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Positive solutions for a semipositone problem involving
nonlocal operator

G.A. AFROUZI(¥) - N.T. CHUNG(¥*) - S. SHAKERI(**%*)

ABSTRACT - In this article, we are interested in the existence of positive solutions for
the following Kirchhoff type problems

{ 7M< JIVul’ dx)div(|Vu|p72Vu) = Ja(x)f(u) — pin Q,
2
u=0onx € 0Q,

where Q is a bounded smooth domain of RV, 1 <p < N, M : Rj — R*isacon-
tinuous and increasing function, A, are two positive parameters, a € C(Q),
a(x) > ag > 0, and f is a C1([0, c0)) function such that f(0) = 0, f(t) > 0 for all
0<t<tyand f(¢) <0forall t > ), where ty > 0.
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1. Introduction

In this paper, we are interested in the existence of positive solutions for
a class of Kirchhoff type problems of the form
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~M| | |Vulde | div(|Vul *Vu) = la@)f(u) — 1 in Q,
(1) (g/ ) ( )

u=0onx e 0Q,

where Qis abounded smooth domain of RY,1 < p < N, 4, u are two positive
parameters, the functions M, a, f satisfy the following conditions:

(H)) M:R; — R" is a continuous and increasing function and
M(@) > mg > 0 for all t € R}, where R := [0, + 00);

(H2) a € C(Q) and a(®) > ay > 0;

(Hs) f € CY([0,0)) and f(0) = 0,

(H4) There exists ty > 0 such that f(f) >0 for all 0 <t <, and
f(@) <0 for all t > t.

Since the first equation in (1) contains an integral over €, it is no longer
a pointwise identity; therefore it is often called nonlocal problem. This
problem models several physical and biological systems, where u describes
a process which depends on the average of itself, such as the population
density, see [4]. Moreover, problem (1) is related to the stationary version
of the Kirchhoff equation

L
Pu P, E [|oul? Pu
2 Patz‘(ﬂzL/ax do ) 5z =0
0

presented by Kirchhoff in 1883, see [9]. This equation is an extension of the
classical d’Alembert’s wave equation by considering the effects of the
changes in the length of the string during the vibrations. The parameters in
(2) have the following meanings: L is the length of the string, & is the area of
the cross-section, £ is the Young modulus of the material, p is the mass
density, and Py is the initial tension.

In recent years, problems involving Kirchhoff type operators have
been studied in many papers, we refer to [1, 2, 3, 5, 10, 13, 14, 15] in
which the authors have used variational method and topological
method to get the existence of solutions for (1). In this paper, mo-
tivated by the ideas introduced in [11] and the properties of Kirchhoff
type operators in [6, 7, 8], we study problem (1) in the semipositone
case, see the condition (H3). Using the sub- and supersolutions
techniques, we establish positive constants u* = u*(2,%) and A, =
A.(Q,to, 1) such that problem (1) has a positive solution when u < u*
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and A > A,. Our result in this note improves the previous one [11] in
which M) =1, a(x) = 1. It is clear that our situation in this present
paper is different from [1] in which we studied the problem with one
parameter. To our best knowledge, this is a new research topic for
nonlocal problems, see [1, 8].

Our main result is given by the following theorem.

THEOREM 1.1. Under the conditions (Hy)-(Hy), there exist positive
constants u* = u*(Q2,ty) and L. = 1.(Q,ty, 1) such that problem (1) has a
positive solution when u < ©* and A > A.

2. Preliminaries

In this paper, we denote W& P(Q), the completion of C3°(), with respect

to the norm
%
]| = (/Wu”dx) .

Q

In order to precisely state our main result we first consider the following
eigenvalue problem for the p-Laplace operator —4,u, see [11]:

— Ay = Au[PPu in Q,
3)

u=0 onuxecoR.

Let ¢, € C1(Q) be the eigenfunction corresponding to the first eigenvalue
1 of (3) such that ¢; > 0in Q and ||¢, ||, = 1. It can be shown that %f; <0

on 922 and hence, depending on 2, there exist positive constants m, J, o such
that

@ { V[P — ¢l >m  on Qs,
¢ >0 onxeQ\Qs,
where Q; == {x € Q: d(x,0Q) < J}.
We will also consider the unique solution e € Wé’p (©) of the boundary
value problem

—dpe=1 in Q,
(5)

e=0 onxecoQ



28 G.A. Afrouzi - N.T. Chung - S. Shakeri

to discuss our result. It is known that e >0 in Q and %<0
on 0Q. On

We will prove our result by using the method of sub- and super-
solutions, we refer the readers to a recent paper [8] on the topic. A
function yw is said to be a subsolution of problem (1) if it is in
WLP(Q) N C%Q) such that y = 0 on OQ and satisfies

6 M (/ IWW‘“) / V2 Vy - Vwde <
Q Q

[Gafe) - wwds, e w.

Q

where W := {w € C3*(Q) : w > 0 in Q}. A function ¢ € W(Q) N C*(Q) is
said to be a supersolution if ¢ = 0 on 92 and satisfies

(7) M(/med.%') /'VWIP*ZVWdexz
Q Q

/(la(m)f(t//) —wwdr, YweW.
Q

The following result plays an important role in our arguments. The
readers may consult the papers [1, 6, 7] for details.

LEMMA 2.1.  Assume that M : Rj — R™ satisfies the condition (H,). If
the functions u,v € Wé’p (Q) satisfies

(8) M( / |Vu|pd%) / IVl 2V, - Vo du <
o o
M(/|Vv|pdoc> /|Vv|p’2Vv-V¢dx
o Q

forall p € W&’p(!)), 0 >0, then u < vin Q.

From Lemma 2.1 we obtain the following basic principle of the sub- and
supersolutions method.



Positive solutions for a semipositone problem involving nonlocal operator 29

THEOREM 2.2 (See [1, 8]). Let M : Rf{ — R be a function satisfying
the condition (Hy). Assume that f satisfies the subcritical growth condition

Ife, b <CA+[t"™h, VeeQ VteR,

where 1 < q < p*, and the function f(x,t) is nondecreasing i t € R.
If there exist a subsolution uw € W'P(Q) and a supersolution u €
WP(Q) of problem (1), then (1) has a minimal solution w, and a
maximal solution u* in the order interval [u.,u*], e, u <u, <
w* <u and if uw is any solution of (1) such that w <wu <wu, then
U < U < U

In the practice problems, it is often known that the subsolution % and
the supersolution % are of L>°(£), so the restriction on the growth condition
of f is needless. Hence, the following theorem is more suitable for our
framework.

THEOREM 2.3 (See [1, 8]). Let M : Rar — R" be a function satisfying
the condition (H,). Assume that u,w € W'P(Q) N L>(Q) are a subsolution
and a supersolution of problem (1) such thatu < win Q. If f € C(Q x R, R)
18 nondecreasing in t € [inf u, sup ﬁ] then the conclusion of Theorem 2.2
is valid. ¢ e

3. Proof of the main result

Let 41, ¢;,0,m, 0 and Qs be as described in Section 2. We now construct
our positive subsolution. Let

p—1, -
W= topy .
’ ¢

1
It should be noticed that |jy||., < ty. Then Vy =ty¢; V¢, and y will be a
subsolution if

) M( / |V1//|”d90) / VP 2y - Vida <
Q Q

/ La@)f ) — ghwde, Ve W.
Q
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But

M(/vm"dac) /|W|"*2w-wodx
Q Q

- té"lM( [1vwr dx) 1982698, - wds
Q Q

e téj_lM (/ Vet dw) {/ ‘V¢1|pfzv¢1 - V(g w) dow — /|V¢1|pw dx

Q Q Q
:%”M<ﬂwﬂm>/mﬁ—wgmmm
Q Q

gmﬁ4/mﬁ—ww%mx

Q
Now, by (4), we have in Q;,
motl [l — V] < —momtl .
Hence, if p < p* := momtl) ~! then it implies by (H2) and f() > 0 that
maoty " [1g] — V4[] < 2a@)f @) — pin s.
Next in Q\Qs, we have
moty ' [l — |V, "] < Jamoty ™
while
(11) Aa(e)f () — o > dagor —

where

p

-1 _
oc:inf{f(s):pp tomﬁgsgp lto}.

-1
)q mOt(])O

Hence, if 1> 1, = H then in Q\Qs,

apo

mott gl — |V, '] < da@)f () — .

Hence, if 1 < u* and A > A, then (9) is satisfied and y is a subsolution.

|
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Next, we construct a supersolution ¢ such that ¢ > y. Let ¢ := Le,
where e is the solution of problem (5). Then, using the condition (H1), ¢ will
be a supersolution of problem (1) if

M|( [ |V dm) |V 2V - Vwdic
(o) |
= LPIM( |Ve|P dx) Ve’ *Ve - Vwda
[ree)]
(12) = LP1M< |Vl dac) wdax
[roaras) |

Q

> moLp’l/wdm
Q

> / [a)f(w) — wlwdx, Ywe W.
Q

But

mOLp*I/wdx > /[/la(x)f(y/)—u]wdx vYwe W
Q Q

provided that

moL Pt > Alall . sup f(@).
te[O.tO]

Allall sup f@)
t€[0.ty

1
) then (12) is satisfied and ¢ is a
Mo

That is, if L > <

supersolution of problem (1). Since e > 0 in Q and 8762 < 0 on 02, we can

choose L large enough so that ¢ > w is also satisfied. Therefore, Theorem
1.1 is proved.
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