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Berezin Quantization and Holomorphic Representations

BENJAMIN CAHEN (*)

ABSTRACT - Let G be a quasi-Hermitian Lie group and let = be a unitary highest
weight representation of G realized in a reproducing kernel Hilbert space of
holomorphic functions. We study the Berezin symbol map S and the corre-
sponding Stratonovich-Weyl map W which is defined on the space of Hilbert-
Schmidt operators acting on the space of 7, generalizing some results that we
have already obtained for the holomorphic discrete series representations of a
semi-simple Lie group. In particular, we give explicit formulas for the Berezin
symbols of the representation operators n(g) (for g € G) and dn(X) (for X in the
Lie algebra of G) and we show that S provides an adapted Weyl correspondence
in the sense of [B. Cahen, Weyl quantization for semidirect products, Differ-
ential Geom. Appl. 25 (2007), 177-190]. Moreover, in the case when G is reductive,
we prove that W can be extended to the operators dz(X) and we give the ex-
pression of W(dn(X)). As an example, we study the case when 7 is a generic
unitary representation of the diamond group.
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1. Introduction

In [11] and [12], we introduced the notion of adapted Weyl correspond-
ence in order to generalize the usual Weyl quantization [1], [28]. Let us
consider a connected Lie group G with Lie algebra g and a unitary irre-
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ducible representation of G on a Hilbert space H. Assume that = is asso-
ciated with a coadjoint orbit O C g* of G by the Kirillov-Kostant method of
orbits [34], [35]. In [13], we gave the following definition for the notion of
adapted Weyl correspondence (see also [31]).

DEFINITION 1.1.  An adapted Weyl correspondence is an isomorphism
W from a vector space A of complex-valued smooth functions on the orbit O
(called symbols) onto a vector space B of (not necessarily bounded) linear
operators on H satisfying the following properties:

(1) the elements of B preserve a fixed dense domain D of 'H;

(2) the constant function 1 belongs to A, the identity operator I belongs
to Band W(Q) = I;

(3) A € Band B € B implies AB € 5;

4) for each f in A the complex conjugate f of f belongs to A and the
adjoint of W(f) is an extension of W(f);

(B) the elements of D are C™-vectors for the representation w, the
functions X (X € ¢) defined on O by X&) = (£,X) are in A and
WGEX)v = drn(X)w foreach X € q and each v € D.

A typical example is the case when G is a connected simply-con-
nected nilpotent Lie group. Each coadjoint orbit O of G is then dif-
feomorphic to R*" where n = 1/2dim O, the unitary irreducible re-
presentation of G associated with O can be realized in L*(R") and the
usual Weyl correspondence provides an adapted Weyl correspondence
on O [4], [44]. Another construction of adapted Weyl correspondences in
the nilpotent case can be found in [40]. Let us also mention that in [6] a
Weyl correspondence on a finite dimensional coadjoint orbit of some
infinite dimensional Lie group was used to recover the magnetic Weyl
calculus.

Besides the nilpotent case, adapted Weyl correspondences have been
constructed in various situations, in particular for principal series re-
presentations [11], [14], and for unitary representations of semi-direct
products of the form V x K where K is a semi-simple Lie group acting
linearly on a vector space V [13], [21], [22]. Note that adapted Weyl
correspondences have different applications in harmonic analysis and
deformation theory as the construction of covariant star-products on
coadjoint orbits [11] and the study of contractions of Lie group unitary
representations [25], [17].

Another way to generalize the usual quantization rules is the notion of
Stratonovich-Weyl correspondence [42], [29]. J. M. Gracia-Bondia, J. C.
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Varilly and various collaborators have studied systematically Stratono-
vich-Weyl correspondences [29], [24], [27], [30] (see also [10]).

DEFINITION 1.2. [29], [30] Let G be a Lie group and n a unitary re-
presentation of G on a Hilbert space H. Let M be a homogeneous G-space,
for instance a coadjoint orbit O associated with © as above, and let 1 be a
(suitably normalized) G-invariant measure on M. Then a Stratonovich-
Weyl correspondence for the triple (G, n, M) is an isomorphism W from a
vector space of operators on H to a space of (generalized) functions on M
satisfying the following properties:

(1) W maps the identity operator of H to the constant function 1;
(2) the function W(A*) is the complex-conjugate of W(A);

(3) Covariance: we have W(r(g) A n(g) D) = WA (g~ - x);

4) Traciality: we have

/ WA (@)W (B)(x) du(x) = Tr(AB).
M

In fact, each of these two notions of Weyl correspondence has ad-
vantages and disadvantages. For physical applications and for the Fourier
theory of G, it is convenient to use a Stratonovich-Weyl correspondence
instead of an adapted Weyl correspondence [27], [10]. On the other hand,
adapted Weyl correspondences have the advantage to connect = and O
directly, that is suitable to study contractions.

When G is a connected semi-simple non-compact real Lie group G with
finite center and 7 is a holomorphic discrete series representation of G, we
showed that the Berezin symbol calculus S provides a G-equivariant
adapted Weyl correspondence [18]. Moreover, S is an isomorphism from
the Hilbert space of all Hilbert-Schmidt operators on H (endowed with the
Hilbert-Schmidt norm) onto a space of square-integrable functions on O
and, in [20], we obtained a Stratonovich-Weyl correspondence W by taking
the isometric part in the polar decomposition of S, that is, W := (SS*)~%/28.
Note that B :=SS* is the so-called Berezin transform which have been
intensively studied, see for instance [26], [37], [38], [43], [45]. The idea of
constructing Stratonovich-Weyl correspondences in such a way can be
found in [27], see also [2] and [3]. In [20], we proved that B hence W can be
extended to a class of functions which contains S(dn(X)) for X € g¢ and that
the linear forms X — S(dn(X)) and X — W(dn(X)) are proportional. The
same results also hold for unitary irreducible representations of a compact
semi-simple Lie group, see [16] and [19].
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The aim of the present paper is to extend the preceding results to the
more general setting of [36], Chapter XII. More precisely, we consider a
quasi-Hermitian Lie group G and a unitary representation z of G which is
realized in a reproducing kernel Hilbert space of holomorphic functions on
some complex domain D. We introduce and study the corresponding Be-
rezin calculus S and we compute the Berezin symbols of 7(g) for g € G and
of dn(X) for X € g (Section 4). We show that the coadjoint orbit O asso-
ciated with 7 is diffeomorphic to D and that S provides an adapted Weyl
correspondence on O (Section 5).

When g is reductive, we show that the corresponding Berezin transform
B can be extended to a space of functions which contains, in particular,
S(dn(X)) for each X € g. This allows us to define W(dn(X)) for X € g. More
precisely, consider the decomposition g = Z(q) @ q; @ ... & g,, where Z(g)
is the center of g and the g; are simple ideals. Then we show that for each j
such that g; is non-compact there exists a constant ¢; >0 such that
W(dn(X)) = ¢;S(dn(X)) for each X € q; (Section 6).

In the general case, it seems difficult to obtain an explicit expression
for W(dn(X)). In Section 7 we illustrate the case where g is solvable by
taking G to be the diamond group and n to be a unitary irreducible
representation of (G which is associated with a generic coadjoint orbit of
G. In this case, the Berezin transform has a rather simple expression
and we can compute W(dn(X)) for X € g. Then we see in particular that
W(dn(X)) and S(dn(X)) are not related in the same way as in the case
where g is reductive.

2. Preliminaries

The material of this section and of the following section is essentially
taken from the excellent book of K.-H. Neeb, [36], Chapter VIII and
Chapter XII (see also [41], Chapter II and, for the Hermitian case, [32],
Chapter VIII and [33], Chapter 6).

Let g be a real quasi-Hermitian Lie algebra, that is, a real Lie al-
gebra for which the centralizer in g of the center Z(f) of a maximal
compactly embedded subalgebra f coincides with f [36], p. 241. We as-
sume that g is not compact. Let g be the complexification of g and
Z=X+1Y - 7Z* = —-X +1Y the corresponding involution. We fix a
compactly embedded Cartan subalgebra §) C f, [36], p. 241 and we de-
note by 0§° the corresponding Cartan subalgebra of g°. We write
A:= Ag°, §°) for the set of roots of g¢ relative to ) and g° =)@ 3 q,

aed
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for the root space decomposition of g¢. Note that «(§)) C iR for each « € 4
[36], p. 233. Recall that a root o« € 4 is called compact if «((Z,Z*]) > 0
holds for some element Z € g,. All other roots are called non-compact
[36], p. 235. We write 4, respectively 4,, for the set of compact, re-
spectively non-compact, roots. Note that f*=0°® > g, [36], p. 235.

Recall also that a subset 47 C 41is called a positive syasei?ém if there exists
an element X € i) such that 4™ = {o € 4 : «(Xp) > 0} and «(Xp) # 0 for
all o € 4. A positive system is then said to be adapted if for « € 4; and
pedan 4, we have f(Xo) > a(Xp), [36], p. 236. Here we fix a positive
adapted system 4" and we set 4 := A" N 4, and 4] := 4" N 4, see [36],
p. 241.

Let G° be a simply connected complex Lie group with Lie algebra g°
and G C G, respectively, K C G°, the analytic subgroup corresponding to
q, respectively, f. We also set K¢ = exp (f) C G° as in [36], p. 506.

Let p* = Y g,and p~ = > g_,. We denote by P* and P~ the ana-

aedy o€

lytic subgroups of G° with Lie al%ebras p*t and p~. Then G is a group of
the Harish-Chandra type [36], p. 507, that is, the following properties are
satisfied:

1) g =p" @I @p is a direct sum of vector spaces, (b)) = p~ and
[£7,p*]1 C p;

(2) The multiplication map PTK‘P~ — G°, (z,k,y) — zky is a biholo-
morphic diffeomorphism onto its open image;

@) GC PTKP~ and GNK°P~ =K.

Moreover, there exists an open connected K-invariant subset D C p* such
that GK°P~ =exp (D)K°P~, [36], p. 497. We denote by ( : PTK°P~ — P™,
k: PTKP~ — Kandn: PTK°P~ — P~ the projections onto P*-, K°- and
P~-component. For Z € p*andg € G°withgexpZ € P"K°P~,we define the
element g - Z of p* by g - Z := log{(gexp Z). Note that we have D = G - 0.

We also denote by g — ¢* the involutive anti-automorphism of G¢ which
is obtained by exponentiating X — X*. We denote by p,+, pi and py- the
projections of g¢ onto p*, £ and p~ associated with the direct decom-
position ¢¢ = pT S @ p.

The G-invariant measure on D is du(Z) := yy(xk(exp Z* exp Z)) dy (Z)
where y, is the character on K° defined by yy(k) = Det,:(Adk) and
du; (Z) is a Lebesgue measure on D [36], p. 538 (in fact, this result is
proved in [36] under the assumption that p* is abelian but by adapting
the arguments of [16] we see that the same result holds in the general
case).
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3. Representations

We keep the notation of Section 2. We fix a unitary character y of K.
We also denote by y the extension of x to K. We set K, (Z, W)=
x(k(exp W* epo))’1 for Z, W € D and J,(9,2) = y(k(gexp2)) for g € G
and Z € D. We consider the Hilbert space H, of holomorphic functions on
D such that

191E:= [ 1 @P 2.2 du@< + o
D

In the rest of the paper, we assume that 7, # (0). Then H, contains the
polynomials [36], p. 546. Moreover, the formula

n(Df ) =T (g7, 2) " flg™t-2)

defines a unitary representation of G on H, which is a highest weight re-
presentation with highest weight 7 := dy/| [36], p. 540.

Note also that H, is a reproducing kernel Hilbert space. More pre-
cisely, there exists a constant c, >0 such that if we set ez(W):=
¢, K,(W,Z) then we have the reproducing property f(Z) = (f, eZ>X for
each f € H, and each Z € D [36], p. 540. Here (-, '>x denotes the inner
product on H,.

Applying the reproducing property to the constant function f(Z) = 1 we
see that c, is given by

¢! = / K,.(Z,7) " du(2).
D

The following lemma will be need later.

LemMa 3.1. Let Ey,Es, ..., E, be a basis of bt such that E; € Qs
where o; € A; for =1,2,....m. Then we have Z([E;,Ej])<0 for each
1=12,...,m.

m

Proor. For Z € p*, we write Z = ) 2;K; and we set p;(Z) = z;. We

. 1/2 =
also set |Z] = (Z zj|2) .
i=1

First, we fix j = 1,2,...m. We note that if k = exp H with H € ) then
we have p;(Ad(k)Z) = ¢*p;(Z). Then, performing the change of variables
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Z — k- Z = Ad(k)Z in the integral

Wp), = [ 5K.2 duc2)
D

we get (1,p;), = e (1, p;) , for each H € [ hence (1,p;), = 0.

Consequently, we can choose an orthonormal basis (f),>¢ of H, such
that £o(Z) = 1/||1]|, = ¢;/* and fi(2) = ||p;| 'p;(2). It is well-known that
the reproducing kernel of H, is also given by ez(W) = > fi(Z)f,(W). Then
we have 120
3.1) ex(7) = c,y(clexp Z* exp 2)) " > ¢, + ||pjl| 2z
foreachj=1,2,... m.

On the other hand, by adapting the arguments of [15], Section 4, we get
K(exp Z* exp Z) = exp (pe([Z*, Z]) + O(\Z|3)) for Z close to 0. Then we have

(3.2) ¢ 1 Gclexp Z  exp Z) = ¢,(1 — pe((Z*, Z]) + O(Z)).

Thus, combining (3.1) and (3.2) and applying to Z = z;E; for z; close to 0, we
obtain , o
— B} EDg” + 0i") > ¢ M pill (2.

This implies that )v([E]’f,E]-]) <0foreachj=1,2 ... m. O

Now, we give an explicit expression for the derived representation dr,.
If L is a Lie group and X is an element of the Lie algebra of L then we
denote by X the right invariant vector field on L generated by X, that is,

Xt (h) = %(exp tX)h|,_, for h € L.

By differentiating the multiplication map from P* x K¢ x P~ onto
PTK°P~, we can easily prove the following result.

LEMMA 3.2. LetX € g°andg =zkywherez € PT ke K°andy € P.
We have

1) di,(XT(g) = (Ad(z) pp+ (Ad(z™H) X)) " (2).

©2) diey(X7(9) = (pe(Ad(z ™) X)) " (k).

@) dn,(X*(9)) = (Ad(k™) py-(Adz™1) X)) " (3).

From this, we deduce the following proposition (see also [36], p. 515).

ProrosiTION 3.3. For X € g° and f € H,, we have

dr,(X)f(Z) = dy(py(Ad((exp 2) N X)) f(Z) — (df )z (%pw(e*a‘w X)) .
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In particular, if g is reductive then
(D) If X € p* then dn,(X)f(Z) = —(df)z(X).
@) If X € £ then dn,X)f(Z) = dyX)f(Z) + (df)2(Z, X).

1
@) If X € p~ then dm,(X)f(2) = ~dx(1Z, XDf(Z) — 5(df)7(Z,[Z, X]).

4. Berezin symbols

In this section, we introduce the Berezin calculus on D [8], [9] and we
give explicit expressions for the Berezin symbols of 7,(¢g), g € G and of
dn,(X), X € g° following the same lines as in [18].

Consider an operator (not necessarily bounded) A on H, whose domain
contains ez for each Z € D. Then the Berezin symbol of A is the function
S,(A4) defined on D by
(Aez, ez),

S
’ 4

We can verify that an operator is determined by its Berezin symbol and
that if an operator A has adjoint A* then we have S,(4*) = S,(4) [8], [23].
Moreover, we have the following equivariance property.

Lemma 4.1. (1) For each g € G and each Z € D, we have m,(g)ez =
E—
JX(Q,Z) €g.7.

(2) Let A be an operator on 'H, whose domain contains the coherent
states ez for each Z € D. Then, for each g € G, the domain of n,(g~)An,(g)
also contains ey for each Z € D and we have

4.1) S,(m,(9) " An,(g)(Z) = S,(A)g - Z)
foreach g € G and Z € D.
Proor. (1) Forg € G and Z, W € D, we have
(ew.my(9)ez), = (m,(g Dew, ez), = (m,(g ew)(Z)

=J,(9,2) " ew(g - Z) = J (9, %) ew, e4.2),.

Then we have r,(¢)ez = J,(g, Z)ilegz.
(2) This is an immediate consequence of (1). O
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ProrosiTiON 4.2. (1) For g € G and Z € D, we have
S, (m,(P)Z) = x(r(exp Z*g LexpZ) k(exp Z* exp 7).
@) For X € g° and Z € D, we have
S (dr,(X))Z) = dy (pg(Ad(((exp Z* exp Z) Lexp ZMX)).
In particular, if p* is abelian and X € , we have

S,(dr,(X)(Z) = dy(X + pellog nexp Z* exp 2),1X, Z11).

Proor. (1) We have
((9ez,ez), = @ (9en) D) = TG, 2)  ey2(2)

= ¢, 7gexp ) 1(clexp (g - Z) exp 2) .
Now, we write
gexpZ = exp (g - Z)x(g exp Z)y(g exp Z)
Then we have
expZig expZ =n(gexp Z)'x(gexpZ) exp(g-Z) exp Z.
Thus, since g* = g1, we get
K(expZ gL expZ) = i(gexp Z) i(exp (g - Z)* exp Z)
This gives
(n(@ez,ez), = cl;((;c(eXpZ"gf1 epo))*1

hence the result.
(2) The result easily follows from the computation of the derivative of
the function S, (7, (exp tX))(Z) at t = 0 by means of Lemma 3.2. O

5. Adapted Weyl correspondence
In this section, we show that the Berezin calculus A — S,(A) gives an

adapted Weyl correspondence on the coadjoint orbit of G associated
with 7.
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Recall that y is a unitary character of K. Then the linear extension of
dy € " to f° (also denoted by dy) is zero on g, for each « € 4.. Moreover we
have dy(§)) C iR. Consider the linear form ¢ on g¢ defined by ¢ = —idy on f°
and ¢ = 0 on p*. Then we have &(q) C R and the restriction & of ¢ to g is an
element of g*. We denote by O(&) the orbit of &, in g* for the coadjoint
action of G. Then we have the following result.

PROPOSITION 5.1.
(1) Foreach X € q° and each Z € D, we have
S(dr, X)NZ) = iy (Z),X)

where y (Z) := Ad" (exp(— Z*) {(exp Z* exp Z)) &.
(2) Foreach g € G and each Z € D, we have y(g - Z) = Ad*(9) w(Z).
(3) The map v is a diffeomorphism from D onto O(&).

Proor. Statement (1) is an immediate consequence of (2) of Proposi-
tion 4.2, and Statement (2) follows from Statement (1) and Lemma 4.1. In
order to prove Statement (3), we first show that for Z € D, the equality
w,(Z) = & implies Z = 0.

Assume that y/X(Z) =¢). Then we have Ad*({(expZ*expZ))&y =
Ad*(exp Z*)&. This implies that

&y, Ad({(exp Z* eXpZ)*l)Z> = (&, Ad(exp (— Z")Z).

Thus, taking into account that &|,. = 0, we find that (&, [Z", Z]) = 0. Ap-
plying Lemma 3.1, we get Z = 0.

Now, suppose that v, (Z) = w,(Z') for some Z, Z' € D. Choose g, ¢’ € G
such that ¢-0=Z7 and ¢’ - 0 = Z'. By (2), we have Ad"(¢)&, = Ad"(¢)¢&.
Then we have Ad*(g'¢')%) = &, and by (2) again we get y,((g7¢") - 0) = &.
By using the assertion already proved, we obtain that (g~ 1¢’) - 0 = 0. Thus
we have g7'g/ ¢ K'P NG =K. Hence Z =g -0 =g -0 = Z'. This proves
that v, is injective. By using (2) we see that y, is also surjective hence bi-
Jective. It remains to show that y, is regular. Using (2) again, it is sufficient to
verify thaty, isregularatZ = 0. But, using Lemma 3.2, we easily obtain that

((dy o), X) = (&, X,V = V"))

for each V € p* and each X € g°. Assuming that (dy,)o(V) = 0 for some
V € p* and taking X = V in the preceding equality, we get (&, [V, V*]) =
hence V = 0 by Lemma 3.1. O
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6. Stratonovich-Weyl correspondence

We retain the notation from the previous sections. We denote by £L2(H,)
the space of all Hilbert-Schmidt operators on H,. It is well-known that the
map S, is a bounded operator from £5(7,) into L2(D, i) which is one-to-one
and has dense range [39], [43].

The Berezin transform is the operator on L2(D) defined by B,:=8 XS;
or, equivalently, by the integral formula

ez, ew)|?
6Z>X <eWa eW);(

1 B, F(Z) = F
6.1) F(Z) Z W) 7 du(W)

(see [8], [43], [45] for instance). As a consequence of the equivariance
property for S, B, commute with p(g) for each g € G, where p is the left-
regular representation of G on L%(D, 1)

Now, we introduce the polar decomposition of S, S, = (SXS;)I/ W, =
B;/ 2W1 where W, :=B, 1 2Sz is a unitary operator from L»(H,) onto
L2(D, 11). We immediately obtain the following proposition which is analo-
gous to Theorem 3 of [27] and Proposition 3.1 of [20]. Note that, by (2) of
Proposition 5.1, the measure , := (l//; 1Y*(u) is a G-invariant measure on

Oy).

PROPOSITION 6.1. 1) The map W, : L2(H,) — L*(D, 1) is a Stratono-
vich-Weyl correspondence for the triple (G,n,, D), that is, we have

1) W(A*) = W(A);
@) W(g)An(g) )NZ) = WA)g ™ - Z);
3) W, is unitary.

2) Similarly, the wmap WX:LIg(HZ)—>L2((’)(£0), Lo) defined by
W, (A) =W, (A) oy is a Stratonovich-Weyl correspondence for the
triple (G, m,, O(&)).

Note that here we have relaxed the requirement that W, maps the
identity operator I to the constant function 1 (see Definition 1.2) since it is
not adapted to the present setting where 7 is not Hilbert-Schmidt. How-
ever, this requirement should be hold in some generalize sense, see [29].

In the rest of this section, we assume that ¢ is reductive. Then p* and
b~ are abelian, [p*,p~] C £ [36], p. 241 and D is bounded [36], p. 504. We
will extend the Berezin transform to a class of functions which contains
S, (dn, (X)) for X € g° in order to define and study W, (dr,(X)).
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We introduce some additional notation. Let (£,), a5 be a basis for p*
such that £, € g, and a([E%, E,]) = 2 for each o € A;. Let oy, 09, ...,0, be

n

an enumeration of 4. We write Z = }_ z:£,, for the decomposition of
k=1

Z € p" in the basis (#,,). If f is a holomorphic function on D, then we

denote by 0i.f the partial derivative of f with respect to z;. We say that a
function f(Z) on D is a polynomial of degree ¢ in the variable Z if

n
f ( > zkEak) is a polynomial of degree ¢ in the variables zi,z2,...,2),.
=1

For Z, W € D, we set l;(W) :=logn(exp Z*expW) € p~.

LEMMA 6.2.

(1) For Z, W e Dand V € p*, we have
d
7 ez(W + tV)|t:0= —ez(W) dy([lz(W), V]).
and, for Z, W € Dand V € p*, we have
d 1
7! lz(W + tV)|t:0= 5 [Lz(W),[lz(W),V]].

2) The function (O, Ok, - Ok, ez)(W) 1s of the form ez(W)P(lz(W))
where P is a polynomial of degree < q.

(3) Foreach X1,Xs, ..., X, € ¢, the operator dn, (X1 X5 - -- X,) is a sum
of terms of the form P(Z)0, O, - - - O, where P is a polynomial in Z
of degree < 2q.

(4) Each holomorphic differential operator on D with polynomial
coefficients has Berezin symbol. In particular, for each
X1,X, ..., Xy €05 S,(dn, (X1 Xz - - - X)) is well-defined and is a sum
of terms of the form P(Z)Q(l;(Z)) where P is a polynomial of degree
< 2q and Q is a polynomial of degree < q.

Proor. We verify (1) by a routine computation using Lemma 3.2. (2) is
deduced from (1) by induction on g and (3) follows from (2) and Proposition
3.3. Finally, (4) is a direct consequence of (2) and (3). O

Let y4,79, - ..,7, be a maximal orthogonal subset of A;; as in [36], p. 503.
We set ¢, := —Maxj<s<,(4 + io)([E;fr,E,,r]) where g = dX0|nc. The follow-
ing proposition is analogous to Proposition 4.1 of [20].
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ProrosiTiON 6.3. If q <q, then for each Xi1,Xo,...,X, € g’ the
Bevezin transform of S,(dn,(X1Xz - - - X)) is well-defined.

Proor. We imitate the proof of Proposition 4.1 of [20]. We fix Z € D
and we choose ¢ € G such that g-0=Z. By performing the change of
variables W — g - W in the integral (6.1) we get

BP0 = [ Flg-Wlew.ew); " dut)

(6.2)
= / F(g-W)e,(x.y0)(exp W exp W) du (W)

Note that if F =S,(dn,(X:Xs---X,) then we have F(g-W)=
S, (dn,(Y1Yz - - - Y))(W) where Y}, := Ad(g,;1)X} for k =1,2,...,q. Now we
verify that the condition ¢ < g, implies that the function

W — S,(drn,(Y1Ys2 - - - YO))W)(x.0)(c(exp W™ exp W)

is bounded hence integrable on the bounded domain D. By Lemma 6.2, the
function S, (dn,(Y1Y> - --Y,)) is a sum of terms of the form P(W)Q(w(W))
where P is a polynomial and @ is a polynomial of degree < q. By [36], p. 504,

each W € D can be written as W = Ad(k)( Z ts y) where k € K and
tse€]1—1,1[fors=1,2,...7. Fromthe orthogonahty of the roots y,, we get

* _ - tS *
(6.3) log n(exp W* exp W)) = Ad(k) (2 7 E)
and
u 1
64)  Kk(expW*expW) =k exp <§; log 7—— [E;‘,S,ny]> k71
§= s

Then we have

»
Grxo)(exp W expW)) = [T (1 — )70 50,
s=1

Thus we see that the condition ¢ < ¢, implies that the functions
W — PW)QUw (W))(xx0)rc(exp W exp W)

are bounded hence the result. O
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In particular, if ¢, > 1 then the Berezin transform of S, (dn,(X)) is well-
defined for X € g° In the rest of this section, we study B,S,(dn,(X)) in
order to define W, (dr,(X)).

Since g is reductive, we have the direct decomposition g =g, P a;®--- gy
where g, = 2(qg), the ideals gy,...,q,, are non-compact and the ideals
Quusls - - - » Gy are compact.

Let j=m+1,...,N. Note that g; C f. Then, since y is a unitary
character of K, we have A(X) = dy(X) = 0 for each X € Q- Moreover, for
X egjand Z € p*,we have [X,Z] € g; N p" C £°Np* = (0). Therefore, by
using Proposition 3.3 we see that dr,(X) = 0 for each X € g;.

The following proposition is the generalization of Proposition 5.2 in [20].

PROPOSITION 6.4. The Berezin transform maps S,(dr,(q%) onto itself
and for each j=0,1,...,m there exists a constant c¢; >0 such that
B,S,(dn,(X)) = ¢;S,(dn,(X)) for each X € q;

Proor. First we consider the linear form b, defined on g° by

(6.5) bZ(X)::BXSX(an(X))(O):/Sl(an(X))(Z))((K(eXpZ* exp 2)) du(Z).
D

Changing variables Z — k™! - Z in this integral we see that b, (Ad(k)X) =
b,(X) for each k € K and each X € g°. In particular, for X € g, and
k=expH with Hel) we get ¢b,(X) =0b,(X). Then we see that
b,(X) = 0 for each X € g,, o € 4. Moreover, for each H € §), we have

b,(H)= c;l},(H) +/)»([log nlexpZ*exp Z),[H, Z]]) y(k(exp Z* exp Z))du(Z).
D

Now, as in [36], p. 552, we consider the decomposition Dy x Dg X - - - X D,
corresponding to the direct decomposition g=gqg,®q; ®---gy. For
J=12,...,m, wealsoset b :=hngj; 4 = /l|bj, ete. Then for each H € b;
we have

b,(H) = C;l/lj(H) + [ 4j([logn(exp Z; exp Zj), [H, Z;11) x;(i(exp Z; exp Z)dp(Z)),

D;
with obvious notation. Therefore, by [20], Proposition 5.1, there exists a
constant ¢; > 0 such that b,(H) = ¢;/;(H) for each H € f)j. This implies that
B (S, (dr,(X)))0) = ¢;S,(dr,(X))(0) for each X € Q- Finally, replacing X by
Ad(g~1)X and applying equivariance (see Lemma 4.1) we obtain the desired
result. 0
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As a consequence of this proposition, we can define B;l/ % on the
space of functions {S,(dn,(X)):X € g°} and then W, on the space
{dn,(X): X € g°}. More precisely, for each j=0,1,...,m we have
W, (dn, (X)) = 071/25’ (dr, (X)) for each X € g Note that ¢o = 1 but the
explicit computatlon of the constants ¢; for j > 0 is not easy in general,
see Section 6 of [20] for the case G = SU(p, q).

7. Example: the diamond group

In this section we show by considering the case of the diamond group
that, in general, one cannot expect to get results similar to those obtained
in Section 6 for g reductive.

We fix an integer n > 1. The diamond (real) Lie algebra g is the semi-
direct product of R with the (2n + 1)-dimensional Heisenberg Lie algebra.
More precisely, g has basis {H,Z,X1,...,X,,Y1,...,Y,}, the non-trivial
brackets being given by

[H,X]=-Yy; [HY)=Xy; [X.Vil=2Z

Let G be the connected and simply connected (real) Lie group with Lie
algebra g. Then G is a non-exponential solvable Lie group. Each g € G can
be written uniquely as

g = exptH exp (Z . Xy + Zkak + SZ)
% %

where t, s, x; and ¥ are real numbers. Then we denote g = (2, s, (), (¥r))-
The group law of G is given by

(t,s, (@), )., s, @), () = @, 8", @), W)

where
t" :t + t/
"o / 1 / !/ / : !/ / /
s" =s+5 + QZ(cost (@ryy, — X Yk) — sint (g, + yk-yk))
%
), =x), + apcost’ — ysint’
Y =y, + wpsint’ + yycost’.
Let{H*,Z ,X;,...,X:, Y ... Y:}bethe dualbasisof g*. The coadjoint

action of g =(t,s, (), (Yr)) € G on &=1[d,c (@), (b)) := dH" +cZ +
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Y X; + Y b Y™ is given by Ad"(¢9)¢ = [d', ¢, (a},), (b),)] where ¢’ = ¢ and
k k

d =d +§ S (F+uR) + ) (o — bir)
k k

@, = ay cost + by sint — c(uy, sint — yy, cost)

b, = — aisint + by, cost — c(uy, cost + yy sint).

From this, it follows that if a coadjoint orbit of G contains a point of the
form [d, 0, (ay,), (by)] then it is trivial or diffeomorphic to R x St. Moreover,
if a coadjoint orbit contains a point [d, ¢, (ay), (br)] with ¢ # 0 then it has
dimension 2% and contains a unique point of the form [d, ¢, (0), (0)] with
¢ # 0. Such an orbit is called generic.

In the rest of this section, we fix &, = [dy, co, (0), (0)] € g* such that
co # 0 and we consider the generic coadjoint orbit O(&)) of &,. We assume
that ¢y > 0 (the case where ¢y <0 can be treated similarly).

The subalgebra § = span{H,Z} is a compactly embedded Cartan
subalgebra of g. Here we have f = ). We choose the positive root to be o
defined by a(H) = —i. Then we see that p* has basis (£, ')i<j<n Where

=1/2(X; — 1Y;). We write Z = Zz]E for the decomposition of Z € p*
in thls basis.

The PTK°P~-decomposition of g = (¢, s, (1), (yx) € G is given by

g = exp Z ;X — iY}) exp uH + vZ) exp » _ bp(X + 1Y)
k

where u=t, v=s5—(i/4 Z @2 +y2), @ =1/20x +iye ™  and
b = 1/2(90k — W)
From this, we deduce that if Z = )" 2;/; then we have
J

r(exp Z* exp Z) = exp (% |Z\ZZ)

where |Z| = (Z |21 ) . Moreover the action of (¢, s, (xx), (yx) € G on
Z = Zz]E’ € D is given by g- Z = Z (2 + j + iy;)e""E;. Note that here

we have D=pt.

Since we have [H, Ej] = —ik; for each j = 1,2,...,n, we immediately
see that Try-ad(uH +vZ) = —inu for each u, v € C. The character y, is
then y,(exp (uH —H)Z)) = ¢~ In particular we have Jolk(expZFexpZ)) =1
for each Z € p™. The G-invariant measure on D = p* is then the Le-
besgue measure /. Here we normalize y;, as follows. We take dyu;, (Z2) =
@2n) "cj derdy; - - - dw,dy, where Z =Y (x; + w))E;, x;, y; € R.

J
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We consider the character y of K defined by y(exp(uH + V7)) =
eidontem) for y, v € R. Then we have dy|; = i&|;. We can easily verify that

e (W) = 1 Lc(exp Z* exp W) = W)

with the notation (W,Z) := > zZw; for Z = > z;Ejand W = Y w;E; in p*.
We also have J J J

. ¢ . ¢
J(g,7Z) = expi(dot + cos) exp (20 Z 2oy — 1yx) + ZOZ (@} + Z/@)
e e

for Z € p* and g = (t,s, (@), (yx) € G. Note that we have ¢, =1 here.
Therefore, 7, is given by

7, (9)f (Z) = exp i(dot + cos) exp (— 04—0 Zk: (x% +y%)) exp (% zk: 2 (. — iyk)eit)

Xf(Z (e —xp — i?/k)Ek)
&
for Z € pt, g = (t,s, (xy), () € G and f € H,. Note that the norm of H, is
defined by
1712 = [ 1@ e a2
p+
We can verify that n, can be also obtained from O(&)) by using
the general method of [5], taking the positive polarization

spanp{H,Z,Xj +1Y;,1 <j<m} at &, see [T], p. 189-190.
By differentiating 7, we get

. 1.
S (HND) = idy + |2
S (dn(Z)Z) = icy
S,(dr, (X)Z) = %cO(zk —%

S, (dn,(Y))(Z) = — %co(zk 7).

This gives

1 2 ¥ Rk — Rk 2 + 2
Z) = —colZ|” |H" A X; — Y:.
w(Z) <d0+200| | ) +co —&-Xk:CO 5 Xk Xk:Co 5 Yk



294 Benjamin Cahen

Note that w(Z) = Ad*(9)&, where g = (t,0, Re(e"Z), Im(¢"Z)). Note also
that the Berezin symbol of 7,(g) is

S, ()2 = expildat + cos) exp (_ @ |Z|2) exp (_ “ St + yi))
X exp< el sz(mk - zyk)> exp< e|Z| >
X exp( 62 ; (e + zyk)zk>

for g = (t,s, (), (y)) € G and Z € p*.
The Berezin transform is given by

B,(F)(Z) = / W Z)+ZW)=IZF W) POW) dy, (W)
o
= / e W F(Z — W) dyy (W).
o
In particular, we consider the function F,; defined by F,;(Z) =
e"ReZ.U) for y € C and U € p* such that |U| = 1. Then we have

B,(F,;)Z) = F, (2) / ¢ AW e RV Gy (W) = ¢ /%0 F, (7).
p+
On the other hand, let us introduce the Laplacian L :=4 Z 3 8;_
R

L(F, ) = —y2F%U. Then B, (F, ;1) = exp (L /2co)(F,.17) for each y, U and we
have recovered the well-known formula B, = exp(L/2c)), see the in-
troduction of [43] for instance. We are now in position to compute
W, (dn, (X)) for X € g. Indeed, one has

W (dm,(X)) = B, /%S, (dm,(X)) = exp ( — L/4co)S,(dm,(X)).

Clearly

Then we irqmediately obtain W, (dn,(X)) = S,(dn,(X)) for X =X;,...,X,,
Yi,...,Y,,Z and

W (dr,(H)) = S,(drn,(H)) — L(S ,(dn,(H))) = S,(dn,(H)) — —m
In particular, we cannot find a basis (X;) of g for which there exists a

family (c;) of real numbers such that W,(dn,(X))) = ¢;S,(dn,(X})) for each
7, as this is the case when g is reductive, see Section 6.
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