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Explicit calculation of Frobenius isomorphisms and
Poincaré duality in the theory of arithmetic &/-modules
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ABSTRACT - The aim of this paper is to compute the Frobenius structures of some
cohomological operators of arithmetic &7-modules. To do this, we calculate ex-
plicitly an isomorphism between canonical sheaves defined abstractly. Using
this calculation, we establish the relative Poincaré duality in the style of SGA4.
As another application, we compare the push-forward as arithmetic Z-modules
and the rigid cohomologies taking Frobenius into account. These theorems will
be used to prove “p-adic Weil I1” and a product formula for p-adic epsilon factors.
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Introduction

In this paper, we prove several results concerning Frobenius structures
in the theory of arithmetic 7-modules. There are mainly three goals in this
paper.

(G1) Compute and describe Frobenius structures of some cohomological
operators, appearing in [Be2], concretely in terms of differential op-
erators.

(G2) Establish arelative Poincaré duality in the style of SGA4 in the theory
of arithmetiec &/-modules.

(G3) Compare the push-forwards in the theory of &/-modules and the rigid
cohomologies with Frobenius structure.
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First, (G1) is the starting point of the other two goals. We describe
some isomorphisms appearing in [Be2] explicitly by taking local co-
ordinates. Apart from (G2) and (G3), this calculation is used in [AM] to
compute the geometric Fourier transform defined by C. Noot-Huyghe
explicitly. With this description, we are able to re-prove Gross-Koblitz
formula [GK] using arithmetic &/-modules. This calculation will be dis-
cussed in other places. We expect that these ideas can be generalized to a
calculation of p-adic e-factors.

For (G2), a duality theory was established by A. Virrion in [Vi2] to some
extent. However, we need two more ingredients to call it the Poincaré
duality: 1) comparison of the extraordinary pull-back and the normal pull-
back for a smooth morphism, and 2) taking Frobenius structures into ac-
count. Using our result 1) on the comparison of two types of pull-backs, we
are also able to compare duality functors of the theory of rigid cohomology
and that of arithmetic &7-modules, which completes a work in [Ca5]. For 2),
even without Frobenius structures, her duality is very powerful tool, but in
practical uses of arithmetic Z7-module theory, Frobenius structure is an-
other important ingredient that contain arithmetic information. For ex-
ample, L-functions for holonomic ' -modules cannot be defined without
Frobenius structures, and thus to show the functional equation for L-
functions, it is necessary to consider Frobenius structures in the duality.

(G3) is another application of (G1). If we do not consider Frobenius
structures, this is a well-known result of Berthelot [Bel, 4.3.6.3]. This type
of comparison theorem is necessary when we want to exploit results of the
theory of &7-modules in the theory of rigid cohomologies and vice versa.
For example, in [CaZ2, 3.3], the author discussed the relations of L-functions
defined using the theory of rigid cohomologies and that of arithmetic &-
modules. This result can be reinforced and re-stated much clearer using
our result (cf. Remark 3.12). For the situation of this result, see also Re-
mark 3.15.

Now, let us go into more details of the results. Let R be a complete
discrete valuation ring of mixed characteristic (0, p), and we denote by k its
residue field which is assumed to be perfect, K its field of fractions. Let .2"
be a smooth formal scheme over Spf(R), and X, be the reduction of .2" over
k. Let s be a positive integer, and we put X(') =X ®rr; k where
F,i: Spec(k) — Spec(k) denotes the s-th absolute Frobenius isomorphism.
In this introduction, we also assume that there exist liftings o: Spf(R) —
Spf(R) of F, and F:.2"— 2" :=.2"®g, R of the relative Frobenius
morphism F';(O i Xo — X, for simplicity. A coherent F—@L:Q—module isa
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couple of a coherent Z;._Q—module 7 and an isomorphism F" 2" = ./

where . 7° denotes the &/ ;»g’Q—module induced by .7 by the base change o.
Frobenius structures are known to be stable under reasonable cohomolog-
ical operations of arithmetic &/-modules such as push-forwards, extra-
ordinary pull-backs, tensor products, etc (cf. [Be2]).

When we try to calculate Frobenius structures of some cohomological
operations (e.g. push-forward functor), an obstacle lies in the isomorphism
Wy = Fba)v 2 of [Be2, 2.4.2]. The construction of this isomorphism is for-
mal using general facts of [Ha]. However, we need to trace many iso-
morphisms of [Ha] to compute it explicitly, which is monotonous but messy.
The advantage of this computation is that it makes us possible to calculate
Frobenius structures in “brutal” but very direct ways, at least locally. As
an example of the explicit computation, we calculate the Frobenius struc-
ture of push-forwards (cf. paragraph 2.5). We can also prove a proper base
change type lemma (cf. Lemma 2.6). With an aid of a result of Caro, we get
the proper base change theorem in paragraph 5.7. Another application will
be to prove the following theorem.

THEOREM 3.10. Let f:.2" — %/ be a smooth morphism of relative di-
mension d between smooth formal schemes. For a coherent Fi//j,/u
module .7,

(F) F'O(2) 2 D (f 72)(d)[2d]
where (d) denotes the d-th Tate twist (¢f. paragraph 2.7).

The construction of the isomorphism without Frobenius structures re-
quires only standard methods of the theory of arithmetic &7-modules, but to
see the compatibility with Frobenius structures, we need the explicit cal-
culation of the isomorphism of canonical sheaves. Using a result we get on
the way we prove this theorem, we compare the rigid cohomologies and the
push-forwards in the arithmetic &/-module theory, which is (G3). This
theorem can be seen as a part of Poincaré duality. See the last section for an
account of this interpretation. Moreover this theorem leads us to complete a
work of Caro in [Ca3] (cf. Corollary 3.12) comparing the duality functors in
the theory of rigid cohomology and that of arithmetic Z7-modules.

In this paper, we also include some small but useful results concerning
Frobenius pull-backs. Namely, we prove: 1. commutation of the dual
functor and the tensor product in some cases, 2. the Kiinneth formula, 3.
compatibility of the relative duality homomorphism with Frobenius. The
result 1 uses (1) in the proof, but results 2 and 3 are independent of the
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explicit computations. The results 1 and 2 are included in this paper with
the intention of use in [AM]. The result 3 is aimed to establish the Poincaré
duality as we have already mentioned.

Finally, let us point out some notable applications of our results. Cur-
rently, we have the following two important applications:

e establishing the “yoga of weights” in p-adic cohomologies, especially
an analog of “Weil II” in the theory of arithmetic 7-modules. This
will be treated in a paper of the author jointly with D. Caro (see
[ACD.

e aproduct formula for p-adic epsilon factors. See [AM] for more details.

In the proofs of those two results, (G2) and (G3) are used extensively.

Let us see the structure of this paper. In §1, we describe isomorphisms
which are key isomorphisms to construct the commutativity. In §2, we cal-
culate the Frobenius structure of push-forwards explicitly. We should men-
tion that this calculation is a key to calculate the Frobenius structure of
Fourier transforms explicitly, which is carried out in [AM]. With these two
sections, (G1) is attained. As an application, we show a proper base change
type lemma also in this section. In §3, we show that the dual functor and the
extraordinary pull-back functor commute up to some degree shift and Tate
twist in the smooth case. Using a lemma we prove to show this commutativity,
we will compare the rigid cohomology and the push-forward of arithmetic &-
modules, and we get (G3). In §4, we will show some complementary results,
which are used in [AM]. The idea of the proof of the Kiinneth formula is due to
P. Berthelot. In this section, we also prove that the relative duality iso-
morphism of Virrion is compatible with Frobenius. Together with §3, (G2) is
completed. In §5, we interpret the results in terms of the philosophy of “six
functors” by Grothendieck, which clarifies the meaning of the results in this
paper. We refer to the recent paper [Ab2] for more complete treatment.

Notation

0.1. In this paper we fix a complete discrete valuation ring R with mixed
characteristic (0, p). We denote the residue field by k, the field of fractions
by K. For a non-negative integer ¢, we put R; to be R/ 7 'R where 7 is a
uniformizer. We denote by e the absolute ramification index of K.

In general, we use Roman fonts (e.g. X) for schemes and script fonts
(e.g. .2") for formal schemes. For a formal scheme .2 over Spf(R), we
usually denote by X; the reduction .2" ®r R; over Spec(R;).
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0.2. For a scheme X over Spec(k), we denote by Fx: X — X the absolute
Frobenius homomorphism: it sends a section f of Ox to f”. We fix a
positive integer s, and put ¢ := p°. We put x¥.=x ®rry k, and call it
the relative s-th Frobenius of X.

0.3. Let & be a sheaf of rings on a topological space X. When we
simply say Z-module, it means left &-module. We denote by D, (%)
(x € {+,—,b}) the full subcategory of D*(¥) such that the objects
consist of complexes whose cohomology sheaves are coherent. We
denote by Dpert(Z) the full subcategory whose objects consist of per-
fect complexes (i.e. complexes locally quasi-isomorphic to bounded
complexes of locally projective &7-modules). We denote by Dgq(Z) the
full subcategory consisting of finite Tor-dimensional complexes
(i.e. complexes possessing bounded flat resolutions). We put Dperf(J) =

pelff(,/ )N Deq(Z7). When X is qu351 compact and & is coherent,

perf( 7)) coincides with Dperf(J)ﬂDcoh(J) See SGA6 Exp. I for de-
tails. When we denote by D(Z)® (resp. D(,/’) ) we consider complexes
of left (resp. right) “-modules (g and d stand for French words
“gauche” and “droit”). When we put Q as an index, this means tensor
with Q.

0.4. In this paper, we freely use the language of arithmetic &/-modules.
For detalls see [Bel], [Be2], [Bel]. In particular, we use the rings @ (m)

7 (/m), 2 - for a smooth scheme X and a smooth formal scheme .Z". We

use the category LDQ qc( 50 ,) whose definition is written in [BeI 4.2].
Let Z be a divisor of the spe01al fiber of .2°. We denote B (Z)@

7% m) = = lim BX Z)® JX ) by / ")(Z), and J (Z) ® Q by ,/} Q(Z) By
the same constructlon as LD el & /(4)), we can consider the category
LD ((// (Z)) For this category, see also [CaZ2, 1.1.3].

0.5. Let .2 be a smooth formal scheme, and Z be a divisor of its special
fiber. Let 7 :== 2"\ Z, X and U be the special fibers of .2 and 7/ respec-
tively. Let /% be a coherent (F'- )(/ Q( Z)-module such that it is coherent as
an O, (_)( Z)—module Let C be the full subcategory of the category of co-
herent (F-)& . r J(TZ) modules consisting of such . 7. Then we know that the
specialization functor induces an equivalence between C and the category
(F-)Isocf(U, X/K)by[Bel,4.4.12] and [Be2, 4.6.3,4.6.7]. We say that. Z is a
convergent (F-)isocrystal on 77 overconvergent along Z by abuse of lan-
guage.
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1. Explicit calculation of isomorphisms of canonical sheaves

In this section, we will explicitly calculate the isomorphisms of [Be2,
2.4.3, 2.4.4] (cf. Theorem 1.7), from which some commutation results of
Berthelot [Be2] are derived. The existence of these isomorphisms are di-
rect consequences of fundamental properties of the functors of Hartshorne
[Ha], and for the explicit calculations, we need to go back to the proofs of
these fundamental properties, and trace these isomorphisms step by step.
We follow the notation of [Ha, III].

1.1. First we review the notation and functors of Hartshorne [Ha, I1I] in
short. Let f: X — Y be a morphism of schemes. When f is smooth, we de-
note by wyx/y the canonical sheaf /\d Qx/y where d denotes the relative
dimension of f. When f is regular closed immersion, let 7 be the sheaf of
ideals of Oy defining X. Then we put wxy := ( /\d J|T 2)v where d is the
codimension of X in Y, and ¥ is the dual as an Ox-module. In both cases,
wy y is alocally free Ox-module of rank 1.

Suppose f is smooth. We define a functor f~: . D(Oy) — D(Ox) as
follows See [Ha, IIT § 2] for more details. For C € D(Oy), we put
f (©) :==f"(C) ®oy a)X/y[d] where d is the relative dimension of f. We see
that this functor takes D (Oy) into D (Ox) (here D denotes the full
subcategory of the derlved category cons1st1ng of obJects whose co-
homologies are quasi-coherent sheaves).

In turn, suppose f is a finite morphism. We denote by f the morphism of
ringed spaces (X, Ox) — (Y, f.Ox). Then we define a functor f >, D+(Oy) -
D" (OX) as follows See [Ha, III § 6] for more details. For C € D" (Oy) we
put f (C) = f RHomo,(f.Ox, C). We know that this functor takes D (Oy)
into D (Ox), and if f has finite Tor-dimension (cf. [Ha, II § 4], e. g flat
rnorphlsm) then it takes bounded complexes into bounded complexes.

1.2. Now, consider the following diagram of schemes
Y ? Z
N
X

where f and & are regular closed immersions of codimension d > 0, and g is
a finite flat morphism. Since ¢ is finite flat, we get that

7 (Og) = G*Homo,(g.Oy, Oy).
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There exists the natural equivalence f bgb =~ by [Ha, ITI Proposition 6.2].
By taking the d-th cohomology, we get an isomorphism

if Eatd (f.0x,§ Homo,(9.0y,02)) = I Eatl (h.Ox, Op).

Now, suppose Z is an affine scheme. Then the other two schemes are also
affine schemes. We denote the global sections of X (resp. Y, Z) by Ry
(resp. Ry, Rz). By [Ha, I1I, Proposition 6.1], the source and target of : are
quasi-coherent Oyx-modules. Thus, : is associated to the following iso-
morphism of Ry-modules

Ext}, (Rx, Homg,(Ry,Rz)) = Ext}, (Rx,Rz),

and we also denote this isomorphism by 7. We calculate this isomorphism in
terms of the fundamental local isomorphism [Ha, ITI, Proposition 7.2].

Suppose moreover that there exists a system of local parameters de-
fining X in Y (resp. in Z) denoted by {¥:}icj<q (esp. {zi};<i-y). Let
I := Ker(Ry — Ry). The sheaf wy y is the quasi-coherent sheaf associated
to HomRX(/\dI/IZ,RX). Since y1 A -+ - Ayq defines a basis of /\dI/Iz, we
denote by (y1 A -+ A yd)V its dual basis. In the same way, we define a basis
LA A Zd)v of wx/7-

1.3 LEMMA. We preserve the notation. We define a homomorphism o in
the following diagram so that it is commutative.

Extg, (Rx, Homg,(Ry, Rz)) ~ wx/z ©ry Homg,(Ry, Rz)

|- l

~

Ext}, (Rx,Rz) 2 Wx/z
Here the horizontal isomorphisms are the isomorphisms of [Ha, 111, 7.2].

Let g"(z:)) = Y. fyy; where f;j € Ry. Here the expression may not be
1<j<d

unique, but take one. We put G := (fij)i<i j<q € Matg.q(Ry). Then

(Y1 A Aya)' @ 9) = p(det(@)) - (21 A -+~ Nzg)”
where the over-line denotes to take the image of the homomorphism

Rz — Rx inducing h.

ProOF. On the way we prove the lemma, we will review the definition of
the homomorphism f. Let Rz{; be a free Rz-module of rank 1 whose gen-
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d
erator is {;. Let K, := A" ( DR ZCZ-) be the Koszul complex. By definition,
i=1

the differential homo_morf)hism K, — K, ;1 is defined by sending
Gy A AG oY (= 1Y 2iy Gy N NG N A i, where {;, means omit (; .
The canonical homomorphism R; — Ry defines a complex

d
A (EB RzQ) — Ry -0,
i=1

which is known to be a free resolution of Rx. Now, let Ryv; be a free Ry-
module of rank 1 with basis v;, and let us define a homomorphism

d d
/\T <@ RzQ) — /\T <@ RYVi>
i=1 i=1
by mapping {;, A--- A, to

< > fihm) ARRRRA < > fm?i) = . S i Fide Vi A A

1<j<d 1<j<d wenr)ElLdl”

where [1,d]is the set {i € /. | 1 <1 < d}. Then it is a standard calculation
to check that these homomorphisms define a homomorphism of Koszul
complexes:

d d
7t /\ <@RZ§1> - /\ (@Ryl%).
i=1 i=1
This induces the following commutative diagram.

HomRY (/\d (@?:1 Ryvi), Ry) QRy HOInRZ(Ry,Rz) — wx /)y ®RY HOInRZ(Ry,Rz)

| )

Hompg, (N (DL RzL:), Rz) wx/z

Here, the left vertical arrow is induced by y. The bottom horizontal
arrow is the surjective homomorphism defined by sending ¢ to
S A ALY @A A z¢)”. This factors through Extfgz(RX,Rz), and
this is f by definition. The top horizontal arrow is defined in the same
manner. The homomorphism y sends A --- Ay to det(G) - (v A -+ - Avg).
Thus, we get the lemma. O

1.4. Now we will calculate the isomorphism puy in [Be2, Lemme 2.4.2],
which is one of the two ingredients to calculate the Frobenius isomorphisms
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explicitly. The other ingredient is the explicit calculation of Frobenius by
Garnier, which we will review in paragraph 2.2.

Let us fix the situation and notation. We fix a positive integer s > 0,
and put q := p’ as in Notation. Let S be a scheme endowed with quasi-
coherent m-PD ideal (a, b, o) such that p € a and p is nilpotent, and X be
a smooth scheme over S of relative dimension d. Let Sy be the sub-
scheme of S defined by a, and X, := X xg.Sy. Suppose S and X are
affine schemes, and X possesses a system of local coordinates {x;},-;-,
over S (i.e. the homomorphism X — A induced by {x;} is étale). Recall
X( = Xo Xs,.F%5 So is the s-th relatlve Frobenius of X, over Sy. Let X’
be a smooth lifting of X(g) over S. There exists a system of local co-
ordinates {¥i};<;<q of X'. Since S and X are affine, we may lift the
relative Frobenius homomorphlsm denoted by F:X — X' over S un-
iquely such that F*(y;) = acl.

We will use multi-index notation. For an integer i, we put ¢ := (¢, ...,?)
in 7%. For k= (k... kg and k' = (k/l, .. ,k;l) in Zd, we denote by k < K
(vesp. k <k if ki <k, (resp.k; <k,) for any 1<i<d. We define
k—k =01 —ky,... . ka k).

We know that

F.Ox =~ @ OX/@I—C.
0<k<q

Consuler the dual (’)X = Homp,, (F.Ox, Ox’). We denote the dual basis of
{.oc—} by {Hx } The notation may seem a little strange, but this notation is
used to be consistent with Garnier’s calculation (cf. paragraph 2.2). For a
quasi-coherent Ox.-module .7, we get

(1.4.1) F (7)) = Ox ®oy A

F'(.7%) = Home,, (F.Ox, . 7) = 7 Q0yu O
as Ox-modules. We identify them and a section m ® ¢ of . Z ®oy OX is
considered to be a section of F’ ().
1.5 PROPOSITION. We preserve the notation, in particular S, X, X' are
affine. Recall the isomorphism of Berthelot [Be2, 2.4.2]

Ly Ox — Fwy.

Using (1.4.1), we can described this isomorphism by

Loy A Adaeg) = (dyy A+ Adyg) @ He T,
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Proor. Before starting the proof, we remind that Conrad pointed out in
[Co] that with sign convention of [Ha], many compatibilities stated in [Ha]
do not hold, and we need to use the modified convention as in [Co, 2.2]. In
this proof, since the outcome does not change, we follow the conventions of
[Ha]. For skeptical readers, we put signs D through @ below arrows of the
homomorphisms whose sign change if we use the conventions of [Co], and
see how they differ at the very end of this proof.

To avoid confusions, we put ¥ := X’ in this proof. Consider the fol-
lowing diagram.

1xF
X xg X —2L

b

Xsy

S
SN

Here ps is the second projection, 4 is the diagonal morphism, gy is the
first projection, s is the graph morphism of F, gy is the second projec-
tion, and f and g are structural morphisms. For an affine scheme Z, we
denote the global sections of Z by Rz. Note that all the schemes ap-
pearing in the diagram are affine. Let us consider X xg X (resp. X xgY)
as a scheme over X by the projection ps (resp. gx) unless otherwise
stated. We put

2= ®1 in Rxy.x and Ryx..y
Tai=0; 01 —-1®@w; in Rxx.x

Ls,i = F*(%) ®1-1®y; in RXXsY-

The set {9641, vy ad, X1, - ,%Ld} (resp. {908‘1, ey s dy X115 - ,9(}17d})
forms a system of local coordinates of X xgX (resp. X xgY), and
{®41,... 244} (vesp. {xs1,...,xs5q}) defines a local system of parameters

defining A(X) (resp. s(X)). We also note that dx e :=dx 1 A--- Adxsg
defines a basis of wx.sx/x. For ¢ € Homg,(Rx,Ry), we denote by
0 € Homg,, ., (Rxxsx, Rxxsy) the homomorphism defined by 1 ® ¢. Now,
let d:Ry — Ry..x = Ry ®gr, Rx be a homomorphism of Rg-algebras
defined by d®b):=b®1—-1%b. We consider Rx..x as an Rx-algebra
by the first component for a while. Then for a,b € Ry, we get

d'(ab) = ad' () + bd'(a) — d'(a) - d'(D).
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Thus,

(1% F) (o) = dF @) = d@h) = (~dal "+ 3 fijdal) du

q—1>5>0
= Fi @4
with f; ; € Rx. By definition, we have
(He; ") d'z) =0 foranyi# jori=jandk# g—1
(Ha; VY (d'xq H-1o1.
Let
(1.5.1) G := diag(Fy, ..., Fq) € Matgya(Rysx)

where diag denotes the diagonal matrix. Then, we obtain

(152) (Hz 9VY(det(@) = (Hz U V(- Didal .. dal )=
(-l =11.

We set back the convention, and consider X xg X as a scheme over X by
p2. The homomorphism i is defined in the following way:

wx g‘fﬁ(osl:_ d] = FbguOS[— d] =~ Fba)y/S

where the first and third isomorphisms are by definition [Ha, III § 2] and
the second isomorphism is induced by [Ha, 111, Proposition 8.4]. In the rest
of this proof, we will drop the section number I1I when we cite [Ha]. Since
the sheaves we are considering are quasi-coherent and schemes are affine,
we do not make any difference between sheaves and its global sections.
We will start to calculate from F’ wy/s. In the rest of this proof, we will
use the identification F’./ = (’) ®oy 7% to describe the elements con-
trary to the standard convention (1.4.1) of this paper. Thus the sheaf
F’wy)s is identified with Homg, (Rx, Ry) ©r, wys. Take an element

¢ ® dy. € Hompg, (Rx, Ry) ®ry wy/s.

First, we need to calculate the isomorphism a: F’ oy /s 5 sbqﬁ,wy /s, Whichis

the third isomorphism in the proof of [Ha, 8.4]. This isomorphism is the
isomorphism of [Ha, 8.2]. To calculate this, first, we get an isomorphism

Homp, (Rx, Ry) @r, 0y/s = F'wy/s

~ i
o AP2F’ 0y )5 = Ox ¥ 5x ORy.y OXxsx/x Ory Homp, (Ry, Ry) @r, 0y/s.
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This isomorphism is defined in [Ha, 8.1]. Let acj‘. denotes the dual basis of
a1 N ANyq in wx)/xxex, dYe denotes dy; A A dyq, and dx; . denotes
dxig A -+ Adxrg. We define acsv_ and dx,,. in the same way. Then the iso-
morphism sends ¢ ® dy. to xj. ® drie ® ¢ ® dy.. Secondly, we get an
isomorphism ’

OX /X xsX ORy.x OXxsX/X DRy Hompg, (Rx, Ry) ®r, wy/s

~ ApsF oy s > A1 % FYdyoy)s

& Wx/XxsX Ry, y HOMpy, o (Rxxox, Bxxgv) @Ry.y OXx5v/v ORy OY/S-
This isomorphism is defined in [Ha, 6.3], and sends xjﬁ. ®@dr1e ® ¢ @ dye to
xjﬁ. ® ¢ @ day.. @ dy,.. Thirdly, we get an isomorphism

i

wx/xxsx @ Homp,  (Ryxox, Rxxsy) ® Oxxsy)y ® wys = A1 x FYqyoy)s

~ #

— SbQYCUY/S = WX /X xgY Ry, gy WX xsY )Y ORy DY/S-
This isomorphism is defined in [Ha, 6.2], and this is the homomorphism
we calculated in Lemma 1.3. Thus, using this lemma, we get that it sends
xj_’. ® ¢ @ diy. @ dy. to ¢'(det(R)) - x:,. ® dxy . @ dy, where G is the ma-

trix defined in (1.5.1). Combining these three isomorphisms we got, we
obtain

a: Homg, (Ryx, Ry) ®g, 0y/s — Ox/Xxs¥ @Ry, gy OXxs¥/¥ ORy OY/S
9 @ dy, — ¢'(det(@)) - 2], @ day . @ dy,
where the over-line denotes taking the image of the canonical homo-
morphism Rx.,y — Ry inducing the morphism s.

Now, we come back to the definition of the isomorphism of [Ha, 8.4]. We
need to calculate the isomorphism b: sbq§,wy/s 5 sbqg( f ’jOS[ — d], which is

the second isomorphism in the proof of [Ha, 8.4]. We have an isomorphism

b o ~
S$'qywy /s = Wx/XxgY DRy, gy OXxsY/Y ORy WY/S

é $'(f 0 qx)*Os[ — d] = Ox/xxgy Ry, oy OXxs7)S-

This isomorphism is defined in [Ha, 2.2], and sends ﬂcgv, ® dr1e @ dye to
m:, ® (- l)ddxs,. A dx1.). Then we get an isomorphism

WX /X x5Y ORy, gy DX xsY /S =

~ i
$'(f o qx) Osl — d] 5 Sqx fFOs[— d] = wx/x x5y @ Oxxgy/x @ WX/
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This 132 also an isomorphism of [Ha, 2.2], and sends xZ. ® (dase Ndxys) to
(— l)d xz, ® dxs.e @ dive. Since d* +dis even, we get

b: WX /X xsY @Ry.gy OXxsY /Y @Ry WY/ — WX/XxsY ® OXxgY/X @ OX/S

x!, @deye ® dye—i,, @ ditge @ dic,.
At last, we get an isomorphism

~ bt ~
C: X /X xsY @ WX xV/X @ Wx/s = $'qxWx/s 6 wx/s-

This isomorphism is defined in [Ha, 8.1], and sends x;, ® dxge @ dice
to dax,.
Now, by definition, ,u;(l = coboa. The above calculation shows that

1y (9 @ dya) = ¢/(det(@)) - da.
Taking ¢ = H@f(gfl) and considering (1.5.2), we get the lemma.

As we noted at the beginning of this proof, we need some modification
for the calculation of the homomorphisms @ through @ if we use the
convention of [Co, 2.2]. Precisely for the homomorphisms @) and @), we
need to multiply by ( — l)d((j_l)/ 2, and for the homomorphisms @) and @), we

2
need to multiply by (— 1)" . Thus, x5 is multiplied by ( — 1)™* V™" = 1,

and the result remains to be the same as we stated. O

1.6 REMARK. When F’(y;) is not equal to x,‘f, we can also calculate in
the same way. We can write d'(F"(y;)) = 3. fij - dv; where f; ; € Rxox

using the notation of the proof of the Zproposition. We put g;;:=
(1® H@qfl)( fi;)) where the over-line denotes to take the image of the
canonical homomorphism Ry.,y — Ryx. Using this, we get

(dey A -+ Adieg) = (et Q) L Ha D dys A - A dyg

where

Jax1 .- 9dd

Note that this matrix is invertible since G = I mod p - Mat(Ry).
Now the following theorem follows from the construction and Propo-
sition 1.5.
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1.7 THEOREM. We preserve the notation of paragraph 1.4, and let us de-
note by (dx.)” the dual basis of dae :==dxy A--- ANdagin a);(l, and the same
for dac/. and (dac'.)v. Let .7 be a left @g}@—module, and .V be a right i//fxm)
module. Recall two 1somorphisms of Berthelot [Be2, 2.4.3, 2.4.4]:

Wy 0x @0y F* 7 = oy @0y ),

vy oy BT S Frox! @0y ).
Letm € .7, m' € 1", and f € Ox. Then we get that

1 dee @ (f @ m)) = (dac, @ m) @ (He TV f),
v (e ® (' © He TV 1) = f © @) @'

by using the notation of (1.4.1).

2. Explicit calculation of Frobenius isomorphisms

In this section, we will give first applications of the theorem in the
previous section. The main result of this section is the calculation of the
Frobenius structure of push-forwards.

2.1. We will fix two situations for the basis R often used in this paper.

1. The ring R is complete discrete valuation ring as in Notation.

2. We moreover assume that the s-th absolute Frobenius isomorphism
F}i lifts to an automorphism Spf(R) — Spf(R) which is denoted by o.
In this case & is automatically perfect.

For a scheme X over k, we recall X ©._x ®rr k. Let 2" be a smooth
formal scheme over Spf(R), and let X the special fiber. Suppose that X(()S)
can be lifted to a smooth formal scheme .2” over Spf(R). In the situation 1,
we are able to consider Frobenius pull-backs even if there are no lifting of
the relative Frobenius morphism Xy — X\ (cf. [Be2, 2.2.3]). Thus we are
able to discuss the commutativity of Frobenius pull-backs with several
cohomological operations such as push-forwards or duals etc. In the situa-
tion 2, moreover, we are able to define F-&/ L.l()-modules (cf. [Be2, 4.5.1]).

2.2. We will review the second ingredient to calculate Frobenius iso-
morphisms, which are results of Garnier [Ga]. See [Ab] for another aspect of
Garnier’s result.
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We will consider the situation 2.1.1. Let .Z" be a smooth affine formal
scheme over R whose special fiber is denote by X, and suppose given a
system of local coordinates {xi,...,xq}. We denote by {0i,...,0q4} the
corresponding differential operators. For a positive integer s, we let
F;":k — k be the s-th absolute Frobenius homomorphism. Let .2” be a
smooth affine formal scheme over R which is a lifting of Xy x,, k. The
relative Frobenius morphism Xy — Xy ®g;* k can be lifted to a morphism
F ;2" — 2" by the universal property of smoothness since .2 " is assumed
to be affine. We sometimes denote F ;- by F. We also fix a system of local
coordinates {90'1, e 790:1} of .2” such that F*(x') = «? using the universal
property once again. We denote the corresponding differential operators
by {8}, ...,d,}.

Garnier constructed in [Ga] a special differential operator H € E?;é)
called the Dwork operator with the following properties:

1) Suppose a primitive g-th root of unity is contained in E. Then

_ [k]
Hi=q 'Y Y «¢-v%ko", H= ][ H.
(=1 k>0 1<i<d
These are global sections of 52(18) . The operator H is called the Dwork
operator corresponding to x;. (cf. [Ga, Proposition 4.5.2])
2) The operator H is a projector from O, to O,-. Precisely, we
have H> = H in fo), and its action on Oy is O, -linear.
(cf. [Ga, Proposition 2.5.1])
3) For 0 <k < q, we get that Hac = in an element of Jj, We have
,k;7
>oa H@ =1
0<k<gq
(cf. [Ga, Proposition 2.5.1, 2.5.3])

4) For 0 <k < g, the operator Hﬁc = defines an O;--linear homo-
morphlsm Oy — Oy, and defmes an element of O . The set
{Hx } defines the dual basis of {x-}

(cf. [Ga, Proposition 2.5.1, 2.5.3])

The property 4 justifies the notation Hf]—c as the dual basis used in
paragraph 1.4. Now, we define

@) = (g2 ) 'O.H,
and P =Y £,0% in 7" with f; € 0.0, we put
k

=Y F(fp- @™
k
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Note that P( 1)s denoted by P in [Ga, 4.6.1]. This defines a ring homo-
morphism 7, — U P P° (cf. [Ga, 4.3]).

The most 1mp0rtant property of this operator is that with which we are
able to describe the isomorphism [Be2, 4.1.2 (ii)]. Precisely, there exists the
following canonical isomorphism

~  ~(m+s)

F*Fb@j' Oy ®O/'JE’)®O/’O =Dy
Then according to [Ga, 4.7.2], this isomorphism can be described as
(2.2.1) foPoHt  E—f. P He k.

REMARK. Throughout [Gal, the residue field k is assumed to be perfect
(cf. [loc. cit. 1.1]). However, this assumption is not used in the paper, and
this assumption is redundant. In fact, Berthelot is stating theorem of
Frobenius descent [Be2, 4.2.4] without posing any perfectness assumption.

2.3. Let .#" be as in the previous paragraph. Let 2/ be another smooth
affine formal scheme over R possessing a system of local coordinates
{y1,...,ya}. We also assume that we have a smooth lifting %/ " of the re-
lative Frobenius with a system of local coordinates {g/l, . --7?/sz} and
morphism Fy: 7/ — /" such that F” (y7) =y! for any 1. We fix one non-
negatlve integerj and denote .2~ ®Rj, ¥4 ®R7, 2" ® Rj, ~,// ®@RjbyX,Y,
X', Y’ respectively. Suppose given a morphism of special fibers fy: Xy — Y.
Consider the following diagram.

Fy
X—X

17

Y77
Here Fx and F'y are reductions of F,-and '/, and f and f " are liftings of f;
and f(;. In general, we are not able to take f and f* so that the diagram is
commutative. However, we can take F'y and F'y locally with respect to X. To
see this, it suffices to treat the case where f is a closed immersion and
smooth morphism individually, and in both cases, the verification is
straightforward.

Let .7 be a quasi-coherent Oyx-module. Since X and Y are affine
schemes, we will identify quasi-coherent sheaves and its global sections.
We list up conventions of identifications used to describe sections of certain
sheaves as follows.
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(2.3.1) Fy( /) 2 M @0y O DY = Ox @0y 73"
FX(//g) >~ Ox Qoy ,/( =~ (Ox ®o, (‘/; >®OY (x)Y ))@@X wy
For example we have an identification
FyFy a0 o = Oy @0y (Ox @0y 79 @0, 0p)) @0, 0x1) @0y Oy,

and for f € (’)y, ge Oy, Pejy,) and 0 <k <g, the section f®
(g P (dy.)")  de. )®H90 = on the right side of the equality equally
means a section on the left side by the identification.

2.4 ProPOSITION. We preserve the notation of the previous paragraph.
The inverse of the isomorphism of Berthelot [Be2, 3.4.2 (i)]

Lk o (m) ~  y(mts)
0 FYFy oy o 5 o0

can be described in the following way using the identification of (2.3.1).
Let fe Ox,and P € !Zg’,@), then we get

A(felePedy) ®di)He™) =
Lo (P Hy 9V ) @ (dy) @ da.

Proor. Recall that we are identifying quasi-coherent sheaves and its
global sections. By using v in Theorem 1.7 , we get an isomorphism

Oy @oy (29 @ wy)) = (25 @0, Oy) @ ay.

The theorem is saylng that this sends f @ P® (d?/.) to (P® (Hg[(q b @
(dy.) By using u -, we get

(7 ®0y wx)) ®ow Oy — (Ox ®oy ) @ wx,
where & : f'*((J ;" ® O%)@w{,l) For a section D of &/, this homo-

morphism sends (D ®doc )®Hx %o k-1 ® D) ® dx,. At last, there
exists the following isomorphism

Ox B0y f (73 @ Op) @ wy) = 1Oy @ (7} @ Op) @ wy) =

Here the first isomorphism follows from the commutativity of the dlagram
According to Garnler s calculation, this sends f®1 @ (Q®Hy )® (d,y.) )
tof ®(Q° Hy ) @ (dy.)" . Combining these, we get the proposition. |
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REMARK. We will describe shortly the way to calculate y when the
diagram in paragraph 2.3 is not commutative. In this case, suppose the
integer m satisfies the inequality p™ > e/(p — 1) where e was the absolute
ramification index of R. Under this condition, we may use the Taylor iso-
morphism of [Be2, 2.1.5] to compare Fy o f and f’ o F. This isomorphism
can be described in the following way. Let f,f": X — Y be two morphisms
of smooth schemes whose reductions over k are the same morphisms, and

suppose that Y possesses a system of local coordinates {y1,...,yq}. Let
T .— Z (f/*(g) —f*(ﬂ)){k}m ® a<@>(m)
k>0

inf'o gy . This is defined since we have the assumption on . Let . 7 be a
\"_module. Then we can check that the isomorphism 17 2 f"*. % = f*. 7
sends 1 ® m to T' ® m for a section m of . 7.

Now, when the diagram is not commutative, the calculation of y goes
well exactly in the same way except for () in the proof of the proposition.
We use this calculation of Taylor isomorphism to compute ().

2.5. We use the same notation as paragraph 2.3. As the first application of
Proposition 2.4, we will calculate the isomorphism
(2.5.1) Fyfi. 7 = foFy 2t

concretely. This result is used in [AM] to calculate the Frobenius structure
of geometric Fourier transform defined by Noot-Huyghe explicitly.
Let. 7 be a @g’f)—module. In the proof of [Be2, 3.4.4], the isomorphism

&R (:7;’,2}(,@; w M) =
F710y @prioy (YL y @ w M) S (DY) @) o Fy )

is defined. Using the projection formula, the isomorphism (2.5.1) is nothing
but RBf.(S).

PROPOSITION. Let &, := 7 y(&). For P € E/gn ) and m € ./, we have
&HeleoPedy) ©dd)®m) =
(1@ -Hy TV hedy)’ @de) @ @ om).

ProoF. Let us review the definition of &;. Tensoring both sides of &
with f 71F§,£% g;’,l), it is equivalent to defining an isomorphism

252) 20 g @ m A5 DY @ e (D7) @, 00 Fy )



Explicit caleulation of Frobenius isomorphisms and Poincaré duality etc. 107

by [Be2, 2.5.6]. We get an isomorphism
ggfb) e ® (m) /A = F (//gfLX, ® m+5) F A = fﬁlF;fjgﬁ)@
FyFya\W) o @ Fytt

where the first isomorphism is by [Be2, 2.5.7] and the second by [Be2, 2.5.6].
Combining this isomorphism with y, we get the isomorphism (2.5.2). By
Proposition 2.4, we see that (2.5.2) sends (1 ® P ® (olg/.)v ® dac'.) ®m to

QeHyHe @ 1e@ Hy T hedy) ©de) o @ om)

where k and [ denote any element in N? such that < ¢ — 1, and the propo-
sition follows. O

2.6. We consider the situation 2.1.1. As another application of the explicit
description, we will show a proper base change type result. For the most
familiar statement, see paragraph 5.7. Let m be an integer such that
p" >e/(p—1) and i be a non-negative integer. Consider the following
cartesian diagram of smooth schemes over R;

/

X/g_>X

(2.6.1) f/l X lf

!
Y—g>Y

where & :gof/. Let Z be one of X, X', Y, Y. We denote by Zy the
reduction of Z over k. We assume that ZBS) possesses a smooth lifting
7 over R;.

Under such situation, let us construct the following base change
homomorphism:

262)  fTIY @ T DYy DY) g 0w DG 5

For short, we denote ™ by &. There exists a canonlcal homo-
morphism of rings 971@1/ — Dy Thus, we get a homomorphism
W'Dy @0, wx )y ifHJ Yy’ ®oy wxryr of (f ' @y, g " 7 x)-bimod-
ules where wy/ )y == wx ® f Iwy/ We have the canonical section 1 ®1
in Yy_x = 0Oy ®f 1o f 1y /'x. This section induces a homomorphism

fl 1NZY/ Koy Wx1y! *> (f JY/ R0y a)X//Yr) Ry Dx_x. Combining these,
we get the homomorphism

Bou:h™ Ty @p 0, xyr — (f 'Yy @0y wx)y) @y Dxx-
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This induces the homomorphism (2.6.2) as required. Now consider the
following diagram of cartesian squares:

X—X —X

w1 1 )

" > ! >
Y 9 Y 92 Y

By definition, the following diagram of sheaves on X", in which we omit pull-
backs f ! etc., is commutative:

(2.6.4)

Dyry @y Dyex Dyr—xr @y Dxr— X

~ ~

Dy y®sy Dy -y Oay Dy x> LYy Oy Py X @y Dx—x > Ly X1 @y VX1 xR0 Dx1-X »

where horizontal homomorphisms are base change homomorphisms.

LemMa.  Consider the diagram (2.6.1). We assume that g is smooth.
Then there is a canonical equivalence of functors

(2.6.5) g ofi=f og Do (7 {") — DL,

This equivalence is compatible with raising levels and Frobenius pull-
backs. Consider the diagram (2.6.3) and assume that g; and gz are smooth.
Then the equivalence s compatible with composition.

Proor. First, let us show that (2.6.2) induces a quasi-isomorphism
1 -1
fl ‘{/Y’—>Y ®h 15 (m gl Ej(;@ —) j(Y’<)—X’ ® m) /gf’l»X

By taking local coordinates, we can check that (2.6.2) is an isomorphism.
Since f "1y yisaflat right 17 y-module, we get a quasi-isomorphism

1 L 1 ~ 1 s
(2.6.6) Dy y oy, d Dy x S Dy oy Qpoy ¢ Dy x

. /—1 . /
From now on, we omit f* ~ and so on, but we consider sheaves to be on X'.
Let us show that

(2.6.7) Dyl @ m Tyl S Ty 0w Iy,

or in other words .7 (& ;’L v ®l" o ;@E,ZLLX) = 0fori # 0. Whenm = 0, the

argument is standard using the Spencer resolution & X,) ® 6%, sx of %" X,
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where Oy /x denotes the relative tangent bundle of X =X (cf. [Be2,
4.3.1]). Let us see the general case. Since the verification is local, we may
assume that the schemes are affine and s = m. We get

_(m) (m) (0) L0
Dy xi ® 7% jX’—»X = FY’F (“y % ®, < Y% %)

by [Be2, 2.5.6, 3.4.2]. This reduces the verification to the m = 0 case, and the
claim follows. Combining (2.6.2), (2.6.6), (2.6.7), we get the desired quasi-
isomorphism.

By construction, (2.6.2) is compatible with raising levels. Let us show
the compatibility of Frobenius. We denote by relative Frobenius mor-
phisms of the special fiber X etc. by F'x etc. Let us show that the following
diagram is commutative where homomorphisms are quasi-isomorphisms.

(2.6.8)

w (pM) QL gy(m) L g o(m) (o (m) L gym) L b (M)
Fy(@2 - ® A 72" ComPxP) ———Fp (72" @m0 @ Fr Fr72")

| \\ |

(Zy3 ®F g i) o i FxF. Y7y — (7 e % el i Z53) € Bginn FxF. pa

Let .7 be a left EAX —complex, By taking ®Z(m+s>F;//Z, (2.6.8) induces the
X

following commutative diagram:

Fy

7" &L T &L M Fy (2™ el 2% &b, %
7oy So V5 5 Oot ) i TS LZlRS O Sl )

l N

(’OZ(;%:; ® m‘rﬁ 9%;)) m“ FX% — ( (W+S ®;W+s) Jg"iig) f('n+x) FX//
X

—

X

which implies the compatibility of Frobenius.

Let us prove the commutativity of (2.6.8). Since these complexes are
concentrated in degree 0, the problem is local on X’. Thus, we may assume
that any scheme possesses a system of local coordinates, and the following
diagram is commutative.
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Let {ti}lgigdx (resp. {ti}lgigdx’ {gj}gjgdy, {Sj}lgjgdy) be a system of local
coordinates of X (resp. X, 17, Y) such that F;}(i;}) = tq Y(s,) = s As
usual, we use the notation dt, :=dt; A--- A dth and so on. Let Hy, be the
Dwork operator (cf. subsectlon 2.2) in ,/g,, *) corresponding to s;, and we

put H := H Hg. Let x1,...,xq be a local coordinate of Y’ over Y. This
=1

can be seen also as a local coordlnate of X’ over X. We denote by H; the

Dwork o erator in 70" (resp. ") corresponding to x;. We put
p b4

H, = H H;. Using the convention of (2.3.1), let
i=1

F=10(eP)olele @)’ ©ds) @ ¢)

be a section of Fy, (¥ ;7,1)1,@(/0“ J(Y)X®’/m ;(%@) To see the

commutativity of (2.6.8), it sufflces to show a(Z) = f(Z). Let
[T 2/ "Hz;“ . By using Proposition 2.5,
1<i<d
wE) = (10P° -Hys 9P Ha 9P fodt) ods.) o6 el T o) 0 Qo¢)
= (1P Hys 9V . fo@dt) ©ds,) @S- oD@
BE) = (10P -Hs TV fo@t) @ds.) o6t ol)o@Qoe)
To show that these two quantities are equal, it suffices to see that the image
of 'S by the homomorphlsm a0 70 is 1@ 1. To show this, it
suffices to see that S(l) =1 in Ox. Since the claim is stable under base

change, we may assume that { € R;. By definition of H, it suffices to show
that

v S S - @ =1

=1 k>0
for any 1 <7 < d. The sum is equal to
_ k+q-—1 _ —q _ _
1 71k — 1 1— k — 1 -1
Y ()= o () =a >rr=t,

and the commutativity of (2.6.8) follows.
Let us complete the proof of the equivalence (2.6.5). We have

G ofil) =Dy y @0y g \REDy x 0L
= Rf (' Dyy @iroy ¢ (P yox @F, )
SR (Dyex @, Dx—x @1y § L) 2 fl 0 g 20),



Explicit caleulation of Frobenius isomorphisms and Poincaré duality ete. 111

where we used the flat base change in the first isomorphism, and the
equivalence follows. The last statement follows by the commutativity
of (2.6.4). O

REMARK. When ¢ is a closed immersion, we can check that

]/ (f/ l!/y,ﬁ)y ® (m) g f/g)llX) - O7 7/7/("@(;'/2)(/ ®:{[jl(m) gé{n}lx) — 0
/Xt

1oy
for ¢ # 0. Thus, the base change homomorphism induces a quasi-iso-
morphism

f/ ln(/wY,*}Y ® (77»7,) 9/71@ (}Z)L) —> ’/gf’ ) X ® m ~/§('>

As in the proof of the previous lemma, this quasi—isomorphism defines a
homomorphism of functors

g of = Fflog DoY) = Dl ).

Moreover, by construction, we can see that this homomorphism coincides
with that of Caro [Cal, 2.2.18] when we take the limit and g . Thus, passing
to the formal scheme, the homomorphism of functors becomes an equiva-
lence and compatible with Frobenius if the resulting complexes on Y” is
coherent by Berthelot-Kashiwara theorem [Bel, 5.3.3]. See Remark 5.7 (i)
for more general situation.

2.7. Consider the situation in 2.1.1. Let us define the Tate twist (cf. [BeP,
2.3.8(1)]). Let.Z and / are two smooth formal schemes, and suppose there
exist smooth liftings .2 and 7/’ of X; “ and Y(S) Where X, and Y} are special
fibers of 2z and o as usual Let * be one of 2,27, v, 7/, and A(*) be
either Dcoh(J* o) or LDQ qc( ) Let

G: A2 — A(Y), G A2") — A/
be Q-linear functors. Now, suppose given a equivalence of functors
l1’:}7'f‘// oGS GoF”,.

The triple (G,G’,¥) (we often abbreviate this as (G,%) or even G if no
confusion can arise) is called a cohomological functor with Frobenius iso-
morphism. The natural transform ¥ is called the Frobenius isomorphism
of the triple. Given (G, G/, ¥) and an integer d, we define its Tate twist ¥ (d)
of the Frobenius isomorphism by ¥(d) := ¢~ - ¥. We often denote by G(d)
the triple (G, G/, ¥(d)) for simplicity.
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Now, we consider the situation 2.1.2. Fora &/ / »o-module .77, we denote
a ! ' o-module by .7 #/° the base change of . 7 by using ¢. Let .7 be an F-

2 [Tu—module (resp. complex). By definition, this is a & %.TQ—module (re-

sp. complex) equipped with an isomorphism® @:F*.#° = _7. For any
integer d, we define an F-o/,. o module (resp. complex) /// (d) called the
Tate twist of ./ in the following way. The underlying ! ' p-module (re-
sp. complex) is the same as that of . 2. We denote by &' the isomorphism
F*.7(d)” — .7(d) induced by the Frobenius structure of . 7. The Fro-
benius structure &(d): F*.7#(d)’ — .7(d) of .7(d) is by definition qiddi'.
Now, let (G, %) be a cohomological functor with Frobenius isomorphism.
Then we get that G(_.7) is naturally equipped with Frobenius structure,
and we get for any integer d that G(d)(.7) = G(.7)(d) = G(.7(d)).

Let (#,®) and (/",¥) be two F'-& L.‘Q—modules, and ¢: .7 — )" be a
homomorphism of (Z;lo—modules (where we do not consider the Frobenius
structures). Consider the following diagrams where the left diagram is that
of modules (or sheaves of modules):

o * 4 7 " G
M, —— M, P ——— F* "
yl lb’ ¢l lsv
M3T> M, WA 7 a

First, pay attention to the left diagram. Let n be a rational number. We say
that the diagram is commutative up to multiplication by n if n - (foa) =
0 o y holds. Now, changing the attention to the right diagram, suppose that
the diagram is commutative up to multiplication by qd. Then we get that ¢
defines a homomorphism .Z(d) — ./ as F—E/?//"L:Q—modules.

3. Extraordinary pull-back and duality

In this section, we prove a commutation result of the extraordinary pull-
back functor and the duality functor. The result can be seen as a part of a

(Y The definition of Frobenius structure here is slightly different from that
of [Be2, 4.5.1] in the sense that in loc. cit., @ is an isomorphism .7 = F*.#°.
Since @ is an isomorphism, it causes no difference. We adopted our definition to
make it easier to see the compatibility with the definition of Frobenius structure
of F-isocrystals. See also [loc. cit., Remarque 4.5.1].



Explicit caleulation of Frobenius isomorphisms and Poincaré duality ete. 113

“Poincaré duality” in the theory of arithmetic &/-modules. For the ex-
planation of this interpretation, see §5. By applying the commutation
result, we get

D20, 0(2) =0, o(Z)(— d)

where .#"is a smooth formal scheme, 7 is a divisor of its special fiber, and d
is the dimension of .%". Combining this result with a result of Caro, we are
able to compare duality functors of arithmetic &-modules and that of
overconvergent isocrystals with Frobenius structures in a precise way. At
the last part of this section, we compare the rigid cohomologies and the
push-forwards in the theory of arithmetic &7-modules.

3.1. We consider the situation 2.1.1. Let .Z2" be a smooth formal scheme,
and Z be a divisor of its special fiber X,. In this situation, we say that
(#°,Z) is a d- couple2 Let (7, W) be another d-couple. A morphism of
d-couples f: (4", 2) — (#/,W)is a morphlsm of special fibers fy: Xo — Yo
such that f(Xo\ Z) C Yo\ W, and [~ (W) is a divisor. A strict morphism
of d-couples f is a morphism f 4" — 2/ whose reduction on the special
fiber is a morphism of d-couples. We say that the morphism fy (resp. f)
is the realization of the (resp. strict) morphism of d-couples f.
For a d-couple (2", Z), let us review the definition of the dual functor

D.r2: Dyeut( (D)) = Dy 7 (2.

perf

We note that there exists the canonical equivalence of categories

D (7t o (2) 5 DLy ()

by [NH2, 3.2.3]. Let d be the dimension of .2". For a perfect @L.’Q(TZ)—
complex 7, we define the functor D,z by

Dy s(%) = RHom, 1 (2,7 (2) @0, o [d].

For fundamental properties of this functor, see [Vi]. Here, we only note that
this functor commutes with Frobenius pull-backs, and induces an equiva-
lence between the derived categories of perfect complexes (with or without
Frobenius structure).

Let (£, Z) and (%7, W) be d-couples, and let fo: Xy — Y, be amorphlsm
such that fo(Xy \ Z) C Y \ W. Assume that f; is smooth. Then f;, (W) isa

(®) This “d” stands for divisor.
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divisor, and in particular, f; induces a morphism of d-couples f: (2", Z) —
(%, W). The functor fi: D', (77, 0(W)) — D', (7", (f LWy is defined
in [Be2, 3.2.3 (ii)] and [Bel, 3.4.6]. By taking the inductive limit as [Bel,
4.3.3], we have the functor fy: Dy (7}, (W) — D%y (7. (F (W), We
define the functor

[ Dy (T LW = Dl (F 1,20
by (Z) o f(;, where (Z) denotes the functor tensoring with & %(Z) By

takmg the inductive limit, we also get a functor f Dcoh( O(TW)) —
T
coh(J o(2)).

3.2. Let m be an integer such that p™ > e/(p - 1) (cf. [Be2 A.4]). We
denote B ")(Z) and B, '(Z) (cf. [Bel, 4.2.4]) by B and B, BT & 7
byj andhm J (m) =, (TZ))byf/ .Weputw, = B, ®o wy.We
denote by D (,/ m) (* € {—,b}) the full subcategory of D" (J )Y con-
sisting of quasi-coherent complexes (cf. [Bel, 3.2.1]), and Dj, qc(J )y by

the category obtained by localizing D (J m>) with respect to isogenies
(cf. [Bel, 3.3.2]). Finally, we denote by D'(2) (x {+,—,b}) the derived
category of R-modules on.%".

LEMMA Let 2" be a smooth formal scheme. Let .7z be a complex in
perf(‘/ Q)g and V" be a complex in D’ (Jfgfl))g. Then the complex

MRE o A is bounded.

Q,qe

Proor. We will use the notation of SGA6 Exp. I. Since Dierf C
Dtq by 0.3, we may assume that parf-amp(.7Z) C [0,a]. Let n be an
integer such that 7'(/) =0 for i <mn. It suffices to show that

T ®A<m A7) =0 for i <m — 1. Since this is local, and we may as-
sume that J is affine. We will assume .2" to be affine in the following.

For a positive integer 7, we say that a finitely generated ?f,m) -module
2 is r-nearly projective if there exists a f/ (m
and a short exact sequence 0 — 2 @ ¢ — (J ) — 72 — 0 such that

n'.7 = 0. For any finitely generated prOJective a %.7()3-module 7, there

module ¢/, an integer b,

exists an integer » and an r-nearly projective @i@—module 2’ such that
#?® Q=7 This shows that there exists a complex 2, of r-nearly
projective f/}{ﬁ,@—modules concentrated in [0,a] such that 7, ® Q is
quasi-isomorphic to .7. Thus, it suffices to show that for any r-nearly
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projective [?Z{(/@—module P and N € DZC(@ EZ’.”)) such that .77 (1") = 0 for
1< n, we get
& NP g ) =0

for i < — 1. Since 7 is r-nearly projective, @ . 7" & ®A w A7) =0 for
any ¢ < n. This shows that

" H i(y)j ®t[ o A7) =0
T By

for any j and ¢ < n — 1, where % := 7’ ®g R;. Now, it remains to take
R (i X+, but since this functor is a right derived functor, we get the claim.
U

3.3. Now, let us state a key proposition in this section. Let .2 be a smooth
formal scheme, and .2” be a smooth lifting of X((f).

PROPOSITION Let /d be a complex in Dperf(% pu Q)g and " be a
complex DQ C(j )g We denote D,z by D. Then there exists the
Sfollowing quasi- zsomorphzsm in D" (2)

Y:RHom ; Zm (B/mQ,JD( ///)® m> A7) S RHom Zm (A7),

Let .7 be a complex in Dperf((/ (m Q)g and & be a complex in D( ). qC(J ﬁ))g.
Consider the following diagram:
RHom_,,, (B, () B ) z RHom_,, (7, %)

J’Q J’Q

S ~L
RHom@ygw(ng) ,D(F*ﬁ)@g%nbs) F*9) —5~ RHom@,’ngs)(F*ﬁ, F*%)
where the vertical homomorphisms are canonical isomorphisms of com-
plexes which are defined by the theovem of Frobenius descent [Be2, 4.1.3].

This diagram is commutative up to multiplication by qd where d denotes the
dimension of %"

REMARK. We note that the complex R Hom (» (B (,m()g, D) & %%L/’Z/ )
makes sense thanks to Lemma 3.2.

The proof of the proposition will be given in paragraph 3.8, and we will
start preparations of the proof from the next paragraph. Unless otherwise
stated, .7, )", .7, & are not the sheaves in the proposition.
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3.4. First, we will prove the following small lemma.

LEMMA Let .7 be a complex n DQ o h(J m) and . be one in

o qc(J & ) Then, there is a canonical isomorphism

HomD? m)(// A5 Hom~<m (// 0.

ProOF. For.7 and & in D’ (J ), we define

Q,qe

RHOlegJ’qc(;(}@)(,,?, )= RHOWLQKI’M (7, 2)® Q.
There exists the canonical homomorphism

RHomD{; ~<m>)(/// N — RHom// m) (///® Q,. 1" @ Q),

and it suffices to show that this is an isomorphism. Since the problem is
local, we may assume that .2" is affine. It suffices to show the claim in the

case where .7 is projective. Since . 7 is a direct factor of (? ")E" for some

n, we are reduced to showing the case. 7 = J ) Inthis case, the lemma is
straightforward. O

3.5. To compare Frobenius pull-backs, we need to construct a certain
" ) (e.9. " 0 by
)%. The 1som0rph1sm we will

isomorphismin D (2"). Let./ be a complex in Dperf( /

(3.6.1)), and .7 be a complex in D (¥ /m@
construct is the following:

(351) /] ®~(m) /// —) F? )l ® m+\) F //

Let ¢/ be a smooth formal scheme and let .7 be a complex in Dperf(/ 7. J)

and & be a complex in D~ (fl 7 ))g First, there exists an isomorphism
Do D¢ (7)) = .7 where

,~ 7 o)
DYT) = RHomz 0 (7,7 ) @ oy
by [Vi, II, 3.6]. Using this, we get
7 @ & = RHomzm (DY), 79, @ w,) @ &
TR T et L e 7

= RHomz OYT), 0y @ £)

where the second isomorphism is by [Ca3, 2.1.17 (i)]. Now, we define (3.5.1)
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in the following way:

y/a ®~(m) A NRH0m~(7”' (D (/] ) Wy & ///)

Y1

= RHomz oo (F' DY), F (w0 @ . 70)
& RHom oo (DYEF ), w00 @ F* 10) 2 F' @ i F* 1.

Here the second isomorphism follows by the theorem of Frobenius descent.

3.6. We will construct the homomorphism ¥ in the proposition step by
step. Let @, be the tangent sheaf on .2, and we put 6',. := \' 6 ,-. First,
note that there exists the Spencer resolution

(3.6.1) " 067 — Bo'h.

This can be seen in exactly the same Way as the proof of [Be2, 4.3.3]. Indeed,
B\ 2) ® 7" of is ﬂat over ") Since B a8 1s noetherlan the p-adic
completion J ) is flat over IS’M7 ® 1/ Thus / ( ', is flat over &7, © ) Lt
remains to show that & S()) ®,9 Ozro=B (,,,7(), whose proof is stralght—
forward. This shows that l? E,mgj is perfect as a complex.

Let .7 be a bounded @;’fbg)—complex. We have the following quasi-iso-
morphisms

7 (m) ,
RHom ) Bz, 7)
> RHom ;) (B0, T50) ©'n M 280 @2 A1~ d]

where the first isomorphism holds by [Ca3, 2.1.17], and the second by (3.6.1)
and [Bel, (3.5.5.1)]. Now the point where we need to use the explicit compu-
tation of Frobenius isomorphism of § 1 is in the proof of the following lemma.

LEMMA. Let 7 be a complex in D’ (/ 2" Q) Consider the following
diagram in D(2).

(3.62) Nl lw

RHomN(M) (BY'E, Fith) — > Bra ®“;j(mﬂ) F* %~ d]
Z,Q
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Here the right vertical homomorphism is (3.5.1) composed with the canon-
ical isomorphism Fo,=~o 2, and the left vertical homomorphism is
induced by the functor F*. Then this diagram is commutative up to mul-
tiplication by qd.

Proor. Let G be the functor Homz | m+s>(F*l§ Ezm)Q,o) and G’ be the

functor Hom () (B /mgg ,e). By (3 6.1), R' 'G and R'G’ vanishes for i > d.
We define a functor H to be R’ G, and H' to be R'G'. The canonical
isomorphism F*E(/mo = B(Z?ﬁ) induces an isomorphism of functors
H = H'. By [Ha, I, 7.4], we get the following commutative diagram of
functors.

RG —— LH[—d]

RG' —== LH'[—d]

We note that flat & /(/?ﬁjskmodules belong to the set P of loc. cit. For

a flat & ,mfjs) L-module 7, we get a canonical isomorphism H(7°) =
F o, ® 7 7 and HP) =~ o, ® 7 ) #”, which induces canonical

1somorphlsms of functors LG = Fa) //® ), and LG =& /® ).
Consider the following diagram:

RHom (yQ,/%) wg,@u A —d]

| ° |

BHOM ;o (F* BY, F* 1) —> LHE* )] - d) — F'050 O, F".# [~ d]
%
| ° ° |
BHOM 10 (B, F*42) LHE .2 - d) By g ' [

where all the arrows are isomorphisms, and ) denotes that the marked
square is commutative. Thus, to show that the big diagram is commu-
tative up to some multiplication is equivalent to showing that the dia-
gram @ is commutative up to the same multiplication. Since the
homomorphisms of the diagram @) are induced by a diagram of functors
between H, H', F*@&.,+®, &.,®, it suffices to show the commutativity up
to the same multiplication for this diagram of functors. Thus the prob-
lem is local.
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We may assume that .2 is affine, and possesses a system of local co-
ordinates {y1, ...,yq}. Moreover, we can take a system of local coordinates
{21,...,2q} of 2~ and alifting F:.2" — 2" of relative Frobenius morphism
such that F'(y;) = ac Under this 51tuat10n let us show that the diagram is
commutative up to multlphcatlon by q From now on, we do not make any
difference between quasi-coherent modules and its global sections. It
suffices to show the commutativity in the case where .7 is flat over 5_7 (,7}7)(_)

Let F,:0, — F'@,  be the canonical homomorphism. We have
the following homomorphism & /(mJ K ® @k, — F*(Qﬁ)(g ® @k) sending
Py, A Ady;) to P-(oqel .. qel '(da, A~ Aday). This

defines, in fact a homomorphism of complexes
(m+s) ° *
(363) f/@ ®@—>F(‘// (.)®@/)
by the proof of [Be2, 4.3.5]. It suffices to show that the diagram of modules

Q‘f%ﬁ ®o,, M —— DL’ O sm M

210

| |

Q‘é,; ®o, F* M — P& Ogm F* M

Z,Q

is commutative up to multiplication by qd, where the left vertical homo-
morphism is induced by (3.6.3). Since the right vertical homomorphism
sends (dy1 A -+ - Adyq) @ m to 96‘({71 ...acgfl (daey A - ANdeg) @ (1 @ m) by
using Proposition 1.5 and Theorem 1.7, we get the claim, and conclude the
proof of the lemma. O

3.7. We have the following lemma whose proof is similar to that of
[Ca3, 2.1.27], and we leave it to the reader.

LEMMA. Let )~ be a complex in D (J m) and .7 and .7 be two
complexes in D (( )g Then there is a canonical 1somorphism

/I ® ~(m (/// ®A(»1 ////) (a4 (/] ®A m) //) ~(m) ////

3.8. ProoF oF PRroOPOSITION 3.3. Here, we use the notation in the
proposition. We apply Lemma 3.6 to D(.Z) ®A w /). When we omit

bases of tensor products, they are taken over B 2+ Then we get iso-
morphisms
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RHom(ﬂm (l? )(///)® s )260/()@ (m) (JD(///)® A —d]

~ (04 (_2® D( //))® m N —d] NRH0m~<m)(//5 J, Q)®~<m> va
=~ RHom (/// /)

where the first 1somorphlsm is the one in paragraph 3.6, the second iso-
morphism is defined by Lemma 3.7, and we used the fact that. 7 is a perfect
complex in the last isomorphism (cf. [Ca3, 2.1.12, or 2.1.17]). This is nothing
but ¥ that we are looking for. The second, third, and the last isomorphisms
are compatible with Frobenius. Thus the statement of Frobenius follows by
Lemma 3.6. O

3.9. Let.Z be a smooth formal scheme. We denote by Dperf(,/ /) the full
subcategory of Dperf(J 2 J) conswtmg of a complex .7 such that there
emsts a complex .7 in Dperf(J P o) for some m and an isomorphism
7 Tr0®F™m, VAN

LEMMA.  Assume that .2 is quasi-compact. For any complex .7 in
ch)oh(@;(;ﬂ()gl there exists an integer m' > m such that & ;m( 3 Q0 s

pe1~f(§/’f>(%1?,7i)), ). In particular, we have the canonical equivalence of categories

Dgerf(@;',()) - D;b)erf(@;',()) - DSOh(gT/Q)
ProoF. Letus seethefirst claim. Since .7 is quasi-compact, the problem
is local, and we may assume that .2 is affine. Since .#" is affine, We can take

7 to be abounded complex such that each termis a coherent 7% 2y -module.

Form' > m,wedenote. 2™ .= 7% @ 1 and =T @ .. Now,

there exists a bounded finite locally projective J , (o-complex 7 and a quasi-

isomorphism of complexes ¢p: 4 — ' since 7, /-, has finite Tor- d1mens1on
by the result of Noot-Huyghe in [NH2] For a sufficiently large 2, this

complex can be descended to level . Namely there exists a bounded locally

)

ﬁnlte pI‘OJeCtlve Dy i ‘—complex g ) and a homomorphism of complexes

s ) — ) such that ,/ Jr.a® ¢ = ¢. The homomorphism ¢’ may not
be a quasi-isomorphism, but since the complexes are bounded and each term
is coherent, there exists m" > m’ such that the homomorphism &, Q) Q¢
becomes a quasi-isomorphism, which concludes the proof. The latter state-

ment follows from [Bel, 4.2.4]. O

REMARK. We do not know if Dgerf(@;"Q) and Dierf(@;#g) coincide or
not in general.
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3.10 THEOREM. Letf: (4", Z) — (¢/,W) be amorphzsm of d-couples whose
realization is smooth We assume that X ' and Yés can be lifted to smooth
formal schemes . 2" and / Letus denote by d > O0the relative dimension of
X over Yo Then thereis a comomcal equivalence of cohomological functors
from Dperf(J 7, Q(TW)) to Dperf(J e Q(TZ)) with Frobenius isomorphisms

(3.10.1) (D z o f)D2d] = oDy w.

ProOF. Let. /' be a complexin Ef)erf(f/'} o). Then by definition, there
exists .7 in Dperf(\ ; Q) for some m and J// Q@ M= ", First, let
us define the homomorphlsm By Proposmon 3.3, we get a homomorphism
H0m~ (m) (/// ) & Hom,/w (B, Q, D(A) & 7). By Lemma 3.4 and the
functomahty of the extraordlnary pull-back functor f we get

Hom . (B 0 D) & 42) — Homzon (' BY, £ D) & . 20)).

This homomorphism is compatible with Frobenius pull-backs by the func-
toriality of the isomorphism [Be2, 3.2.4]. We get f 'BS”()J = E’;T())[df].
Moreover, f (D(./Z2) & .7) 2 f' o D(.7) & f'. 2] — d¢]. This isomorphism is
also compatible with Frobenius pull-backs. Thus we get
Hom 500 (f'BY"), f1(D(#) &./0) = Hom 50 (BY"L1df1,f DA £ 7~ dy)).
Now, using the proposition once again, we get an isomorphism
Hom - (BY-bldy ], £ D) B 1 — dy) = Hom s (DF . 4, £ DA — 245 ).
Composing all of them, we obtain a homomorphism

Homz (1 (.77,.7) — Hom g (Df .7, f DA — 2d)).

The image of the identity is the homomorphism we wanted. By using [Bel,
4.3.3, 4.3.11], we get the following diagram.

Hom_,, (/,.%) Hom_,,, (Df"(.22),f"D(A) — 2d5])

7o %‘/,Q

| B

Hom_,, (FY% Fy 2y H0m~(m) (Df (Fy 1), f DEFy )] — 2ds])

_@ D

This diagram is commutative up to multiplication by ¢ ., q =q o by the
commutativity of Proposition 3.3. Thus we obtain the homomorphism
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Do f(2)dp)N2ds] — f' o D(.7). By tensoring with Q;Q, we get
Do fH2Ndp)2de] — f' o DY)

by using [Bel, 3.4.6 (iii)] and [Vi, 1.5.4]. By construction, this does not de-
pend on the choice of . 7. It remains to show that this homomorphism is an
isomorphism when f is smooth. ‘r

It suffices to show the equality for .7 = &y o, and we can forget about
Frobenius pull-backs. We get RHomz | (f//fa 0,7 j;( Dldy] = Q}H/o
Indeed,
RHomz| (T} 0, D a1 = RHom,,, (D0 ® 6, 7 0)ldf]

20y ®Y 02Dy yo-

Thus, we get
Do fAT ) 2dd = (), )ldf]
= Qj‘;H[?Q ® o Mdy] %f!@:/@ ® w;/l ~f'o JD(@;,Q).

We can see that this isomorphism coincides with the homomorphism we
have constructed, and the theorem follows. O

REMARK. We may be able to weaken the assumption of the theorem.
The theorem should hold only by assuming that Xy\Z — Yy \ W is
smooth. Moreover, we may be able to see the theorem as a solution of a
part of “Cauchy-Kovalevskaya type problem”. Classically, this observation
first appeared in Kashiwara’s thesis [Ka], and the problem was interpreted
in terms of the language of -modules. We expect that the analogous
theorem also holds in our setting: if the morphism f is “non-characteristic”
to a coherent F-&/),. -module, then we get the isomorphism (3.10.1).

3.11 COROLLARY. Let .2" be a smooth formal scheme. Let d be the di-
mension of %, and Z be a divisor of the special fiber of 2". Then we get a
canonical isomorphism

D20, 0(2) 5 00(2) (- d)

where d denotes the dimension of %"

Proor. Apply Theorem 3.10 in the case where 7/ = Spf(R). O
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REMARK. The question to calculate (O, ) was posed by Caro in
[Cab, 4.3.3], saying that “En effet, lorsque X = P, on retrouve l'isomor-
phisme canonique: DpﬁT(OP(TT)( H) — O'P(TT)Q. Je n’ai pas de contre-ex-

cpeyp s N

parait inexacte.”

3.12. Let .7 be a smooth formal scheme of dimension d, Z be a divisor of
the special fiber Xy of .2". For an overconvergent F-isocrystal M on X, we
denote by M" the dual overconvergent F-isocrystal of M.

COROLLARY. Let sp: 2 — %" be the specialization map, and let M be
an overconvergent F-isocrystal on Xy \ Z. Then,

(D z(sp.(M)) = sp,(M")( — d).
Proor. Apply Corollary 3.11 to [Ca3, 2.3.37].

REMARK. This corollary completes the comparison of L-functions of
isocrystals and arithmetic &7-modules [Ca2, 3.3.1]. Namely, we get

L(Y,E.t) = L(¥,sp.E, ¢ - 1)

using the notation of loc. cit. However, in loc. cit. the definition of the
Frobenius structure of the push-forward is modified in order to make the
relative duality compatible with Frobenius (cf. [Ca2, 1.2.11]), and, a priori,
the definition may not be the same as that of Berthelot. Still, we will show
that this duality is compatible with Frobenius in the next section (cf. Cor-
ollary 4.17), and the Frobenius structure of the push-forward is in fact the
same as that of Berthelot.

3.13. Now, we will compare the rigid cohomologies and the push-forwards
of arithmetic Z7-modules with Frobenius structure when varieties can be
lifted to smooth formal schemes. If we do not consider Frobenius structure,
they coincide up to shifts of degree, which is a result of Berthelot (cf. [Bel,
4.3.6.3]). If we consider Frobenius structure, we need a Tate twist. This
twist naturally appears in the philosophy of six functors (cf. paragraph 5.9).

Let us fix the notation. We consider the situation 2.1.2. Let .Z" be a
smooth formal scheme and let p:. 2" — .7 := Spf(R) be the structural
morphism. Let X, be the special fiber of .2" as usual, .2” be a lifting of X(()s>,
and .Z 'k be the Raynaud generic fiber. We denote by sp: . 2'x — .2 the
specialization map of topoi. Let .7 be an F-& ;’Q—module. We define the
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“rigid cohomology” of . 7 in the following way. Let pg:.Z2 'k — Spm(K) be
the structural morphism. We define

Hl (X0, .7) := R'pr.(Q%,, @0,, sp".70).

We define the Frobenius structure in the following way. There exists an
isomorphism

@: .Q./’K X0, Wil = .Q./K ®0, . 7° = .Q./K X0, A

in D" (2") where the first isomorphism follows from [Be2, 4.3.5] and we used
the Frobenius structure of . 7 in the second isomorphism. Thus, we get an
isomorphism
Hi (Ko, 70) 5 HLy (X0, 227 = Hjy (X, 2),

where the first isomorphism is the base change homomorphism. This is the
induced Frobenius structure on the cohomology.

Suppose moreover that .7 is smooth proper and let Z be a divisor of X).
When M is an overconvergent F-isocrystal on X, \ Z along Z, the rigid
cohomology of sp, (M) is isomorphic to the usual rigid cohomology of M.

3.14. THEOREM. We preserve the notation. We suppose that 2" is purely
of dimension d. Let .7 be a coherent F'-&/ L.@—module. Then we get

Hip. 70 = Hi Xo,. 2)(d).

ProOF. Let .7 be a coherent &/ L»/’Q—module, and consider the follow-
ing diagram of complexes in Db(.%").

F*(.Q.%r ®(9_),,./ l/él)[d] —>F*@;/H%A/Q®;T %’ o F*(CO,@“’ ®;T _%/)
; 20 Kale]
Q}@O/F*//él[d] @;H‘%AvQ@g;QF*%Igw‘%ﬂ(@g;"QF*%l

where the horizontal arrows are induced by [Bel, 4.2.1.1]. We need to
see that this diagram is commutative up to multiplication by qd. Indeed,
this diagram is nothing but Lemma 3.6 by taking into account the proof
of [Be2, 4.3.5].

Now to know the Frobenius actions on the cohomologies, apply . 7 to
be .7°. We only need to take Rp, to the four sheaves in the diagram with
this .7, and we get the theorem. O
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3.15 REMARK. (i) We can also compare in the relative situations. Namely,
when we are given a smooth morphism of smooth formal schemes 2" — 7/,
we are able to compare the relative rigid cohomology and the push-forward
as arithmetic Z-module. Required methods are exactly the same, so we
leave the precise formulation and calculation to the readers.

(i) In [NH1, 6.2], Noot-Huyghe cited a calculation of Baldassarri-
Berthelot [BB]. However, the definition of Frobenius structures in [NH1]
and [BB] are not the same, and we need a Tate twist here. Precisely, Noot-
Huyghe used cohomological functors of the arithmetic 7-module theory to
define the Frobenius structure. On the other hand Baldassarri-Berthelot
used the relative rigid cohomologies to define the Frobenius structure on
the Fourier transform. Thus we need to add the Tate twist (V) on the right
hand side of the isomorphism in [NH1, 6.2], namely

t N
F(Oy )2 — N] = Hx, (Oyv@)(N)
using the notation of loc. cit.

(iii) D. Caro pointed out to the author in personal communications that
we need a suitable Tate twist in [Ca4, Proposition 2.3.12]. He also pointed
out that some modifications might be needed in loc. cit. Theorem 3.3.4, in
whose proof he used the proposition.

4. Complementary results

In this section, we will prove three complementary results; 1) commu-
tation of the dual functor and the tensor product, 2) the Kiinneth formula,
and 3) the compatibility of the relative duality isomorphism by Virrion with
Frobenius. The first commutation result is another application of Theorem
3.14, and the proofs of 2) and 3) are independent from the other part of this
paper. Although the Kiinneth formula for arithmetic &7-modules seems to
be well-known to experts, we could not find any appropriate reference. We
think that this would be a good occasion to include the proof. The com-
patibility of relative duality is needed to establish the Poincaré duality.

Commutation of the dual functor and tensor product

4.1. We consider the situation 2.1.1. Let X be a smooth scheme over
Spec(R;) for some 4, and let Z be a divisor. We put B (,m()J =B QTTBQ(Z), and

Qf,m& =B &0, 7. We denote the dual functor with respect to 5?}(,”%

by D. First, we get the following lemma.
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LEmMA.  Let .7 be a complex in Df)elf(f/yngi) and .V be a coherent

@ (m> ' -module which is also coherent as a B (/”()Q—module We denote the

dzmenszon of %" by d. Then, we have the followmg 1somorphism
Lo N ORS -1
k: D) ®E§y‘).l<),\ A= RHom {}i”‘g(/%, f//@ ®B£-‘3) AN @ Wy [d]

of complexesin Db(f/;Y (m) ) Here, the right module structure of Jﬁ ()) ®%’i<¢_ﬂ)}/]/'

18 defined by that of % Y ( '\, and the left structure by [Be2, 1.1.7]. Moreover,
this isomorphism is compatzble with Frobenius.

Proor. By [Bel, 4.4.2],./" is a locally projective B P o-module and We
do not need to take the derived tensor products. Let .7 be a right 74 o Q
module. Then . 7' ®5 /)" possesses a right J (m) ,-module structure. In-
deed let 74 be an affihe'open formal subscheme of J’/ LetM =I(7,. VA ),
N :=I(7,1"),B:=1TI(7, B}"Q) and D := I'(7/, ,/‘1 (,)) Then it suffices
to define a right D-module structure onM @5 N.Fora®be M @pN and
PeD, 1t suffices to define (¢ ®b)-P. Take S C M’ to be the finite
(7, 7% o )) -submodule generated by a. Then S ® N is naturally a D-
module con51der1ng [Bel, 4.4.7] and [Be2, 1.1.7]. This defines (¢ ® b) - P.

Now back to the proof, by using [Vi, I, 1.2.2], we get an isomorphism x of
complexes in Db(g E,mg) It suffices to show that this isomorphism is an

isomorphism of Q;m(g—complexes. For a bi—@f,/’%—module .7, we have a

canonical homomorphism
Hom m) (/// 7) ®A m) /f — Hom (m) (/// ] ®A(m) /1 )

A priori, thisisa homomorphlsm of B! P Q—modules By the argument above,

both sides of the homomorphism possess the right It b &—module strue-

tures. To finish the proof, is suffices to see that the homomorphlsm s j,”%

linear. The verification is straightforward. O

4.2. Now, consider the situation 2.1.2. Let .2 be a smooth formal scheme over
Spf(R), and Z be a divisor of the special fiber. Let ./ be a coherent F-
Q/L Q(TZ)—rnodule which is also coherent as an O %-7(3(TZ)—module. By abuse of
lang"uage, we say that./ " is a convergent F-isocrystal overconvergent along
Z (cf. Notation 0.5). We put N "= sp*(./f"”'), which is an overconvergent F'-

. . Lo b ~ (o)

isocrystal in the usual sense. We denote by ®O[AU<TZ)ZLDQ’qC(£//v 2 () x
~(®) ~ (@) L .

LD, (7, (Z)) — LD}, (7, (Z)) the functor AoB' where 4.2 —
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2" x . 2" (cf. [Bel, 3.4.7]). Thanks to Corollary 3.12, we get the following iso-
morphisms of bimodules. We omit subscripts O and denote by (%) instead of
(TZ) in the next equality to save the space.

(42.1) RHomo, Dy 21", ZH2)

LJ_
= (D)0, RHomo, (s, )~ ), 0,Z) = Z1(2) 6,1 @)

Here the right module structure of the first module is defined by [Be2,
1.1.7] using the rlght module structure of ,/ ¢ j(TZ) and the left structure
by using that of % . )( 7). This is compatlble with Frobenius, which means
that the following dlagram of canonical isomorphisms is commutative. We
again omit Q and denote by (Z) in the following.

L
F’RHomo, Dz 2", D' (2)—— F (2}, 2) 8L, V()

|

RHomo,zDs 2 E NP T2 — Pal2) &), ,F /")

Here the homomorphisms are the canonical ones except for the right ver-
tical homomorphism, which is q_ times the canonical homomorphism.

Let .7 be an object in F- Dpezf(JL:Q(TZ))- We get the following iso-
morphisms compatible with Frobenius structures:

(422) Dy Z(///)®O WiV T =RHom,, i (A, b, Q(TZ)®O/ Wi N ew Md]
=~ RHom,, | (/% RHomo, 2D 217, Db 0(2) ® w;H — dId]

=~ RHom,i (7 ®@,;Q(fz)Dz',Z(L/f’" ), %1‘,(Q(TZ)) ® 0, (- d)d]

2Dy (A Bty 29D 2NN~ D

where the first isomorphism by Lemma 4.1, the second by (4.2.1), and the
third by using [Ca3, 2.1.34]. Now, we get the following proposition.

4.3 PROPOSITION. Let .2 be a smooth formal scheme over Spf(R), and Z
be a divisor of its special fiber. Let .7/ be a coherent F—@‘;’Q(TZ)-module,
and .1 be an overconvergent F-isocrystal along Z. Then we get

Ly . , Lt .
(4.3.1) (D//Z(./%)@O/O(Tz)D/Z(./] ))(d) = D/Z(./% ®0/Q(TZ)‘/] )

which s compatible with Frobenius structures.
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ProOF. Take. /"’ =D 2 7()"), and the isomorphism (4.2.2) induces the
isomorphism we are looking for. O

REMARK. We are not able to expect the isomorphism (4.3.1) in general.
For example, consider the closed immersion i: {0} < Ar. Then taking
2 =" =1,.K, we do not have such an isomorphism.

The Kiinneth formula

4.4. Now, we will show the Kiinneth formula. The ideas used to show the
formula is due to P. Berthelot. Let S be a Z,-scheme, and X, Y, T be
smooth formal schemes over S. Consider the following commutative dia-

gram:
7z
qx qy
“4.4.1) X - p N v

T
where Z = X x7 Y. Suppose that px and py are smooth.

4.5. Let By, (resp. By, By) be a commutative OT-algebra (resp. qyBr-al-
gebra, q}By—algebra) endowed with an action of £/ (resp Dy (m) , D (;n))
compatible with that of Or (resp Ox, Oy). For a BX—module T and a By-
module v, we put .7 IBT & = qy7 @pp, @y s Let By == By IBT By. We
put f/ = B. ® J Where x € {X,Y,Z}. We note that p*ﬁ/(T is a sub-

Oy-algebra of 7 Z ) We get the following lemma.

LEMMmA.  We preserve the notation.

(i) There exists the canonical isomorphism

( ) (m)

(m)
—X/X

®p . (m) qY(/Y .
(ii) There exists the canonical isomorphism

(m) (m) ~ (m)

Tply = qxDriy @500 Gy Prly.
. x = (m) = (m)
Proor. The natural homomorphisms ¢y %'y~ — &,

G qYN/; ™ //Z To see

and q} oy =

@;m) induces the homomorphism q}@&m) ®,

that this is an isomorphism, we may assume that 7 possesses a system of local
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coordinate and X and Y possesses a system of local coordinate over 7T'. Then
proofis straightforward, and we leave the reader for the detail. Let us see (ii).
We know the following isomorphisms

wz/T = (x0x;T ®0, (yWOY/T-
We get

(m)

Dplly p*g(Tm ®o, Wz/T

= (‘IXPX@Tm o G0y 7y ) ®0, (@yox/T ® ¢y0Y/T)

QXJ(TJX ®, 7 dy (//(TH)Y 0

4.6 LEMMA. Let .7 be a left flat 7Y X —module cmd /I be a left flat f/Y -
module. Then we get that .72 Xg, 1" is a flat left 4 7 )—module

Proor. In the case where 7' = Spf(R), the verification is left to the
readers. To see the lemma, since the verification is local, we may assume
that 7 is affine. Let i: Z =X xp Y — W := X x Y be the canonical inclu-
sion. Since 7 is separated, this is a closed immersion. By the 7' = Spf(R)
case, we get that . /// Is " is a flat 74" -module. We put &/ ;@W =W,

which is a (Q(ZM, )) module as usual. Let .7 be aright J J >-rnodule
Then we get
T @500 (MR N ) = (T @0 T"hy) Q1500 (AR ).
. (;r‘(m) . & (m) p e g‘(m)
Since &,y is flat over &/, * and .ZKg./ " is flat over Uy, we get the
lemma. O

Using this preparation, we get the following Kiinneth formula.

4.7 PROPOSITION. We preserve the notation. Let .72 (vesp. .1”) be a com-
plex in D;C (@ §(m>) (resp. D;C (@ &m) )). Then we get a canonical isomorphism

in D (75"

(47.1) P AR, ) 2 px (1) ©f, pr( ).

Proor. Let.7 (resp. ) be a quasi-coherent ,/‘X )—module (resp. ,/Y m_

module). Then by Lemma 4.5, we get a canonical isomorphism of p 7 2’”-

modules

(4.7.2) T4y @500 (7 B, ) 2 (Tly @500 T8y (Tyiy @50 2).
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Let #, be a flat resolution of .7 as a & )(}n)—module, and .7, be a flat re-
solution of " as a @;’m—module. Then we get that ; K, . 7; is aflat & (Zm)—
module for any 7 and j by Lemma 4.6. Thus we get

~ (m L S~ DN~ Ly
. R (7 R, %) Ty @z (£ o8, )

= (T ©z L) B (Thy @z M)

~ L — 1 ~_ L —
= (Tyy @5 TR, (T4 ®Lm ).
“x 'y

By using the Kiinneth formula for quasi-coherent sheaves, we get the
proposition. O

4.8. Now, let us consider Frobenius. Suppose T is endowed with a quasi-
coherent m-PD-ideal (a, b, o), and p € a. With this hypothesis, we are able
to consider Frobenius pull-back even if there are no liftings of relative
Frobenius morphisms.

LEmmA.  Suppose that X, and Y, be the reductions of X and Y respec-
tively, and X', Y' be liftings of X\, Y. We take Z' := X' xp Y'. Then the
isomorphism (4.7.1) is compatible with Frobenius isomorphisms. More-
over, if a is m-PD-nilpotent, it is compatible with Frobenius isomorphism
even if there are no liftings.

Proor. The verification uses only standard arguments, so we leave the
details to the readers. O

4.9. Finally, by taking inverse limit and inductive limit, we get the fol-
lowing Kiinneth formula for &/ "_modules.

ProrosITION. Consider the following diagram
Z P
k pa /—4

where .7 1s a smooth formal scheme, px and py are smooth, and Z :=
2" x 7 9. Let D be a dwisor of the special fiber of .7, Dx (resp. Dy) be a
divisor of the special fiber of 4" (vesp. /) such that Dy D p;(l(D) (resp.

¥
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Dy D py (D)) Let .7 (vesp. 1) be a complex in LDu c(J‘<;>(DX)) (resp.
LD( 0, c( f/ / (Dy)) ). Then we get the canonical isomorphism

P 5,(-:,))///') ~ py, () ®O_7(TD)pY+(/f/ )

m LDQ w7 ;>(D)). This isomorphism is compatible with the Frobenius
1somorphisms.

4.10 REMARK. To get the proposition directly, we can also proceed as
follows. Consider the following cartesian diagram.

L xr Y - Ty

pl 0 lq

T =T X7
i

We see easily that ¢, ( ZR"J) = q. (/£ 8y__q.() ). Let.s := Spf(R).
By using this and [Cal, 2.1.9], we get

Lt -
i pdtC //-T A 2ipip(gxy . //l L qye ) Zir gy A B, ipy @y .

Taking H’ i'T, we get what we want.

Compatibility of Frobenius pull-backs with relative duality

4.11. We will show that the relative duality homomorphism by Virrion is
compatible with Frobenius pull-back.

First, let us fix the situation. We consider the situation 2.1.1. Let
f+.2"— 7/ be a proper morphism of smooth formal schemes, and W be a
divisor of the special fiber of 7/ such that Z :=f (W) is a divisor. Under
this situation, Virrion [Vi2] defined the trace homomorphism

(4.11.1) Tr. r:froz oldx] — oy oldy]

where dy and dy denotes the dimension of 2" and 7. Using the trace map,
for an object £ in Dperf(,f ,,.A’Q(TZ)), she also constructed the relative duality
isomorphism

(4.11.2) 1: Dy wf(2) S fiD oy ()

in Dperf((/ Q(TW)) (see also [CaZ 1 2 71). Now, we assume that there
exist liftings 2" and / of X and Y where X and Y| are special fibers
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as usual. We also assume that there exists a lifting f':.2" — %/ of the
morphism X(()S) — Yés) induced by f. These assumptions automatically hold
when we consider the situation 2.1.2.

4.12. Before stating the theorem, we will prepare a commutative diagram,
which is needed in the proof of the compatibility. We freely use the notation
of [Ha]. Let X, X', Y, Y’ be locally noetherian schemes. Suppose we are
given the following commutative diagram.

X/ _f,> Y/

X T> Y
We assume that all the morphisms are proper, « is finite flat, and all the
schemes admit dualizing complexes (cf. [Ha, V, § 2]). By the transitivity
of trace map [Ha, VI, 4.2(a) TRA1], we get the following commutative
diagram.

D, A T A
ufLf U ————————— uu

TI‘u/ \L l Ty, o

ffe N id

.. A A fioTryo =
Here, Tr, denotes the composition u.f f“u” = fau' w/2f Jotnee

ff 2. We remind that this diagram consists of homomorphisms in the
category of complexes by [Ha, VII, 2.1]. Let u" denotes the functor ' in [Ha,
VI, 4.1] to avoid confusions with the morphism u'. We note that u* = %’ = '
in the derived category since u is finite and flat. We have the canonical
homomorphismid — u"u,. Let¢:f f“u® — wu, f ' “u® —u'f.f* where
the second morphism is that induced by the left vertical morphism Tr,, in
the diagram above. Let ¢':u” — w'u,u” — u* where the second homo-
morphism is the trace map. Taking " to the above diagram, we get the
following commutative diagram of complexes.

'l'll'flo’l,llA
ﬂf/AuA - @ 9 ?/LA
@.12.1) cl lc’
wf.f® w

w OTI‘f
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The morphism id — u u, = ubu* is nothing but the adjunction homo-
morphism, and ¢’ is the identity in the derived category.

4.13 PROPOSITION. We preserve the assumptions and notation of para-
gmph 4. 11 We moreover assume that f can be factorized into morphisms

222 R 9 where g is a closed tmmersion and fis proper smooth. Then
the relative duality isomorphism (4.11.2) is compatible with Frobenius
pull-back.

Proor. Recall that dy (resp. dy) was the dimension of .2 (resp.
7). We let d to be the relative dimension, namely d := dx — dy We
denote by f(m> the push-forward of level m. We will use the push-
forward for rlght modules as in [Vi2, III]: recall that f(m>(///)

Rf.(7% ® (m) J ,H oz ,) for a coherent right J, Q—module 2. 1t suf-

fices to show that the trace homomorphism (4.11.1) is compatible with
Frobenius pull-backs by [Ca7, 1.5]. By the result of Caro [Ca7, 2.2.7],
we know the compatibility in the case where f is a closed immersion.
Thus, we are reduced to showing the case where f is smooth using the
transitivity of the trace map [Vi2, III, 5.5]. In the following, we assume
f to be smooth.

Let ¢ be a non-negative integer, and X and Y be the reductions of .2
and 7/ over R;. It suffices to show the compatibility for these X and Y,
namely we need to prove the commutativity of the following diagram.

£ ol dy] — wyldy]

Since f is smooth and the relatlve dimension is d, we get that for any point y
in 7/, the dimension of f~ (y) is equal to d. Since f is proper, R Y 7) =0
for any quasi-coherent sheaf.7 and i > d (cf. for example [K], I Lemma (3)]).
Thus, by the definition of £, , the canonical homomorphism

Rdf*wX —» deim)a)x

is surjective, and Hf(m)coX 0 for 7 > d, in other words H (f(m)co s.oldx])=0
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for i > —dy. Thus, we get
Hom(f™ wy[dx], wyldy]) = Hom(HYf ™ wy, oy).

This implies that to give the trace map f wX[dX] — wyldy] is equivalent
to giving the homomorphism H f f wyx — wy. We can retrieve the trace
map by the composition

(M)wx[dx] - de(mwx[dy] — wyldy].

Note that we have the following commutative diagram by [Vi2, 111, 5.4].

Rdﬂ wx de(m)
Wy

It suffices to see that the following diagram is commutative.

deJ(rm+s) wy —> Oy

]

FiHAf ™ gyg ——> Fyoy:

This shows that the problem is local with respect to Y. Assume that there exist
liftings F'x: X — X "and Fy:Y — Y of relative Frobenius morphisms such
that the two morphisms f' o Fy,Fy o f:X — Y’ coincide. Under this part-
icular situation, the theorem is reduced to showing the following diagram

T
Rdf; wx I wy
FY R oy F oy
FyTry Y

is commutative, where the left vertical homomorphism is the base change
homomorphism. This is nothing but (4.12.1). In particular, the theorem
holds in the case where f is finite étale.

Let « be a point of X (which may not be closed). For a right @;”)-
module .7 and an integer 7, we put

(m)

7/(177)7(7) = hm ]U*R FUﬂ{x}(7)

meU
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where U runs over open neighborhoods of x, j;7: U — X is the inclusion, and
I ™ denotes the level m local cohomology functor defined in [Bel, 4.4.4].
We note that

(4.13.1) tim 7707 = ()

m!
by [Bel 1.5.4], and 7/ o(wx) can be seen as a qua51 coherent right
7" -module. The Frobenius isomorphism .7’ (m“)l(wx) Fy m”( wx)
induces the isomorphism

O T wx) = Fy 7 (wx).
Thisinduces the following isomorphism of Cousin complexes (cf. [Ha, IV, § 3]).

ay ——> %%O/Zl(wx) _— %lZl/Zz(wX) —_—

~[ ~lz¢g ~lz¢;

Fg(a)X/—> Fg(.%%o/zl(a)X/) — Fgf%él/Zg(wX’) — s imgs

We denote by 7% the Cousin complex of wy.

Let y be a point of codimension 7 in Y, and let « be a closed point of the
fiber f 71(y) in X. For closed subsets of schemes, let us endow with the
reduced induced scheme structure. Then since f is smooth, there exists an
open subscheme U of X, such that f:Z :={x}NU — W := {y} NV is
finite étale where V :=f(U), and W is smooth. Consider the following
commutative diagram.

Z—=U

f’l f

WT>V

The trace map Tr, s: ffM)wZ — oww can be identified with the usual
trace map Try by the isomorphism fl fi since f' is finite étale. Since
T wx) 2 i (wy) and 7y (@y) 2= 7™ (@w), the functor ¢ o Tr, f
induces the homomorphism

(4.13.2) HOP 7204 aoy) — 725" (woy)

by taking inductive limit over V. Note that since f' is finite étale, this trace
map is compatible with Frobenius by the result of the first part of this proof.
By taking the inductive to (4.13.2) over m and using the identification
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(4.13.1), we get a homomorphism

(418.3) Trl: HF™ 578 (wy) o lim HOFP 720 i(ooy)

m'

— lim HOF 77005y B2 fim 5200 y) 2 7 (@),

m m'

This homomorphism is compatible with Frobenius as well since (4.13.2) is.
The composition

(4.13.4) £ wx) — HFO 75 og) 5 7 ()

is the usual trace map by construction.

There exists the surjection J&m) e sending 1 to 1ol This
gives us a flat resolution #* — j y such that £~ := & ") and £ =0
for 1 > 0. The double complex f*(V ®(, (m ) mduces the spectral se-
quence

b : _(m)
=FH (5, (0x) 8" Txoy) = H Y Moy,

Note that E’a ~H_ f(m Y )20 1(a)X) The trace map (4. l?zl 4) E’oZHO
+1

T Zi/Zin (wy) 1nduces the homomorphism of complexes f.(7 7y ® / ) —
T, N 1(COY) Y, and this induces the homomorphism of double com-
plexes

This homomorphism defines the homomorphism y: f wx[dx] — wyldy]. Let
us show that y=Tr, ;. The canonical homomorphism 7§ — #% ® 2" in-
duces the homomorphism of double complexes

Let
ob 7% Hb=0 atdb 7y ifb=0
= . nk = '
0 ifb#£0 0 ifb=#£0.

Then we get the tr1v1al spectral sequences EY’ b RHbf wx and
HE b nE" where HE = wy and 0 otherwise. The homomorphlsms
(4.13.5) and (4.13.6) induce the homomorphisms IE — E‘ — HE' b of
spectral sequences. We get the following homomorphisms of complexes
of K;-terms of these spectral sequences.
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(4.13.7)
I g wx) —> [ G (@) —> LHG . (0x) — RJTX
d—1,0 Ed,O d+1,0 cee (m)
El 1 El f + x
[ l S l > T, l Y
0 ,75%0/& (wy) : -%IZI/ZZ(CDY) > wy[—d]

Here the right homomorphisms are the homomorphisms of complexes of
corresponding spectral sequences. To show that y is the trace map, it suf-
fices to show that H _dy(y) is the trace map. Consider the homomorphisms

"
Rif.ox — Hf ™oy =% oy

induced by the E’-terms of the homomorphism of the spectral sequences.
The composition is the usual trace map Try since (4.13.4) is (cf. [Ha, VI, 4.2]
for the construction of the classical trace map). Moreover the first homo-
morphism is the natural map which is surjective. Thus the second homo-
morphism is nothing but the trace map of Virrion.

Since it suffices to see the Frobenius compatibility for H y, this shows
that it suffices to show the Frobenius compatibility for the lower homo-
morphism of complexes of the diagram (4.13.7). Thus it is reduced to
showing the Frobenius compatibility for the homomorphism

i 0410 i
ZTY‘;:El 7 - '%LZL'/ZHI(COY)

for any 7. It is enough to show the compatibility for Tr; for each x € X and 1,
which we have already verified at (4.13.3). O

4.14. For most of the applications, the assumption of Proposition 4.13 is not
too strong, but for the sake of completeness, we will eliminate the as-
sumption on the factorization.

Let %/ be a smooth formal scheme. We say that a smooth 7/-scheme
X (or the morphism X — 7/) where X is a scheme over k is /-embed-
dable if there exists a smooth formal scheme 7 proper and smooth over
7/, and a closed immersion X — 7 over %/. Given a 7/-embeddable
morphism, we can also consider the trace homomorphism. The category

F—ngercoh(éj; ) of overcoherent F—ﬁ%‘; o-complexes (cf. [Cal, 3.1.1]) is

the subcategory of the overcoherent F—,@;’Q—complexes consisting of
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complexes with support in X. This does not depend on the choice of 7
(cf. [Ca6, 3.12]). Given a 7/-embeddable homomorphism f: X — 7/, we
have a push-forward functor

fi:F-DY h(w ) — F-Db

overco.

overco. h(j}7u)’
which is nothing but the push-forward by the proper morphism > — 7.

Let g: X — 7’ be a closed immersion, and we put wy := RI” }((a), 2N —dx;»]
where dy;» := dim(X) — dim(7’). This does not depend on the choice of
the embedding by [Ca6, 3.16]. We define the trace homomorphism
Try g9+ wxldx] — w,[dp] to be the homomorphism induced by the ca-
nonical homomorphism RI” X(a) ») — wp. Of course, this homomorphism is
compatible with Frobenius structure. When X can be lifted to a smooth
formal scheme .2, wy is canonically isomorphic to w -, and this trace
homomorphism coincides with the usual one by [Ca7, 2.2.7].

Now, let f: X — 7/ be a 7/-embeddable morphism. Take a factorization
(g.f):X EN N 7/ of f where ¢ is a closed immersion and f’ is proper (not
necessarily smooth). Then we define the trace homomorphism by

Try g p = Try g o fL(Try o) froxldx] — wyldy].

LEMMA. (i) The homomorphism Tr, (, ¢ does not depend on the choice
of factorizations. We denote this trace homomorphism by Tr_ ;.

(i) Let f: X — ¢/ be a proper morphism over R where X is smooth over
k and 7/ is a smooth formal scheme, and g: 7/ — Z be a proper morphism
between smooth formal schemes. Assume that go f is Z-embeddable.
Then f is 7/-embeddable as well, and Try 4o g (Try ;) 2 Try 0 f.

Proor. Let us prove (i). Let (gp, fIQ) X — 7 — 7/ be a factorization
such that fP is proper smooth, and (gq, fQ) X — ¢ — 7/ be a factorization
such that fQ is proper. Consider the following commutative diagram:

%Tﬂ\féx

XT—— PxyC

T

a.

We note that the product ” x ,, £ is a smooth formal scheme since f}') is
smooth, and this is proper over 7/. By the transitivity of the trace homo-
morphism of Virrion [Vi2, 111, 5.5], it suffices to show the following: given a
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commutative diagram

where X is smooth over k, 7 and < are smooth formal schemes, ip and iq
are closed immersions, and f is proper, the following diagram is commu-
tative:

fi RChar ldp] — frozldp)

/| l“

RIVwgldg] — ogldg),

where the horizontal homomorphisms are canonical ones and the left ver-
tical homomorphism is the isomorphism of Caro [Ca6, 3.12]. Let us prove
the claim. Let .7~ and " be coherent ,—@LQ—complexes, and assume that .7
is supported on X. Then we see that

7 G oz i z
Homp o} )7, 9)—Homp 1 (7, RI[x%),

in the same way as the proof of [Ca7, 2.2.8]. Thus, it suffices to see the
commutativity after taking RI° } Then since all the complexes are con-
centrated in degree —dim (X), the verification is local, and we may assume
that X is liftable. In this case, the claim holds by the transitivity of trace
homomorphism by Virrion.

Let us prove (ii). Let (a, b): X — & — Z be a factorization of g o f such
that b is proper and smooth. Consider the following commutative diagram:

Y x2@
q
fxaT \
X r Y — %

where p and g are the projections. The morphism p is proper smooth since b
is. Considering (i) and the transitivity of the trace homomorphism by Vir-
rion, we get (ii). O

By definition and Proposition 4.13, Tr, (, 1 is compatible with Frobe-
nius structure when £’ is smooth, and thus the lemma above shows that
Tr, s is compatible with Frobenius structure.
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4.15. Let f:X — 7/ be a 7/-embeddable morphism, and assume that the
induced homomorphism of the special fibers X — Y is an alteration. Then
we are able to define a homomorphism «: w, — f, wx in the following way.
We claim that

(4.15.1) Dyfrox = frox(—dx).

Indeed, take a factorization (¢,f): X — & — 2/ where f is proper smooth.
By definition and Proposition 4.13, we get D ,/f wx = f DsRL X(w »), and
it suffices to show that

(4.15.2) DRIk (,) = RO @)~ dy)

If We forget about the Frobenius structure, we have DRI X(w ») =2
RI X(w ), which is concentrated at degree —dx,». When X is liftable, we
get (4.15.2) by 3.11, so we get the same isomorphism even when X is not
liftable since it is concentrated at one degree, and we get the isomorphism
(4.15.1). We see easily that this isomorphism does not depend on the choice
of the factorization.

Now, we define

Dy(Try r)
wwy 2 Dylwy)Ndy) ——" D yfrox(dx) = f.ox.

By the construction, o does not depend on the choice of factorizations. Since
D(Try f) is compatible with Frobenius, o is compatible as well.

Finally, if moreover the morphism X — Y is generically étale, we have
Tr, s oo = deg(f). Indeed, a homomorphism w, — wy, is determined
generically, and since f is generically finite étale, the claim follows.

4.16. THEOREM. We preserve the assumptions and notation of paragraph
4.11. Then the relative duality isomorphism (4.11.2) is compatible with
Frobenius pull-back.

Proor. Let X be the special fiber of .2". There exists a generically étale
alteration g: X' — X and an open immersion X' < X’ such that X’ is smooth
projective over k. Take a closed immersion X’ — P and let i: X' — X’ — P".
We have the following factorization

IXg AN P
X —SP x2 =2,

where i x ¢ is a closed immersion since ¢ is proper. Thus, X' is .2 -em-
beddable. In the same way, X' is %/-embeddable as well. Since X' is .2 -
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embeddable, the trace homomorphism Tr, ;: g;wX/ — - is compatible
with Frobenius. Since ¢ is a generically étale alteration, we also get a
homomorphism o: @, — g;wx compatible with Frobenius by paragraph
4.15, and the composition Tr , o ais equal to the multiplication by deg ).
On the other hand, since X' is 7/-embeddable, Tr, ;. is compatible with
Frobenius. Consider the following homomorphisms

deg (¢'):
fr(@) (Tr, ) > Tr
frog + fog oy ERLL Sy R _ Tt L wyl—d),
TI'+vag/

where d := dy — dy. The composition of these homomorphisms is equal to
deg (g) - Tr, s. Since f, () and Tr, s, ¢ are compatible with Frobenius, the
composition deg (¢) - Tr,  is compatible as well, and thus Tr, ¢ is compat-
ible with Frobenius, which completes the proof. O

4.17. We preserve the assumptions and notation from paragraph 4.11. Let
.7/ be an object in ch’oh(f/)", T//;QQ(TZ)), and./"" be an object in D’c’oh(f/}‘ I/',Q(TW)).

We put .7 := Fy. 7 and /" := Fy./". Since Fy induces an equivalence
between ch’oh(,%l/g()(TW)) and ch’oh(i%i/,( J(TW)), we get

RHOm(/;/O(TW)(er(.////)’_/]/) :) RHOm(jl/(J(TW)(F*Yer(,///é/)’ F;,/I/)

:> RHom%/ ,L}(fW>(f‘i—("/%l)7'/7’/-,)

t
u!

where the first isomorphism is induced by the isomorphism of
functors F; ) fjr =~ f, o Fy. In the same way, we get an isomorphism

RHom, i7(/.f' 1) = RHom, ! ip(2 f' 7).

COROLLARY. We preserve the assumptions and notation. The adjoint
isomorphism is compatible with Frobenius, in other words, the following
diagram 1s commutative.

RHomg;,o(TW)(f+(%)7/f/‘)—> RHom_@)YU@Z)(//é,f!/V‘)

l |

RHom&@;,U(TW)(fJIF(%,)y'/I/‘,) —>RH0m£ZL.YU(TZ)('//él’f!'A/‘,)
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Here the horizontal isomorphism ave the adjoint formula isomorphism
[Vi, IV, 4.2], and the vertical isomorphisms are those we have just defined.

Proor. We only need to check the compatibility with Frobenius of the
isomorphisms used in the proof of [Vi2, IV, 4.1]. The compatibility of the
isomorphism [Vi2, IV, 1.1 (i)] is nothing but [Ca3, 2.1.19]. The compatibility
of [Vi2, IV, 3.4] is Theorem 4.16. O

5. Cohomological operations in arithmetic Z/-modules

In this last section, we will collect results on six operations in the theory
of arithmetic &/-modules with Frobenius structures in the liftable case.
Before starting, recall the notation and terminologies of paragraph 3.1. We
refer to [Ab2] for thorough treatment in this direction.

In this section, any (formal) scheme is assumed to be of finite type over
its basis.

5.1. In this section, we consider the situation 2.1.1 if we do not con-
sider the Frobenius structure, and 2.1.2 if we use modules with Fro-
benius structure Let f: (4", Z) — (7/,W) be a morphism of d-couples.
We put 7 =f (Z) C Z, which is a d1v1sor by the definition of mor-
phisms of d-couples. For a coherent (F- )J%Q( W)-complex .7, recall
that

it =202 81z o)

in (F- )LD( ), C( ‘)y)(Z)) (cf. paragraph 3.1). Also recall that we denote by

D2 7 the dual functor with respect to (F-)—,. f (TZ)—modules Let . 7Z be a
coherent (F- )J‘ Q(TW)—module (or perfect complex) and suppose that
f oDy w(2)i 1s a perfect complex. Then we put

[T =z 0f oDyw) )
in (F- )Dcoh(j . )(TZ)) When the reahzatlon of f is smooth, this functor
is defined for any perfect (F- )J 2% “)( W)-complexes by [Bel, 4.3.3]. If

Berthelot’s conJectqre (cf. [Bel, 5.3.6]) is valid, this functor is defined for
any holonomic F—i/l/( )(TW)—complexes.

5.2. Let f:(£,2) = (¥, W) be a morphism of d-couples such that the
realization is proper. Let Z' := f~ (W) C Z. We denote by fo Z/ + the proper

push-forward from (F-)Qu‘qc(gf Z)) to (F-)@Q_qc(,m/ (W)). Let .7
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be a coherent ' /5 Q(TZ) complex. We denote by j,.# the underlying
f/T Q(TZ )-complex of 7. We define

Fo) = fom i (Goit)

in LDb (?(/.)(W)) Let ./ be a perfect (F-)7",. ( Z)-complex such that
D, Z(/// )is a coherent (F#'- )j 7 )(*Z')—complex. In this case, we say that . 7Z
is fi-admissible. Then we deflne

FC) =D yw o fr 0Dy g) )

in (F- )Dcoh( Iy« j(TW)). When Z' = Z, any perfect complex is fi-admissible.
If Berthelot’s conjecture is valid, any holonomic module is fi-admissible.
Another example we have in mind is the geometric Fourier transform
[NH1] or that with compact support.

5.3. Let (#°,7) be a d-couple. For coherent j Y )(TZ) modules .7 and

, we denote M ®0 (7)) simply by .7 ® ' /. This is an object in

LD’ j/ (Z)) Now, let f be a morphism of d-couples. We have de-

(0] qc(
fined functors ® y Doz, and fi, fi, f * f ! These functors are expected to
fit in the framework of six functors if we consider the category of ho-
lonomic complexes. Let us explain this shortly. Consider the category d-
couples such that the morphisms consist of strict morphisms of d-cou-
ples (cf. paragraph 3.1) whose realizations are proper. For a d-couple
(2", Z), we consider the category of holonomic F—KZL:Q(TZ)—complexes
denoted by C(» z). If the Berthelot conjecture holds, the category C(» z)
is stable under six operations. Philosophically, considering C( ;- z) means
to consider a “good category” of coefficients on .2"\ Z. See [Bel, 5.3.6]
for some explanations. The following theorems are stating that funda-
mental relations of these functors hold in this framework.

5.4. We use the notation of paragraph 5.2. We get the following theorem.

THEOREM. Assume that .7 is fi-admissible. Then there exists a ca-
nonical homomorphism

(5.4.1) FCA) = fu( )

compatible with Frobenius pull-backs. Moreover, when Z =7, this
homomorphism is an isomorphism.
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Proor. By using Theorem4 16,weget Dy wo fz = fz oDy z.The
extension of scalar &' Dy Q( Z)®y/ o2 induces the functor D, z 0j, —

J+ oDz z. Using the isomorphism D4z o D4z = id compatible with the
Frobenius isomorphisms by [Vi, I1, 3.5], and combining these morphisms of
functors we get the homomorphism (5.4.1). The latter assertion is now
clear. O

5.5. Now, we will show the Poincaré duality theorem for arithmetic &/-
module theory in the style of SGA4 Exp. XVIII Théoreme 3.2.5.

Letf: (%", 2) — (¢/,W) be a strict morphism of d couples such that the
realization is proper. Moreover, we assume that f; (W) Z. There exists
the following isomorphism thanks to [Vi2, IV, 7.4].

(5.5.1) RHom,, | i,/ f'17) = RHom,, |y (fs 1)

We get that this isomorphism is compatible with Frobenius by Corollary
4.17.

REMARK. The isomorphism (5.5.1) should hold without assuming that
f(fl(W) = Zifwe replace [ by fi. For this, we need to assume the Berthelot
conjecture. In the following, we freely use this conjecture. Let us sketch a
proof. It suffices to show the case where f: (%", 2) — (4, 7'y sueh that the
realization is the identity and Z' C Z. We can see easily that it suffices to
show that for .7 € C(» zyand. )" € C( 4 z), the homomorphism induced by
scalar extension

RHom,,| (/. fr)) — RHom,, ! i (f'r2,07)

is an isomorphism. We can reduce the verification to the following two
cases; when the support of .7 is contained in Z, and when . 7 is a Z;’Q(TZ )-
module. To see the former case, use the theorem of Berthelot-Kashiwara
[Bel, 5.3.3]. To see the latter case, it suffices to show that the homo-
morphism

L
RHOm(//;,:U(iZ/)(O[‘#(_)(TZ/), D'j‘ﬁz/(L//Z) ®Tf+./l ) —
L
RHom,,|_i(0r0(12), D g(2) &' 1")

is an isomorphism. Using the Spencer resolution, it suffices to show that the

L L
canonical homomorphism D - z(.7) ®T fe V" — Dy 7(2) ®T./I/' is an iso-
morphism. The verification is easy.
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To complete the Poincaré duality we need to calculate f "in the case
where f is smooth. Namely, we get the following.

THEOREM. Let f:(2£,2) — (7/,W) be a morphism of d-couples such
that the realization is smooth. Then there is a canonical isomorphism of
cohomological functors with Frobenius isomorphisms

Fle fH@Rd): DL (7 o (W) — Db (7 o(2)

coh coh

where d denotes the relative dimension of f.

Proor. Put the functor D, 7 to the both sides of the isomorphism of
Theorem 3.10. Using the involutivity [Vi, I1.3.5] of D ;- 7, we get the claim.
O

5.6. By using the comparison between dual functor of arithmetic &7-mod-
ules and that of isocrystals, we can prove a purity type result. Namely we
have

THEOREM (Purity). Let (2°,Z) — (%, W) be a morphism of d-couple.
Moreover, suppose that the realization of f is a closed immersion. Let .7 be
a convergent F-isocrystal on 7/ overconvergent along W. Then f Y(2) s
defined, and we get

F ) 22— d)l - 2d]

where d denotes the codimension of 4" in V.

Proor. We know that f(sp"(.%)") = (f*sp”(.#))". Together with the
comparison theorem of duality functors Corollary 3.12 and the compat-
ibility of pull-backs [Cab, 4.1.8], the theorem follows. O

5.7. Consider the following cartesian diagram of d-couples.

@7y L (2.2

| e
(Y W) —— (7, W)
Here, cartesian means it is cartesian as a diagram of underlying formal

schemes and .2\ Z' = (2°\ Z) x(\w) (%' \ W). Now, we get the fol-
lowing base change theorem.
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THEOREM (Base change). We preserve the notation. Assume g is a
smooth morphism. Then we get a canonical equivalence of functors

g o fi =flog LD, (T(Z) — LD, (55 W),
This isomorphism is compatible with Frobenius pull-backs.
Proor. This follows by Lemma 2.6. O

REMARK. (i) Let us assume Berthelot’s conjecture. The theorem holds
if we replace LDQ 27 @) (vesp. LD, (T 5/ W)) by Diy(, o 2)
(resp. Dhol (L Iy« L(‘W'))). When g is a closed immersion, the theorem follows
by Remark 2.6. Using the standard factorization of ¢ into a closed immer-
sion followed by a smooth morphism, we define the isomorphism in the
general case by composition. We need to show that the definition does not
depend on the choice of factorizations. For this, use the commutativity of
(2.6.4). Since the argument is standard, we leave the details to the reader.

(11) Let .7 be an object in Dcoh((/T Q( Z)). When g o fi(.7) and
f[ og " (.#) are defined, the above equivalence and the isomorphism
D o D = id induces an isomorphism

g o il ) =5 o gt ().

5.8. We preserve the notation. Let . Z and /i be perfect (- )J 7, L)(TW)
complexes. We assume that D, w(7) ® Dy w(17) is also perfect
(F—)jI/_Q(TW)—complex. Then, we define the twisted tensor product of
/ and 1" denoted by .7 &1 to be

Ly
Dy w(D w2 &' Dy w1,

One of the reasons we introduce this twisted tensor product is the following.
For .7 and ./ " in LD?) ( 9/(/. ) ), we get that
—~=0,qc

L L

(5.8.1) Fendad) =l fa

where dy := dim(#") — dim(%). ThlS is compatible with the Frobenius
structures. However, if we replace f by f™, the equahty (5.8.1) does not hold

in general. Nevertheless, if we also replace ® by & T, the equality holds in
turn. Namely, (5.8.1) induces an isomorphism

FHE I —d = fr @ tfro

if the both sides are defined. A consequence of Lemma 4.3 is the following.
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PropPoSITION. Let (27, Z) be a d-couple, and .7 and .} be coherent F-
@.;4,Q(TZ)-compleaces. Assume further that .72 is an overconvergent 1so-
crystal along the divisor Z. Then we get

< L
TN (B N

where d denotes the dimension of ..

5.9. Finally, let us compare the rigid cohomology with the push-forward as
arithmetic &7-modules.

Let .2 be a proper smooth formal scheme of dimension d, Z be a divisor
of the special fiber of .2", 7Z be the complement, and U, be its special fiber.
We denote by f: (2", Z) — (Spf(R), ®) the morphism of d-couples induced
by the structural morphism of .%2". Let .7 be a coherent S/T/( )(TZ)—module
which is an overconvergent isocrystal along Z. Suppose that it is coherent
as a @;A,Q—module.

By Corollary 3.14, we get the canonical isomorphism

Hif. .7 = Hoy' (Us, sp* (. 2))(d).

To see the relation for cohomologies with compact supports, we use the
Poincaré duality of rigid cohomology. In the curve case, Poincaré duality is
proven in [Cr]. In the general case, we could not find any literature ex-
plicitly stating the Poincaré duality with Frobenius structure. However in
[St, 8.3.14], the coupling is defined, and in [Ke], the perfectness of the
couple is proven. Thus we get the following isomorphism

Hi (U, M)" = H2L Uy, M (d))

rig.c
for an overconvergent F-isocrystal M on the smooth variety U, over k.
Using this, we get
Hify 7% = (H Dy g( 1) =
(HO (U, sp" (/)" (= D))" = Hyge(Up, sp™ (. Z))d).

rig
Here the second isomorphism follows from Corollary 3.12. Summing up, we
get
Hifo 0 = He (Uo,sp™(20)d),  Hfi =~ Hoso(Ug, sp* (. 2))d).
In particular, we note that there exist canonical isomorphisms
H'f f7(K) = H. (Uo/K),  Hff"(K) = Hy, (Us/K)

compatible with Frobenius isomorphism.
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