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ABSTRACT - This paper is devoted to optimal partial regularity of weak solutions to
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condition in Carnot groups. We begin with establishing a Sobolev-PoincareÂ type
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1. Introduction and statements of main results

In this paper, we consider nonlinear sub-elliptic systems of second or-

der in divergence form under the sub-quadratic (15m52) controllable

growth condition in Carnot groups, and settle optimal partial regularity for

horizontal gradients of weak solutions.

More precisely, let V � G be a bounded domain in a Carnot group G

with general step, and consider the following system

ÿ
Xk

i�1

XiA
a
i (j;u;Xu) � Ba(j;u;Xu); j 2 V; u 2 RN; Xu 2 RkN(1:1)
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with sub-quadratic controllable structure conditions (H1)-(H3) and (C),

where

(H1): Aa
i (j;u; p) is differentiable with respect to p, with bounded and

continuous derivatives, that is, there exists a constant C such that��Aa
i;pj

b

(j;u; p)
�� � C(1� pj j2)

mÿ2
2 ; (j;u; p) 2 V�RN �RkN; 15m52;(1:2)

where we denote by Aa
i;pj

b

( � ) � @Aa
i ( � )
@pj

b

;

(H2): Aa
i (j;u; p) satisfies the following ellipticity condition

Aa
i;pj

b

(j;u; p)hai h
b
j � l(1� pj j2)

mÿ2
2 hj j2; 8 h 2 RkN;(1:3)

where l is a positive constant;

(H3): Aa
i (j;u; p) is HoÈlder continuous with exponent g 2 (0; 1) in the

first and second variables, i.e.,��Aa
i (j;u; p)ÿ Aa

i (~j; ~u; p)
�� � K( uj j)(dm(j; ~j)� ��uÿ ~u

��m)
g
m(1� pj j2)

mÿ1
2 ;(1:4)

where K( � ) : [0;1)! [0;1) is monotonously nondecreasing. Without

loss of generality, it is convenient to take K( � ) � 1;

(C) (Controllable growth condition): Denote r � mQ

Qÿm
and require

Ba(j;u; p)j j4a pj jm(1ÿ 1
r )�b uj jrÿ1� c;(1:5)

where Q � 3 is the homogeneous dimension in Carnot groups (see (2.3)

below), and a; b and c are positive constants.

Furthermore, (H1) infers that there exists a continuously nonnegative

and bounded function v(s; t) : [0;1)� [0;1)! [0;1), where v(s; 0) � 0

for all s, and v(s; t) is monotonously nondecreasing in s for fixed t; v(s; t) is

concave and monotonously nondecreasing in t for fixed s, such that for all

(j;u; p); (~j; ~u; ~p) 2 V �RN �RkN,��Aa
i;pj

b

(j;u; p)ÿ Aa
i;pj

b

(j;u; ~p)
�� � C(1� pj j2� ~pj j2)

mÿ2
2 v( pj j; pÿ ~pj j):(1:6)

As is well known, even under reasonable assumptions on Aa
i ; Ba in the

systems, people cannot in general expect that weak solutions of nonlinear

elliptic systems of equations will be classical (i.e. C2-solutions) like elliptic

scalar equations. This was first shown by De Giorgi [1]. Then the goal is to

establish partial regularity of weak solutions for systems. Such regularity
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means that for any weak solution u of a system, there exists an open subset

V0 � V such that VnV0 has a zero Lebesgue measure and u or its gradient

Du is locally regular in V0 . We refer the reader to monographs of Gia-

quinta [2, 3] and Chen-Wu [4].

There are different methods to prove partial regularity: the direct

approach was first carried out by Giaquinta-Modica [5]; Guisti-Miranda [6]

was earlier to employ the blow-up method; furthermore, Duzaar and

Grotowski in [7] generalized so called A-harmonic approximation techni-

que in [8] and gave the remarkable proof of partial regularity for systems

with quadratic growth conditions(m � 2). This method has two major ad-

vantages: the first is that we only need to establish a Caccioppoli type

inequality; this avoids having to prove an inverse HoÈlder inequality. The

other is that one can obtain the optimal HoÈlder exponent in partial reg-

ularity. Then, Duzaar et al. [9] studied partial regularity of almost mini-

mizers of quasi-convex variational integrals with sub-quadratic growth,

and we also note that the degenerate p-Laplacian version of the method

has been obtained in [10], and applied to the partial regularity in [11]. In

the paper [9], Duzaar et al. actually provide a partially new proof of the

original regularity result of Carozza et al. [12]. Later, Chen and Tan in [13,

14] extended Duzaar and Grotowski's results [7] to more general nonlinear

elliptic systems under the super-quadratic growth (m > 2) and sub-

quadratic growth (15m52), respectively.

Several regularity results were focused on systems constructed by

basic vector fields in Carnot groups. Capogna and Garofalo in [15] showed

the partial HoÈlder regularity for quasi-linear sub-elliptic systems under

the quadratic structure conditions in Carnot groups of step two. Shores in

[16] considered a homogeneous quasi-linear system under the quadratic

growth condition on the Carnot group with general step. She first estab-

lished higher differentiability and smoothness for weak solutions of the

system with constant coefficients, and then deduced the partial regularity.

Their methods depend mainly on generalization of classical direct method

in the Euclidean space. Later, by the method of A-harmonic approxima-

tion, FoÈglein in [17] treated the homogeneous nonlinear system

ÿ
X2n

i�1

XiA
a
i (j;Xu) � 0; a � 1; � � � ;N

on the Heisenberg group under super-quadratic structure conditions. She

got partial regularity for the horizontal gradient of weak solutions to the

initial system. Then the first author and Niu in [18] considered more gen-
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eral nonlinear sub-elliptic systems (see (1.1)) in Carnot groups under super-

quadratic growth conditions, and established the optimal partial regularity

of the horizontal gradient of weak solutions.

In this paper, we will apply the method of A-harmonic approximation

adapted to the setting of Carnot groups to study partial regularity for the

system (1.1) under the controllable growth conditions with sub-quadratic

case (15m52). The key point is to establish a certain excess-decay esti-

mate for the excess function F. In the case m � 2, this function is given by

F(j0; r; p0) � Br(j0)
�� ��ÿ1

G

Z
Br(j0)

�
Xuÿ p0j j2� Xuÿ p0j jm�dj;

whereas in the case 15m52, one uses

F(j0; r; p0) � Br(j0)
�� ��ÿ1

G

Z
Br(j0)

V (Xu)ÿ V (p0)j j2dj;(1:7)

where V (A) � (1� jAj2)
4

mÿ2 for A 2 Hom(Rk;RN). It is shown that if

F(j0; r; p0) is small enough on a ball Br(j0)��V, then for some fixed u 2 (0; 1)

one has the excess improvement F(j0; ur; p0) � Cu2gF(j0; r; p0). Iteration of

this result yields the excess-decay estimate which implies the regularity

result. Although the underlying philosophy in this paper is encouraged by

that in [14, 9], some different treatment are necessary. Since basic vector

fields (see (2.1) below) of Lie algebras corresponding to the Carnot group

are more complicated than gradient vector fields in the Euclidean space, we

have to find a different auxiliary function in proving Caccioppoli type in-

equality. Inspired by [17], we choose horizontal variables to construct such a

suitable function (see Remark 1 below); Besides, the non-horizontal deri-

vatives of weak solutions will happen in the Taylor type formula on the

Carnot group and cannot been effectively controlled in the present hy-

potheses. So the method employing Taylor's formula in [14] is not appro-

priate in our setting. In order to obtain the desired decay estimate, we need

establish and use the Sobolev-PoincareÂ type inequality (3.1) instead.

The main result in this paper is as follows.

THEOREM 1. Assume that coefficients Aa
i and Ba satisfy conditions

(H1)-(H3) and (C), and u 2 HW1;m(V;RN) be a weak solution to the sys-

tem (1.1) with V � G, i.e.,Z
V

Aa
i (j;u;Xu)XiW

adj �
Z
V

Ba(j;u;Xu)Wadj 8 W 2 C10 (V;RN):(1:8)
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Then there exists an open subset V0 � V; such that u 2 G1;g(V0;R
N), with g

in (1.4). Furthermore, VnV0 � S1 [ S2 and meas (VnV0) � 0, where

S1 �
n
j0 2 V : lim

r!0�
sup (Xu)j0;r

�� ��ÿ � � 1o;
S2 �

(
j0 2 V : lim

r!0�
inf Br(j0)j jÿ1

Z
Br(j0)

Xuÿ (Xu)j0;r

�� ��mdj > 0

)
:

To the best of our konwledge, in the Heisenberg group, G0;g regularity

of weak solutions to sub-elliptic p-Laplacian equations is valid for 15p51
and was proved by several people during the 90's in [19, 20, 21], but when

turning to G1;g regularity, it is worthy of pointing out that the remarkable

contribution of HoÈlder continuity for the gradient of weak solutions to sub-

elliptic p-Laplacian equations is due to Capogna [22, 23], Marchi [24, 25],

Domokos [26, 27], Manfredi and Mingione et al. [28, 29], but the exponent

p should be near 2, and the limitation 2 � p54 appears in the most recent

of the cited works. Recently, Garofalo in [30] obtained the G1;g regularity of

weak solution which possess some special symmetries for 2 � p. When

turning to partial continuity of weak solutions, our result shows that the

G1;g continuity is also valid for exponent 15p52.

The plan of this paper is organized as follows: In Section 2, we in-

troduce two functions and their some useful properties, and collect some

basic notions and facts associated to Carnot groups. Since in the sub-

quadratic case we are dealing with functions belonging to the horizontal

Sobolev space HW1;m with 15m52, in the proof of the main results, a

Sobolev-PoincareÂ type inequality (see (3.1) below) will be used. So we

will prove this inequality and a prior estimate for constant systems in

Section 3. In Section 4, we show a Caccioppoli type inequality for weak

solutions to the system (1.8). Section 5 is devoted to the proof of The-

orem 1, and the process of the proof is split into four steps. An estimate

on weak solutions is established in the first step. Second step begins

with proving three ``small conditions'' (see (5.13)-(5.15) below), and then

obtain the excess-improvement for the function F in (1.7). Third step is

to show that we can iterate the statement in the second step. A decay

estimate

F(j0; r; p0) � Cr2g

is obtained in the last step, where g is the same as (1.4). Then we can infer

the conclusion of Theorem 1 employing Lemma 2 and Lemma 3 below.
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2. Preliminaries

A Carnot group G of step r is a simply connected, nilpotent Lie group

whose Lie algebra eg admits a stratification, i.e., eg �Lr
j�1

Vj such that

[V 1;V j] � Vj�1; j � 1; � � � ; r ÿ 1 and [V 1;Vr] � f0g: Let Xl
i denote a left-

invariant basis vector field of Vl with 1 � l � r and 1 � i � ml, where ml is

the dimension of Vl. For the sake of simplicity, we let Xi � X1
i , k � m1, and

denote by X � (X1; � � � ;Xk) the sub-elliptic gradient. We will say that

Xi(i � 1; � � � ; k) are the horizontal vector fields with the form

Xi � @i �
Xn

j�i�1

aij(j)@j; Xi(0) � @i;(2:1)

where aij(j) is a polynomial. For a vector valued function

u � (u1; � � � ;uN) : G 7!RN, we let Xiu
a(i � 1; � � � ; k; a � 1; � � � ;N) be a

horizontal direction derivative, and say that Xu is the horizontal Jacobian

with entries Xiu
a.

Denoting

j � (j1; j2; � � � ; jr) � x1
1; x

1
2; � � � ; x1

m1
; x2

1; � � � ; x2
m2

; � � � ; xr
1; � � � ; xr

ml

� �
2 G;

the distance from origin defined by

d(j) �
Xr

l�1

Xml

i�1

xl
i

�� ��2 !r!
l

24 35 1
2r!

:(2:2)

For any j; h 2 G, we set d(j; h) � d(hÿ1 � j), where hÿ1 � ÿ h �
(ÿ h1; � � � ;ÿhr) is the reverse of h, and � is the multiplication rule in G

defined by j � ej � j � ej � P(j;ej); j; ej 2 G; where P : G� G 7!G has

polynomial components.

Following [31], we introduce the gauge ball and sphere Br(j) �
fh 2 G d(j; h)5rj g; @Br(j) � fh 2 G d(j; h) � rj g in G, respectively. In what

follows, we denote by vG � B(0; 1)j jG the volume of unit ball. Then

B(j; r)j jG� vGrQ, where

Q �
Xr

l�1

l ml(2:3)

is the homogeneous dimension of G.
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DEFINITION 1. Let 1 � m51, and V � G be an open set. If u 2 Lm(V)

satisfies

uk kHW1;m(V)� uk kLm(V)�
Xk

i�1

Xiuk kLm(V)51;(2:4)

we say that u belongs to the horizontal Sobolev space. The space HW1;m
0 (V)

is the completion of C10 (V) under the norm (2.4).

DEFINITION 2. Let V � G, g 2 (0; 1), and denote

G1;g(V) � u 2 L1(V)jXiu 2 Gg(V); i � 1; � � � ; kf g;

where Gg(V)�
n

u 2 L1(V)
���jujg � sup

j;~j2V; j 6�~j

��u(j)ÿ u(~j)
��

d(j; ~j)g
51

o
. We say that

G1;g(V) is a Folland-Stein space with the norm

uk kG1;g(V)� uk kL1(V)� Xuk kL1(V)�jujg � jXujg:(2:5)

DEFINITION 3. Let V � G; 1 � m51 and m � 0. We say that

u 2 Lm(V) belongs to the Campanato space Lm;m(V) if

uk kLm;m(V)� uk kLm(V)� sup
j2V;r5diamV

rÿm
Z

Br(j)\V

u(z)ÿ uj;r

�� ��mdz

0B@
1CA

1
m

51:(2:6)

Capogna in [23] proved a Campanato type lemma in Carnot groups.

LEMMA 2. Let j 2 V � G; m � 1, r > 0, and Q5m � Q�m, then

Lm;m(Br(j)) � Gg(Br(j)); g � mÿ Q

m
:(2:7)

Throughout the paper, we shall use the functions V � Vm,

W � Wm : Rn ! Rn defined by

V (Q) � Q=(1� Qj j2)
2ÿm

4 ; W(Q) � Q=(1� Qj j2ÿm)
1
2(2:8)

for each Q 2 Rn and m > 1. By the elementary inequality xk k 2
2ÿm
� xk k1�

2
m
2 xk k 2

2ÿm
applied to the vector x � (1; Qj j2ÿm) 2 R2 we conclude that

1� Qj j2
� �2ÿm

2 � 1� Qj j2ÿm� 2
m
2 1� Qj j2
� �2ÿm

2
;(2:9)
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which immediately yields

W(Q)j j � V (Q)j j � 2
m
4 W(Q)j j:(2:10)

The purpose of introducing W is the fact that in contrast to Vj j 2m, the

function Wj j 2m is convex (see [9]).

The following lemma includes some useful properties of the function V ,

which can be found in Lemma 2.1 of [12].

LEMMA 3. Let m 2 (1; 2) and V ; W : Rn ! Rn be the functions defined

in (2.8 ). Then there holds for any Q1; Q2 2 Rn and t > 0:

(1).
1���
2
p min Q1j j; Q1j j

m
2

� �
� V Q1� �j j � min Q1j j; Q1j j

m
2

� �
;

(2). V (tQ1)j j � max t; t
m
2

ÿ �
V (Q1)j j;

(3). V (Q1 � Q2)j j � C(m)( V (Q1)j j � V (Q2)j j);

(4).
m

2
Q1ÿQ2j j� V (Q1)ÿV (Q2)j j=(1� Q1j j2� Q2j j2)

mÿ2
4 � C(m;n) Q1 ÿ Q2j j;

(5). V (Q1)ÿ V (Q2)j j � C(m;n) V (Q1 ÿ Q2)j j;
(6). V (Q1 ÿ Q2)j j � C(m;M) V (Q1)ÿ V (Q2)j j for all Q1 with jQ2j �M.

The inequalities (1)-(3) also hold if V is replaced by W.

For later purpose we state the following two simple estimates which can

be easily deduced from Lemma 3 (1) and (6). Let Q1; Q2 2 Rn with jQ2j �M it

follows that

Q1 ÿ Q2j j2� C(m;M) V (Q1)ÿ V (Q2)j j2;(2:11)

for Q1 ÿ Q2j j � 1; while for Q1 ÿ Q2j j > 1

Q1 ÿ Q2j jm� C(m;M) V (Q1)ÿ V (Q2)j j2:(2:12)

The next lemma due to [9] is a more general version of the Lemma 2.7

in [12].

LEMMA 4. Let 0 � n51; a; b � 0; v 2 Lp(Br(j0)) and g be a non-nega-

tive bounded function satisfying

g(t) � ng(s)� a

Z
Br(j0)

V
v

sÿ t

� ���� ���2dj � b;
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for all
r

2
� t5s � r. Then there exists a constant C � C(n) such that

g
r

2

� �
� C(n) a

Z
Br(j0)

V
v

r

� ����� ����2dj � b

0B@
1CA:

We conclude this section with an algebraic fact from [32]

LEMMA 5. For every t 2 ÿ 1

2
; 0

� �
and m � 0, it holds

1 �

R1
0

m2 � p� s(~pÿ p)j j2
� �t

ds

m2 � pj j2� ~pj j2
� �t

� 8

2t� 1
;(2:13)

for any p; ~p 2 RkN, not both zero if m � 0.

3. Sobolev-PoincareÂ type inequality and a prior estimate in the sub-
quadratic case

LEMMA 6 (Sobolev-PoincareÂ type inequality). Let m 2 (1; 2) and

u 2 HW1;m(Br(j0);RN) with Br(j0) � V, then

(3:1) Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W
uÿ uj0;r

r

� ����� ���� 2Q
Qÿm

dj

0B@
1CA

Qÿm
2Q

� CP Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W Xu� �j j2dj

0B@
1CA

1
2

:

Furthermore, the analogous inequality is valid with W replaced by V

defined in (2.8), and in particular, the inequality also holds if we

substitute 2 for
2Q

Qÿm
.

PROOF. Similarly to the proof of Theorem 2 in [9]. Following [33,

Lemma 3.2], there exist c > 1 and C > 1 such that for j 2 B(j0; r)

u(j)ÿ uj0;r

�� �� � C

Z
Bcr(j0)

Xu(h)j j
d(j; h)Qÿ1

dh:(3:2)
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Since W2=m(t) is non-decreasing and convex, we apply W2=m(t) to both

sides of the last inequality and have by Jensen's inequality and recalling

W(0) � 0:

W2=m u(j)ÿ uj0;r

r

���� ����� �
� C

r

Z
G

d1ÿQ(j; h) eW2=m Xu(h)j j� �dh;(3:3)

where the number Q is the homogeneous dimension in G, and

eW Xu(h)j j� � � 0; h =2Bcr(j0);

W Xu(h)j j� �; h 2 Bcr(j0):

(

Since W Xu(h)j j� � 2 Lm Br(j0)
ÿ �

by Lemma 3(1), it implies eW Xu(h)j j� � 2
Lm G� �. Then Theorem 2.7 in [19] applied with eW2=m Xuj j� �; a � 1 yields

Z
Br(j0)

W
u(j)ÿ uj0;r

r

� ����� ���� 2Q
Qÿm

dj

264
375

Qÿm
mQ

�
Z

Br(j0)

W2=m u(j)ÿ uj0;r

�� ��
r

� � mQ
Qÿm

dj

264
375

Qÿm
mQ

�C

r

Z
G

Z
G

d1ÿQ(j; h) eW2=m Xu(h)j j� �dh
0@ 1A mQ

Qÿm

dj

264
375

Qÿm
mQ

�C

r

Z
G

eW2=m Xu(j)j j� �mdj

24 35 1
m

�C

r

Z
Br(j0)

W2 Xu(j)j j� �dj

264
375

1
m

;

or

Z
Br(j0)

W
u(j)ÿ uj0;r

2r

� ����� ���� 2Q
Qÿm

dj

264
375

Qÿm
2Q

� Crÿ
m
2

Z
Br(j0)

W2 Xu(j)j j� �dj

264
375

1
2

:(3:4)

Note that W(Q=2) �W(Q)=2, we conclude the result (3.1) from (3.4).
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LEMMA 7. Let u 2 HW1;1(V;RN) be a weak solution ofZ
V

Aab
ij Xju

bXif
adj � 0(3:5)

for any f 2 C1
0(V;RN), where Aab

ij is a constant matrix satisfying the strong

Legendre-Hadamard condition:

Aab
ij h

ahbmimj > c hj j2 mj j2; h 2 RN; m 2 Rk:

Then u is smooth and there exists C0 � 1 such that for any Br(j0) � V

(3:6) sup
Br=2(j0)

uÿuj0; r

�� ��2�r2 Xuj j2�r4 X2u
�� ��2� �

�C0 Br(j0)
�� ��ÿ1

G
r2

Z
Br(j0)

Xuj j2dj:

PROOF. Shores [16] has shown that a weak solution v 2 HW1;2(V;RN)

of (3.5) belongs to C1 in the subset V0 � V, and Wang and Niu [18] have

established the following estimate:

sup
Br=2(j0)

vÿvj0; r

�� ��2� r2 Xvj j2�r4 X2v
�� ��2� �

�C0 Br(j0)
�� ��ÿ1

G
r2

Z
Br(j0)

Xvj j2dj:(3:7)

Then we can argue as in the proof of Proposition 2.10 in [12] to obtain the

conclusion.

4. Caccioppoli type inequality

Denote by Bil (RkN) the collection of bi-linear forms defined in RkN,

and suppose A 2 Bil(RkN). We say that a function h 2 HW1;m(V;RN) is

A-harmonic, if h satisfiesZ
V

A(Xh;XW)dj � 0; 8 W 2 C1
0(V;RN):(4:1)

Similarly to [9], one can establish the following A-harmonic approx-

imation lemma for the case 15m52 in Carnot groups.

LEMMA 8. Let l and L be fixed positive numbers, 15m52 , and

k; N 2 N with k � 2 . If for any given e > 0 , there exists d �
d(k;N; l;L; e) 2 (0; 1] with the following properties:
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(I) for any A 2 Bil(RkN) satisfying

A(n; n) � l nj j2 and A(n;�n) � L nj j �nj j; n;�n 2 RkN;(4:2)

(II) for any g 2 HW1;m(Br(j0);RN) satisfying

Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W(Xg)j j2 dj � �2 � 1 and(4:3)

(4:4)

���� Br(j0)
�� ��ÿ1

G

Z
Br(j0)

A(Xg;XW) dj

���� � �d sup
Br(j0)

XWj j; 8 W 2 C1
0(Br(j0); fRN);

then there exists an A-harmonic function h

h 2 H �
n

h 2 HW1;m(Br(j0); fRN
)
��� Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W(Xh)j j2 dj � 1
o

such that

Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W
gÿ�h

r

� ����� ����2 dj � �2e:(4:5)

To establish the main result, our first aim is to establish a suitable

Caccioppoli type inequality.

LEMMA 9 (Caccioppoli Type Inequality). Let u 2 HW1;m(V; fRN) be a

weak solution to the system (1.1) under the conditions (H1)-(H3) and (C).

Then for every j0 � (j1
0; � � � ; jr

0) 2 V; u0 2 RN; p0 2 fRkN and any r sat-

isfying 05r5minf1; dist(j0; @V)g, it holds

Br=2(j0)
�� ��ÿ1

G

Z
Br=2(j0)

V (Xuÿ p0)j j2 dj

� Cc Br(j0)
�� ��ÿ1

G

Z
Br(j0)

V
uÿu0ÿp0(j1ÿj1

0)

r

 !�����
�����
2

dj

8><>:
��Kÿ � �ÿ1� p0j jm=2��sr2g �Br(j0)

�� ��ÿ1

G

Z
Br(j0)

Xuj jm� uj jr�1� �dj

264
375

m
mÿ1 1ÿ1

r� �9>>=>>;;

(4:6)
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where we denote K( � ) � K u0j j � p0j j� �, j1 � (j1
1; j

1
2; � � � ; j1

k) is the horizontal

component of j� (j1; � � � ; jr)2G,s�maxf2m=(mÿ 2g);m=(mÿ1ÿ g)g> 2

and the constant Cc � Cc(a; b; c;n;N;m;L; l;M).

PROOF. Let Br(j0) �� V, r=2 � t5s � r, and a standard cut off

function h 2 C10 (Bs(j0)) satisfy 0 � h � 1; rhj j5 C

sÿ t
and h � 1 on Bt(j0).

Inspired by the way of [17], we let v � u(j)ÿ u0 ÿ p0(j1 ÿ j1
0), and then

define two functions

W � hv; f � (1ÿ h)v;(4:7)

one has

XW� Xf � Xuÿ p0(4:8)

and

XWj jm; Xfj jm� C(m) Xvj jm� v

sÿ t

��� ���m� �
:(4:9)

Using hypothesis (H2), from Lemma 5, and as the elementary inequality

1� aj j2� bÿ aj j2� 3 1� aj j2� bj j2
� �

;(4:10)

we have Z
Bs(j0)

Aa
i (j;u; p0 � XW)ÿ Aa

i (j;u; p0)
� �

XiW
adj

�
Z

Bs(j0)

Z1

0

dAa
i (j;u; p0 � uXW)

du
du

24 35XiW
adj

�
Z

Bs(j0)

Z1

0

@Aa
i (j;u; p0 � uXW)

@pb
j

duXjW
bXiW

adj

� l

Z
Bs(j0)

Z1

0

1� p0 � u XW� p0� � ÿ p0� �j j2
h i(mÿ2)=2

du XWj j2dj

� l

Z
Bs(j0)

1� p0j j2� XWÿ p0j j2
� �(mÿ2)=2

XWj j2dj

� 3(mÿ2)=2l

Z
Bs(j0)

1� p0j j2� XWj j2
� �(mÿ2)=2

XWj j2dj:

(4:11)
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From (4.11), it follows that

3(mÿ2)=2l

Z
Bs(j0)

1� p0j j2� XWj j2
� �(mÿ2)=2

XWj j2dj

�
Z

Bs(j0)

Aa
i (j;u; p0 � XW)ÿ Aa

i (j;u; p0)
� �

XiW
adj

�
Z

Bs(j0)

Aa
i (j;u;Xu)XiW

adj ÿ
Z

Bs(j0)

Aa
i (j;u; p0)XiW

adj

�
Z

Bs(j0)

Aa
i (j;u; p0 � XW)ÿ Aa

i (j;u;Xu)
� �

XiW
adj

�ÿ
Z

Bs(j0)

Aa
i (j;u; p0)ÿ Aa

i j;u0 � p0(j1 ÿ j1
0); p0

� �h i
XiW

adj

ÿ
Z

Bs(j0)

Aa
i j;u0 � p0(j1 ÿ j1

0); p0

� �
ÿ Aa

i (j0;u0; p0)
h i

XiW
adj

ÿ
Z

Bs(j0)

Z1

0

@Aa
i j;u;Xuÿ u(Xuÿ XWÿ p0)� �

@pb
j

duXjf
bXiW

adj

�
Z

Bs(j0)

Bi(j;u;Xu)Wadj

:� I � II � III � IV ;

(4:12)

where we have used (4.8), (1.8) and the fact thatZ
BR(j0)

Aa
i (j0;u0; p0)XWa dj � 0:

Noting that W � v on Bt(j0), and (4.10), the left-hand side in (4.12) can be

estimated by

(4:13) 3(mÿ2)=2l

Z
Bt(j0)

1� p0j j2� XWj j2
� �(mÿ2)=2

XWj j2dj

� 3(mÿ2)=2l

Z
Bt(j0)

1� p0j j2� Xvj j2
� �(mÿ2)=2

Xvj j2dj
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� C(m)l

Z
Bt(j0)

1� p0j j2� Xuj j2
� �(mÿ2)=4

Xuÿ p0j j
� �2

dj

� C(k;N;m; l)

Z
Bt(j0)

V (Xu)ÿ V (p0)j j2dj

� C(k;N;m; l;M)

Z
Bt(j0)

V (Xv)j j2dj;

where we have applied Lemma 3(4) in the second inequality and Lemma

3(6) for the final inequality.

The structure condition (H3) yields

I �
Z

Bs(j0)

K( � ) 1� p0j j� �m=2 vj jg XWj jdj:(4:14)

To obtain a suitable estimate for I, we need take the domain Bs(j0) into four

parts: Bs(j0) \ v=sj j > 1f g \ XWj j � 1f g, Bs(j0) \ v=sj j > 1f g \ XWj j > 1f g,
Bs(j0) \ v=sj j � 1f g \ XWj j > 1f g, Bs(j0) \ v=sj j � 1f g \ XWj j � 1f g, and

will use Young's inequality, (2.11) and (2.12), repeatedly.

CASE 1. On the part Bs(j0) \ v=sj j > 1f g \ XWj j � 1f g, we see

K( � ) 1� p0j j� �m=2 v

s

��� ���gsg XWj j

�C(e) XWj j2�C(e)
v

s

��� ���m�C(e) K( � ) 1� p0j j� �m=2sg
h i2m=(mÿ2g)

�C(e) V (Xv)j j2�C(e) V
v

s

� ���� ���2�C(e) K( � ) 1� p0j j� �m=2
h i2m=(mÿ2g)

s2g;

(4:15)

where we have used the fact sg51 and 2m=(mÿ 2g) > 2:

CASE 2. On the set Bs(j0) \ v=sj j > 1f g \ XWj j > 1f g, it holds

K( � ) 1� p0j j� �m=2 v

s

��� ���gsg XWj j

�C(e) XWj jm�C(e)
v

s

��� ���m�C(e) K( � ) 1� p0j j� �m=2sg
h im=(mÿgÿ1)

�C(e) V (Xv)j j2�C(e) V
v

s

� ���� ���2�C(e) K( � ) 1� p0j j� �m=2
h im=(mÿgÿ1)

s2g;

(4:16)

where we have used m=(mÿ gÿ 1) > 2:
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CASE 3. On the set Bs(j0) \ v=sj j � 1f g \ XWj j > 1f g, observing

m=(mÿ 1) > 2; one has

K( � ) 1� p0j j� �m=2 vj jg XWj j
�K( � ) 1� p0j j� �m=2sg XWj j
� e XWj jm�C(e)

�
K( � ) 1� p0j j� �m=2sg

�m=(mÿ1)

�C(e) V (Xv)j j2�C(e)
�
K( � ) 1� p0j j� �m=2�m=(mÿ1)

s2g:

(4:17)

CASE 4. For Bs(j0) \ v=sj j � 1f g \ XWj j � 1f g, there is

K( � ) 1� p0j j� �m=2 vj jg XWj j
�K( � ) 1� p0j j� �m=2sg XWj j
� e XWj j2�C(e)

�
K( � ) 1� p0j j� �m=2sg

�2
�C(e) V (Xv)j j2�C(e)

�
K( � ) 1� p0j j� �m=2�2s2g:

(4:18)

Combining these estimations with (4.14), we get

I �C(e)

Z
Bs(j0)

V (Xv)j j2dj � C(e)

Z
Bs(j0)

V
v

s

� ���� ���2dj

� C(e) K( � ) 1� p0j j� �m=2
h is

Bs(j0)j jGs2g;

(4:19)

where s � max 2m=(mÿ 2g);m=(mÿ 1ÿ g)f g > 2.

Similarly to I, it follows that

II �C(e)

Z
Bs(j0)

V (Xv)j j2dj � C(e)

Z
Bs(j0)

V
v

s

� ���� ���2dj

� C(e) K( � ) 1� p0j j� �m=2�g
h im=(mÿ1)

Bs(j0)j jGs2g:

(4:20)

By (H1), Lemma 5 and (4.10), it holds

III �C

Z
Bs(j0)

Z1

0

1� Xu� u XuÿXf� �ÿXu� �j j2
� �(mÿ2)=2

du

24 35Xfj j XWj jdj

�C

Z
Bs(j0)

1� Xuj j2� Xuÿ Xfj j2
� �(mÿ2)=2

Xfj j XWj jdj

�C

Z
Bs(j0)

1� Xuj j2� Xfj j2
� �(mÿ2)=2

Xfj j XWj jdj:

(4:21)
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Noting that Xf � BsnBt and ÿ1=25(mÿ 2)=250, we split the domain

Bs(j0) into four parts: Bs(j0)\ Xfj j> 1f g\ XWj j> 1f g, Bs(j0) \ Xfj j � 1f g\
XWj j � 1f g, Bs(j0) \ Xfj j > 1f g \ XWj j � 1f g, and Bs(j0) \ Xfj j � 1f g\
XWj j > 1f g. Similarly to I, it follows that

III � C

Z
Bs(j0)nBt(j0)

V (Xuÿ p0)j j2dj �
Z

Bs(j0)

V
v

sÿ t

� ���� ���2dj

0B@
1CA:(4:22)

Using HoÈlder inequality, one has

IV �C

Z
Bs(j0)

Xuj jm� uj jr�1� �1ÿ1
r Wj jdj

�C

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r Z

Bs(j0)

Wj jrdj

0B@
1CA

1
r

:

(4:23)

Analogously as I, we take the domain Bs(j0) into two parts.

CASE 1. For Bs(j0) \ Xvj j > 1f g, by Sobolev type inequality, Young's

inequality and (2.12) it follows that

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r Z

Bs(j0)

Wj jrdj

0B@
1CA

1
r

�C

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r Z

Bs(j0)

Xvj jmdj

0B@
1CA

1
m

�C(e)

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r� � m

mÿ1

�Ce

Z
Bs(j0)

Xvj jmdj

0B@
1CA

�C(e)

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r� � m

mÿ1

�Ce

Z
Bs(j0)

V Xv� �j j2dj

0B@
1CA:

(4:24)

CASE 2. On the set Bs(j0) \ Xvj j � 1f g, we have

Xvj jm� Xvj j2�1;
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and then it follows thatZ
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r Z

Bs(j0)

Wj jrdj

0B@
1CA

1
r

�C(e)

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r� � m

mÿ1

�Ce

Z
Bs(j0)

V Xv� �j j2dj

0B@
1CA� Ce Bs(j0)j jG;

(4:25)

where we have used (2.11).

Combining these estimates in IV , we have

(4:26) IV � Ce

Z
Bs(j0)

V Xv� �j j2dj

0B@
1CA

�C(e)

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r� � m

mÿ1

�Ce Bs(j0)j jG :

Substituting (4.13), (4.19), (4.20), (4.22) and (4.26) into (4.12), we finally

arrive at

C1

Z
Bt(j0)

V (Xv)j j2dj

�C2

Z
Bs(j0)nBt(j0)

V (Xv)j j2� V
v

sÿ t

� ���� ���2� �
dj

� C3

Z
Bs(j0)

V (Xv)j j2� V
v

sÿ t

� ���� ���2� �
dj�C4 K( � ) 1� p0j jm=2

� �h is
Bs(j0)j jGs2g

� C5

Z
Bs(j0)

Xuj jm� uj jr�1� �dj

264
375

1ÿ1
r� � m

mÿ1

:

The proof is now completed by applying Lemma 4.
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REMARK 1. The function v taken in the proof is different from that in

[14], essentially.

5. Proof of the main result

In this section, we will complete the proof of Theorem 1 via four steps,

and hence consider u 2 HW1;m(V;RN) (15m52) to be a weak solution of

the system (1.1).

FIRST STEP. We claim that if r � 1 and W 2 C10 (Br(j0); fRN) with

sup
Br(j0)

XWj j � 1, then there exist some constants C6 � C6(m;M;CP) > 1

such that

Br(j0)
�� ��ÿ1

G

Z
Br(j0)

Aa
i;pj

b

(j0;u0; p0)(Xuÿ p0)XWa dj

�C6 sup
Br(j0)

XWj j v1
2 p0j j;F1

2(j0; r; p0)
� �

F
1
2(j0; r; p0)�

h
�F(j0; r; p0)� rgF( u0j j � p0j j)

i
;

(5:1)

where we denote F(t) � [K(t)(1� t)s
0
]

2m
mÿg with s0 � max

n
m; r ÿ 1;

m

2
� g
o

.

PROOF. Noting the fact

Z
Br(j0)

" Z1

0

Aa
i;pj

b

(j0;u0; uXu� (1ÿ u)p0)(Xuÿ p0)du

#
XWadj

�
Z

Br(j0)

" Z1

0

d

du
Aa

i (j0;u0; uXu� (1ÿ u)p0)du

#
XWadj

�
Z

Br(j0)

[Aa
i (j0;u0;Xu)ÿ Aa

i (j0;u0; p0)]XWadj

�
Z

Br(j0)

h
Aa

i (j0;u0;Xu)ÿAa
i (j;u;Xu)

i
XWadj�

Z
Br(j0)

Ba(j;u;Xu)Wadj;

(5:2)
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we have

(5:3)

Z
Br(j0)

Aa
i;pj

b

(j0;u0; p0)(Xuÿ p0)XWa dj

�
Z

Br(j0)

Z1

0

Aa
i;pj

b

(j0;u0; p0)du(Xuÿ p0)

24 35XWadj

�
Z

Br(j0)

�Z1

0

���Aa
i;pj

b

(j0;u0; p0)ÿAa
i;pj

b

(j0;u0; uXu� (1ÿu)p0)
��� Xuÿp0j j du

o
sup
Br(j0)

XWj j dj

�
Z

Br(j0)

Aa
i (j0;u0;Xu)ÿ Aa

i (j;u0 � p0(j1 ÿ j1
0);Xu)

�� �� sup
Br(j0)

XWj j dj

�
Z

Br(j0)

Aa
i (j;u0 � p0(j1 ÿ j1

0);Xu)ÿ Aa
i (j;u;Xu)

�� �� sup
Br(j0)

XWj j dj

�
Z

Br(j0)

(a pj jm(1ÿ1
r)�b uj jrÿ1�c) Wj j dj

:�I0 � II0 � III0 � IV 0:

Using (H1) and the estimate (1.6) yields (Note that mÿ 250)

(5:4) I0 �
Z

Br(j0)

Z1

0

Aa
i;pj

b

(j0;u0; p0)ÿAa
i;pj

b

(j0;u0; p0�u(Xuÿp0))

���� ����12�1
2

dt

24 35 Xuÿp0j jdj

�C

Z
Br(j0)

Z1

0

1� p0j j2
� �mÿ2

2 � 1� p0 � u(Xuÿ p0)j j2
� �mÿ2

2

� �1
2

8<:
� 1� p0j j2� p0�u(Xuÿp0)j j2
� �mÿ2

2
v p0j j; u(Xuÿp0)j j� �

� �1
2

dt

)
Xuÿp0j jdj

�C

Z
Br(j0)

1� p0j j2� Xuj j2
� �mÿ2

4
v

1
2 p0j j; Xuÿ p0j j� � Xuÿ p0j jdj

�C

Z
Br(j0)

1� Xuÿ p0j jmÿ2
2

� �
Xuÿ p0j jv1

2 p0j j; Xuÿ p0j j� �dj:

Let

B1 �: Br(j0) \ Xuÿ p0j j � 1f g; B2 �: Br(j0) \ Xuÿ p0j j > 1f g:(5:5)
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Then it follows that by first HoÈlder's inequality and then Jensen's in-

equality

(5:6) I0 � C

Z
B1

Xuÿ p0j jv1
2 p0j j; Xuÿ p0j j� �dj

�C

Z
B2

Xuÿ p0j jm2v1
2 p0j j; Xuÿ p0j j� �dj

� C

Z
B1

Xuÿ p0j j2dj

0B@
1CA

1
2 Z

Br(j0)

v p0j j; Xuÿ p0j j� �dj

0B@
1CA

1
2

�C

Z
B2

Xuÿ p0j jmdj

0B@
1CA

1
2 Z

Br(j0)

v p0j j; Xuÿ p0j j� �dj

0B@
1CA

1
2

� C

Z
Br(j0)

V (Xu)ÿ V (p0)j j2dj

0B@
1CA

1
2 Z

Br(j0)

v p0j j; Xuÿ p0j j� �dj

0B@
1CA

1
2

�C

Z
Br(j0)

V (Xu)ÿ V (p0)j j2dj

0B@
1CA

1
2 Z

Br(j0)

v p0j j; Xuÿ p0j j� �dj

0B@
1CA

1
2

� 2C Br(j0)
�� ��

G
Br(j0)
�� ��ÿ1

G

Z
Br(j0)

V (Xu)ÿ V (p0)j j2dj

0B@
1CA

1
2

� Br(j0)
�� ��ÿ1

G

Z
Br(j0)

v p0j j; Xuÿ p0j j� �dj

0B@
1CA

1
2

� C Br(j0)
�� ��

G
F

1
2(j0; r; p0)v

1
2

 
p0j j;

 
Br(j0)
�� ��ÿ1

G

Z
B1

Xuÿ p0j j2dj

!1
2

�
 

Br(j0)
�� ��ÿ1

G

Z
B2

Xuÿ p0j jmdj

! 1
m
!
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�CjBr(j0)jGF
1
2(j0; r; p0)v

1
2

 
p0j j;

 
Br(j0)
�� ��ÿ1

G

Z
Br(j0)

V (Xu)ÿV (p0)j j2dj

!1
2
!

� C Br(j0)
�� ��

G
F

1
2(j0; r; p0)v

1
2 p0j j;F1

2(j0; r; p0)
� �

;

where we have used the estimates (2.11) and (2.12).

By employing (H3), the estimates (2.11) and (2.12), Young's inequality,

and noting the fact that K( � ) monotone nondecreasing and K( � ) > 1 and

that r � 1, we deduce

(5:7)

II0 �
Z

Br(j0)

K( � )rg(1� p0j jm)
g
m(1� Xuj j)m

2 dj

�
Z

Br(j0)

K( � )rg(1� p0j j)g (1� p0j j)
m
2 � Xuÿ p0j jm2

h i
dj

�K( � )rg(1� p0j j)g�m
2 Br(j0)
�� ��

G
�
Z

B1�B2

K( � )rg(1� p0j j)g Xuÿ p0j jm2 dj

�K( � )rg(1� p0j j)g�m
2 Br(j0)
�� ��

G
� K( � )rg(1� p0j j)g� �2 Br(j0)

�� ��
G

� K( � )rg(1� p0j j)g� � 4
4ÿm Br(j0)
�� ��

G
�
Z
B2

Xuÿp0j jmdj�
Z
B1

Xuÿp0j j2dj

� Br(j0)
�� ��

G
F(j0; r; p0)� 3 K( � )(1� p0j j)g�m

2

h i2
Br(j0)
�� ��

G
rg:

Similarly to (4.19) to estimate III0, the domain Br(j0) is divided into four

parts as previously mentioned. Then we obtain that by Lemma 3(6) and

Lemma 3.1

III0 �
Z

Br(j0)

K( � )(1� Xuj j)m
2 vj jgdj

�C(e;m;M)

Z
Br(j0)

V
v

r

� ����� ����2dj �
Z

Br(j0)

V (Xu)ÿ V (p0)j j2dj

0B@
1CA

� C(e) K( � ) 1� p0j j� �m2
h i 2m

mÿg
rg Br(j0)
�� ��

G

�C(e;m;CP;M)F(j0; r; p0) Br(j0)
�� ��

G

� C(e) K( � ) 1� p0j j� �m2
h i 2m

mÿg
rg Br(j0)
�� ��

G
:

(5:8)
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With the help of the assumptions that sup
Br(j0)

Wj j � r � 1, using HoÈlder's in-

equality, Sobolev type inequality and Young's inequality, we get

(5:9) IV 0 � C

Z
Br(j0)

Xuj jm(1ÿ1
r)� uj jrÿ1�1

� �
Wj jdj

� C

Z
Br(j0)

Xuj jm(1ÿ1
r) Wj jdj � C

Z
Br(j0)

uÿ u0 ÿ p0(j1 ÿ j1
0)

�� ��rÿ1
Wj jdj

�Cr Br(j0)
�� �� 1� u0j j � rp0j j� �rÿ1

h i

� C

Z
Br(j0)

Xuj jmdj

0B@
1CA

(1ÿ1
r) Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

�Cr Br(j0)
�� �� 1� u0j j � p0j j� �rÿ1

h i

�C

Z
Br(j0)

uÿ u0 ÿ p0(j1 ÿ j1
0)

�� ��rdj

0B@
1CA

(1ÿ1
r) Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

� C

Z
Br(j0)

Xuÿ p0j jm� p0j jm� �dj

0B@
1CA

(1ÿ1
r) Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

�C

Z
Br(j0)

Xuÿ p0j jmdj

0B@
1CA

rÿ1
m Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

�Cr Br(j0)
�� �� 1� u0j j � p0j j� �rÿ1

h i

� C

Z
Br(j0)

Xuÿ p0j jmdj

0B@
1CA

rÿ1
r Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

�C

Z
Br(j0)

p0j jmdj

0B@
1CA

rÿ1
r Z

Br(j0)

Wj jrdj

0B@
1CA

1
r
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�C

Z
Br(j0)

Xuÿ p0j jmdj

0B@
1CA

rÿ1
m Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

�Cr Br(j0)
�� �� 1� u0j j � p0j j� �rÿ1

h i

� C

Z
Br(j0)

Xuÿ p0j jmdj

0B@
1CA

rÿ1
r Z

Br(j0)

Wj jrdj

0B@
1CA

1
r

�Cr Br(j0)
�� �� 1� u0j j � p0j j� �rÿ1� p0j jm(1ÿ1

r)
h i

� C

Z
Br(j0)

Xuÿ p0j jmdj � C

Z
Br(j0)

Wj jrdj � Cr Br(j0)
�� ��

� 1� u0j j � p0j j� �rÿ1� p0j jm(1ÿ1
r)

h i
� C

Z
Br(j0)

Xuÿ p0j jmdj � Crr Br(j0)
�� ��� Cr Br(j0)

�� ��
� 1� u0j j � p0j j� �rÿ1� p0j jm(1ÿ1

r)
h i

:

On the case B1 �: Br(j0) \ Xuÿ p0j j � 1f g, by (2.11) and Young's in-

equality, one gets

Xuÿ p0j jm� Xuÿ p0j j2�1 � V Xu� � ÿ V p0� �j j2�1;

and then

(5:10) (5:9) � Cr Br(j0)
�� �� 1� u0j j � p0j j� �rÿ1� 1� u0j j � p0j j� �m

h i
�C Br(j0)

�� ��F(j0; r; p0):

On the other hand, on B2 �: Br(j0) \ Xuÿ p0j j > 1f g, by (2.12) and

Young's inequality, one has

(5:11) (5:9) � Cr Br(j0)
�� �� 1� u0j j � p0j j� �rÿ1� 1� u0j j � p0j j� �m

h i
�C Br(j0)

�� ��F(j0; r; p0):

Thus we infer that by combining these estimates and noting the defi-

nition of F(t)

IV 0 � CF(j0; r; p0) Br(j0)
�� ��

G
�CF( u0j j � p0j j) Br(j0)

�� ��
G
rg:(5:12)
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Now, we can get (5.1) immediately by combining estimates I0; II0; III0

and IV 0 with (5.3).

We next establish an initial excess-improvement estimate, assuming

that the excess F is initially small enough. Precisely,

SECOND STEP (Excess-improvement). Consider a weak solution

u 2 HW1;m(V;RN) satisfying the condition of Theorem 1. Then we claim

that for a fixed g 2 (0; 1), there exist positive constants C7;C8 and d sat-

isfying conditions in Lemma 8, and u 2 (0;
1

4
), such that the smallness

conditions hold for some r 2 (0; r0]:

v
ÿ

(Xu)j0;r

�� ��;F1
2(j0; r; (Xu)j0;r)

� � d2

16
;(5:13)

F(j0; r; (Xu)j0;r) � min
d2

16
;

1

8C2
0C2

6C(m;M)
ÿ 4dÿ2H2

0r
2g

( )
;(5:14)

where C(m;M) is a positive constant defined in Lemma 3 (6), and

2C7r
gH

rÿ1
mÿ1(1� (Xu)j0;r

�� ��) � d=2:(5:15)

Then three inequalities above imply the following growth condition

F(j0; ur; (Xu)j0;ur) � u2g
h
F(j0; r; (Xu)j0;r)� C8r

2gH
2(rÿ1)
mÿ1

0

i
;(5:16)

where H0 � H(1�M1).

PROOF. Paying attention to properties of v(s; t) in (1.6), we choose a

suitable t0 > 0 satisfying

t0 � min
d2

16
;

1

8C2
0C2

6C(m;M)
ÿ 4dÿ2H2

0r
2g;

M2
1u

Q(1ÿ ug)2

2

( )
;(5:17)

such that

v(M1; t0) � d2

16
:(5:18)

Moreover, let us pick r0 > 0 such that r2g
0 5

t0

(4C8 � C2
7)H

2(rÿ1)
mÿ1

0

which ensures

that

2C7r
g
0H

(rÿ1)
mÿ1

0 � d=2; 2C8r
2g
0 H

2(rÿ1)
mÿ1

0 � t0=2:(5:19)
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Taking r 2 (0; r0] to correspond with

(Xu)j0;r

�� ��5M1=2; F(j0; r; (Xu)j0;r)5t0=2;(5:20)

it follows that (5.13)-(5.15) are valid.

For simplicity, we will use the abbreviate F(r) � F(j0; r; (Xu)j0;r) in the

sequel. For e > 0 to be determined later, we take d 2 (0; 1) and � 2 [0; 1] to

be corresponding constant from the A-harmonic approximation lemma

(Lemma 8), and set

w � uÿ (uj0;r ÿ�hj0;2ur)ÿ Xu� �j0;r
(j1 ÿ j1

0);

and

� � C(m;M)C6G(r); G(r) �
������������������������������������
F(r)� 4dÿ2H2

0r
2g

q
:

Noting (5.13) and (5.14) yields

v1=2 Xu� �j0;r

��� ���;F1=2 r� �
� �

� F1=2 r� � � d

2
;(5:21)

and by (5.1), we derive (note that the definition of G(r))

(5:22) Br(j0)
�� ��ÿ1

G

Z
Br(j0)

Aa
i;pj

b

j0;uj0;r; Xu� �j0;r

� �
Xw

� �
XiW

adj

�������
�������

��
v1=2

ÿ�� Xu� �j0;r

��;F1=2(r)�F1=2(r)�F(r)� rgH
ÿ�� Xu� �j0;r

���
C(m;M)G(r)

sup
Br(j0)

XWj j

�� v1=2 Xu� �j0;r

��� ���;F1=2(r)
� �

� F1=2(r)� d

2

� �
sup
Br(j0)

XWj j

��d sup
Br(j0)

XWj j:

Then from the definition of �, Lemma 3(6) and (2.10), we have

(5:23) Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W(Xw)j j2dj

� Br(j0)
�� ��ÿ1

G

Z
Br(j0)

V (Xw)j j2dj � C(m;M)F(r) � �2:

Inequalities (5.22) and (5.23) fulfill the conditions of A-harmonic ap-

proximation lemma, which ensures us to find an A-harmonic function
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h 2W1;m(Br(j0);RN) such that

(5:24) Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W(Xh)j j2dj � 1; Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W
wÿ�h

r

� ����� ����2dj��2e:

With the help of Lemma 3(3) and (6), we have

F2(ur) � Bur(j0)
�� ��ÿ1

G

Z
Bur(j0)

V (Xu)ÿ V Xu� �j0;ur

� ���� ���2dj

�C Bur(j0)
�� ��ÿ1

G

Z
Bur(j0)

V Xuÿ Xu� �j0;ur

� ���� ���2dj

�C Bur(j0)
�� ��ÿ1

G

Z
Bur(j0)

V Xuÿ Xu� �j0;ur
ÿ�(Xh)(j0;2ur)

� ���� ���2dj

� C V Xu� �x0;ur
ÿ(Xu)j0;r ÿ�(Xh)(j0;2ur)

� ���� ���2;

(5:25)

where the constant C depends only on m, k and N.

Next, we proceed to estimate the right-hand side of (5.25). Decom-

posing Bur(j0) into the set with

jXuÿ (Xu)j0;rÿ�(Xh)(j0;2ur)j�1 and that with jXuÿ (Xu)j0;rÿ�(Xh)(j0;2ur)j>1;

then by Lemma 3 (1) and HoÈlder inequality, we obtain

Xu� �j0;ur
ÿ (Xu)j0;r ÿ�(Xh)(j0;2ur)

��� ���
�
����� Bur(j0)
�� ��ÿ1

G

Z
Bur(j0)

Xuÿ (Xu)j0;r ÿ�(Xh)(j0;2ur)

h i
dj

�����
� Bur(j0)
�� ��ÿ1

G

Z
Bur(j0)

Xuÿ (Xu)j0;r ÿ�(Xh)(j0;2ur)

��� ���dj
�

���
2
p

(J1=2 � J1=m);

(5:26)

where we have abbreviated

J �: Bur(j0)
�� ��ÿ1

G

Z
Bur(j0)

V Xuÿ (Xu)j0;r ÿ�(Xh)(j0;2ur)

� ���� ���2dj:
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Now, since V (Q)j j � V Qj j� �, and V (Q) is monotone increasing in Q, it fol-

lows that from (5.25), and Lemma 3(1) and (2)

F2(ur) � C J � V2(J1=2 � J1=m)
� �

� C J � J2=m
� �

;(5:27)

where the constant C depends only on m, Q and N. Then it remains for us to

estimate J. By considering the cases Xhj j � 1 and Xhj j > 1, separately and

keeping in mind (5.24), we get

Br(j0)
�� ��ÿ1

G

Z
Br(j0)

Xhj jdj � 2
���
2
p

;

where we have used Lemma 3(1).

Noting the assumption Xu� �j0;r

��� ��� �M1, u 2 (0; 1=4), (5.14) and Lemma

7, we deduce

Xu� �j0;r

��� ����� (Xh)(j0;2ur)

�� �� �M1 �� sup
Br=2(j0)

Xhj j

�M1 ��C0 Br(j0)
�� ��ÿ1

G

Z
Br(j0)

Xhj jdj

�M1 � 2
���
2
p

�C0

�M1 � 1:

(5:28)

Caccioppoli type inequality applied on Bur(j0) yields

(5:29) J � Cc

"
B2ur(j0)
�� ��ÿ1

G

Z
B2ur(j0)

�
�����V
 

uÿ uj0;r ÿ Xu� �j0;r
��(Xh)(j0;2ur)

� �
(j1 ÿ j1

0)

2ur

!�����
2

dj �U

#

where

U� K uj0;r

�� ��� Xu� �j0;r
��(Xh)(j0;2ur)

��� ���� �
1� Xu� �j0;r

��(Xh)(j0;2ur)

��� ���� �m=2
� �s

2ur� �2g

� Br(j0)
�� ��ÿ1

G

Z
Br(j0)

Xuj jm� uj jr�1� �dj

264
375

m
mÿ1 1ÿ1

r� �
:
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By lemma 3(3), one gets

(5:30)

Z
B2ur(j0)

V
uÿ uj0;r ÿ Xu� �j0;r

��(Xh)(j0;2ur)

� �
(j1 ÿ j1

0)

2ur

0@ 1A������
������
2

dj

�
Z

B2ur(j0)

V

uÿ uj0;r ÿ�hj0;2ur

ÿ �ÿ Xu� �j0;r
(j1 ÿ j1

0)ÿ�h(j)

2ur

��h(j)ÿ�hj0;2ur ÿ�(Xh)(j0;2ur)(j
1 ÿ j1

0)

2ur

0BBB@
1CCCA

���������

���������
2

dj

�C

Z
B2ur(j0)

V
wÿ�h(j)

2ur

� ����� ����2� V �
h(j)ÿhj0;2urÿ (Xh)(j0;2ur)(j

1ÿj1
0)

2ur

 !�����
�����
2

0@ 1Adj

264
375:

To estimate the right-hand side we employ (2.10), Lemma 3(2)
ÿ
note that

1

2u
� 1
�

and (5.24) to infer

B2ur(j0)
�� ��ÿ1

G

Z
B2ur(j0)

V
wÿ�h(j)

2ur

� ����� ����2dj

�C B2ur(j0)
�� ��ÿ1

G

Z
B2ur(j0)

W
wÿ�h(j)

2ur

� ����� ����2dj

�C(2u)ÿQ Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W
wÿ�h(j)

2ur

� ����� ����2dj

�C(2u)ÿQÿ2 Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W
wÿ�h(j)

r

� ����� ����2dj

�C(2u)ÿQÿ2�2e:

(5:31)

Using Lemma 3, lemma 7, (2.10) and (5.24) leads to

(5:32) B2ur(j0)
�� ��ÿ1

G

Z
B2ur(j0)

V �
h(j)ÿ hj0;2ur ÿ (Xh)(j0;2ur)(j

1 ÿ j1
0)

2ur

 !�����
�����
2

dj

� �2 B2ur(j0)
�� ��ÿ1

G

Z
B2ur(j0)

V
h(j)ÿ hj0;2ur ÿ (Xh)(j0;2ur)(j

1 ÿ j1
0)

2ur

 !�����
�����
2

dj
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� C(2ur)2�2 B2ur(j0)
�� ��ÿ1

G

Z
B2ur(j0)

V X2h
ÿ ��� ��2dj

� C(2ur)2�2 sup
Br=2(j0)

X2h
�� ��2

� C(2u)2�2 Br(j0)
�� ��ÿ1

G

Z
Br(j0)

Xh� �j j2dj

� C(2u)2�2 Br(j0)
�� ��ÿ1

G

Z
Br(j0)

W Xh� �j j2dj

� Cu2�2:

Using the smallness condition �(Xh)(j0;2ur) � 2
���
2
p

C0� � 1 and the

definition of H( � ) yields

K uj0;r

�� ��� Xu� �j0;r
��(Xh)(j0;2ur)

��� ���� �
1� Xu� �j0;r

��(Xh)(j0;2ur)

��� ���� �m=2
� �s

2ur� �2g

� K M � Xu� �j0;r

��� ���� 1
� �

2� Xu� �j0;r

��� ���� �m=2
� �s

2ur� �2g

� H Xu� �j0;r

��� ���� 1
� �

2ur� �2g;

Applying Sobolev type inequality, and noting
Qm

mÿ 1

�
1ÿ 1

r

�
�

Q� Q

mÿ1

�
1ÿm

r

�
>Q� 2,

Q(rÿ1)

mÿ 1
� Q� Q

� r ÿ 1

mÿ1
ÿ 1
�
>Q� 2, ur51

and g 2 (0; 1), we have

(5:33)

Z
B2ur(j0)

Xuj jm� uj jr�1� �dj

264
375

m
mÿ1(1ÿ1

r)

� 2mÿ1

Z
B2ur(j0)

Xuÿ p0j jm� p0j jm� �dj �
Z

B2ur(j0)

uj jrdj � vG(j0) 2ur� �Q
264

375
m

mÿ1(1ÿ1
r)

� 2mÿ1

Z
B2ur(j0)

Xuÿ p0j jmdj

0B@
1CA

m
mÿ1(1ÿ1

r)
8>><>>:
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� 1� p0j j
m2

mÿ1(1ÿ1
r)

� �
vG(j0) 2ur� �Q
h i m

mÿ1(1ÿ1
r)�

Z
B2ur(j0)

Xuj jmdj

0B@
1CA

rÿ1
mÿ1

9>>=>>;
� 22(mÿ1)

Z
B2ur(j0)

Xuÿ p0j jmdj

0B@
1CA

m
mÿ1(1ÿ1

r)
8>><>>: � [vG 2ur� �Q]

m
mÿ1(1ÿ1

r) 1� p0j j
m2

mÿ1(1ÿ1
r)

� �

�
Z

B2ur(j0)

Xuÿ p0j jmdj

0B@
1CA

rÿ1
mÿ1

� p0j j
m(rÿ1)

mÿ1 vG 2ur� �Q
h i rÿ1

mÿ1

9>>=>>;
� C

Z
B2ur(j0)

Xuÿ p0j jmdj

0B@
1CA

m
mÿ1(1ÿ1

r)
8>><>>: �

Z
B2ur(j0)

Xuÿ p0j jmdj

0B@
1CA

rÿ1
mÿ1

�vG (1� jp0j)m� � m
mÿ1(1ÿ1

r) (1� jp0j)m� � rÿ1
mÿ1(ur)Q�2g

)

Assume that:
(2u)ÿQF(j0; r; p0) � 1:

Then on the case jXuÿ p0j � 1, from HoÈlder inequality, (2.11) and the

definition of H, it follows that

(5:33) � CvG(2ur)Q�2gH
2(rÿ1)
mÿ1 (1�M);

where we have used the fact that
r ÿ 1

mÿ 1
� m

mÿ 1

�
1ÿ 1

r

�
�

r ÿ 1

mÿ 1

�
1�m

r

�
� 2(r ÿ 1)

mÿ 1
.

While on the case jXuÿ p0j > 1, using (2.12) together with the defini-

tion of H, we derive that

(5:33) � CvG(2ur)Q�2gH
2(rÿ1)
mÿ1 (1�M):

Combining all the above estimates with (5.29), and let e � uQ�4, we

arrive at

J � C7 u2�2 �H
2(rÿ1)
mÿ1 (1�M)(2ur)2g

h i
;(5:34)

where C7 depends only on Q;N;m;M; l and CP. For given g 2 (0; 1),
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Choosing u 2
�

0;
1

4

�
suitable such that C7u

2 � u2g, we easily find (note that

the definition of �)

F(ur) � u2g F(r)� C8H
2(rÿ1)
mÿ1 (1�M)r2g

h i
:(5:35)

where the constant C8 has the same dependencies as C7.

THIRD STEP. We claim that for every n 2 N,

(Xu)j0;u
nr

�� ��5M1; F(unr)5t0:(5:36)

It allows us to make iteration from the assertion in Second step and have

F(un�1r) � u2g 1

2
F(unr)� C8 unr� �2gH2

0

� �
:(5:37)

PROOF. Like in the proof of the Third step in [18], we obtain the con-

clusion, and we omit the details here.

FOURTH STEP. We claim that u 2 G1;g(V0; fRN), where V0 � V is an

open subset such that Haar meas (VnV0) � 0.

PROOF. We have from Third step that

F(unr) � u2ngt0; for n 2 N:

Since for every r 2 (0; r0], there exists a positive constant n, such that

un�1r05r � unr0;

we have that for given u and r0,

F(j0; r) � Br(j0)
�� ��ÿ1

G

Z
Br(j0)

V (Xuÿ p0)j j2 dj

� Bun�1r0
(j0)

��� ���ÿ1

G

Z
Bunr0

(j0)

V (Xuÿ p0)j j2 dj

�C Bunr0
(j0)

�� ��ÿ1

G

Z
Bunr0

(j0)

V (Xuÿ p0)j j2 dj

�CF(unr0) � Cu2ngt0 � C uÿ1 r

r0

� �2g

� Cr2g:
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Noting that (5.20) is still valid for any j sufficiently close to j0, there exists a

ball Br(j0) centered at j0, such that for any j 2 Br(j0),

F(j; r) � Cr2g:(5:38)

Therefore we infer that V (Xu) 2 L2;m(Br(j0);RN) with m � Q� 2g. Using

Lemma 2 and Lemma 3 implies Xu 2 Gg(Br(j0);RN).
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