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ABSTRACT - A homomorphism / : A — Bbetween R-modules is called a localization if
for all p € Hompg(A, B) there is a unique y € Hompg(B, B) such that ¢ = y o 1. We
investigate localizations of tensor products of torsion-free abelian groups. For
example, we show that the natural multiplication map x: R ® R — R is a local-
ization if and only if R is an E-ring.
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1. Introduction

Let R denote some ring. Many notions in the theory of R-modules can
be stated in terms of some universal property. Here are some examples:

(1) The R-module F'is free with basis B if B is a subset of F' such that for
any R-module X and any function f : B — X there exists a unique homo-
morphism ¢ : F' — X such that ¢[, = f.

(2) The R-module G is small, if for each family {X; : i € I} of R-modules
the abelian group Hompg (G, P X; ) isnaturally isomorphicto @ Homp (G, X)).
el el
(3) The R-module G is strongly slender [9] if for each family {X; : i € I’}
of R-modules the abelian group Hompg ( 11X, G) is naturally isomorphic to
D Homp(X;, G). el

el

(*) Indirizzo degli A.: Department of Mathematics, Baylor University, Waco,
Texas 76798, USA.
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(4) Let A€ Homp(A,B) be a homomorphism. We call 1 a split
homomorphism if for any R-module X and any ¢ € Homp(A4,X) there
exists some y € Homp(B,X) such that ¢ =y o 4. If one considers the
case of X = A and ¢ = idy, then it is easy to see that 1 is indeed a
splitting homomorphism, i.e. 1 is injective and A(4) is a direct summand
of B.

(5) The R-module G is injective if for any R-module X and any sub-
module K of X and any ¢ € Homg(K,G) there exists some y €
Homp(X,G) such that ¢ = y/(,. Note that “projective” is the dual of
“injective”.

(6) Tensor products: To simplify notation, let us assume R = Z. Let
A, B and T be abelian groups and 7: A x B — T a bilinear map. The pair
(T, 7) is a tensor product of A and B, if for any abelian group X and any
bilinear map o : A x B — X, there exists a unique w € Hom(T,X) such
that ¢ = y o 7. It is well known, of course, that tensor products exist and
are unique up to isomorphism.

It would be easy to continue this list. All these definitions can be
modified by restricting the X’s. Let us do this. We get

(1%) In (1), replace “X” by “F”. A module F' satisfying (1%) is called self-
free with basis B, c.f. [5].

(2%) In (2), replace all the “X;” by “G”. Such a module G is called self-
small. This notion has been studied by many authors, c.f. [3] and the
literature referenced there.

(3%) In (3), replace all the “X;” by “G”. Such a module is called strongly
self-slender, c.f. [9].

(4%) In (4) replace “X” by “B” and add the condition that the map v is
unique. Such a homomorphism A: A — B is called a localization of A.
There is a large amount of literature on localizations. See for instance [6]
and [7] and the papers referenced there.

(5%) In (5), replace “X” by “G”. Then G is called quasi-injective. If
R =7 and K is restricted to p-pure subgroups of G, then G is called quasi-
p -pure-injective, or qppi for short. Again, there is a lot of literature on this
topic dating back to the 1970’s, c.f. [1] or [13].

In this paper we focus on a specification (6°) of (6):
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DEFINITION 1. Let R be a ring, A = Agr a right R-module, B = B a
left R-module and T some Abelian group. Following [12, page 207], we
call @ map 1: A x B — T a middle linear map if © is bilinear and
(ar,b) = t(a,rb) for all a € A,b € B and r € R. Let Midling(A,B;T) de-
note the set of all middle linear maps from A x B into T. We call the pair
(T, 7) a qutensor product of A, B over R if for all o € Midling(A,B;T),
there exists a unique homomorphismy € Homz(T,T) suchthat o = w o t.
The map @ : A x B — A Qg Bis a middle linear map with @(a,b) = a ® b
foralla e Ab e B.

It follows from the definitions that qutensor products are a combination
of the notions in (4%) and (6):

The pair (T, 7) is a qutensor product of the modules A, B if and only if
there exists a localization A: A ®r B — T such that 7 = 10 ®, where
®:A x B — A ®p B is the natural map with ®(a,b) =a® b for alla € A
and b € B.

In this paper we concern ourselves with localizations of tensor products
of torsion-free abelian groups 4, B.

After some preliminaries in Section 2, we study localizations of ar-
bitrary direct sums of modules in Section 3. In Section 4, we look at
surjective localizations and find conditions for p-reduced torsion-free
abelian groups having a p-reduced tensor product. In Section 5, we use
the absolute E-rings constructed in [10] and [11] to obtain absolute
localizations of torsion-free abelian groups that are p-reduced for in-
finitely many primes p. In Section 6, we present some examples of
some surprising properties of tensor products of reduced torsion-free
abelian groups. For example, there exists a strongly indecomposable
reduced abelian group G such that G ® G is reduced and completely
decomposable. In Section 7, we consider torsion-free abelian groups of
finite rank whose p-rank is less than their rank. We find an example of
such a group G of rank 4 and p-rank 2 such that G ® G is not reduced,
but G has no pure subgroups of rank at least 2 but of p-rank 1. (It is
well known that G ® G is not p-reduced if G has rank at least 2 and p-
rank 1.) We also find a quasi-isomorphism invariant for such groups. In
the last section, we take a glimpse at zero product determinated al-
gebras, c.f. [4]. Let 1 € R be a ring. Then there exists an epimorphism
1:R®, R — R with u(a @ b) = ab for all a,b € R. We show that x is a
localization if and only if R is an E-ring.
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2. Definitions and First Results

Recall the following, well established

DEFINITION 2. Let M,L,X be modules over some ring and €
Hom(M, L). Then A L X provided that for any o € Hom(M,X) there is
a unique ff € Hom(L,X) such that o = ffo A If 1 L L, then 1 1is called a
localization of M. Abusing notations, sometimes L is called a local-
ization of M.

Next we show that qutensors are exactly the localizations of the or-
dinary tensor product of the modules.

PrOPOSITION 1.  Let Ap and B be modules and © € Midling(A, B; D).
Then t factors through ®, i.e. there exists /.:A ®rB — D such that
7= Ao ®. Moreover, (D,1) is a qutensor product of A,B if and only if
A:A®r B — D is alocalization of A Qg B.

Proor. By the universal property of the tensor product, there is a
unique 4 € Hom(A ®p B, D) such that © = 4 o ®. Assume that /1 is a local-
ization and let 6 : A x B — D be a bilinear map. By the universal property
of the tensor product, there exists a unique map 0 € Hom(A ®r B, D) such
that ¢ = 0 o ®. Then there is a unique f € End(D) such that 6 = ff o 2 and
we havethatc = f o 1 o ® = ff o 7. On the other hand, assume that g = y o 7.
We infer that yot=70l0® =ffolo® and thus yo A= fo i We con-
clude that y = f and we have that (D, 7) is a qutensor of A, B.

For the other direction, let o € Hom(A ®g B,D) and put 6 = ¢ o ®, a
middle linear map from A x B into D. Thus there exists a unique
p € End(D) such that ¢ = f ot and thus « o ® = ff o 4 0 ®, which implies
that o = o A. If f' € End(D) is some other map with « = ' o 4, then
c=0o0®=folo®w=Folo® and we infer for=f or and thus
B = . This shows that / is a localization. O

3. Localizations of Direct Sums of Modules
We begin with:

PROPOSITION 2. Let 1:A=@A; — D be a localization, i.e. 2 1 D.

el
Then there exists a set {y; : 1 € I} of orthogonal idempotents in End(D)
such that:
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(@) For D; =y,(D) we have that D'=@D; CD and o; = /lfAT_ €
HO??’L(AZ', Di). iel

(b) 6; LD; foralli,jel.

(c) ker (1) = P (4; Nnker (1)).

el

(d) If the index set I is finite, then D = D'

Proor. Define 2;: A — D by [, =4[, and 4;(4;) = {0} for all
1 # j € I. Then there exist unique y; € End(D) such that

Ai=7y;oAforalliel.

Let a= Z a; € A where a; € A;. Then (y; 0)(a) = (y; 0 A)a;) =

(y; o May) = ) (al) = J;(a) and we have:

Ai=7y;04; foralli e .

Now we have (}5)oA=7y;0(y;01) =704 =2 =p;0 A and we infer
that y; is an idempotent element of End(D).

Let i#j €l and a € A as above. Then (y; o yj© Aa) = (; 0 4)(@) =
7:(4i(a))) = y;(Aa;)) = 4i(a;) = 0. This shows that (y;o yj) oA=0=004
and it follows that y; 0 y; = 0 for all i # j € I. We infer that {y; : i € [} is a
set of orthogonal idempotents and thus D' = @ D; is a submodule of D
where D; = y,(D). iel

Let a; € A;. Then A(a;) = Ai(a;) = y;(Ai(a;) € (D) = D;. This shows
that 6, € Hom(A;, D;).

Note that D = D; @ ker (y;) and y](D) Cker(y;) foralli#jel.

To show that 6; = 4|, : A; — D; is orthogonal to D;, let n € Hom(A;, D))
for some j € I. Then 5 naturally extends to a map 7 from A to D by settlng
the map #' equal to 0 on the other summands of A. Then there exists a unique
map 0 : D — Dsuchthaty’ = 0o i Leta = a; + a®” € Awherea; € A; and
a? e @ A;.Then (o ) @) = (0 o (a;) + (0 0 )(@?) = i'(a) =nla;) € D;.

It foll(z)fz{rglthat (0 0 2)(@?) = 0 by setting a; = 0. Since 7; acts as the identity
map on Dj, we get (y;00[p) o (A],,) = n. Let 0; = y; 0 0], € Hom(D;, D;).
Then 5 = 0; o J;.

Next we need to show that the map 6; is unique with that property. Let
0; be another such map, and note that A(A®) C ker (y;). Let §' € End(D)
with O’TDL_ =0, and ' (ker (;)) = {0}. It follows that ## = ¢ o /. and since
/. L D, we infer that 0 = ¢ and thus 6; = 0,.

Let a = Zal € ker (1) where a; € A;. Then 0= ZA(al) = Z/L(al) =

Z 7;(Ailay)) € EB D; and it follows that A(a;) = 0 for all 1€l ThlS shows

el

that ker (1) C @ (A; Nnker (1)) C ker (1) and (c) follows.

el
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Now assume that / is finite. Then tdpo .= Z Qi = Z yi0h= (Z Vi) ol
and it follows that idp = 3 y;. el iel i€l
iel

COROLLARY 1. Given abelian groups D and A= @ A; with I finite.

iel
Let ). € Hom(A,D). If . L D, then D = @ D; and 6; = A fAi € Hom(A;, D;)
satisfies 0; L D; for all i,j € I. el
Conversely, if D =@ D; and 2; € Hom(A;, D;) with Z; L D; for all
el
1,7 €1, then A= 4 L D.
i€l

COROLLARY 2. Let A = @ A; with finite index set I and K a subgroup

iel
of A. The canonical map n :Lil — A/K is a localization if and only if

(1) The canonical maps m; : A; — A; /(K NA;) are localizations for all
1el and
QK= KENA) and m; L (A;/(KNA)) forall i,j €l
iel
Proor. It follows from Proposition 2 that (1) and (2) are necessary.
Suppose (1) and (2) hold. Let ¢ € Hom(A,A/K) and note that A/K =
D (Ai/(A; N K)) because of (2). There exist p;; : A; — A;/(A; N K) such that

iel

éo is represented by the matrix [g;;]. For each ¢; there is a unique
wii A J/(A; N K) — A;j/(A; N K) such that 0 =y om. It follows from the
definitions that y = [l//ﬁ] € End(A/K) is the desired map. O

COROLLARY 3. With the above notation, if A; = A; then D; = D; for
any 1, € 1.

Proor. Let gj : A; — A; be an isomorphism with o;; : A; — A; the
inverse map. Extend o; to gj;: A — A by setting 7},(4,) = {0} for all
1#a€l. Thenlo a}i € Hom(A, D) and there exists a unique J;; € End(D)
such that

(1) 20 d}; = dj; o 2. In a similar fashion we get
It follows that y; 0 2=4;=(logy) 0 ay;=(0ji0 1) o ay=djio(Aoay) =
(6ji 0 dj) o 1. We infer

(3) y; = dji 0 95 as well as y; = Jyj 0 Jj;. It follows that
(4) Yi © 5@' = 511 o 5]1 o 52] = 52']' [¢] yj and yj 0 0j; = 5]'1' o 52] o 5]‘1' = 5]'1' 0 Y.
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Taking the restrictions to Dj, D; we get
) 5"-7'“7.7 =y;0 5117-FDJ_ : Dj — D; as well as d;i|p, = 7; 0 djilp; : Di — Dj.

The equations (3) now imply that (Zﬁ and (577F are a pair of inverse
isomorphisms and we have D; = D;. O

ProposITION 3. Same notations as above. If D is slender, then

D=&D,.
iel
Proor. Since 1 is a localization, we have that [[ Hom(4;,D) =
iel
Hom(@Ai,D) = Hom(A, D) = End(D). The latter isomorphism * : End(D) —
el

Hom(A, D) is given by ¢* = ¢ o A for all p € End(D). Let # denote the inverse
of *.

Pick an element d € D.

Define amap g4 : End(D) — D by a4(p) = ¢(d) for all p € End(D). This
gives rise to a homomorphism z, : H Hom(A;,D) — D. Since D is slender,

there exists a cofinite subset J of I such that 7,( H Hom(A;,D)) = {0}.

Note that (1,)" = y; for alli € I and 74(4;) = 0for allj E J. But now we have
= 14(4)) = 7;(d) for all j € J. We infer that ) y,(d) is a finite sum for all
’ icl
d e D and thus y = 3 7; € End(D) with y0 2 — 2 — idp o 4. It follows that
iel
y =1dp and thus D = @ D;. O
1el
DEFINITION 3. Let (A, D) be a pair of abelian groups. We call this pair
relatively semi-rigid, if each 0 # ¢ € Hom(A, D) is injective.

For example, if A = 7 and D is torsion-free, then the pair (4, D) is
relatively semi-rigid.

PropoSITION 4. Let I be an index set and A;, D; be abelian groups for
all © € 1. Moreover, let 1; € Hom(A;, D;) for all © € I such that:

(1) 4 LDjforalli,jel
(@) Foralli € I, we have that the pair (A;, D)) is relatively semi-rigid
Sor all but finitely many j € L.

Then .=P L : A= A; — D =P D, is a localization, i.e. 1 L D.

el el el
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Proor. Let ¢ € Hom(A,D). Then ¢ = [(oﬁ] where 9ji € Hom(A;, D)
and foralli € [ and a; € A;wehave g;;(a;) = 0 for all but finitely manyj € I.
By (2) we infer that ¢;; = 0 for all but finitely many j € 1. By (1), there exist
unique y; € Hom(D;, D) such that ¢;; = y;; o 4;. Note that y;; = 0 whenever
¢;; = 0. This implies that y = [;;] € End(D) and ¢ = y o /. The uniqueness
of y with that property follows immediately. O

COROLLARY 4. Let I be an index set and A;, D; be abelian groups for
all 1 € I. Moreover, let A; € Hom(A;,D;) for all © € I such that:

(1) Z; L Dj forall i,j € 1.
(2) Foralli € I, we have that Hom(A;, D;) = 0 for all but finitely many
jel

Then L=P L :A=PA; — D =D, is alocalization, i.e. 1 L D.

el el el

4, Surjective Localization

PROPOSITION 5. Let B be a subgroup of the abelian group A such that:

(1) B is fully invariant in A.
(2) The natural map End(A) — Hom(A, A/B) is surjective.

Then the canonical map n: A — A/B is a localization.

Proor. Let ¢: A — A/B be a homomorphism. By (2), there is some
0 € End(A) such that ¢ = no 6. Define w:A/B — A/B by yw(a+ B) =
0(a) + B. Note that y is well defined by (1) and it follows that ¢ =y o 7.
Since 7 is surjective, we infer that v is unique with that property. O

Let G be a torsion-free abelian group. For a € G, let ||a|| denote the
type of a € G and G(1) = {g € G : ||g|| > }. A type 7= (1p)pep is called
idempotent (or ring) type, if 7, € {0, 00} for all primes p € P. Moreover
|G| denotes the set of all types of the elements of G.

PROPOSITION 6. Let G be a torsion-free abelian group. Suppose the
type t is an element in ||A|| and of ring type, i.e. for v = (tp)pcp we have
7, € {0,00}. Then (G/G(0)(7) = {0} and for all ¢ € Hom(G,G/G(1)) we
have G(t) C ker(p). Moreover, the natural map n:G — G/G(t) is a
localization.
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Proor. Letx € G such that ||x 4+ G(7)|| > 7. Let p be a prime such that
7, = 00. We have that for all n € N, there is some x, € G such that
p"x, —x =k, € G(tr). Now k), is p-divisible in G and it follows that x is p-
divisible in G. This implies that x € G(r) and thus x + G(r) = 0. Note that
p(G(7)) C (G/G(2))(r) = {0}. Thus ¢ induces a map ¢ € End(G/G(r)) by
9@ + G(1)) = p(x). It follows that ¢ = pon and ¢ is unique with this
property because 7 is surjective. This shows that = is a localization. O

Let p be a prime integer. Then 7, = {% :z€7Z,meN,ged(p,n) =1}

denotes the ring of integers localized at p. The torsion-free abelian group is
called p-locally free if G ®, 7, is a free Z,-module.

REMARK 1. Let A’ B’ be pure subgroups of the torsion-free abelian
groups A, B respectively. Then A’ @ B’ is a pure subgroup of A @ B.

To see this, note that 0 = A'® B —-A® B — (A/A") ® B — 0 is pure-
exact, and 0 - A’'®@B - A @B —A'®(B/B') — 0 is pure-exact and
purity is transitive. This shows:

PROPOSITION 7. Let A, B be torsion-free abelian groups. Then A ® B is
p-reduced if and only if A’ @ B’ is p-reduced for all pure, finite rank
subgroups A', B’ of A, B respectively.

THEOREM 1. Let A, B be torsion-free, p-reduced abelian groups such
that all pure, finite rank subgroups of A are p-locally free. Then A ® B is
p-reduced.

Proor. If there exists a non-zero element w in A ® B of infinite p-
height, then there exists a pure, finite subgroup A’ of A such that w is an
element of A’ ® B. Now consider the localization (A’ ® B), of A’ ® B at the
prime p. We have (A’ ® B), = A, ® B), = V]L; By, as Zp-modules since A}, is a

free /Z,-module of some rank k. Since B is p-reduced, the Z,-module B), has
no elements of infinite p-height, which shows that no such element w exists.
O

By an assertion of Warfield’s, a torsion-free group G of finite rank m is
p-locally free if and only if m = 7,(G) := dim,,,(G/pG). For the con-
venience of the reader, here is an outline of the proof:
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Let {a; + pG : 1 <i <m} be abasis of G/pG and B= > ;7. Then

1<i<m
{a; : 1 <1 < m}is p-independent and B is a p-basic subgroup of G, i.e. B is

a free, p-pure subgroup of G and G/B is p-divisible and a torsion group
with (G/B)[p] = {0}. It follows that G ® Z, = B ® Z, is a free Z,-module.

COROLLARY 5. Let A, B be torsion-free, p-reduced abelian groups such
that for all pure, finite rank subgroups A’ of A the rank of A’ is equal to the
p-rank ry(A") of A'. Then A ® B is p-reduced.

5. Absolute Localizations

Let A be some algebraic structure that has some property P. Then A
has property P absolutely if A has property P in any generic extension of
the set-theoretic universe in which A was originally constructed. Let x(w)
denote the first w-Erdos cardinal. In a remarkable paper [10], Gdbel,
Herden and Shelah constructed absolute E-rings R of cardinality 1 for any
infinite cardinal 1 < x(w). Inspecting their proof, one realizes that the
following result was shown:

THEOREM 2. [10] Let A < x(w) be a cardinal and 7[X] (resp. Q[X])
the polynomial ring m A commuting variable over 7, (vesp. Q). Then
there exists a countable family {L; : i < w} of ideals of ZIX] such that

(1) Each L; is a direct summand of the abelian group 7[X] and
@) {p € Endo(Q[X]) : p(QL;) C QL; forall i < o} = Q[X] absolutely.

This version will appear in [11].
We will use this result to construct absolute localizations. First we
show:

LEMMA 1. Let A be a commutative Q-algebra and F a family of ideals of
A suchthat {p € Endn(A): p(J) CJ forallJ € F} = A-. Let V be a Q-vector
space. Then {p € Homu(A,V @0 A):p(J) CV @cd for all J € F} =
Homy(A,V @q A).

Proor. Let B be a basis of the vector space V. Let 7, : V®p A —
b® A be the natural projection with 7;(c ® A) = {0} for all b #c € B.
Let pe{pe HmoA,VRuA):9JJ) CV®yd for all J € F}. Then
mop:A—-bRA=2A and (mop)J) Cm(V®ed)=0b®dJ =J. Thus,
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by hypothesis, (7, o p)(x) = (7, 0 p)A))x for all x € A. It follows that
@) = > mylpe) = > (1 0 p)(1)x = () and ¢ is A-linear. O
beB beB
Let G be atorsion-free abelian groupand P = {p; : 1 < w} aninfinite set of
prime integers such that G is p-reduced for all p € P. Let 7; denote the type of
the subring Z[l] of Q. With the notations of Theorem 2, let R =

1

1
Z[X1+ Y. Z[—]L; C Q[X]. Then R is the absolute E-ring constructed in

<o i

[10]. Note that R/Z[X] is a torsion abelian group. By (1) we have Z[X] =
L;®T; as abelian groups. Then R/Z[X]=>5" (Z[X]—i—Z[ 1 ]L )/ 71X =

i<w

> (T @Z[l] L) /(Ti® L) = Y (Z[pl] i)/ Li where thezth summand

i<w <o

isa d1v131b1e pi-group. This shows that R(r;) = [; |L; for all i < . Now
1 ' 1

let 9 € End.,(R). Then ga(z[iT]Li) — o(R(z;) C R(z;) = Z[E]Li. Lety ¢
1

1
End,(Q[X]) be the unique homomorphism induced by ¢. Then w(QL;) C
QL; for all? < w and Theorem 2 supplies some d € Q[X]with y = d-. Since
d=w1) =¢1) € R, we have ¢ = d- for some d € R, i.e. R is an E-ring.
Let us call such a ring R an (GHS)-E-ring with prime number set P.

LEMMA 2. Let B be a torsion-free abelian group and R, t; as above. If
B(z;) = {0}, then (B @ R)(t;) = B ® R(t;). (Here “®” 1s understood to mean
“®’Z 7)‘)

Proor. Consider the short exact sequence 0 — 7Z[X]— R —

i1 . . .
R/7[X] =~ 69 ((A[p L) /L; ) — 0, which gives rise to the sequence
1
O—>B®Z[X] —B®R — @B@ ((Z[p |L )/L) — 0. Note that Z[X]

is a free abelian group and thus B ® 7[X] is isomorphic to a direct sum
of copies of B and thus has no elements of infinite p;-height. Let
x € (B® R)(t;), i.e. « has infinite p;-height in B ® R. We may assume

that @ € B @ 7[X]. Then z[l]che;R and ( (7 [;_]HB)@zm)/

1
(B ® 7[X]) is a p;-torsion group. We infer that 7[]0 |e € B® (ZIX]+
1 1
’7[;]L1) =B® (TZ@7[17]L’) with T; free abelian. It follows that
1 1

Z[l]m CB® Z[l]LI and the claim follows. O

i Pi
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We are now ready for the following:

THEOREM 3. Let B be a torsion-free abelian group and P an infinite set
of prime integers such that B is p-reduced for all p € P. Let R be a (GHS)-
E-ring with prime number set P. Then the natural map o : B — B @7 R s
an absolute localization of B.

Proor. Note that a(x) = x ® 1 for all x € B. It follows from Lemma 2
that B ® R is an E(R)-module. By Proposition 1.2 in [6] we obtain that
End;(B ® R) = Endgr(B ® R). By Proposition 1.1 in [6] the map « is a lo-
calization of B.

6. Examples

The following is a well-known and highly instructive example.

ExampLE 1. Ewven if A is p-reduced, the tensor product A @ A might
not be p-reduced:

Let p be prime, J, the ring of p-adic numbers, Z, the ring of integers
localized at p, and = € J,, — Z,, a unit. Thus

7= lim z,,
NnN—00

Zn € Z,, in the p-adic topology with p fz, and p"|(m —2,) in J),.

Let A = (1,n), C J,, the pure subgroup of J, generated by 1 and =.
ThenA®A=(1®1,1®@n,7®1,7®n), is a pure subgroup of rank 4 of
Jp@Jp.

Since 11— n1® 2, =1Q (1 —2,) We have p"|(n @ 7 — T ® 2,). Simi-
larly p"|(n ® # — 2, @ @). Hence p"[[(m@n—7n®2,) — (@71 —2, @7)] =
(1 ®n — n ® 1)z,. Then there must exist o, and f,, in the integers such that
1 =2zuo, +p"f,. Hence p"|1 @7 — 7 ® zpo, =1 @7 — 7@ 1)A — p"p,)
which implies p"|1®@ 7 — 7 ® 1) for all » < w.

Since A is a Z,-module this means 0 # 1 ® 7 — 7 ® 1 is a divisible ele-
ment. Hence A ® A is not reduced.

ExampLE 2. Even if A is strongly indecomposable, the tensor product
A ® A might be completely decomposable:

Given distinet primes p, q, r, define A =e; 7, [%] DeZ| é] +(e1+e2)7 [%] .
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Then A is strongly indecomposable of rank 2 with End(4) = Z. We
have

1 1 1 1
AQA=bZ[-]@bZ]—|ebZ[—]®bZ[~]+
P pq pq q

1 1 1
+(b1 + b)Z[ =] 4+ (b2 + b)) Z[—1+ (b1 + b2)Z| — ] +

] rq pr

1 1
+(bs + b4)Z[%] + (b + b2 + b3 + b) 7 [ -]
where by = e1 R ey, by = e1 ez, by =ex ey, by = ez @ es.
Define p by p(b1) = b1 + be, and p(b;) = 0 for 2 < ¢ < 4. Then

1 1

PA®A)= b1+ bZ)Z[Z;] + (b1 + bz)Z[%]—k

1 1 1
+(by + b)Z[— ] + (b1 + b2)Z[ =] = (b1 + b)) Z[—].

pr 7 pr
and thus p(A ® A) CA®A, i.e. p € End(A ® A) with p? = p.

Define ¢ by a(by) = b3 + b4, and a(b;) = 0 for 1 < ¢ < 3. Then

1 1
(A®A) = (bs+b)Z[—] + (bs + by) Z[ — ]+
qr qr
1 1
+(bs +b4)Z[§] + (b3 +b4)fZ[;] =
= (b3+b4)Z[%} C A ® A and thus
o cEndlA®A), 6>=0.00p=poc=0.
—by fori=1
Note that (1 oy | 2 fori=2
ote that (1 — p — ) =
PR by fori=3
—by forv=4

1 1 1 1
and (1—p— o)A ®A) = —bpZ[ = |+ 0o Z[ — |+ b3 7[ — ]| —bs2[ =]+
P Pq Pq q

1 o1
+(—bo+b3)Z[—] + (b2 — b3)Z[—1+0+0+0 =
"D rq

1 1 1
= bz%[—} + [)374[—} + (by — bg)?[—] =:C.
Pq pq pqr
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Observe that C = (bs — b3)7| 1

|o® b2’7[i], and thus
paqr Pq

1 1 1 1,.
AQA=(b1+b)Z[—=]B(bs +b)Z[—] & (b — bg)Z[—] ® b Z[—] s
pr qr pgr Pq
im(p) im(o) m(l—p—a)=C
completely decomposable.

7. Torsion-free Abelian Groups of Finite Rank with Small p-rank

Again, let J,, denote the ring of p-adic integers and “®” means “®”.

We view J,, ® J,, as a right J,-module. (Of course, J, ® J) is also a left
Jp-module, but we need to pick a side.)

Let D denote the divisible part of the torsion-free group J, ® J,. There
is a natural (surjective) map p : J, ® J, — J, with u(a @ b) = ab. Since J,
is p-reduced, we have D C ker (w).

Letw= Y a;®@bj= > (@;@1)b; eker(w) andv= > (1®@a;—

1<i<n 1<i<n 1<i<n
a; ® 1)b;. Then v € D as shown in Example 1. Note that 0 = 1 ® u(w) =
1® ( > aibi> = 3 (1 ®a)b;=w+v. This shows that w=—-veD

1<i<n 1<i<n

and thus D = ker (u).
We record this as:

REMARK 2. We have J, @ J, =D oA @Jp) and u:J, @J, — Jpisa
surjective homomorphism such that D = ker (u) is the divisible part of
Jp @ Jp.

Let G be a torsion-free group and 7, the ring of integers localized at
, 1
the prime p. Then each y € G ® 7, has the formy = a ® ” for some a € G

and integer n relatively prime to p. An easy argument shows that G is p-
reduced if and only if G ® 7, is p-reduced.

Let A be a torsion-free, p-reduced group of, say, rank 2 and p-rank 1. It
is easy to see that there exists a p-pure subgroup A’ of J, such that 1 € A’
and A =~ A’

NoTATION 1. Let G be a p-reduced, torsion-free Z,-module of finite
rank n+m and n = ry)(G) = dimy,;,,(G/pG) for some prime p. Then G
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can be represented as a pure subgroup of € e;J, generated by
1<i<n
B= @ e;7, together with elements u; = % ey for 1 <j<m and
1<i<n 1<i<n
IT = [m;] € Mat, (] p). We call IT a representing matrix for G. Of course,
the matrix I is not uniquely determined by G. Moreover, we may, and

will, make the convention that n;; = 0 whenever mi; € 7.

Fomin [8] has shown that if the entries of the matrix /7 are algebraically
independent (over 7,) and G ® G is not p-reduced but G is p-reduced, then
7,(G) = 1. The following example shows that this rather strong hypothesis
on [7 is needed:

EXAMPLE 3. There exists a p-reduced torsion-free 7.,,-module G such
that rank(G) = 4, r,(G) = 2 and G ® G 1s not p-reduced. Moreover, G does
not contain a pure subgroup A with v,(4) = 1 and rank(A) = 2.

Proor. Pick an odd prime p and o«,f,y € N. such that /z, \/B,
V7 €dy—"7p and the field extensions @[\/ﬁ, Vo] and Q[\/B, /7] have
dimension 4 over Q with ﬂ%@[\/ﬁ, Vol Let u = el\/&®ez\/ﬁ and
v=e1\/of@ex/7. Let G = (e17, ® e27p u,v), C erJ, ® ez, Let w=
er@eia(f—1)+e eyl - +uru—-vveGRG C @ Jyle; ®e)d).
We claim that 1<i,j<2

w is a p-divisible element of G:

Note that w = [e; ® e;a(f — 1) + V/oter ® e1/or — \/afer @ ex/af | +
+[Vaer @ e2\/By — \/afer @ e2\/7] +

+[V/Bres @ e1/u — \Jfies @ e1/oaf | +

+[e2 @ eyl — B) + \/Bres @ ear/By — \/7e2 @ (/7).

Each term in a square bracket is in the divisible part of J,e; ® e;J/), and
thus w # 0 is a divisible element of G ® G.

Now let 0 # g = e1a1 + e2a2 + ub + vc € G. We claim that gn¢ G for all
n € J, — Zp. This allows us to infer that G has no pure subgroup A with
rank(A) = 2 and p-rank r,(4) = 1.

Let ¢ = e1a] + esa}, +ub' +v¢’ € G such that gn =¢'.

W.lo.g. we may assume that all coefficients are integers. Using matrix
notation, we get
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a1 + by +c\/ap B a’1+b’\/&+c’\/@1
az +b\/By + ¢\ /7 ay +0'\/By+c /7 .

Case 1: a1 + b/ + ¢\/af # 0 # as + by/By + ¢\ /7.
In this case we have = € Q[/«, \/B] n Q[\/B, V1= Q[\/B] and w.l.o.g.

we may assume that 7 = /f and we get

a1 + by +c\/ap
a2+ by/By +c\/7
l\/ﬁal +by/off + Cﬂ\/&] _ a + Ve + C,\/&B] and we infer the
VBaz + c/By + bp/7 ay + V' /By +¢ V7
equations:

a =0=aj,b=c,cf =10 as well as
az =0=uaj,c=10,0f=c and thus fb =0 and cf = c. We now have
that b = 0 = c and g = 0, a contradiction.

Case 2: a; + by/a 4 c¢\/aff = 0 but az + b+/fy + ¢,/7 # 0 (or vice versa).
In this case we have that a; =0'=c¢ =0=0a; =b=c and thus
agm = ay, a contradiction to 7 ¢ 7. O

A possible choice for p,a,f,y satisfying our hypotheses would be
p=19, « =7, f =11 and y = 17, because these are distinct primes and
8% =Tmod 19, 7 = 11 mod 19 and 6? = 17 mod 19. Therefore, by Hensel’s
Lemma, we have that v/7,v/11, V17 € Jy9.

Next we will introduce a quasi-isomorphism invariant for our group G.

Let G = (e;Zp,uj,1<i<n,1<j<k) C @ e, be a p-reduced

1<i<n
group of rank n + k and 7,(G) = n where u; = > e;m; with m; € J,,. Let

1<i<n
G = <e’Zp, w,1<i<n,1<j<k') C @ e;Jpbe another such group
. *o1<i<n
with w; = >° enj; for 1 <j<K.

1<i<n/

Assume that for all §, 1 < f </, the sets [Ty = {1,m; : 1 <j < k'} are
linearly independent over the field extension K= Q(r;,1 < i <n,1<j<k).
Then G ® @ is p-reduced:

We have G G'= @el®eZ +Zel®uz +Zul®ez +Zul®uZ.

Lety= > el®eal]+261®u bl]+2ul®e cUJrZuZ@udl] ceGe(G.

1<i,j<n
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Note that the e, @ e}, entry of y is
Yop = €4 @ €yllyp + %: €y ® €gmpby; + 21: Tyi€y @ €4Cip + 22]: Myi(€s @ epImyd;.
If y is a divisible element, then, by Remark 2, we have
0 = u(Wop) = aup + %: n;}jbmj + XZ: TyiCip + %: nxin;),jdij -

- (a“ﬂ + 27: nm'ci/f) + 2]: n;y(b“j + 21: nmdij) for all o, .

By our hypothesis that {1,7:1<j <k} is linearly independent
over the field extension K = Q(n;;,1 <i<mn,1<j<k), we infer that
typ + > myicip = 0 and it follows that > wu,cip € @ e;7,. This is a con-

1 i 1<j<n
tradiction to n + k = rank(G) unless all a,5 = 0 = cp.

We infer that Z n;;j(baj + Z m,di) =0 >for all o,f and thus
j i
byj + > mydi; = 0 for all o, j. Again, it follows that >~ u;d; € @ e,7, and

1 [ 1<y<n
thus d;; = 0 for all ¢,j. Now we infer that b,; = 0 for all «,j and we have that

y =0.

PROPOSITION 8. Let G = (e;Zp,uj,1 <i<n,1<j<k)C @ e,
1<i<n

be a p-reduced group of rank n+k and v,(G) =n where uj = ) e;m;
1<i<n

with mj € Jp. Let G'=(e[7p,u;,1<i<n,1<j<k) C @D e, be

1<i<n

another such group with uj’ = > ein;j. Let K (K') be the field extension

1<i<n
of Q generated by the elements m; ().
If G is quasi-isomorphic to G/, then K = K'.

Proor. Note that G = <( b ein) @( ) uin)>* C @ e,

1<i<n 1<i<k 1<i<n

where w; = ) e;mj; for some 7j; € Jp,. Put IT = [m;;] € Mat,.(J,).
1<j<n

Let ¢ : G — G’ be a quasi-isomorphism. Then there exist matrices
A = [ay] € Mat,,(Q), B = [b;] € Maty,,(QQ) such that

pe;) = Z e]/-(lji + Z u]/-bji. Now
J J
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pu;) = Z(ﬂ(@y)”ﬂ = Z (Ze %+Z%bﬂ;)ﬂﬂ =
*Z(Ze QNJ+ZZ( €y ot/ﬁ’)b/f)n]li

= Z e (Z <aijn7l + Z nuﬂbﬂﬂ?l)) =
= e ([AIT],; + [H’BH Li)-

Since p(u;) € G’ for all 1 <1 < k, we have that

plu;) = Ze )i+ Zu Yji = D€ + Z (Zemy)yii =
=>e, (acm' + Z nqjy_ﬁ). Let X = [x,] € Mat,,.(Q) and
E j
Y = [y,;] € Maty,;.(Q). We now have a matrix equation
AIl + II'BIT = X + IT'Y of n x k matrices, which is equivalent to
II'(BII - Y) =X — AIl where BII —Y is a square k x k matrix.

Note that
ple) = > €ji + Y wibji = Y- €,0y + > > e m b = Z e,(A+ II'B),,.
J J B i@

Since ¢ is injective, the square matrix {é }Iﬂ € Matiiyxm+r)(Q) is
invertible.

Assume that there is some 7' € Maty.(J,) such that (BII — Y)T = 0.
Then 0 = I[I'BII - Y)T = (X — AIDT.
A X||IOT AT — XT 0
B Y} {—T] - [BHT— YT} - [o

[g )ﬂ is invertible, we infer that 7' = 0. It follows that BIT — Y is in-

vertible.

Let K=Q(m;,1<i<n,1<j<k) and K'=Q(n};,1<i<n,1<j <k).
Then BIT —Y € Mat,.,(K) and so is (BI —Y) !, which implies /7’ €
Maty..,(K) and thus K’ C K. By symmetry it follows that K = K'. O

This implies that { } Since

Let A be an E-ring. Let ¢ € Hom(A ® A, A). The group A ® A contains
subgroups of the form A ® b and a ® A. There exists a surjective map
ip:A—A®Db with 4(x) =2 ®0b for all t € A. Then y =poi: A — A
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and since A is an E-ring, there is some g, € A such that y,(x) =
p(x ® b) = xoy, for all x € A. By a similar argument, there are elements
7g € A such that ¢(a ® y) = yn, for all y,a € A.

Note that ¢(a ® b) = br, = gpa. It follows that g1 = ;. For a =1 we
get g, = bry and thus ¢(a ® b) = abm for all a,b € A.

We conclude that ¢ = n;u where u € Hom(A ® A, A) is the map with
wWa ® b) = ab for all a,b € A. We have shown:

ProposiTION 9. If A is an E-ring, then the map p: A QA — A with
wWa ® b) =ab for all a,b € A is a localization.

8. Zero Product Determined Algebras
The following definition can be found in [4] and elsewhere:

DEFINITION 4.  Let A be an algebra over the commutative ring C. Then
A 1s called zero product determined if for any C-module X and every C-
bilinear map (_|-) : A x A — X the following holds:

If for all a,b € A, ab =0 implies (a | b) =0, then there exists some
T € Homc(A%, X) with (x | y) = T(xy) for all x,y € A. As usual A% denotes
the C-submodule of A generated by the set of products xy for x,y € A.

REMARK 3. Let C be a commutative ring and X some C-module. We
will always assume that X is a C-bimodule with sx = xs for all x € X
and all se€C. Let X, Y,W be C-modules. Then each C-linear map
(_]2): X x Y — W is automatically a middle linear map, i.e. (xs|y) =
(x|sy) for all x e X,y €Y and s € C. This means that (_|_) factors
through X @¢ Y. We will write “®” instead of “®¢”.

ProposiTioNn 10. Let A be a C-algebra. Comsider the maps
AxASAAL A2 = spanc{xy : x,y € A} where u(x @ y) = xy.
The following are equivalent:

(a) Let X be some C-module and 0 € Homo(A @ A, X). If ker (1o ®) C
ker (0 o ®), then there exists some T € Homc(A%, X) making the following
AxA S AsaA L a2
diagram commutative: le Z- . Note that if 1€ A,
then A = A2 X

(b) A 1is zero product determined.
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(c) Let X be some C-module and 6 € Homc(A®A,X). If ker (uo ®) C
ker (A o ®), then ker (u) C ker (6).

Proor. Assume that (a) holds and let (_|_): A x A — X be a C-bi-
linear map such that (a | b) = 0 whenever ab = 0. Then there exists a un-
ique 0 € Hom¢(A @ A, X) such that (a | b) = 0(a ® b) for all a,b € A. Thus
0(a ® b) = 0 whenever ab = 0, i.e. ker (u o ®) C ker (0 o ®). By clause (a),
there is some 7T € Homg(A4%,X) such that 0 =T opu. It follows that
(a|b) = (T op)a®b) = T(ab) for all a,b € A and (b) holds.

For the converse, assume that (b) holds. With the notations in (a), define
(=) AxA—XDby(a]|b)=0x0) for all a,b € A. Since ker (u o ®) C
ker (f o ®) we have that ab = 0 implies (a | b) = Ofor all a, b € A. By clause
(b), there exists some T € Hom(A?, X) such that (a | b) = T(ab) for all
a,b € A. Therefore 0(a @ b) = (a | b) = T(ab) = T(u(a @ b)) foralla, b € A.
This shows that 0 = T o u and (a) follows.

That (a) implies (c), is a trivial consequence of the commutative diagram
in (a). For the converse, if ker (1) C ker (0), the map T may be defined by
T(Y aib;) =0(> a; ®b;), since Y a;b; =0 means u(> a; ®b;) =0. O

1 1 1 1

Note that the map 7' in clause (a) is unique since the map s is surjective.

DEFINITION 5. Let C be a commutative ring and A a C-algebra and X a
C-module. Then Hom(A,X) = {0 € Homc(A® A, X) : If x,y € A with
xy = 0, then O(x @ y) = 0}.

Then A is zero product determined if and only if for any
0 € Hom)(A,X) there exists a (unique) 7' € Homg(A% X) such that
0="Topu.

Note that for any 7T € Homc(A%,X) we have that T(u(x ®y)) =
T(xy) = T(0) = 0 whenever xy =0, i.e. Topu € Homg(A,X). This shows
that

Home(A2,X) =% Hom(A,X) — 0 is exact. We have shown:

ProPOSITION 11. The C-algebra A is zero product determined if and
only if Hom (A2, X) = Hom(A, X) via the natural map _ o p.

Assume that 1€ A has no zero divisors and is zero product de-
termined. Then HomOC(A,X) =Homc(A®A,X)= Homc(A,X) via the
natural map _o u.
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ProposiTiON 12.  Let C be an integral domain and A a torsion-free
C-algebra with 1 € A and without zero divisors. Then A is a zero
product determined algebra if and only if A is a subring of the field of
fractions of C.

Proor. Note that ker(uo®)={(a,0):acA}U{0,a):acA}C
ker(@o®) for all 0 € Homg(A®A,X). Consider the identity map
d:ARA - ARA. If A is zero-product determined, then there exists a
map T:A — A®A such that id = T o ¢ and thus x is an isomorphism.
This shows that the C-rank of A is 1 and thus A is a subring of the field of
fractions of C. The converse is obvious. O

COROLLARY 6. The ving J, of p-adic integers is not zero product
determined.

This motivates a weaker condition:

DEFINITION 6. Let C be a commutative ring and A a C-algebra. We call
A zero product self-determined, if A has the property (a) of Proposition 11
with “X” replaced by “A?”.

THEOREM 4. Let A be an integral domain. The following are equiva-
lent:

(a) The ring A is a zero product self-determined 7-algebra.
b) The map 1 : AR A — A is a (surjective) localization of A @ A.
(c) The ring A is an E-ring.

Proor. Because of Proposition 9 and 10, we only have to show that (b)
implies (c). To this end, pick any f € End(A) and consider ids @ : ARA —
A ® A.Thenthereexistssome 7T : A — Awith o (idg ® f) = T o pand thus
af(b) = T(ab)foralla,b € A.Leta = 1.Then (b) = T(b) follows forallb € B
and thus af(b) = f(adb) for all a,b e A. Now, for b=1, we get f(a) =af(1)
for all a € A. Since ff € End(A) was arbitrary, it follows that A is an E-ring.
Note that the hypothesis that A has no zero divisors was not used in the
previous argument. O

We may use the previous argument and Proposition 9 to obtain the
following characterization of E-rings:
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COROLLARY 7. Let A be some ring (viewed as a Z-algebra). The
following are equivalent:

(a) The natural map 1 : A ® A — A is a localization.
(b) The ring A is an E-ring.
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