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A local smoothness criterion for
solutions of the 3D Navier-Stokes equations

JAMES C. ROBINSON (*) - WITOLD SADOWSKI (¥*)

ABSTRACT - We consider the three-dimensional Navier-Stokes equations on the
whole space R? and on the three-dimensional torus T°. We give a simple proof of
the local existence of (finite energy) solutions in L? for initial data uy € L? N L3,
based on energy estimates and regularisation of the initial data with the heat
semigroup.

We also provide a lower bound on the existence time of a strong solution
in terms of the solution v(¢) of the heat equation with such initial data: there
is an absolute constant ¢ > 0 such that solutions remain regular on [0, T] if

pa

luol3s [ [ |Vo(s)]?[v(s)| da dt < e. This implies the u € C°([0, T'; L?) regularity
0 g3

criterion due to von Wahl. We also derive simple a priori estimates in L” for

p > 3 that recover the well known lower bound |[u(T — ¢)||,, > ct~®=3/2" on

any solution that blows up in L? at time 7.

The key ingredients are a calculus inequality [ju|/7,, < ¢ [ |ul’ 2| Vul? (valid
on R? and for functions on bounded domains with zero average) and the bound
on the pressure ||p||, < CTHuHizr, valid both on the whole space and for periodic
boundary conditions.
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Introduction

In this paper we give an elementary proof, via simple energy-type
estimates, that the three-dimensional incompressible Navier-Stokes

(*) Indirizzo dell’A.: Mathematics Institute, University of Warwick, Coventry,
CV4 7AL, UK.

E-mail: J.C.Robinson@warwick.ac.uk

(**) Indirizzo dell’A.: Faculty of Mathematics, Informatics and Mechanics,
University of Warsaw, Banacha 2, Poland.

E-mail: W.Sadowski@mimuw.edu.pl



160 James C. Robinson - Witold Sadowski

equations
(1) w— Au+(u-Vu+Vp=0 divu =0

are locally well-posed for divergence-free initial conditions %, that satisfy
up € LA(Q)N L3(Q), where Q = R® or Q = [O,L]3 with periodic boundary
conditions. The result goes back to Leray [15], with a more ‘modern’ proof
presented by Fujita & Kato [9] using the theory of semigroups (see also
[3], [10], and [13]). In our paper, in which we are able to treat the case of
periodic boundary conditions and the whole space in a unified way, we not
only prove local existence but also estimate the local existence time from
below in terms of the norm of the initial u in L? and the properties of the
solution v(t) of the heat equation with the initial condition u,: there is an
absolute constant ¢ > 0 such that if

T
(2) lo]|35 / / [Vo(s) | os)| dee dt < &

0 R3

then » is smooth on (0, 7).

It should be noticed that for a fixed initial condition ¢ € L? we can
always choose a sufficiently small time 7' > 0 so that the left-hand side of
(2) can be as small as we wish. Indeed, from the heat equation (4) we can
easily deduce that

t

3) oI + / / Vo] < uolls

0

for any t > 0. Therefore the integral on the left-hand side of (3) is finite for
any t > 0 and the assertion easily follows. We note that similar estimates
where the local existence time of a strong solution for the Navier-Stokes
equations depends on properties of the solution of the Stokes equations
were recently proved by Farwig et al. in [8].

We will make use of the (three-dimensional) calculus inequality

[ullfs < C/ || VP for all e W13/2,

While this follows easily on the whole space (or in a bounded domain with
zero boundary conditions) by applying the embedding H*(R?) c L6(R?) to
|u\3/ % (cf. Lemma 1.3 in Beirdo da Veiga [1]), the proof for periodic func-
tions with zero average requires some work (see Lemma 2). We note that
this is a particular case of a family of inequalities: for p < % and W1 (R™),
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r=np+q)/n+q),
ol s < [ Tal [V’

again, the same result holds for periodic functions with zero average.

Our analysis, which uses the method of splitting the solution into one
part that satisfies the heat equation and another that deals with the non-
linear terms, is inspired by a similar approach for local existence in H'/2
which can be found in the book by Chemin et al. [4], and with some sim-
plifications in the recent paper by Marin-Rubio et al. [16]. More explicitly,
we consider

4) v —Av =20 2(0) = uyg
and
(5) wy—Aw+(u-Vu+Vp=0 w(0) =0,

so that v is the solution of the heat equation and u = w + v. (One difference
with the analysis in [4] is that we include all the initial data in the v equation
and start with zero in the equation for w.)

Note that one might more naturally consider instead of (4) the Stokes
equation

(6) vw—Av+Vg=0, V-v=0, v0)=up.

However, on the whole space or in the case of periodic boundary condi-
tions, which are the situations we consider here, the divergence-free
property of u is preserved by the heat semigroup, so the solution of (6)
coincides with that of (4). In a bounded domain one would have to retain the
pressure term from (6). (Another way of putting this would be to say that
the Laplacian commutes with the Leray projector onto divergence-free
vector fields in these cases; see Chapter Four in Constantin & Foias [5], for
example. Applying this projector to (6) one obtains (4).)

First (Theorem 1) we assume that (2) holds and that %y € H2, so » is a
strong solution at least locally in time. Serrin’s condition guarantees that u
is smooth on (0, T') provided that u € L"(0, T'; L*(£2)) with

2 3
4=
r 8

1

(see the nice survey paper by Galdi [10] for a modern treatment); so to prove
that » remains strong on the whole interval [0, T'], where T is given by (2),
we show that w € L3(0, T'; L(Q)).
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According to Lemma 2
Julfy < 1) i= [ [Vufod,

and so the double integral on the left-hand side of (3) dominates the norm

of v in L3(0, T; L?):
T
3 2
Cmemé//WMM
0

It follows from (3) that v € L3(0, T; L?). Since u = v + w it remains to prove
that w € L3(0, T;Lg).
Since

T /mmws

T
we only need to show that [ I(w(s))ds is finite. Since u, is regular this in-

0
tegral must be finite on some interval [0, 7). Using relatively elementary
energy estimates we derive the differential inequality
7 Dol + I(w) < 8.1 8.1
(7) gz 1wls +1(w) < cllwllzs (w) + e[Vl (v),
and use a simple result for differential inequalities of the form
a(t) + b(t) < cat)b(t) + f(t) (Lemma 4) to show that if f lvll L;I (v) is suf-
ficiently small (which is precisely (2)) then f I(w) is unlformly bounded
above by an absolute constant 1/2c¢ for all tel0,Ty) if Ty <T. Thus

T
there is no blow up for any 77 < 7' and [I(w) < 1/2c.
0

Hence we have proved that w, and in consequence u, belongs to
L3(0,T; L.

In the second step of the proof (see Theorem 2) we relax our assumption
about the initial condition and prove that for each divergence-free initial
condition ug € L? N L2 satisfying (2) we can find a sequence of smooth initial
conditions tending to %o in L? and giving rise to smooth solutions u,, defined
on (0, 7) and uniformly bounded in L3(0, T'; L?). Then the standard procedure
allows us to conclude that the limit of a subsequence of these smooth solu-
tions is the solution of our original problem that stays bounded in L? and is
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smooth on (0, 7) x Q. As the sequence of initial conditions tending to %, we
take e, which seems natural in light of the splitting (4)—(5).

The last part of the paper is devoted to the rate of possible blow-up in
LP spaces with p > 3. We obtain these by deriving a lower bound on the
existence time of a regular solution with #y € L?; in contrast to condition
(2) these bounds involve only absolute constants and the norm of %y in L”.
The calculations here are very similar to those in [1], which treats the case
of the whole space; but we note that due to the generality of our Lemma 2
the proof is now valid in the periodic case also.

1. Preliminaries

Throughout the paper we consider the Navier-Stokes equations on a
three-dimensional domain @, where @ = R? or Q is the three-dimensional
torus T%=[0,L1>. When @ is the whole space by the solution of the heat
equation (4) we mean the solution given by the heat kernel:

1 @ — y*
v(x,t) = m/ exp <— T) uo(y) dy.

R3

We use the standard notation for the Sobolev space H k. When Q = T3
then by H* we denote the homogeneous Sobolev space of divergence-free
functions with zero mean over :

n = E @ke”“"”, Q:Lk = ?:L_k, k- ’I:Lk = 07
ke7?

72 =72\ {0}, with the norm

2 2515 12
ot Fporoy = > V™ [ .

keZ3

On the whole space the norm in H is given by
HMHZS(R% = / ‘k|28m(k)|2 dl‘%
R?
where

k) = / e T (x) du.

R?
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We begin with some straightforward preliminary calculations. We will
use throughout the identity
(8) ul") = yur@u)lul’ =,

where 0 denotes any partial derivative.

We will make frequent use of the quantities |[|u|* *|Vu|* and
[V|u?* studied also by Beirdo da Veiga in [1] (see also Galdi and
Rionero [11] where a similar technique was used). The assertion of
the following lemma on the whole space was already proved in [1], but
for completeness we will give below the proof covering the periodic
case too.

LEMMA 1. For o > 2, ifu € H? then
9) /—Au-u|u|°‘72 > / [V |2

Proor. Integrating by parts using (8) we obtain

—/(82-2uj)uj|u|“’2 :/(6iuj)(8iuj)|u‘a72 +/(8iuj)uj(oc —2)uk(61;uk)|u|“’4
= / Va2 + (2 - 2) / [t D) | P2 g (D)t P 2]

4(o — 2
= [ vuu 4+ 22 [
o2

While not required for (9), note that from (8) it follows that

(10)

IV |u? < clul” | Vul,

so retaining the second term of (10) in our estimates would give us no sig-
nificant extra control. O

LEmMA 2. Take 2 < p < 3. Then there exists a constant c, such for
every u € WLe(R?) we have u € L3*(R?) and

(1) \M&é%/WWWH,
Q

where o. = p/(@B — p). The same result is true if Q is a bounded (perhaps
periodic) domain and u € W'P(Q) with f u=0o0ruly,, =0.
Q
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Note that the embedding W'? c L?*is standard. However, the norm on
the right-hand side of (11) is not the W'” norm. Nevertheless, it is finite for
u € WP, since

) ) X (2—2) /30 - 2(1+0) /30
JAtEN s(/ u|“) (/ |w|“/<+°‘>) :

the first factor is finite since u € L>* by the embedding W' C L3*, and the
second factor is finite since u € W and 8o./(1 + ) = p.
We note here that in fact a more general result holds, namely

[l < e / ]V

for every u € W'"(R") with » = n(p + q¢)/(n + @), p < n. Again, one can
take @ = T" provided that « has zero average.

Proor. To prove (11) on IR? assume first' thatu ¢ C‘go(RS). Then \u|“/ 2 ¢
H(R®), and from the Sobolev embedding H*(R?) ¢ L6(R?) we have

1/3 0112 012
o= (1) = N < [ (TP

R3

]

On the other hand, from (8) it follows that
2 2
Ol = | Sl 20| < 2l 2|Vl

SO
IVl < ealul | Vuf?

and (11) follows. For u € W'P(R®) we use the density of CgO(Rg) in
WIP(R?).

When @ is bounded and u|,, = 0 then using the Poincaré inequality
the embedding ' C L remains valid, and since |u|*/? is also zero on the
boundary we can repeat the above argument.

However, when Q is bounded and we only impose the zero average
condition, the function \u|“/ % does not have zero average, so we cannot
apply the embedding HY(Q) c L5(Q) and we have to argue more carefully.
From the embedding H'(Q) ¢ L5(Q) applied to the function |u|°‘/ 2 we know
that there is a constant C such that

(12) ez < C/ [ul* 2Vl + Cllul 7,
Q



166 James C. Robinson - Witold Sadowski

where we used the fact that |V|u|*/?[* is bounded by c|u|* 2| Vu[®. Now, if
(11) does not hold then there exists a sequence of (non-zero) u,, € W such
that

el > / a2Vt

Q
and [u, = 0.
Q
Now we normalise the sequence u,, in L*, setting f,, = u,,/||%x||;.. Then
[l =1

and we still have

(13) /2]

s
2
and [f, = 0. Using (12) it follows that

Q
1fullis < C / L2 E 4 CILE
Q

L

C
< lhullis +C,

from which it follows that for all n > C

i.e. f,, is uniformly bounded in L3, || f,,|| ;2 < M for all n. It now follows from
(13) that

1 M
JIVGIR2BE < [IAPFATAE < 1Al <5 —0asn - .
Q Q

In particular | V(f,|f,|* 2/%)|: — 0 as n — oo.

Notice also that £, | £,|* 2/% € L2 with || | £u|* 2/2||2 = |1 £ll72% = 1 for
every n. It follows that f, | fn|(°‘ 2/2 forms a bounded sequence in H'. One
can now follows Evans (Theorem 1 in Section 5.8 in [7]) to conclude that
there is a subsequence such that f, | f,, |(“ 22 L F strongly in L2 where
F = ¢, a constant. It follows that ||c|/;. = hm \|fn]|fn7|<” 2)/2||L

Now, find a further subsequence such that I, fn]|(“ D2 ¢ ae., so

| f; % — |¢| almost everywhere. It follows that | S, B2 o2/ gl
most everywhere and so f,, — f c|c|(2 )/ almost everywhere. We also
know that || fi, ||, = 1. It follows that f,, — f strongly in L*.
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The zero average condition is preserved by the convergence, whence f = 0.
But this contradicts the fact that || f]|;. = 1, and the result follows. O

The following simple result estimates the LY norm of the pressure in
terms of the L2 norm of the velocity. The result is well known in R?; we
have not been able to find a standard reference in the literature for T2, but
the required periodic version of the Calderon—Zygmund Theorem can be
found in the recent monograph by Shapiro [19]. It is the lack of a similar
estimate in the case of a bounded domain that prevents us from proving
local existence in L? using energy estimates for this case (cf. comments in
Berselli & Galdi [2]).

LEMMA 3. Let Q@ =R? or Q ="T% If u € L2(Q) is a solution of the
Navier-Stokes equations then the associated pressure p belongs to L1(Q):

2
1Pl Loy < cllvllzz)

Proor. If we rewrite the equations in Fourier space then the ith
component is

d . . o o
3 1) + K [Pat; () + ikjuzau; (k) + ikipk) = 0.
Taking the dot product with k and using k - it(k) = 0 (V - u = 0) we obtain
Jeik; () = —ilk|*p(k)
SO

ik

plk) = P wiui(k).

The result in R? now follows from the Calderon—Zygmund theorem, while
the result on T2 is a consequence of Lemma B in Chapter 6 of [19]. O

Finally we prove a simple ODE lemma that allows us to complete our
analysis. This gives a formal version of the the ‘self-consistent smallness’
approach used in [4].

LeEmMa 4. Suppose that x,y, e are real valued, non-negative functions
that are continuous on [0, T) such that x(0) = 0 and

de

gy +y < cxy + &) forall t €[0,T) and ¢ > 0.
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T
IfE = [&(s)ds < 1/4c then
0

T
(14) sup x(s) < 2K and / y(s)ds < 2F.
0<s<T
0
Proor. If £ =0 then the assertion follows easily from Gronwall’s
lemma. So let us assume that £ > 0 and let

¢
Y(@) = [ y(s)ds.
/

The function Y is continuous and Y(0) = 0. Therefore to prove that
Y(t) < 2K for all t € [0, T'] it suffices to show that for all ¢ € [0, T) we have

Y <2F = Y() < 2K.

Indeed, this implication rules out the possibility that Y () = 2F for some
t €[0,T). Hence due to continuity of Y no value greater than 2E can be
achieved.

So let us fix t € [0,7T), assume that Y(f) <2F and let s € [0,t]. In-
tegrating the differential inequality from 0 to s yields

S S S

x(s) + / y(r)dr < c{ sup x(r)} / y(r)dr + / e(r)dr.
0 Osrss 0 0
So for all s € [0,%] we have
(15) x(8)+Y(s) < c{ sup x(r)}Y(s) + K.
0<r<s

Since x is continuous on [0, ] there is an sy € [0, ¢] such that

sup x(r) = x(sp).
0<r<t

If Y(s¢) = 0 then it follows from (15) with s = s, that
x(sg) < E < 2E.

If Y(sp) > 0 then we can use our assumption Y(sy) < Y(t) < 2K < Zi to
deduce from (15) that ¢

x(sg) < 2K —2Y(sg) < 2E.
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Using the assumption Y () < 2E < 1/2¢ in (15) with s = ¢ yields

xt)+Y(@) < 1 sup x(r)+ K,
2 0<r<t
so from the inequality «x(sg) < E follows that Y(t) < 2E. Therefore
Y(t) < 2K for all t € [0, T) and the bound on x(t) follows from (15). O

2. Local existence in L?

We will now prove smoothness of solutions of the Navier-Stokes
equations on the time interval (0, 7"), where 7" depends only on the norm of
1o in L? and on the properties of the solution of heat equation evolving from
uo € L? N L3. In Theorem 1 we will make some additional assumptions on
the regularity of . These assumptions will be relaxed in Theorem 2. We
assume that Q = R? or Q = T%.

We note that one can find the use of similar energy-type estimates to
investigate behaviour in L? space in the paper by Beirao da Veiga [1], and
also in Berselli & Galdi [2].

THEOREM 5. There exists an absolute constant ¢ > 0 such that if
uo € HA(R?) with V - ug = 0, and for some T > 0
T

(16) ||uo||?is//IW(t)I2lv(t)|dwdt<£,
0

where v(t) is the solution of the heat equation with initial data ug, then u is
smooth on (0,T) x Q.

Proor. Since u is evolving from a regular initial condition there exists a
time 7" > 0 such that « is smooth on (0, 7") and u € L>*(0, T"; H?). We want to
prove that if ¢ in (2) is sufficiently small we can choose 7" > T. Let u = v +w
where v and w are given by (4)-(5). We want to prove that u € L3(0, T; L?(Q)).
From the v equation, multiplying by v|v|, integrating, and using Lemma 2 we
obtain

1d
5ol + [ 9l <o,
whence
t
(a7 o] +3 / / Vo] < ool
0

Therefore according to Lemma 2 we have v € L3(0, T; L°(Q)).
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Now we want to prove that w € L3(0, T; L°(Q2)). To this end we will show
that inequality (7) is satisfied on [0, 7") for all 77 < T, where T is given in
the statement of Theorem 1.

For the w equation, multiply by w|w| and integrate. Using (9)

3l + [ 1wl < = [ - Vu-ahol - [ Vp-uful
For the RHS, integrate by parts to move the derivatives off the u term:
RHS = —/uiujai(wj|w|)— /pwzaz(|w|)
= —/uiuj(c‘)iwj)|w| - /uiujijk(aiwkﬂwrl - /pwlwk(alwkﬂwrl
< [ Pvulwl + [ ufholvol + [ ipl|vol
< [ 1wl + [ (Voo + [ pl] v
=:R; + Ry + Rs.

We estimate each of the R; in turn, using the notation I(u) := [ [Vl |ul.

For R we use the 1nterpolat10n lwll;s < ||w|\2/5||w|\3/5. Q

e [t () o)

< 1) ||l | 5 o0 3

< cllw)||wl| -

For Ry we use Holder’s inequality with exponents (2,18,9/4), and the

interpolation ||v||; s < ||v|\1/2||v 2/92:

Ry = / Va2

< c21<w>2/3||v||im

< 2 100) + esllolallols

|»—A|4>

<= I(w) +03||v||LeI(v)

;J;
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Finally for Rz we use the fact that ||p||;s: < C|lu|3s: (Lemma 3):

Ry = [ bl vul

e (o))

< el )?Ju| e

1

3 11,13 3 11,13
< 1) + cal|vllzs vl + callwl|zs [leollLs

—

< g1+ cal|v|35 1) + cqljw]|3 T (w).

The resulting inequality for [[w|3, is

1d 1
5 gz 1l + 57G0) < el @)l + e [[ollsI @) + el 1)

Since

1
cllw)||lwl = e I@)?*Iw)' 2 ||| < gl + erlw)||w|7,

we obtain

d
0l + 1) < cslwll7 o) + esllollz I ).

We can now apply Lemma 4 to deduce that if
T
08/ w31 (w(s) ds < 1/4cs
0

then for any 7" < T the quantity
t

sup [Jws)||3s + / / Ve, t)[*[w(e, t)| da

0<s<t
0 g
is bounded on [0,7") by 1/2¢s. Therefore we have proved that
w € L3(0,T; L°(Q)), and hence u is smooth on (0,T) where T is given
by (16). O

We will now relax our assumption on #y, to obtain Leray-Hopf (finite
energy) type solutions for ug € L? N L3. For a discussion of the various
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different notions of solution if one does not assume that the energy is finite
see Berselli & Galdi [2].

Of course, on the periodic domain the requirement that uy € L? follows
immediately from ug € L3.

THEOREM 6. There exists an absolute constant ¢ > 0 such that if
uy € LP N L% with V - uy = 0, and for some T > 0

T
uol3s / / (Vo) Pot)| dedt < &,

0

where v(t) is the solution of the heat equation with iitial data wug, then the
3D NSE has a solution u € L>(0, T; L3). In particular:

() Ifug € L? N L2 there exists a time T > 0 such that the equations
hawve a unique local solution w € L>(0,T;L?); and

(i) if ug € L> N L2 and |juo||,» is sufficiently small then the equa-
tions have a unique global solution u € L>(0, co; L?).

PRrROOF. Given ug € L? N L?, let v be the solution of
v —Av=0 v(0) = up
and let v, be the solution of
W) — Ao, =0, 0,(0) = g, 1= ™ ug

Note that v, (t) = v(t + o).

Since uo, € H? for all o > 0 we deduce from Theorem 1 that for each o
there exists a smooth solution u, of the Navier-Stokes equations on some
time interval [0, T,) such that

1, (0) = o 4

and 7T, is such that

Tat
a2 / T, dt < c.
0

Choose any 0 <7’ <T. Let a be so small that 7"+ o < 7. Since
V,(t) = v(t + o) we have
T'+a

T T
I(v,(t))dt = Iw@)dt < [ I(v(@))di.
0/ oc/ 0/



A local smoothness criterion for solutions of the 3D Navier-Stokes ete. 173

Since
U0, — U0

as o — 0 in L3 we can choose oy such that for all « < oy we have
T!
a5 / [, ) dt <e.
0

It follows that for every 0 < 7" < T we can find a sequence of smooth so-
lutions of the Navier-Stokes equations defined on time interval [0, 7”) such
that u,(0) = g, and u, are uniformly bounded in L3(0, 7"; L?). From well-
known results on the uniqueness of solutions satisfying Serrin’s condition in
the class of all weak solutions satisfying the energy inequality it follows that
u, can be obtained by standard Galerkin approximations and that for suf-
ficiently small o we have

T

sup o (B)]2 + / V@2 dt < 2ol < 22 +1.
0<t<T" 0

Hence u, are uniformly bounded in L>(0,7"; L?) and Vu, are uniformly
bounded in L?(0,7"; L?) Therefore we can choose a sequence of solutions
bounded in L2(0, T7"; H') and strongly convergent in L3(0, T"; L*(Q)) (or, in
case of @ =R? in L2(0,7"; LA(Q)) for any bounded @' c R®). The limit
function u is the smooth solution of the Navier-Stokes equations defined on
time interval (0,7") and satisfying initial condition ug. Since 7" < T was
arbitrary the result follows.

Global existence for small data follows similarly; from (17) we know that
for any t > 0

t
/ I((s)) ds < [[uolls,
0

whence (2) gives existence for all ¢ > 0 provided the condition

l[uollSs < e.

is satisfied O

Using our regularity criterion (2) we can give a simple proof of the
C°([0, T1; L?) regularity condition of von Wahl [20] (also derived by Giga
[12]). However, note that our solutions have finite energy; regularity under
the assumption u € C°([0, T']; L?) is shown for very weak solutions (also on
bounded domains) by Berselli & Galdi [2].
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COROLLARY 7. Suppose that u is a weak (Leray-Hopf) solution of the
Navier-Stokes equations withu € C°([0, T1; L?). Then w is regular on (0, T1.

ProoF. Let M = max ||u®)||;s-
t<[0,T]

Note that if v;(-) is the solution of the heat equation with initial con-
dition w(t) € L? then

T

IS@u®)|7: + / 0| Voro)* ds = [|u@)[7;
0
thus

T

@)% / )|V ds < M@ — IIS@u®Is)
0
< M¥(jully — [S@ulllull? + lulls 1S@uls + [S@u2]

< 3M°([[ully — [IS@ull3),

since ||IS@ull;z < ||u||zs-
We now show that there exists a ¢ > 0 such that

lut) — S@u)||,: < & := &/3M° for every  t€[0,T1].
If not then there exist ¢, € [0,T] and 7, — 0 such that
(18) lultn) = S(xa)ult)|7 > e

Extracting a subsequence and relabelling we can guarantee that ¢, —
t* € [0, T]. But, noting that

||S(Tn)u(tn) - u(t*)Hg S ||S(Tn)[u(tn) - M(t*)] + [S(Tn)u(t*) - u(t*)]Hg
< Judty) — u@)ll3 + [[S)u) — u@)|ls,

it follows from the assumed continuity of «(-) and the strong continuity
of S(-) (see the notes by Rodriguez-Bernal [17], for example) that
St )ut,) — u(t*). So we can take the limit as 7 — oo in (18) to deduce
that 0 = |Ju(t*) — w(t")||3 > ¢ which is clearly absurd.

It follows that there exists a T > 0 such that

o / 0| Ve[ ds < &0
0

for every t € [0, T'], and in particular u is regular on (0, T + 7). O
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The proof of regularity when u € L>(0,T;L?) due to Escauriaza et
al. [6] is significantly more involved. It is perhaps tantalising to note that
under this condition % is right continuous into L? (see for example Lemma
7.4 in Galdi [10]); but this is not sufficient to obtain the required contra-
diction from (18).

3. Lower bounds on solutions that blow up in L

In Theorem 2 the existence time 7' depends not only on the norm of u
in L? but also on the properties of a solution of the heat equation with initial
condition ugy. For uy € LP, p > 3, we can use a similar but simpler method
to find a lower bound on existence time that depends only on the norm of u,
in L. This leads to estimates of the rate of putative blow-up of ||u||;, for
p > 3. Such estimates were known to Leray and a proof (based on the
theory of semigroups) was given by Giga in [12] (see also [10]). Here we
derive these classical estimates in an elementary way. These calculations
can also be found in the paper by Beirdo da Veiga [1], but we include them
here for completeness since they are now also valid (due to our Lemma 2)
in a periodic domain.

THEOREM 8. There exists an absolute constant ¢ > 0 such that if
Vuy=0uo€LP, p>3

_ 2
T< CHMOHL;D?:;?

and u 1s the solution of the Navier-Stokes equations with initial condition
uo, then u is reqular on the time interval [0, T).

ProOF. We multiply the Navier-Stokes equations by u|u/* % and in-
tegrate:

/ut~u|u|“_2 —/Au-u|u|°‘_2—|—/(u~V)u-u\u|“_2 = —/Vp-u|u|“_2.

The first term yields the time derivative of the L* norm, since

Lemma 1 guarantees that

- [ s E = [t
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and the nonlinear term vanishes after an integration by parts,

1
/(u'v)“'%|ul°‘_2:§/|“|°‘_2V|u|2-u

1
:—/V\u|“-u
o

1
= ——/|u|°‘divu:0.
o

For the right-hand side
~ [ Ip-uu = [ pu- v

-2
=557 [ plal -

<c / o] [l 2|V

w2 1 y
< [plhup g [l # v

To estimate the pressure term we use Lemma 3,

-2 2 -2
e [ o1 % < clpl ul;

-2

u|| 7

4
LZ%

< cafful

a1y, 113
< crllullz w7
1
2¢,

N Ry 1 .
< CHqu(g D/ 3)+§/‘u|x 2|vu|2’

< el gl

using Lemma 2. Note that we can only use Young’s inequality here when

o> 3.
Combining the above estimates we get

1d o o(e—1)/(0—3)
— = Ul < cl|u|;. S
~ el < el

Thus X = ||ul|}. satisfies the differential inequality

X < eX@D/0-3)
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With y = Z — ; it follows that
Y71(0)
Y it) <
® = 1-Yr10)(y — 1)c't
as long as the denominator stays positive. O

COROLLARY 9. There exists an absolute constant ¢ > 0 such that if
t = 01s a blow up time for a solution u of the Navier-Stokes equations (1)
then

=Bl > et~

Note that the Sobolev embedding H* ¢ L%6-29 immediately implies a
lower bound on blowup solutions in the homogeneous Sobolev space H* for
1/2 <s<3/2.

COROLLARY 10. For 1/2 < s < 3/2 there exists an absolute constant
cs > 0 such that if t = 0 is a blow up time for a solution u of the Navier-
Stokes equations (1) then

[ — ) o > et~ DA,

We consider lower bounds in H* for other values of s in [18].
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