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Finer regularity of an entropy solution for 1-d scalar
conservation laws with non uniform convex flux

ADIMURTHI(*) - SHYAM SUNDAR GHOSHAL (**) - G.D. VEERAPPA GOWDA(¥*%*)

ABSTRACT - Consider a scalar conservation law in one space dimension with initial data
in L>®. If the flux f is in C? and locally uniformly convex, then for all ¢ > 0, the
entropy solution is locally in BV (functions of bounded variation) in space variable.
Inthis case it was shown in [5], that for all most every ¢ > 0, locally, the solutionisin
SBV (Special functions of bounded variations). Furthermore it was shown with an
example that for almost everywhere in ¢ > 0 cannot be removed. This paper deals
with the regularity of the entropy solutions of the strict convex C' flux f which need
not be in C? and locally uniformly convex. In this case, the entropy solution need not
be locally in BV in space variable, but the composition with the derivative of the flux
functionislocally in BV. Here we prove that, this composition is locally isin SBV on
all most every ¢ > 0. Furthermore we show that this is optimal.
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1. Introduction

Let f: R — R be a locally Lipschitz continuous function and u, €
L>(R). Consider the following scalar conservation law in one space di-
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mension

ou 0 .
w@,0) =up(x) if xelkR.

A function u € L>*(R x R, ) is said to be a solution of (1.1) if u is a weak
solution of (1.1) satisfying Kruzkov [14] entropy condition. By using van-
ishing viscosity, Kruzkov [14] proved that there exists a unique entropy
solution to (1.1).

Under the convexity assumption on the flux, Lax and Oleinik [12] have
obtained an explicit formula for the solution. In order to state their result,
let us recall some definitions and their properties of convex functions [4].

Let f : R — R be a convex function. Then

(@) f is said to be a strictly convex function if for all « # y o € (0,1),
flox + A —a)y) < af (@) + A — ) f(y).

(i) f € C%(R)is said to be locally uniformly convex if for all compact set
K C R, there exist a constant C(K) > 0 such that f”(x) > C(K) for all
x € K. It is said to be uniformly convex in R if there exist C' > 0 such that
f"(x) > C for all x € R.

(iii) f is said to be of super linear growth if

lim JM—OO

[u|—00 |u| N
(iv)Associate to a convex function f, let f* be its convex dual defined by

f(p)= sgp{pq —f@}.

Then for any ¢ € R,

lim @) > lim <q£@) = lim q i
p=se [Pl T o=\ Pl I

[p|—o0 W
since q is arbitrary and letting |¢| — oo to obtain

tim TP _ o
pl—oo [P

(v) Let f bein C'(R) and strictly convex. Then f” is a strictly increasing
function. Furthermore, it can be shown that if f is of super linear growth,
then f =£*, (f*) = (f))"'. Therefore f* is in C'(R) with super linear
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growth and is strictly convex. With these preliminaries, we recall the fol-
lowing (see [12]):

THEOREM 1.1. (Lax and Olenik) Assume that f is in C'(R), strictly
convex and of super linear growth. Then there exist a function y(x,t) such
that x— y(x,t) is a non decreasing function and for all t > 0, a.e. x € R,
the solution u of (1.1) is explicitly given by

x — y(r, 1)

(12) [, 1) = :

As an itmmediate consequence of this theorem, we have

@) Foreach t > 0,2 — f'(u(x,t)) € BV, (R).
() If f € C? and locally uniformly convex, then for all t > 0, x+— u(x,t)
is m BV,.(R).

In this context, Alberto Bressan raised the following question.

Problem 1. Assume that for all t > 0,2 +— wu(x,t) € BV},(R), thenis it in
SBVloc(R)?

Under the suitable condition on f, Ambrosio-De Lellis [5] proved the
following

THEOREM 1.2. (Ambrosio-De Lellis) Assume further that f € C*(R)
and locally uniformly convex. Then there exist a countable set S C (0, 00)
such that for all t¢ S, x+—u(x,t) € SBV,.(R). Furthermore, they gave an
example for which S # ¢.

Observe that from the explicit formula, if /! is a locally Lipschitz
continuous, then the solution is in BVj,.(R) in space variable which is
guaranteed if f is C? and locally uniformly convex. This is what assumed in
[5]. In [7], the condition of locally uniformly convexity has been relaxed to
prove the same result as in [5] provided the zero set of f” is countable and u
is in BV}, In [15] even the convexity condition is relaxed under the hy-
pothesis that f is C? and the zero set of f” is countable. For further gen-
eralization see [6], [8], [9], [10], [16].

Now the natural question is “What happens if f € C! and satisfying the
hypothesis of Lax-Olenik Theorem?” In this case, the problem of Bressan
can be reformulated as follows.
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Problem 2.
(i) Does &+ u(x,t) € BV,.(R) for all ¢ > 0.
(ii) Does x+— f"(u(x, t)) € SBV,(R) for a.e. t > 0.

(iii) If (i) is true, does there exist a uy € L°°(R) and a countable set
S = {t,} such that f'(u(-,t,)) &€ SBV,.(R) for all n.

In view of (1.2), the main result of this paper is to show that the Problem
2 has an affirmative answer and we have the following

THEOREM 1.3. Let f satisfies the hypothesis of Theorem 1.1 and u be
the solution of (1.1). Then

(1) There exist a countable set S C (0,00) such that for all
t &S, x—f'(u(e,t)) € SBV(R).

(2) Assume that f(0) =f'(0) =0 and there exist ¢ >0 and 0 <y <1
such that for all o« < 0 < f5,f satisfies

7B = @) > e(f—ay.

Then there exist a uy € L*(R) such that for all t >0, x—u(x,t) &
BVi(R).

() There exist a uy € L>*(R) and a decreasing sequence {t,} such that
x Hf/(u(% tn) & SBVi0e(R).

For (1), we follow the similar path as in [5]. The idea in the proof of (2)
lies in the construction of asymptotically single shock packets as in [1]. The
proof of (3) lies in the backward construction (see Appendix) as in [2], [3].

REMARK 1.4. There are many fluxes satisfying the hypothesis of (2).

P
For example, let p > 2, then f(u) = % is one of such function.

2. Preliminaries

Let f be as in Theorem 1.1. Let uy € L>*(R). Let A € R and define

X

2.1) Vo) = / uo(0)do

A

(2.2) f(p) = mgX{pq —f@}
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the convex dual of f. Then from the hypothesis of f, it follows that
f* € CY(R), strictly convex and having super linear growth.
Lett > 0,2 € R, define

2.3) v(x, t) = myin{vo(y) +tf” (g) }

Then we have the following (see [12])

THEOREM 2.1. (Hopf): v € Lip(R x R.) and is the unique viscosity
solution of the following Hamilton Jacobi equation.

v o . ‘
2.4) 8t+f<690)0 feeR t>0
v, 0) =vo(x) fxekR
Jurthermore 1t satisfies
(i) Dynamic programming principle: Let 0 < s <t : then
— mi _g (Y
2.5) v(x, t) = ryrélg{v(y,s) +@t—9)f ( o )}

(ii) There exist a M > 0 depending on wy and f* such that for all
manimizers of y of (2.5)

2.6) ]f:i’] <M.

Next we define the different notions of characteristics and their
properties without proof.

DEFINITION 2.2. Let 0 <s < t;x € R. Then
(i) Characteristic sets ch(x, s,t), ch(x,t) are defined by
chx,s,t) = {y€R; yisa minimizer in 2.5)}
ch(x,t) = ch(x,0,t).
(ii) y € ch(x,s,t) is called a characteristic point and the line joining

(x,?) and (y, s) is called a characteristic line segment.
(iii) Extreme characteristic points

Yy (x,s,t) = max{y € ch(x,s, 1)}
y_(x,s,t) = min{y € ch(x,s, )}
y+(e,t) = yu(x,0,0)
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(iv) The characteristic line segment associated to y.(x,s,?) are called
extreme characteristic line segments.

DEFINITION 2.3. (proper intersection) Let 0<s; <t; and for
1 =1,2,7; = [s;,t;] — R be affine maps. Then 7; and 7, are said to intersect
properly if there exist a 6 € (max(sy,sz), min(t;,t2)) such that
71(0p) = 12(0p).

Properties of Characteristics (see [12])

(1) No two distinct characteristic line segments intersect properly.
(2) Let y1 € ch(x,s,t) and y2 € ch(y1,s). Then yo € ch(x,t) and (x,1),
(Y1, 8), (y2,0) are collinear. That is
@.7) 90*2/2_90*211:?/1*2/2.

t t—s S

3) x+—y+(x,s,t) are non decreasing functions and at points of con-
tinuity « of . (-, s,t)

(28) y+(.’)€,3,t) = y—(xasat)~

(4) Lax-Oleinik explicit formula: Let u(x,t) = @(x, t), then u is the
. . . . ox
unique solution of (1.1) satisfying

X — y+(x7 S, t)

; for a.e. x € R.

2.9) [, 1) =
DEFINITION 2.4 (characteristic curve). Let 0 < s <t and o € R. Define
the characteristic curve &(2, s, o) passing through o by
(2.10) E(t,s,a) = inf{¢ € R;y_(&,5,1) > o}

Then we have the following

LEMMA 2.5. Let 0 <s <t then
(1) Let axy, — o, Yn € ch(xy,, s,t) such that y, — yo. Then yo € ch(xy, s, t).
2) limy, (x,s,t) =y _(xy,s,t) and limy_(x,s,t) =y, (x, s, 1).
x Ty xlxg
2.11) Y, s,t) <y (EE,s,0),8,1) if r < (s, 0)
(8) (212) y—(wasat) Z Z/+(f(ta37“)73at) 1’f xr > é(tas7a)
(213) y—(f(tasaa)vsat) S o S y+(é(tas7fx)7svt)-
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4) t— &, s, a) is a Lipschitz continuous function with
(2.14) ltim Et,s,a) = a.

Proor. From (2.5), we have for all y,

v(x,,t) = Yy, s)+{E—s)f" (xn 371>

x —
v(y,s) + (t — s)f* ( N y)
Since v is continuous, hence letting n — oo to obtain

vao ) = olyo,s)+ (¢ —s)f (L)

IA

< v(y,s)+(t—s)f( y)

t—s
Hence yy € Ch(xy, x,t). This proves (1).
From the non proper intersection of characteristic line segments it
follows that if x < xy, then y, (x,s,t) <y_(xg,s,t). Let x, T xy and
Y. (xy,s,t) — yo. Then from (1), yo € ch(xy, s,t) and hence

y—(mOaSat) < Yo = limy+(acn,8,t) < y—(x();sat)-

This proves (2).
From (2) and definition of &(-, s, o) gives

y+(9€7s,t) < yf(é(t7saa)7s7t) 1f xr < é(tasafx)
y-(x,s,0) >y (EE,s,2),8,0) if x> L, s, ).

Choose a sequence x,, < &(t,s,a) such that «, T &(t, s, ) and choose a
no > 0 such that for all n > ny,

Y—(Xy,8,1) =y, (X, 8,1).
Since y_ (2, s,t) < o and hence from (2) we have
y-(&(E,s,0),8,1)

lim 2y, 8,1
%’nTE(t?O( y+( " )

= lim Tn, S, 1t
%an(tsa)y ( " )

< o

Similarly other inequality holds and this proves (3).
Let s < t; <ty and let 4 be the extreme characteristic points and r.(0)
be the characteristic line segments at (&(f2, s, @), t2). Then y, are given by

E(te, s,0) —yu

(2.15) 7(0) = C(tz, 5,00 + (0 — t2) :
2 — S.
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From (2.13) and non proper intersection of characteristic line segments, it
follows that for all s < ¢; < ts,

(2.16) y_(t1) < <y, 8,00 <y (61).

Hence from (2.6), (2.15) and (2.16) we have

|Et, s, 0) — E(te, 5, 00)| < 2M |t2 — 1]
IS, 8,00 —y+| < Mt — 5]

which proves (2.15) and hence (4). This proves the Lemma. O

We follow the same notations as in [5]. Fort > 0,2 € R, 0 € [0, t] define

me(x,t) = i A A yit(x’ )
7+(0) = x+ms(x, )0 —1)
I(x,t) = (y-(x,0),y(x,1)
Cl,t) = {(&0);0<0<t,y-(0) <<y (0}
D(t) = {x € R;y.(x,?) has a jump at x}
1(t) = U I,
xeD(t)
c(t) = U C.
xeD(b)
F(@) = [@®]

Where |I(t)| denotes the Lebesgue measure of /(t). Then we have the fol-
lowing

LEMMA 2.6. Let 0<s <t &, € Ry #x2 and (&,s) € Clx, ).
Then

2.17) I(ml,t)ﬂl(xg,t) = 45, C(%l,t)ﬂC(ﬁﬁz,t) = 6}5
(2.18) 1(&,s) C I(x,t),C(E,s) C Cla,t)
(2.19) I(s) C I(t)

Proor. (2.17) and (2.18) follows from the non proper intersection
of characteristic line segments. Let x € D(s), &) = &(t,s,2) and y. =
Y+(&y, s,t). Then from (2.13), y_ < a <y,. Suppose y_ = x, then from
(2.7), the points (&, 1), (x, s), (. (x,s),0) lie on a straight line and also the
points (&), 1), (x, s), (y_(x, s), 0) lie on a straight line. Hence i, (x, s) = y_(x, s)
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which contradicts the fact that € D(s). Hencey_ < « < ¢, and thisimplies
Y (&, t) <y _(x,8) <y, (x,8) <y (&,?t). This proves (2.19) and hence the
Lemma. O

LEmMA 2.7. Lett > 0,2 € R. Assume that at (x,t),y~(x,t) satisfies the
following hypothesis.

(l) .7/-0—(907 t) - ?/—(907 t)
(i) Let 5> 0,2 — n & D(t). Assume one of the following holds

x—?,;D(t) n ij/;?)(f) d

yi@+nt) —y (@t

Then for allt < t and z € R,
(2.21) x & ch(z,t, 7).

ProOF. Suppose not, then there exist a zo € R,790 >t such that
x € ch(zg,t, 19). Since y, (x,t) € ch(x,t) and hence from (2.7) we have

v—y,(x,t) zo—x

(2.22) r Wt
Let oo = be this common value. Let
0 —
2.23) hz) = / u(0,d0 + (o — O f* < - j)

A

Then from (2.5), we have

(2.24) h(x) = min h(2).
zeR

Without loss of generality we can assume that

yo@,t) —y @ —nt)

lim
.’r—'ri;%(t) ’7
and similar argument hold if the other limit holds. Let A > 1 + ! ; and

7o > 0 such that for all 0 € (0,7,) \ D)
(2.25) Y@ —0,8) > N0 —y(x,1)

Since f* = (f' )y Lisa strietly increasing function, hence for n € (0, 7,), and
from (2.9), (2.2) and (2.25) we have
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x x—n

) — hx — ;7):/74(97 1)do — / w(0,0)d0

A A
- fR0—X+7
1) (U5

— /u(x —0,t)d0 + (19 — t){f*(oc) - (“ +TOL_)}
0

+o -t (2

t

n
/f*(x_e_yz(x_@’ t)>d9+(ro—t){f*(a)—f (HLt)}

0

n
o[ —yi(at) AN—=1
2/f< : +(t)0>d9
0

+ (- t){f* CR +TOL—)}

- (At_l){f«H (At_l)n) —f*(oo}

+ (g — 1) {f*(a) -7 (a +Lt)}

Let g(s) =f*(¢+s)—f*(x), then ¢g(0) =0 and g is a strictly convex
function. Let a > b > 0, then we have g¢(b) :g(g ) (1 ——) 0)+

gg(a):gg(a). Hence@<@ Let >0,a:</\_1>n> " =b.

t T — t
Therefore from ‘@ < @ implies that

ﬁ {f* <a+ (ATl)”> —f*(fx)] > fO’;t {f* (oH—%) _f*(a)}

This implies that h(x) > h(x — ) contradicting (2.24). This proves the
Lemma. O

COROLLARY 2.8. Let (x,t) satisfies the hypothesis of lemma (2.3) and
T >t Let & = &(x,t, x), then (x,t) € C(&, 7).



Finer regularity of an entropy solution for 1-d scalar ete. 11

Proor. From (2.13) and (2.21) it follows that
y—(éOv t, T) <r< y+(£()a ta T)~

From (2.7) it follows that (y_(&y,t,1),y4(&o,t, 1) x {t} € C(&,t) and
hence (x,t) € C(&y, 7). This proves the corollary. O

Proor or THEOREM 1.3. In view of the finite speed propagation,
without loss of generality, assume that u, is as follows:
U_ if x<A
3.1) ug(x) = { uo(x) if xe(A,B)
Uy if x>B

where u. are constants and uy € L*(4,B). Let

3.2) m = infuy, M = supuyg
(3.3) a(t) = A +tf'(m), B(t) = B+ tf'(M)
then it follows that

u_ if  x <o)

we,t) = {u+ it > )
Hence from (2.9)

x—tf'(u_) if x< o)

3.4) Y+l ) =y-(@,) = {x —tf'uy) if x> ).

As a consequence of this we have
LEMMA 3.9. Fort > 0,F(t) < oo and is a nondecreasing function.

Proor. From (3.4), D(t) C [a(t), f(t)] and hence

FO =@ = > @, t)—y (1) <) —olt) < oo.

xeD(t)

From (2.19), F' is a non decreasing function and this proves the Lemma.
Let dy(-,t) be the Distributional derivatives of a+— y(x, t). Then dy(-,t)
is a non negative measure. Decompose dy(-,t) as follows:

dy(-,t) = fidx + dvs + dyy

where the measures are mutually singular, with f; € LlloC

(R), dvy is the jump
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part and g, is the Cantor part (see [5]). From (3.4) it follows that the
support of du;, dv: are in [a(?), f()] and dy(.,t) = dx for x & [a(?), f@)]. O

For a measurable set A C R, denote |A| to be its Lebesgue measure.
Then from the Besicovitch differentiation Theorem (see [13]) it follows that
there exists a set F; C [«(?), f(t)] with the property:

(3.5) By =0, Byn Dy = ¢, p(R) = (By)

and for y,; a.e. x € E;

277+w[9c717,90+17]70

3.6 im
(.6) n—-0.x+ne D@ ([ —n, 2+ nl)

To prove theorem (1.3), we need to replace the symmetric limit by one
sided limit in (3.6) and is given by the following

LEmma 3.10.  For i, a.e. x € Ey, we have

Yl )~y @—nt) lim Y (@+nt)—y(x,t)
n—00—n¢ D) n n—0,24n¢ D(t) n ’

(8.7 oo =

To prove this lemma, one uses a covering lemma different from that of
Besicovitch covering lemma. For the sake of completeness, proof of this
has been given in the appendix.

LEmMA 3.11.  Lett > 0, then there exist a constant C > 0 such that for
all T >,

3.8) F() - F(t) > Cpy(By).
Proor. For x € R, denote &y(x) = &(z,t, x). Let x € E; satisfying (3.5)

and (3.6). Then from (3.6), (3.7), corollary (2.1), choose 7(x) small such that
x +n(x) € D(t) and

3.9 [ —n(x), 2z + n(x)] x {t} C C(&(x), 1)
(3.10) MM—M@J+M@DS%¢M—M@£+M@D
Since

v — ), @ + n@))) = > (2, 0)|

z€[x—n(x)x4+n(x)IND(t)
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therefore from (2.17), (2.18), (3.9) and (3.10), we have

[I(&(x), )| — > (&, D)
(& HeC(&y(@),NDE) x{t})
> Y@+ ), t) — y_(x — n),t) — > I(z,1)
(3.11) z€fw—n(@)w+n(@)IND(E) < {t})

> ([ + n(x), © — nl@)] — vi(lx — n(x), © + nlx)l)

> =[x — @), © + n(x)]).

DO =

Now {[x — n(x), x + n(@)]},. F, covers E; and hence by Besicovitch covering
Lemma, there exists a countable disjoint set of intervals {[x; — 1j, % + nj]}
which satisfies (3.11) and

Z/‘j[mj — 15,05 + ;] > Cuy(Ey)
J

for some C > 0. Therefore

F@—Ft) > Y [0l = > 1 1)
j 7 EDEC &) DnDOx ()
1
> 5 Zﬂt[(xj — 1, %+ ;])
J
C
> gﬂt(Et)-
This proves (3.8) and hence the Lemma. d

Before going to the next Lemma we need the following:

Let f be as in Theorem (1.3) with f(0) = f"(0) = 0. Since f(#)/0 is a
strictly increasing function we therefore have 6f'(0) — f(0) > 0 for 6 # 0.
Since f(0) = f(0) = 0, hence choose « < 0 and f, > 0 such that

Bof"(Bo) —f (Bo) > af"(ex) — f(a)

and let g(0) = 0f"(0) — f(0) — af (o) + f (). Then g(0) < 0 and g(f,) > 0.
Hence there exist a f € [0, ;) such that g(f) =0. That is there exist
o < 0 < f such that

(3.12) Bf'(B) — of (o) = f(B) — fe) > O
Let 2 <0< f be chosen as above and m:w. Let A < B,

nt) =A+t'(p),y,t) =B+tf'(«) and 7y, and p, intersect at
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B-A . B B
C=A+T(f'(f)—m)=B+T(f'(«) —m) and y3(t) =C+tm then by
convexity, A < C < B and y3(T) = X. Furthermore we have the following
identity

PC-A)+auB-C) = TIBS'(B) —m)—al(f'(e) —m)]
(3.13) = TIBF'(P) — af (@) + f() — f(B)]
= 0
Now define w4 g by
0 if x¢[A B]
if A<ax<C
o if C<x<B

(3.14) uo.4,8(X) =

=

Then from (3.13), we have
B
(3.15) /MOA’B(.%')dQC =pC—-A)+aB-C)=0
A

Let uap be the solution of (1.1) with initial data %4 p. Then from the
choice of o, f and C for 0 <t < T, uup is given by

0 if x¢l[A,B]
1 [ — A .
f ( ; ) if A<xe<y@®
(3.16) uap,t) =1 B it @) <w <30
o if ) <@ <pp(®)
£t (@) if () <x<B

Then we have the following

Lemma 3.12.  Under the notations as above, let E(t) = £(t,0,C) be the
characteristic curve passing through C and defined as in (2.10) for the
solution ua g. Then for all t > 0.

3.17) )=y ft<T
(3.18) A<ét)y<B ift>T.
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Fort > T, usp is given by

0 if x¢(AB)

afe—A
/ . A
(3.19) uap(,t) = f <t ) if <x < &)

f”(x_tB) if &t)<wx<B.

Proor. (3.17) follows from (3.16) and &(T) = X. Suppose (3.18) is not
valid, then define

(3.20) Ty =sup{t >T; A <&t <B}).

Then at T4, either &(T7) = A or &(T) = B. Without loss of generality, we
can assume that £(7T1) = B. Then for T < t < T'1,u4 g is given by (3.19) and
A,B € ch(&(Th), Th). Therefore we have from (2.3)

B
B21) W&, Ty) = / o400+ T1f*(0) = Tuf" (%)
A

Hence from (3.15) and (3.21), we have f*(0) = f~ (é(TlTﬁ) - (BY_'A> .
1 1

Since 0 = f*/( 1(0)) = f*'(O) and therefore 0 is a critical point for f*.
This implies that B — A = 0 which is a contradiction and this proves
the Lemma. O

COROLLARY 3.13. Let f, uoap uap are as in Lemma 3.4. Further-
more assume that there exist ¢ >0 and 0 <y <1 such that for all
a<0<b,

(3.22) 7 ®) —f (@) > eb —ay
Then for all t > 0
(3.23) TV (ug p(.,t)) > min (ﬁ —a,c (B ;A> )>

Proor. Let 0 <t < T, then from (3.16)

ug (&) —, 1) — uag p(E()+,1) = f — o
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Let t > T, then from (3.19) and (3.22)

ua (&) —, 1) — ua g(E@&)+,1)

) ()
C(B ;A)

This proves (3.23) and hence the corollary. O

v

For proving (3) of the theorem (1.3), we need the following back-
ward construction which was proved in [1] in obtaining the solution of
control problems for conservation laws. Since the conservation law is
irreversible, given a target function g€ L™ at time t=T >0, in
general there may not exist a uy € L>(R) such that the corresponding
solution % of (1.1) may not coincide with ¢ at ¢ = T. This is mainly
because, according to the Lax-Oleinik formula, g must satisfy the
compatibility condition, namely, x— x — Tf"(g(x)) is a nondecreasing
function. Using the backward construction we can prove that it is also
necessary. Basic idea of the proof is by discretization of the function
x — Tf"(g(x)) and using the convexity assumption on f, we build the
approximate solution and show that this solution converges and attains
the value g(x) at time ¢t = T.

For the sake of completeness we will give the proof of this result in the
appendix.

Let p : [A1,A2] — [A1, A2] be a non decreasing function. Let £y > 0 and

M = max [ (Lp(x))
welAy Az to

n® = A +f(—=M){T—t)
72t = Ax+ QT - to)

Then we have the following.

LemMa 3.14 (Backward construction). Let to > 0, p,[A1, A2, y; and y,
are defined as above. Assume that f'(0) = 0, Then we have the following:
There exist a wy € L™(A1,Az) with ||t ., depends on p,ty, (As — A;). With
this u, define

0 i x & (A1, As)

Uo.4,.4,(%) = {%(%) if xe (A Ay).
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Let ug, 4, be the entropy solution of (1.1) with uga, 4, as its mitial data.
Then ua, 4, satisfies

(1) Let 0 <t <ty, then
0 if x & (A,Az)

ua, A, (X, 1) = Iz <ac — p(x)

t ) i we@ndy), t—1y
0

(i) Let t > to, then for x & (3,(®), po(®)), ua, 4, @, 8) = 0.

Proor or THEOREM 1.3. (1) Let % be as in (3.1) and « be the solution
of (1.1). Let F'(t), 1, and E; be as in Lemma 3.11. From Lemma 3.9, t— F'(t)
is a non decreasing function and hence there exist a countable set
S C (0, 00) such that F' is continuous on (0,00) \ S. Therefore for all ¢S,
F@+)=F(@). Hence from (3.8) 1,(&;) = 0, for all ¢ ¢ S. Therefore from
Lax-Olenik explicit formula (2.9), x+— f'(u(x,t)) € SBV(R) for all ¢ & S.
This proves (1).

(2) Let {b,} € (0,1) be a sequence such that for n > 2, 0 < b, < b,,_;
and b, < b1 — ﬁ Let 1, = <bn_1 - ﬁ , %) and u,, be the solution
constructed in Lemma with A, = b,_1 —
Define

il 7Bn = bnflau(),n = Up A, B,.

upx) ifwel,
uo(x) = .
0 otherwise

uy(x,t) ifxel,
u(x,t) = .
0 otherwise

In view of Rankine-Hugoniot condition, % is the solution of (1.1) with
data uy. From corollary 3.2, for any ¢ > 0,

_ 7
Zmin{ﬂ — o, C<Bn An) }
n>2 t

= min{p o =

n>2

TV (u(.,1)

Y

This proves (2).
(1- h > (M) > 2h . Let

B)Let0O<h < = andMeRbesuchthat %%
10,1, A) =A + (0 — t)f’(M) and define {¢,} and intervals {I,, = (4,,B,)}
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as follows:
to=1, By=1 Ay=1-nh

tn+1 = tn - hn+1’ Bn+1 = V(tn+1,tnaAn);An+1 = Bn+1 - hn+1
Then as n — oo, we have

h 1-2h
1 _ 1 _p2_ n+1_) _ — —
tpor =1—h—h2—h -y =1 =t

Ay =g = (Rt 17 AW DO =R —1—h— & —f 7D =As.
a-nP_
7 > f'(M), we therefore have t,, > 0 and A, > 0.

Let p, : I, — I, be a non decreasing Cantor-Vitali function with
Py =A4A,,p,(By) =B,. Then from Lemma 3.5, there exist a ug, €
L~°(R) with support in 7,, such that the solution u,, of (1.1) satisfies

Since h < % and

0 it gl 0<t<t,

324  flulet) = {ac @)

if xel,t=t,.
t’l’L

Since f'(0) = 0, hence u,(x,t,) = 0 for all x ¢ I,, and

€ — pn(x)

.
tn t

—tDC o0

Juy (e, t,)) < max

Xely

Hence u,,(x,t,) < M. Since u,(x,t,) = 0 for x > B,, and therefore from the
method of characteristics, for ¢ > t,,,x > y(,t,, B,), u, further satisfies

(3.25) Uy (2,t) =0
Now define uy € L*(R) by

upx) ifwel,
uo(x) = .
0 otherwise

and let « be the solution of (1.1). Then from (3.24) and (3.25), u satisfies

S, t) if wely, te,t,)
f’(u(ac, 1) = r— Pn(%)
t

Since p, € SBVi,(R), hence f'(u(x,t,)) & SBVj(R) for all n. This
proves (3) and hence the theorem.

if xel, t=t,.
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4. Appendix

Proor or LEMMA 3.5. Let C; < Cy and p, be any non decreasing
Junction. Then there exists uy € L>°(R),u € L*(R x R) such that u is the
solution of (1.1) with initial data uy. Moreover u satisfies

& — pola)

S, D) = —73

Proor. Without loss of generality we can assume that p, : [C1, C2] —
[C1,Cz] is a non decreasing left continuous function with py(C;) = C; for
1=1,2.

Step 1: Discretization of p,;: Let »>1 and Ci=yo<y <
-+« <Yy = Cy be such that |y; — y;11| < 1/n. From the left continuity,
define C; = wg <y < -+ <, = Cz by pylyo, yil = [x0,2;] and

X if x¢[C1,Cq]
pn(x) — n—1 A .
YoX o1 ®) + D Yid gy, i@ i x € [Cr, Col.
i=1
Then for x € R,
P (@) = po(@)] < 1/m.

Step 2: Letf(ef) = mi‘n f(x) and define Wi bi,n; Simns ai,n(t)a bi,n(t)a Sin(®),
(See Figure 1) by~ "~

t=T

t=0
Y1

Figure 1.



20 Adimurthi - Shyam Sundar Ghoshal - G.D. Veerappa Gowda

fllai,n) = yi;xi

1y _ Yi —dinl
Fbg = Y

! (w. _ f(bi,n) _f(ai,n)
f(sl,n) = m

i) = Yin +f (i)t = T)
bi,n(t) =Yin Jrf/(bi,n)(t - T)
Si,n(t) =Yin Jrf/(si,n)(t - T)

Now (@i = “ ;xl == _T%i+1 =f'(biy) and f'(b;,) = yl_—Tler1 <
(@iy1.,)- Hence b;,, < min{a;,,a;;1,} and from convexity,

Yi+1 ;%Hl —f
@in > Sin > biy. Therefore for all 0 <t < T, a;, () < 8;,(¢) < b;, (0. Let
8 (0) = o; and for (x,?) € R x [0, T], define

fllagn) if a,0) <x <s,0)

Pty = 4 LG i s <@ <biu®
Yiy1 — Y
t

if bwb(t) <X < (li+1_’n(t).
Since f'(0r) = 0, a0, = @y = O, we have

(e, t) =0 if a¢[C1,Csl, 0<t<T.
Then clearly u,, satisfies

Up, +fUy)e = 0 R x(0,7)

x — p,(x) .
— fCi<x<C
@, T) = { T Prsast
0 if ®¢[Cq,Cal.
Also
Wi if Wi p <r < Si,n(o)a
un(ac, 0) - bi,n if Szn(o) << Mit1m
9f if 96‘¢ [Cl, Cz]
Hence

A

| f'(un(22,0))| < Max{|f"(a;,n)|,|f (b, )|}
|C2 — (1]

T

IN
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and

TV(f' (e, 00) < Y| f(@i,m) = f' @i, + Y| (bi,0) = f(@i1.0)]

_ Z X —T%m’ i Z Yi —Tym ‘

2(Cy — Cy)
S—7

Hence from Helley’s theorem, there exist a subsequence still denoted
{f'(uy(-,0))} which converges to a function z pointwise. Let wuy(x) =
( f/)’l(z(ac)), hence u,(x,0) — uo(x). From super linear growth, {u,(-,0)}
are uniformly bounded, hence uy € L*(R). Further more by construc-
tion, u,, satisfies

£r— /)n(x)
7], .

Let u be the solution of (1.1) with u as its initial data. From the dominated

convergence Theorem, u,(-,0) — %y in L}OC(R), hence from L! con-

tractivity, u,(x, T) — w(x, T) a.e. x € R. Therefore for a.e. x € R,

f' (@, 1)) =

& — pola)
—r

This proves the Lemma. O

[, T)) =

In order to prove Lemma 3.10, we need the following covering lemma
(see [11]).

LEmMA 4.1, Let I = (a,b) and u be a non negative finite measure on
1. Let E C I and ¢ > 0 such that u*(E) > &, where u* denotes the outer
measure. Let R be a family of open intervals covering E. Then there
exists a sub family R C R which consists of mutually disjoint open
mtervals such that

€0
(4.1) > oud =

JeRy

Proor. Let E C UJGRJ = U,O,Lozl(an, bn), with (an; bn) N (am; bm) = Qb for
n 7& m. Let &y = ,U((an, bn))7 then

t < WE) <Y p(@n b)) =Y en
n=1

n=1
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Choose [ay, f,] C (ay,b,) such that u((ay, f,1) > 3— Since R is a cover of

[0, B, ] and hence there exists a finite number of open sets {J; W1 R
such that [oy,,f,] C UJ(") C (ay, by,). By discarding some of the sets if
necessary, we can assume that for each ¢, J; ™ is not contained in Upzi J}, )
Let x; € J; ) \ Upi ™ and by reordering of the indicies we can assume
that a, <a; < <--- < b,. Hence G = {J; ™ . jis even} and G™ =
{J,En) :11s odd} consists of disjoint sets and

> a3 wT) > o 1) > 35

ieG ieG
Choose G™ to be one of the family G or G such that
5 8%
i€G™ 8- 4
Let ®; = U™, G"™, then R; C R consists of disjoint open intervals and
n=1

S u) > Z wG™) >~ Zeu >

JeRy

This proves the Lemma. O

LEmMMA 4.2.  Let u,y be non negative mutually singular measures on
(a,b). Let D(1) and D(y) be the points of discontinuities of u([a,x]) and
y([a, x]) respectively. Let E C (a,b) \ (D(u) U D(p)) be a measurable set with
WE) > 0and y(E) =0. Then for pa.e. x € £

(e, e+ h)) lim wl@ —h,x])

(4.2) ) W@, x+h]) -0 p((@—h,x])

Proor. Let N > 0 and define

E'N:{er fi M@, @+ ) N}

) (2,2 + h)

Claim: u(Ey) = 0. Suppose not and let u(Ey) > ¢ > 0 for some &.
Let Ey C U be an open set. Then for x € Ey, choose h, > 0 such that
[x, 2+ hy,] C U and u((x, 2 + hy]) < Ny((x, 2 + hy]). Since x¢ D(u) U D(y)
and hence by continuity, choose a(x) <x < b(x) such that I(x)=
(a(x),b(x)) C U and u((a(x), b(x))) < Ny((a(x),b()). Let R = {I(x)},cp,
is a cover of Ey and hence by lemma 4.1 there exists a subfamily ®; of
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® such that
&
152 M) < NY )
J€§R1 JEERl
= Ny(Usen,J)
< Ny(U).

Hence %0 <Ninf{y(U) : Exy C U} = 0, since y(E) = 0. This is a contradiction

and hence the claim. Since {m € F :lim M < oo} =Uy_1Ey and
hence for u a.e.x € E 0 /(@0 + 1D
im (e, + h)) _
h—0 (e, + h])

This proves the Lemma. |

ProoF oF LEMMA 3.2:

Proor. Take u =,y =dx,E = E; in Lemma 4.2. Since for « € Ej,
x—h¢ D), wx,e—h]) <y (x,t)—y (@ —h,t) and hence the Lemma.
O
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