p,

(Da;b 
 idCg
)Dab;g � (idCa 
 Db;g)Da;bg;

(idCa 
 e)Da;1 � idCa � (e
 idCa )D1;a:

We use the Sweedler's notation ([4]) for a comultiplication in the fol-

lowing way: for all a; b 2 p and c 2 Cab, we write Da;b(c) � c(1;a) 
 c(2;b). For

8 a; b; g 2 p and c 2 Cabg, the coassociativity axiom can be written as:

c(1;ab)(1;a) 
 c(1;ab)(2;b) 
 c(2;g) � c(1;a) 
 c(2;bg)(1;b) 
 c(2;bg)(2;g);

this element of Ca 
 Cb 
 Cg is written as c(1;a) 
 c(2;b) 
 c(3;g). By iterating

the procedure, we define inductively c(1;a1) 
 c(2;a2) 
 . . .
 c(n;an) for any

c 2 Ca1a2...an
.

DEFINITION 2.2. A Hopf p-coalgebra is a p-coalgebra H � (fHaga2p;D; e)
endowed with a family of k-linear maps S � fSa : Haÿ!Haÿ1ga2p (called

antipode) such that:

(1) each Ha is an algebra with multiplication ma and unit element 1a2Ha;

(2) e : H1ÿ! k and Da;b : Hab ÿ!Ha 
Hb are algebra maps, for all a; b2 p;
(3) for each a 2 p; ma(Saÿ1 
 idHa )Daÿ1;a � e1a � ma(idHa 
 Saÿ1 )Da;aÿ1 :

If a p-coalgebra H satisfies conditions (1) and (2), we call it a semi-Hopf

p-coalgebra.

Remark that (H1;m1; 11;D1;1; e;S1) is a usual Hopf algebra. The anti-

pode of a Hopf p-coalgebra is anti-multiplication and anti-comultiplication,

i.e., for 8 a; b 2 p and h; g 2 Ha,

Sa(hg) � Sa(g)Sa(h); Sa(1a) � 1aÿ1 ;

Dbÿ1;aÿ1 Sab � THaÿ1 ;Hbÿ1
(Sa 
 Sb)Da;b; eS1 � e:

DEFINITION 2.3. Let H be a Hopf p-coalgebra and A an algebra. H

acts weakly on A if there exists a family of maps: Ha 
 Aÿ!A,

h
 a7ÿ!h � a; 8 a 2 p; h 2 Ha; such that

(E1) 1a � a � a; 8 a 2 A; a 2 p;

(E2) h � (ab) � (h(1;a) � a)(h(2;b) � b); 8 h 2 Hab; a; b 2 A;

(E3) h � 1A � e(h)1A; 8 h 2 H1:

Furthermore, if A is an Ha-module for 8 a 2 p satisfies (E2) and (E3),

we call that A is a p-H-module algebra.
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DEFINITION 2.4. Let H � fHaga2p be a Hopf p-coalgebra and A an al-

gebra. H acts weakly on A. Let s : H1 
H1ÿ!A be a k-linear map. Define

A
H � fA
Haga2p. For each A
Ha, we define a multiplication by

(a
 h)(b
 g) � a(h(1;1) � b)s(h(2;1); g(1;1))
 h(3;a)g(2;a):

If each A
Ha is associative with 1A 
 1a as indentity element, we call

A
H a p-crossed product, denoted by A#p
sH.

PROPOSITION 2.5. A#p
sH is a p-crossed product if for 8 h; g; k 2 H1

and a 2 A, the following conditions

(F1) s(11; h) � e(h)1A � s(h; 11);

(F2) (h(1;1) � (g(1;1) � a))s(h(2;1); g(2;1)) � s(h(1;1); g(1;1))(h(2;1)g(2;1) � a);

(F3) s(h(1;1); g(1;1))s(h(2;1)g(2;1); k) � (h(1;1) � s(g(1;1); k(1;1)))s(h(2;1); g(2;1)k(2;1))

are satisfied.

REMARK. If s(h; l) � e(h)e(l)1A, then the p-crossed product has the

form of p-smash product. From Proposition 2.5, we get each A#Ha forms

an algebra if A is p-H-module algebra.

DEFINITION 2.6. Let C � (fCaga2p;D; e) be a p-coalgebra. A left p-

comodule over C is a family M � fMaga2p of k-spaces endowed with

a family rM � frM
a;b : Mab ÿ!Ca 
Mbga;b2p of k-linear maps such that

for 8 a; b; g 2 p, (idCa 
 rM
b;g)r

M
a;bg � (Da;b 
 idMg

)rM
ab;g and (e
 idMa )r

M
1;a �

idMa .

DEFINITION 2.7. Let H � (fHaga2p;D; e) be a p-coalgebra. A left p-H-

comodule object over H is a k-space A endowed with a family

rA � frA
a : Aÿ!Ha 
 Aga2p of k-linear maps such that for 8 a; b 2 p and

a 2 A, the following conditions

(G1) a(ÿ1;ab)(1;a) 
 a(ÿ1;ab)(2;b) 
 a(0;ab) � a(ÿ1;a) 
 a(0;a)(ÿ1;b) 
 a(0;a)(0;b);

(G2) e(a(ÿ1;1))a(0;1) � a

are satisfied.

DEFINITION 2.8. Let H � (fHaga2p;D; e) be a Hopf p-coalgebra. Assume

that A is a coalgebra and a p-H-comodule object over H with the structure

maps rA � frA
a ga2p . If for 8 a 2 p and a 2 A, the following conditions are
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satisfied:

(H1) a1(ÿ1;a)a2(ÿ1;a) 
 a1(0;a) 
 a2(0;a) � a(ÿ1;a) 
 a(0;a)1 
 a(0;a)2;

(H2) a(ÿ1;1)eA(a(0;1)) � eA(a);

then we call A a left p-H-comodule coalgebra.

Remark that when p is trivial, a left p-H-comodule coalgebra is exactly

the left H-comodule coalgebra.

3. Hopf p-Crossed Biproduct A�p H

In this section, we give the necessary and sufficient conditions for the p-

crossed product equipped with suitable comultiplication and counit to be a

Hopf p-coalgebra.

THEOREM 3.1. Let A be an algebra and a coalgebra, H � fHaga2p a

Hopf p-coalgebra and act weakly on A. Let s : H1 
H1ÿ!A be a k-linear

map and A#p
sH � fA#p

sHaga2p a p-crossed product. Assume that A is a p-

H-comodule coalgebra. Then A#p
sH equipped with the following comulti-

plication and counit

Da;b : A#p
sHab ÿ! A#p

sHa 
 A#p
sHb

a#sh 7ÿ! a1#sa2(ÿ1;a)h(1;a) 
 a2(0;a)#sh(2;b)

�e : A#p
sH1 ÿ! k

a#sx 7ÿ! eA(a)e(x)

is a semi-Hopf p-coalgebra if and only if the conditions below are satisfied:

(A1) eA(s(x; y)) � e(x)e(y);

(A2) eA(x � a) � e(x)eA(a);

(A3) ra(1A) � 1A(ÿ1;a)

 1A(0;a)

� 1a 
 1A;

(A4) DA(1A) � 1A 
 1A; eA is an algebra map;

(A5) a1 
 a2(ÿ1;a)h(1;a) 
 a2(0;a) 
 h(2;b)

� a1s(a2(ÿ1;a)(1;1); h(1;1))
 a2(ÿ1;a)(2;a)h(2;a) 
 a2(0;a) 
 h(3;b);

(A6) (ab)1 
 (ab)2(ÿ1;a) 
 (ab)2(0;a) � a1(a2(ÿ1;a)(1;1) � b1)s(a2(ÿ1;a)(2;1); b2(ÿ1;a)(1;1))

a2(ÿ1;a)(3;a)b2(ÿ1;a)(2;a) 
 a2(0;a)b2(0;a);

(A7) s(h(1;1); g(1;1))1 
 s(h(1;1); g(1;1))2(ÿ1;a)h(2;a)g(2;a) 
 s(h(1;1); g(1;1))2(0;a)


h(3;b)g(3;b) � s(h(1;1); g(1;1))
 h(2;a)g(2;a) 
 s(h(3;1); g(3;1))
 h(4;b)g(4;b);

(A8) (h(1;1) � a)1 
 (h(1;1) � a)2(ÿ1;a)h(2;a) 
 (h(1;1) � a)2(0;a) 
 h(3;b)

� (h(1;1) � a1)s(h(2;1); a2(ÿ1;a)(1;1))
 h(3;a)a2(ÿ1;a)(2;a) 
 h(4;1) � a2(0;a) 
 h(5;b);

where a; b 2 A, x; y 2 H1 and h; g 2 Hab.
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In this case we call this semi-Hopf p-coalgebra Hopf p-crossed

biproduct denoted by A�p H.

PROOF. ((�) Since A is a p-H-comodule coalgebra, we can get

fA
Haga2p is a p-coalgebra with the above comultiplication and

counit. And by A#p
sH � fA#p

sHaga2p a p-crossed product we know

each A#p
sHa (=A
Ha as a vector space) is an algebra. Next we

prove that Da;b and �e are algebra maps. In fact, for all a; b 2 A and

h; g 2 Hab, we have

D((a#sh)(b#sg))

�D(a(h(1;1) � b)s(h(2;1); g(1;1))#sh(3;ab)g(2;ab))

� (a(h(1;1) � b)s(h(2;1); g(1;1)))1#s(a(h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)h(3;a)g(2;a)


 (a(h(1;1) � b)s(h(2;1); g(1;1)))2(0;a)#sh(4;b)g(3;b)

�(A5)
(a(h(1;1) � b)s(h(2;1); g(1;1)))1s((a(h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(1;1); h(3;1)g(2;1))

#s(a(h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(2;a)h(4;a)g(3;a)


 (a(h(1;1) � b)s(h(2;1); g(1;1)))2(0;a)#sh(5;b)g(4;b)

�(A6)
a1(a2(ÿ1;a)(1;1) � ((h(1;1) � b)s(h(2;1); g(1;1)))1)

� s(a2(ÿ1;a)(2;1); ((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(1;1))

� s(a2(ÿ1;a)(3;1)((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(2;1); h(3;1)g(2;1))

#sa2(ÿ1;a)(4;a)((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(3;a)h(4;a)g(3;a)


 a2(0;a)((h(1;1) � b)s(h(2;1); g(1;1)))2(0;a)#sh(5;b)g(4;b)

�(F3)
a1(a2(ÿ1;a)(1;1) � ((h(1;1) � b)s(h(2;1); g(1;1)))1)

� (a2(ÿ1;a)(2;1) � s(((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(1;1); h(3;1)g(2;1)))

� s(a2(ÿ1;a)(3;1); ((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(2;1)h(4;1)g(3;1))

#sa2(ÿ1;a)(4;a)((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(3;a)h(5;a)g(4;a)


 a2(0;a)((h(1;1) � b)s(h(2;1); g(1;1)))2(0;a)#sh(6;b)g(5;b)

�(E2)
a1(a2(ÿ1;a)(1;1) � ((h(1;1) � b)s(h(2;1); g(1;1)))1

� s(((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(1;1); h(3;1)g(2;1)))

� s(a2(ÿ1;a)(2;1); ((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(2;1)h(4;1)g(3;1))

#sa2(ÿ1;a)(3;a)((h(1;1) � b)s(h(2;1); g(1;1)))2(ÿ1;a)(3;a)h(5;a)g(4;a)


 a2(0;a)((h(1;1) � b)s(h(2;1); g(1;1)))2(0;a)#sh(6;b)g(5;b)
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�(A6)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1((h(1;1) � b)2(ÿ1;a)(1;1) � s(h(2;1); g(1;1))1)

� s((h(1;1) � b)2(ÿ1;a)(2;1); s(h(2;1); g(1;1))2(ÿ1;a)(1;1))s((h(1;1) � b)2(ÿ1;a)(3;1)

� s(h(2;1); g(1;1))2(ÿ1;a)(2;1); h(3;1)g(2;1)))s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(4;1)

� s(h(2;1); g(1;1))2(ÿ1;a)(3;1)h(4;1)g(3;1))#sa2(ÿ1;a)(3;a)(h(1;1) � b)2(ÿ1;a)(5;a)

� s(h(2;1); g(1;1))2(ÿ1;a)(4;a)h(5;a)g(4;a) 
 a2(0;a)(h(1;1) � b)2(0;a)s(h(2;1); g(1;1))2(0;a)

#sh(6;b)g(5;b)

�(F3)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1((h(1;1) � b)2(ÿ1;a)(1;1) � s(h(2;1); g(1;1))1)

� ((h(1;1) � b)2(ÿ1;a)(2;1) � s(s(h(2;1); g(1;1))2(ÿ1;a)(1;1); h(3;1)g(2;1)))

� s((h(1;1) � b)2(ÿ1;a)(3;1); s(h(2;1); g(1;1))2(ÿ1;a)(2;1)h(4;1)g(3;1)))

� s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(4;1)s(h(2;1); g(1;1))2(ÿ1;a)(3;1)h(5;1)g(4;1))

#sa2(ÿ1;a)(3;a)(h(1;1) � b)2(ÿ1;a)(5;a)s(h(2;1); g(1;1))2(ÿ1;a)(4;a)h(6;a)g(5;a)


 a2(0;a)(h(1;1) � b)2(0;a)s(h(2;1); g(1;1))2(0;a)#sh(7;b)g(6;b)

�(E2)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1((h(1;1) � b)2(ÿ1;a)(1;1)

� s(h(2;1); g(1;1))1s(s(h(2;1); g(1;1))2(ÿ1;a)(1;1); h(3;1)g(2;1)))

� s((h(1;1) � b)2(ÿ1;a)(2;1); s(h(2;1); g(1;1))2(ÿ1;a)(2;1)h(4;1)g(3;1)))

� s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(3;1)s(h(2;1); g(1;1))2(ÿ1;a)(3;1)h(5;1)g(4;1))

#sa2(ÿ1;a)(3;a)(h(1;1) � b)2(ÿ1;a)(4;a)s(h(2;1); g(1;1))2(ÿ1;a)(4;a)h(6;a)g(5;a)


 a2(0;a)(h(1;1) � b)2(0;a)s(h(2;1); g(1;1))2(0;a)#sh(7;b)g(6;b)

�(A5)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1((h(1;1) � b)2(ÿ1;a)(1;1) � s(h(2;1); g(1;1))1)

� s((h(1;1) � b)2(ÿ1;a)(2;1); s(h(2;1); g(1;1))2(ÿ1;a)(1;1)h(3;1)g(2;1)))

� s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(3;1)s(h(2;1); g(1;1))2(ÿ1;a)(2;1)h(4;1)g(3;1))

#sa2(ÿ1;a)(3;a)(h(1;1) � b)2(ÿ1;a)(4;a)s(h(2;1); g(1;1))2(ÿ1;a)(3;a)h(5;a)g(4;a)


 a2(0;a)(h(1;1) � b)2(0;a)s(h(2;1); g(1;1))2(0;a)#sh(6;b)g(5;b)

�(A7)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1((h(1;1) � b)2(ÿ1;a)(1;1) � s(h(2;1); g(1;1)))

� s((h(1;1) � b)2(ÿ1;a)(2;1); h(3;1)g(2;1)))

� s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(3;1)h(4;1)g(3;1))#sa2(ÿ1;a)(3;a)(h(1;1) � b)2(ÿ1;a)(4;a)

� h(5;a)g(4;a) 
 a2(0;a)(h(1;1) � b)2(0;a)s(h(6;1); g(5;1))#sh(7;b)g(6;b)

�(F3)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1s((h(1;1) � b)2(ÿ1;a)(1;1); h(2;1))

� s((h(1;1) � b)2(ÿ1;a)(2;1)h(3;1); g(1;1)))

� s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(3;1)h(4;1)g(2;1))#sa2(ÿ1;a)(3;a)(h(1;1) � b)2(ÿ1;a)(4;a)

� h(5;a)g(3;a) 
 a2(0;a)(h(1;1) � b)2(0;a)s(h(6;1); g(4;1))#sh(7;b)g(5;b)
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�(E2)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1s((h(1;1) � b)2(ÿ1;a)(1;1); h(2;1)))

� (a2(ÿ1;a)(2;1) � s((h(1;1) � b)2(ÿ1;a)(2;1)h(3;1); g(1;1)))

� s(a2(ÿ1;a)(3;1); (h(1;1) � b)2(ÿ1;a)(3;1)h(4;1)g(2;1))#sa2(ÿ1;a)(4;a)(h(1;1) � b)2(ÿ1;a)(4;a)

� h(5;a)g(3;a) 
 a2(0;a)(h(1;1) � b)2(0;a)s(h(6;1); g(4;1))#sh(7;b)g(5;b)

�(A5)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1)(a2(ÿ1;a)(2;1) � s((h(1;1) � b)2(ÿ1;a)(1;1)h(2;1); g(1;1)))

� s(a2(ÿ1;a)(3;1); (h(1;1) � b)2(ÿ1;a)(2;1)h(3;1)g(2;1))#sa2(ÿ1;a)(4;a)(h(1;1) � b)2(ÿ1;a)(3;a)

� h(4;a)g(3;a) 
 a2(0;a)(h(1;1) � b)2(0;a)s(h(5;1); g(4;1))#sh(6;b)g(5;b)

�(F3)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b)1)s(a2(ÿ1;a)(2;1); (h(1;1) � b)2(ÿ1;a)(1;1)h(2;1))

� s(a2(ÿ1;a)(3;1)(h(1;1) � b)2(ÿ1;a)(2;1)h(3;1); g(1;1))#sa2(ÿ1;a)(4;a)(h(1;1) � b)2(ÿ1;a)(3;a)

� h(4;a)g(2;a) 
 a2(0;a)(h(1;1) � b)2(0;a)s(h(5;1); g(3;1))#sh(6;b)g(4;b)

�(A8)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b1)s(h(2;1); b2(ÿ1;a)(1;1)))s(a2(ÿ1;a)(2;1); h(3;1)b2(ÿ1;a)(2;1))

� s(a2(ÿ1;a)(3;1)h(4;1)b2(ÿ1;a)(3;1); g(1;1))#sa2(ÿ1;a)(4;a)h(5;a)b2(ÿ1;a)(4;a)g(2;a)


 a2(0;a)(h(6;1) � b2(0;a))s(h(7;1); g(3;1))#sh(8;b)g(4;b)

�(E2)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b1))(a2(ÿ1;a)(2;1) � s(h(2;1); b2(ÿ1;a)(1;1)))

� s(a2(ÿ1;a)(3;1); h(3;1)b2(ÿ1;a)(2;1))s(a2(ÿ1;a)(4;1)h(4;1)b2(ÿ1;a)(3;1); g(1;1))

#sa2(ÿ1;a)(5;a)h(5;a)b2(ÿ1;a)(4;a)g(2;a) 
 a2(0;a)(h(6;1) � b2(0;a))s(h(7;1); g(3;1))

#sh(8;b)g(4;b)

�(F3)
a1(a2(ÿ1;a)(1;1) � (h(1;1) � b1))s(a2(ÿ1;a)(2;1); h(2;1))

� s(a2(ÿ1;a)(3;1)h(3;1); b2(ÿ1;a)(1;1))s(a2(ÿ1;a)(4;1)h(4;1)b2(ÿ1;a)(2;1); g(1;1))

#sa2(ÿ1;a)(5;a)h(5;a)b2(ÿ1;a)(3;a)g(2;a) 
 a2(0;a)(h(6;1) � b2(0;a))s(h(7;1); g(3;1))

#sh(8;b)g(4;b)

�(F2)
a1s(a2(ÿ1;a)(1;1); h(1;1))(a2(ÿ1;a)(2;1)h(2;1) � b1)s(a2(ÿ1;a)(3;1)h(3;1); b2(ÿ1;a)(1;1))

� s(a2(ÿ1;a)(4;1)h(4;1)b2(ÿ1;a)(2;1); g(1;1))#sa2(ÿ1;a)(5;a)h(5;a)b2(ÿ1;a)(3;a)g(2;a)


 a2(0;a)(h(6;1) � b2(0;a))s(h(7;1); g(3;1))#sh(8;b)g(4;b)

�(F3)
a1s(a2(ÿ1;a)(1;1); h(1;1))(a2(ÿ1;a)(2;1)h(2;1) � b1)

� (a2(ÿ1;a)(3;1)h(3;1) � s(b2(ÿ1;a)(1;1); g(1;1)))s(a2(ÿ1;a)(4;1)h(4;1); b2(ÿ1;a)(2;1)g(2;1))

#sa2(ÿ1;a)(5;a)h(5;a)b2(ÿ1;a)(3;a)g(3;a) 
 a2(0;a)(h(6;1) � b2(0;a))s(h(7;1); g(4;1))

#sh(8;b)g(5;b)
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�(E2)
a1s(a2(ÿ1;a)(1;1); h(1;1))(a2(ÿ1;a)(2;1)h(2;1) � b1s(b2(ÿ1;a)(1;1); g(1;1)))

� s(a2(ÿ1;a)(3;1)h(3;1); b2(ÿ1;a)(2;1)g(2;1))#sa2(ÿ1;a)(4;a)h(4;a)b2(ÿ1;a)(3;a)g(3;a)


 a2(0;a)(h(5;1) � b2(0;a))s(h(6;1); g(4;1))#sh(7;b)g(5;b)

�(A5)
a1(a2(ÿ1;a)(1;1)h(1;1) � b1s(b2(ÿ1;a)(1;1); g(1;1)))

� s(a2(ÿ1;a)(2;1)h(2;1); b2(ÿ1;a)(2;1)g(2;1))#sa2(ÿ1;a)(3;a)h(3;a)b2(ÿ1;a)(3;a)g(3;a)


 a2(0;a)(h(4;1) � b2(0;a))s(h(5;1); g(4;1))#sh(6;b)g(5;b)

�(A5)
a1(a2(ÿ1;a)(1;1)h(1;1) � b1)s(a2(ÿ1;a)(2;1)h(2;1); b2(ÿ1;a)(1;1)g(1;1))

#sa2(ÿ1;a)(3;a)h(3;a)b2(ÿ1;a)(2;a)g(2;a) 
 a2(0;a)(h(4;1) � b2(0;a))s(h(5;1); g(3;1))

#sh(6;b)g(4;b)

� ((a1#sa2(ÿ1;a)h(1;a))(b1#sb2(ÿ1;a)g(1;a)))
 ((a2(0;a)#sh(2;b))(b2(0;a)#sg(2;b)))

�D(a#sh)D(b#sg)

and for all h; g 2 H1; we compute

�e((a#sh)(b#sg))

� �e(a(h(1;1) � b)s(h(2;1); g(1;1))#sh(3;1)g(2;1))

� eA(a(h(1;1) � b)s(h(2;1); g(1;1)))e(h(3;1)g(2;1))

� eA(a)eA(h(1;1) � b)eA(s(h(2;1); g))

�(A1)(A2)
eA(a)e(h)eA(b)e(g)

� �e(a#sh)�e(b#sg)

Necessity is straightforward. p

We note that Theorem 3.1 is the Wang-Jiao-Zhao's crossed product in

the Hopf p-coalgebra setting, but here the conditions is different from the

ones in [9] and the condition (A5) is necessary for Hopf p-crossed biproduct

A�p H to become a semi-Hopf p-coalgebra.

DEFINITION 3.2. Let H � fHaga2p be a semi-Hopf p-coalgebra, A an

algebra and a coalgebra, s : H1 
H1ÿ!A and Sa : Haÿ!Haÿ1 be linear

maps. Then S � fSaga2p is called a s-antipode of H if

(B1) s(h(1;a)(1;1);Saÿ1 (h(2;aÿ1))(1;1))
 h(1;a)(2;a)Saÿ1 (h(2;aÿ1))(2;a) � (1A 
 1a)e(h);

(B2) s(Saÿ1 (h(1;aÿ1))(1;1); h(2;a)(1;1))
 Saÿ1 (h(1;aÿ1))(2;a)h(2;a)(2;a) � (1A 
 1a)e(h);

for 8 h 2 H1. In this case, we say that H is a s-Hopf p-coalgebra.
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THEOREM 3.3. Let A be an algebra and a coalgebra, the linear map

SA : Aÿ!A satisfy SA(a1)a2 � a1SA(a2) � eA(a)1A, H � (fHag;D; e;S) a

Hopf p-coalgebra. If A�p H is a Hopf p-crossed biproduct (semi-Hopf p-

coalgebra), then A�p H is a Hopf p-coalgebra with antipode �S � f�Saga2p
defined as:

�Sa(a#sh) � (1A#sSa(a(ÿ1;a)h))(SA(a(0;a))#s1aÿ1 ); 8 a 2 A; h 2 Ha:

if and only if H is a s-Hopf p-coalgebra.

PROOF. ((�) We prove �S � f�Saga2p is the antipode of A�p H. For all

a 2 A, h 2 H1 (Here � denote the convolution product), we compute as

follows:

(�Saÿ1
� idA�pH)(a#sh)

� �Saÿ1 (a1#sa2(ÿ1;aÿ1)h(1;aÿ1))(a2(0;aÿ1)#sh(2;a))

� (1A#sSaÿ1 (a1(ÿ1;aÿ1)a2(ÿ1;aÿ1)h(1;aÿ1)))(SA(a1(0;aÿ1))#s1a)(a2(0;aÿ1)#sh(2;a))

�(H1)
(1A#sSaÿ1 (a(ÿ1;aÿ1)h(1;aÿ1)))(SA(a(0;aÿ1)1)#s1a)(a(0;aÿ1)2#sh(2;a))

� (1A#sSaÿ1 (a(ÿ1;aÿ1)h(1;aÿ1)))(SA(a(0;aÿ1)1)a(0;aÿ1)2#sh(2;a))

� (1A#sSaÿ1 (a(ÿ1;aÿ1)h(1;aÿ1)))(1A#sh(2;a))eA(a(0;aÿ1))

�(H2)
(1A#sSaÿ1 (h(1;aÿ1)))(1A#sh(2;a))eA(a)

�(B2)
(1A#s1a)eA(a)e(h)

while

(idA�pH � �Saÿ1
)(a#sh)

� (a1#sa2(ÿ1;a)h(1;a))�Saÿ1 (a2(0;a)#sh(2;aÿ1))

� (a1#sa2(ÿ1;a)h(1;a))(1A#sSaÿ1 (a2(0;a)(ÿ1;aÿ1)h(2;aÿ1)))(SA(a2(0;a)(0;aÿ1))#s1a)

�(G1)
(a1#sa2(ÿ1;1)(1;a)h(1;a))(1A#sSaÿ1 (a2(ÿ1;1)(2;aÿ1)h(2;aÿ1)))(SA(a2(0;1))#s1a)

� (a1#s(a2(ÿ1;1)h)(1;a))(1A#sSaÿ1 ((a2(ÿ1;1)h)(2;aÿ1)))(SA(a2(0;1))#s1a)

� (a1s((a2(ÿ1;1)h)(1;a)(1;1);Saÿ1 ((a2(ÿ1;1)h)(2;aÿ1))(1;1))#s(a2(ÿ1;1)h)(1;a)(2;a)

� Saÿ1 ((a2(ÿ1;1)h)(2;aÿ1))(2;a))(SA(a2(0;1))#s1a)

�(B1)
(a1#s1a)(SA(a2(0;1))#s1a)e(a2(ÿ1;1)h)

� (a1#s1a)(SA(a2)#s1a)e(h)

� (1A#s1a)eA(a)e(h)
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Thus �S is the antipode of A�p H.

(�)) is straightforward. p

Let s be trivial in Theorem 3.1, then we can get the following result.

COROLLARY 3.4. Let H � fHaga2p be a Hopf p-coalgebra and A a p-H-

module algebra and p-H-comodule coalgebra. Then the p-smash product

A#pH � fA#Haga2p equipped with the comultiplication and counit in

Theorem 3.1 is a semi-Hopf p-coalgebra if and only if the following

conditions hold:

(C1) eA(x � a) � e(x)eA(a);

(C2) ra(1A) � 1A(ÿ1;a)

 1A(0;a)

� 1a 
 1A;

(C3) eA is an algebra map, D(1A) � 1A 
 1A;

(C4) (ab)1 
 (ab)2(ÿ1;a) 
 (ab)2(0;a)

� a1(a2(ÿ1;a)(1;1) � b1)
 a2(ÿ1;a)(2;a)b2(ÿ1;a) 
 a2(0;a)b2(0;a);

(C5) (h(1;1) � a)1 
 (h(1;1) � a)2(ÿ1;a)h(2;a) 
 (h(1;1) � a)2(0;a) 
 h(3;b)

� (h(1;1) � a1)
 h(2;a)a2(ÿ1;a) 
 h(3;1) � a2(0;a) 
 h(4;b);

where a; b 2 A, h 2 Hab and x 2 H1. This semi-Hopf p-coalgebra is called

Radford p-biproduct denoted by A ?H.

PROOF. Let s be trivial in Theorem 3.1. p

COROLLARY 3.5. Let A be an algebra and a coalgebra, the linear map

SA : Aÿ!A satisfy SA(a1)a2 � a1SA(a2) � eA(a)1A, H � (fHag;D; e;S) a

Hopfp-coalgebra. If A ? H is a Radfordp-biproduct (semi-Hopfp-coalgebra),

then A ?H is a Hopf p-coalgebra with antipode �S
0 � f �Sa

0 ga2p described by

�Sa
0
(a#ph) � (1A#pSa(a(ÿ1;a)h))(SA(a(0;a))#

p1aÿ1 );

for all a 2 A and h 2 Ha .

When r is trivial in Theorem 3.1, i.e., r(a)� a(ÿ1;a)
a(0;a)� 1a
1A, we have

COROLLARY 3.6 ([3]). Let H � fHaga2p be a semi-Hopf p-coalgebra, A

a bialgebra. Suppose that A#p
sH � fA#p

sHaga2p is a p-crossed product.

Then A#p
sH equipped with the following comultiplication and counit

Da;b(a#sh) � a1#sh(1;a) 
 a2#sh(2;b); 8 a 2 A; h 2 Hab;

~e(a#sx) � eA(a)e(x); 8 x 2 H1
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is a semi-Hopf p-coalgebra if and only if the following conditions hold

(D1) eA(x � a) � e(x)eA(a);

(D2) eA(s(x; y)) � e(x)e(y);

(D3) s(h(1;1); g(1;1))1 
 h(2;a)g(2;a) 
 s(h(1;1); g(1;1))2 
 h(3;b)g(3;b)

� s(h(1;1); g(1;1))
 h(2;a)g(2;a) 
 s(h(3;1); g(3;1))
 h(4;b)g(4;b);

(D4) (h(1;1) � a)1 
 h(2;a) 
 (h(1;1) � a)2 
 h(3;b)

� (h(1;1) � a1)
 h(2;a) 
 h(3;1) � a2 
 h(4;b);

where x; y 2 H1, h; g 2 Hab and a 2 A. This semi-Hopf p-coalgebra is called

a Hopf p-crossed product and denoted by A\psH.

COROLLARY 3.7. Let A be a Hopf algebra with antipode SA ,

H � (fHag;D; e;S) a Hopf p-coalgebra. If A\psH is a Hopf p-crossed product

(semi-Hopf p-coalgebra), then A\psH is a Hopf p-coalgebra with antipode
�S
00 � f �Sa

00 ga2p described by

�Sa
00
(a#sh) � (1A#sSa(h))(SA(a)#s1aÿ1 );

for all a 2 A and h 2 Ha if and only if H is a s-Hopf p-coalgebra.

We also call this Hopf p-coalgebra Hopf p-crossed product and also

denote by A\psH.

4. The Category A\psHM Is Braided

This section is devoted to discussing when the category A\psHM of the

left comodules over the Hopf p-crossed product A\psH is braided, following

the idea of [2].

DEFINITION 4.1. Let H � (fHag;D; e;S) be a Hopf p-coalgebra. H is

called a coquasitriangular Hopf p-coalgebra if there exists a linear map

u : H1 
H1ÿ! k such that for all a 2 p; x; y 2 Ha and h; l; z 2 H1, sat-

isfying the following conditions:

(CQT1) u(h; zl) � u(h(1;1); l)u(h(2;1); z);

(CQT2) u(hz; l) � u(h; l(1;1))u(z; l(2;1));

(CQT3) u(x(1;1); y(1;1))x(2;a)y(2;a) � y(1;a)x(1;a)u(x(2;1); y(2;1));

(CQT4) u(11; h) � u(h; 11) � e(h):
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REMARK. When H � (fHag;D; e;S) is a Hopf p-coalgebra, Definition

4.1 is equivalent to the Definition 5 in [10] since (H1;D1;1; e;S1) is a usual

Hopf algebra (see [1]).

DEFINITION 4.2. Let A be a Hopf algebra and H � fHaga2p a Hopf p-

coalgebra. Assume that there exist a map s : H1 
H1ÿ!A and two bi-

linear forms b : A
 Aÿ! k; v : A
H1ÿ! k such that the following con-

ditions

(DP1) v(ab; h) � v(a; h(1;1))v(b; h(2;1));
(DP2) v(a1; g(2;1)h(2;1))b(a2; s(g(1;1); h(1;1))) � v(a1; h)v(a2; g);
(DP3) v(1A; h) � e(h); v(a; 11) � eA(a)

are satisfied for all h; g 2 H1 and a; b 2 A. Then we call (A;H;v; s) a skew

(v; s; b)-Hopf p-coalgebra quadruple.

DEFINITION 4.3. Let A be a Hopf algebra and H � fHaga2p a Hopf p-

coalgebra. Assume that there exist a map s : H1 
H1ÿ!A and two bi-

linear forms b : A
 Aÿ! k; g : H1 
 Aÿ! k. Then (H;A; g; s) is called an

anti-skew (g; s; b)-Hopf p-coalgebra quadruple if for all h; g 2 H1 and

a; b 2 A, the following conditions hold:

(ADP1) b(s(h(1;1); g(1;1)); a1)g(h(2;1)g(2;1); a2) � g(h; a1)g(g; a2);

(ADP2) g(h; ab) � g(h(1;1); b)g(h(2;1); a);

(ADP3) g(11; a) � eA(a); g(h; 1A) � e(h):

DEFINITION 4.4. Let A be a Hopf algebra and H�fHaga2p a Hopf p-

coalgebra. Assume that there exist a family of mapssa : Ha 
Haÿ!A
Ha

and two bilinear forms v : A
H1ÿ! k; g : H1 
 Aÿ! k. A coquasi-

triangular-like Hopfp-coalgebra associated to (v; g; sa) is a pair (H; W) where

W : H1 
H1ÿ! k is a bilinear form satisfying

(CQTL1) v(s(h(1;1); g(1;1)); l(1;1))W(h(2;1)g(2;1); l(2;1)) � W(h; l(1;1))W(g; l(2;1));

(CQTL2) W(h(1;1); g(2;1)l(2;1))g(h(2;1); s(g(1;1); l(1;1))) � W(h(1;1); l)W(h(2;1); g);

(CQTL3) W(x(1;1); y(1;1))(s(x(2;1); y(2;1))
 x(3;a)y(3;a))
� (s(y(1;1); x(1;1))
 y(2;a)x(2;a))W(x(3;1); y(3;1));

(CQTL4) W(11; h) � W(h; 11) � e(h);

for all x; y 2 Ha, h; g; l 2 H1.

EXAMPLE 4.5. Let A be a Hopf algebra and H � fHaga2p a Hopf

p-coalgebra. If the map sa is trivial and b;v; g satisfies (CQT4), (DP3),
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(ADP3), respectively, then the coquasitriangular-like Hopf p-coalgebra

(H; W) associated to (v; g; sa) is exactly the coquasitriangular Hopf p-

coalgebra which means Definition 4.4 is a generalization of the

Definition 4.1.

In the following, we describe the coquasitriangular Hopf p-coalgebra

structures over the Hopf p-crossed product A\psH.

The following is obvious:

PROPOSITION 4.6. Let A\psH be a Hopf p-crossed product Hopf p-

coalgebra. Define maps as follows:

i : Aÿ!A#sH1; i(a)ÿ! a#s11; j : H1ÿ!A#sH1; j(h)ÿ! 1A#sh;

for all a 2 A; h 2 H1.

Then i is a bialgebra map.

Let A\psH be a Hopf p-crossed product, and t : A#sH1 
 A#sH1ÿ! k a

bilinear form. Define:

W : H1 
H1ÿ! k; W(h; g) � t(j
 j)(h
 g);

b : A
 Aÿ! k; b(a; b) � t(i
 i)(a
 b);

v : A
H1ÿ! k; v(a; h) � t(i
 j)(a
 h);

g : H1 
 Aÿ! k; g(h; a) � t(j
 i)(h
 a).

The following result is straightforward.

PROPOSITION 4.7. With notation as above. Let A\psH be a Hopf p-

crossed product Hopf p-coalgebra. If t satisfies (CQT4), then for a 2 A and

h 2 H1, we have

(1) W(11; h) � W(h; 11) � e(h);

(2) v(1A; h) � e(h); v(a; 11) � eA(a);

(3) g(11; a) � eA(a); g(h; 1A) � e(h);

(4) b(1A; a) � b(a; 1A) � eA(a):

PROPOSITION 4.8. Let A\psH be a Hopf p-crossed product Hopf p-

coalgebra and t : A#sH1 
 A#sH1ÿ! k a bilinear form. If (A\psH; t) is

a coquasitriangular Hopf p-coalgebra, then we have:

t(a
 h; b
 g) � v(a1; g(1;1))b(a2; b1)W(h(1;1); g(2;1))g(h(2;1); b2) ( � )

for all a; b 2 A and h; g 2 H1 .
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PROOF. For all a; a0; b; b0 2 A and h; h0; g; g0 2 H1, by (CQT1) and

(CQT2), we have

t((a
 h)(a0 
 h0); (b
 g)(b0 
 g0))

�(CQT1)
t((a1 
 h(1;1))(a

0
1 
 h0(1;1)); b

0 
 g0)t((a2 
 h(2;1))(a
0
2 
 h0(2;1)); b
 g)

�(CQT2)
t(a1 
 h(1;1); b

0
1 
 g0(1;1))t(a

0
1 
 h0(1;1); b

0
2 
 g0(2;1))t(a2 
 h(2;1); b1 
 g(1;1))

� t(a02 
 h0(2;1); b2 
 g(2;1)): ( ? )

Letting a0 � b0 � 1A and h � g � 11 in Eq. ( ? ), we obtain

t(a
 h; b
 g) � v(a1; g(1;1))W(h(1;1); g(2;1))b(a2; b1)g(h(2;1); b2):
p

PROPOSITION 4.9. Let A\psH be a Hopf p-crossed product Hopf p-

coalgebra. Assume that the formula ( � ) defines a coquasitriangular

structure over A\psH. Then we have the following identities:

(BC1) b(h(1;1) � a; b1)g(h(2;1); b2) � g(h; b1)b(a; b2);

(BC2) v(a1; h(2;1))b(a2; h(1;1) � b) � b(a1; b)v(a2; h);

(BC3) v(h(1;1) � a; g(1;1))W(h(2;1); g(2;1)) � W(h; g(1;1))v(a; g(2;1));

(BC4) W(h(1;1); g(2;1))g(h(2;1); g(1;1) � a) � g(h(1;1); a)W(h(2;1); g);

(BC5) v(a1; x(1;1))(a2 
 x(2;a)) � ((x(1;1) � a1)
 x(2;a))v(a2; x(3;1));

(BC6) g(x(1;1); a1)((x(2;1) � a2)
 x(3;a)) � (a1 
 x(1;a))g(x(2;1); a2);

where a; b 2 A, h; g 2 H1 and x 2 Ha .

PROOF. By (CQT1), one has:

t(a
 h; (b
 g)(c
 l)) � t(a1 
 h(1;1); c
 l)t(a2 
 h(2;1); b
 g):(4:1)

By (CQT2), we have:

t((a
 h)(b
 g); c
 l) � t(a
 h; c1 
 l(1;1))t(b
 g; c2 
 l(2;1))(4:2)

and by (CQT3) one knows:

(4:3) t(a1 
 x(1;1); b1 
 y(1;1))(a2 
 x(2;a))(b2 
 y(2;a)) �
(b1 
 y(1;a))(a1 
 x(1;a))t(a2 
 x(2;1); b2 
 y(2;1))

Let a � 1A; g � l � 11 in Eq. (4:2), the one obtains (BC1) by the for-

mula of t. Similarly by letting a � c � 1A; g � 11 in Eq. (4:2) and by the

formula of t, then (BC3) holds.
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Letting b � 1A; h � l � 11 and a � b � 1A; l � 11 in Eq. (4:1) respec-

tively, then by the formula of t we have (BC2) and (BC4).

Let x � 1a; b � 1A in Eq. (4:3), we have (BC5), and letting

a � 1A; y � 1a in Eq. (4:3), we can get (BC6). p

PROPOSITION 4.10. Let A\psH be a Hopf p-crossed product Hopf p-

coalgebra. Assume that the formula ( � ) defines a coquasitriangular

structure over A\psH. Then we have

(1) (A; b) is a coquasitriangular Hopf algebra:

(2) (A;H;v; s) is a skew (v; s; b)-Hopf p-coalgebra quadruple:

(3) (H;A; g; s) is an anti-skew(g; s; b)-Hopf p-coalgebra quadruple:

(4) (H; W) is a coquasitriangular-like Hopf p-coalgebra associated to

(v; g; sa).

PROOF. It follows from Proposition 4.7 that W; b;v and g respectively

satisfy (CQTL4), (CQT4), (DP3) and (ADP3).

(1) Since i : Aÿ!A#sH1 is a bialgebra map, and (A\psH, t) is a coqua-

sitriangular Hopf p-coalgebra, (A; b) is a coquasitriangular Hopf algebra.

(2) It is obvious by letting h � g � 11 and c � 1A in Eq. (4:2) and letting

h � 11 and b � c � 1A in Eq. (4:1).

(3) It is easy to be seen by setting l � 11 and a � b � 1A in Eq. (4:2) and

setting g � l � 11 and a � 1A in Eq. (4:1).

(4) Let a � b � c � 1A in Eq. (4:2), one gets (CQTL1); and by letting

a � b � c � 1A in Eq. (4:1) one has (CQTL2); by letting a � b � 1A in Eq.

(4:3), we can complete the proof that (H; W) is a coquasitriangular-like Hopf

p-coalgebra associated to (v; g; sa). p

THEOREM 4.11. Let A\psH be a Hopf p-crossed product Hopf p-coalge-

bra. If there exist forms b : A
 Aÿ! k; v : A
H1ÿ! k, g : H1 
 Aÿ! k,

W : H1 
H1ÿ! k such that the following conditions hold:

(1) (A; b) is a coquasitriangular Hopf algebra:

(2) (A;H;v; s) is a skew (v; s; b)-Hopf p-coalgebra quadruple

(3) (H;A; g; s) is an anti-skew (g; s; b)-Hopf p-coalgebra quadruple.

(4) (H; W) is a coquasitriangular-like Hopf p-coalgebra associated to

(v; g; sa).

(5) The conditions (BC1) � (BC6) in Proposition 4.9 hold.
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Then (A\psH; t) is a coquasitriangular Hopf p-coalgebra with the coquasi-

triangular structure given by the formula ( � ).

PROOF. It is obvious that t satisfies (CQT4).

In what follows, we show that (CQT1) hold. Similarly we can get

(CQT2). For all a; b; c 2 A and h; g; l 2 H1, we have

t((a
 h); (b
 g)(c
 l))

� t(a
 h; b(g(1;1) � c)s(g(2;1); l(1;1))
 g(3;1)l(2;1))

�v(a1; (g(3;1)l(2;1))(1;1))b(a2; (b(g(1;1) � c)s(g(2;1); l(1;1)))1)

� W(h(1;1); (g(3;1)l(2;1))(2;1))g(h(2;1); (b(g(1;1) � c)s(g(2;1); l(1;1)))2)

�v(a1; g(3;1)l(2;1))b(a2; b1(g(1;1) � c)1s(g(2;1); l(1;1))1)W(h(1;1); g(4;1)l(3;1))

� g(h(2;1); b2(g(1;1) � c)2s(g(2;1); l(1;1))2)

�(D3)
v(a1; g(3;1)l(2;1))b(a2; b1(g(1;1) � c)1s(g(2;1); l(1;1)))W(h(1;1); g(5;1)l(4;1))

� g(h(2;1); b2(g(1;1) � c)2s(g(4;1); l(3;1)))

�(D4)
v(a1; g(3;1)l(2;1))b(a2; b1(g(1;1) � c1)s(g(2;1); l(1;1)))W(h(1;1); g(6;1)l(4;1))

� g(h(2;1); b2(g(4;1) � c2)s(g(5;1); l(3;1)))

�(CQT1)
v(a1; g(3;1)l(2;1))b(a2; s(g(2;1); l(1;1)))b(a3; g(1;1) � c1)b(a4; b1)W(h(1;1); g(6;1)l(4;1))

� g(h(2;1); b2(g(4;1) � c2)s(g(5;1); l(3;1)))

�(ADP2)
v(a1; g(3;1)l(2;1))b(a2; s(g(2;1); l(1;1)))b(a3; g(1;1) � c1)b(a4; b1)W(h(1;1); g(6;1)l(4;1))

� g(h(2;1); s(g(5;1); l(3;1)))g(h(3;1); g(4;1) � c2)g(h(4;1); b2)

�(DP2)
v(a1; l(1;1))v(a2; g(2;1))b(a3; g(1;1) � c1)b(a4; b1)W(h(1;1); g(5;1)l(3;1))

� g(h(2;1); s(g(4;1); l(2;1)))g(h(3;1); g(3;1) � c2)g(h(4;1); b2)

�(CQTL2)
v(a1; l(1;1))v(a2; g(2;1))b(a3; g(1;1) � c1)b(a4; b1)W(h(1;1); l(2;1))

� W(h(2;1); g(4;1))g(h(3;1); g(3;1) � c2)g(h(4;1); b2)

�(BC2)
v(a1; l(1;1))b(a2; c1)v(a3; g(1;1))b(a4; b1)W(h(1;1); l(2;1))

� W(h(2;1); g(3;1))g(h(3;1); g(2;1) � c2)g(h(4;1); b2)

�(BC4)
v(a1; l(1;1))b(a2; c1)v(a3; g(1;1))b(a4; b1)W(h(1;1); l(2;1))

� W(h(3;1); g(2;1))g(h(2;1); c2)g(h(4;1); b2)

� t(a1 
 h(1;1); c
 l)t(a2 
 h(2;1); b
 g):
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Next we check that (CQT3) for t as follows. For all a; b 2 A and x; y 2 Ha,

we have

t(a1 
 x(1;1); b1 
 y(1;1))(a2 
 x(2;a))(b2 
 y(2;a))

�v(a1; y(1;1))b(a2; b1)W(x(1;1); y(2;1))g(x(2;1); b2)(a3 
 x(3;a))(b3 
 y(3;a))

�v(a1; y(1;1))b(a2; b1)W(x(1;1); y(2;1))g(x(2;1); b2)(a3(x(3;1) � b3)s(x(4;1);y(3;1))


 x(5;a)y(4;a))

�(BC6)
v(a1; y(1;1))b(a2; b1)W(x(1;1); y(2;1))g(x(4;1); b3)(a3b2s(x(2;1); y(3;1))
 x(3;a)y(4;a))

�(CQTL3)
v(a1; y(1;1))b(a2; b1)W(x(3;1); y(4;1))g(x(4;1); b3)(a3b2s(y(2;1); x(1;1))
 y(3;a)x(2;a))

�(CQT3)
v(a1; y(1;1))b(a3; b2)W(x(3;1); y(4;1))g(x(4;1); b3)(b1a2s(y(2;1); x(1;1))
 y(3;a)x(2;a))

�(BC5)
v(a2; y(4;1))b(a3; b2)W(x(3;1); y(5;1))g(x(4;1); b3)(b1(y(1;1) � a1)s(y(2;1); x(1;1))


 y(3;a)x(2;a))

� (b1(y(1;1) � a1)s(y(2;1); x(1;1))
 y(3;a)x(2;a))t(a2 
 x(3;1); b2 
 y(4;1))

� (b1 
 y(1;a))(a1 
 x(1;a))t(a2 
 x(2;1); b2 
 y(2;1)):
p

Thus it follows from Proposition 4.8, Proposition 4.9, Proposition 4.10

and Theorem 4.11 that we have

THEOREM 4.12. Hopf p-crossed product Hopf p-coalgebra A\psH is co-

quasitriangular if and only if there exist forms b : A
 Aÿ! k,

v : A
H1ÿ! k, g : H1 
 Aÿ! k, W : H1 
H1ÿ! k such that (A; b) is a

coquasitriangular Hopf algebra, (A;H;v; s) is a skew (v; s; b)-Hopf p-

coalgebra quadruple, (H;A; g; s) is an anti-skew (g; s; b)-Hopf p-coalgebra

quadruple, (H; W) is a coquasitriangular-like Hopf p-coalgebra associated

to (v; g; sa) and the conditions (BC1) � (BC6) in Proposition 4.9 are sat-

isfied. Moreover, the coquasitriangular structure t on A\psH has a de-

composition

t(a
 h; b
 g) � v(a1; g(1;1))b(a2; b1)W(h(1;1); g(2;1))g(h(2;1); b2):

REMARK. Theorem 4.12 shows that if A is not a coquasitriangular

Hopf algebra then the Hopf p-crossed product Hopf p-coalgebra A\psH is

not coquasitriangular either.

Next by Theorem 2 in [10], we have

144 Tianshui Ma - Yanan Song



COROLLARY 4.13. If there exist forms b : A
 Aÿ! k, v : A
H1ÿ! k,

g : H1 
 Aÿ! k, W : H1 
H1ÿ! k such that (A; b) is a coquasitriangular

Hopf algebra, (A;H;v; s) is a skew (v; s; b)-Hopf p-coalgebra quadruple,

(H;A; g; s) is an anti-skew (g; s; b)-Hopf p-coalgebra quadruple, (H; W) is a

coquasitriangular-like Hopf p-coalgebra associated to (v; g; sa) and the

conditions (BC1) � (BC6) in Proposition 4.9 hold, then the category
A\psHM of the left comodules over the Hopf p-crossed product Hopf p-

coalgebra A\psH is braided monoidal category.

Acknowledgments. The authors would like to thank the referee for a

very careful reading of the article, and many valuable comments, which

have greatly improved the presentation of the article.

REFERENCES

[1] Y. DOI, Braided bialgebras and quadratic bialgebras. Comm Algebra, 21 (5)
(1993), pp. 1731-1749.

[2] T. S. MA - S. H. WANG, General double quantum groups. Comm. Algebra, 38
(2) (2010), pp. 645-672.

[3] B. L. SHEN, S. H. WANG. On group crossed products. Int. Electron. J. Algebra
4 (2008): 177-188.

[4] M. E. SWEEDLER, Hopf Algebras. Benjamin, New York, 1969.
[5] V. G. TURAEV, Homotopy field theory in dimension 3 and crossed group-

categories. Preprint GT/0005291.
[6] A. VIRELIZIER, Hopf group-coalgebras. J. Pure Appl. Algebra, 171 (1) (2002),

pp. 75-122.
[7] S. H. WANG, Group twisted smash products and Doi-Hopf modules for T-

coalgebras. Comm. Algebra, 32 (2004), pp. 3417-3436.
[8] S. H. WANG, Coquasitriangular Hopf group algebras and Drinfeld codoubles.

Comm. Algebra, 35 (2007), pp. 1-25.
[9] S. H. WANG - Z. M. JIAO - W. Z. ZHAO, Hopf algebra structures on crossed

products. Comm. Algebra, 26 (1998), pp. 1293-1303.
[10] M. L. ZHU - H. X. CHEN - L. B. LI, Coquasitriangular Hopf group coalgebras

and braided monoidal categories. Front. Math. China, 6 (5) (2011), pp. 1009-
1020.

[11] M. ZUNINO, Double construction for crossed Hopf coalgebras. J. Algebra, 278
(2004), pp. 43-75.

Manoscritto pervenuto in redazione 21 Marzo 2012.

Hopf p-Crossed Biproduct and Related Coquasitriangular Structures 145




