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Harmonic numbers and finite groups

SEKHAR JYOTI BAISHYA (¥) - ASHISH KUMAR DAS (¥)

ABSTRACT - Given a finite group G, let 7(G) be the number of normal subgroups of G
and a(G) be the sum of the orders of the normal subgroups of G. The group G is
said to be harmonic if H(G) := |G|«(G)/o(G) is an integer. In this paper, all finite
groups for which 1 < H(G) < 2 have been characterized. Harmonic groups of
order pq and of order pqr, where p < g < r are primes, are also classified.
Moreover, it has been shown that if G is harmonic and G % Cg, then 7(G) > 6.
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1. Introduction

Given a positive integer n, let H(n) denote the harmonic mean of all
positive divisors of n. Thus, H(n) = nt(n)/c(n), where t(n) and a(n) are
respectively the number and sum of all positive divisors of n. A positive
integer n is said to be harmonic if H(n) is an integer. 1 is the only odd
harmonic number known so far. Harmonic numbers were first studied by
Oystein Ore [11] in 1948, and they attracted the attention of many others
(see, for example, [1], [3], [4], [5], [6], etc.) primarily because of their con-
nection with perfect numbers. It may be recalled here that a positive in-
teger n is said to be perfect if g(n) = 2n, and it is easy to show that every
perfect number is harmonic (see [11]); however, 140 is harmonic but not
perfect.

In 2001, T. Leinster [8] developed and studied a group-theoretic
analogue of perfect numbers. A finite group is said to be a perfect
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group or an immaculate group or a Leinster group if the sum of the
orders of its normal subgroups equals twice the order of the group
itself. Clearly, a finite cyclic group C,, is a Leinster group if and only if
its order n is a perfect number. In fact, the abelian Leinster groups are
precisely the finite cyclic groups whose orders are perfect numbers.
More information on this and the related concepts can be found in the
works of A. K. Das [2], M. Tarnauceanu [13, 9], T. De Medts and A.
Mardéti [10], ete.

In this paper we initiate a study of a group-theoretic analogue of
harmonic numbers.

2. Definition and basic results

Given a finite group G, let us write H(G) = |G|7(G)/a(G), where ©(G) is
the number of normal subgroups of G and ¢(&) is the sum of the orders of
all normal subgroups of G, thatis, 1(G) = > landa(G) = > |N|.Note

NdG Nda
that H(G) =1 if and only if G is trivial. In fact, o(G) > ©(G) > H(G) > 1
whenever G is a finite non-trivial group. Also, if two finite groups G; and Gs
are coprime in the sense of [2], then we have (G x G3) = ©1(G1)7(Gz2) and
a(G1 x Gz) = a(G1)a(Gz), and so, H(Gy x Gg) = H(G1)H(G2).

DEFINITION 2.1. A finite group G is said to be a harmonic group if H(G)
18 an integer.

It is easy to see that a finite cyclic group C,, is harmonic if and only if its
order % is a harmonic number. Therefore, since 6 is the only harmonic
number which is square-free (see [4]) and since the finite abelian groups of
square-free order are all cyclic, it follows that Cg is the only abelian har-
monic group whose order is square-free. Note that Cs is also a Leinster
group. However, in general, a harmonic group need not be Leinster, and a
Leinster group need not be harmonic. For example, using GAP [15], one
can see that the groups Cy x S3, C3 xCyg, Cy x Cy x S3 are harmonic but
not Leinster, and the groups C3 xCy, C7 xCg are Leinster but not har-
monic. The following small result helps in determining whether a given
Leinster group is harmonie or not.

PROPOSITION 2.2. Let G be a Leinster group. Then G is harmonic if
and only if ©(G) is even.
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Proor. Since G is a Leinster group, we have o(G) = 2|G|, and so,
H(G) = ©(G)/2. Thus, H(G) is an integer if and only if 7(G) is even. O

Note that if G is a Leinster group of odd order, then ©(G)=
(@) = 0 mod 2. Therefore, in view of Proposition 2.2, every Leinster
group of odd order is harmonic. It may be mentioned here that only one
Leinster group of odd order could be found so far, namely, (Cio7 x C7) x
Csi112192113, and it was first discovered by F. Brunault [14]. In [10,
Proposition 2.2], all Leinster groups of the form (x,y |«" =42 =1,
y tey = x71), where n is an odd positive integer and ¢ is positive integer,
have been classified; however, in view of Proposition 2.2, none of these
Leinster groups are harmonic.

Recall that a non-trivial group is said to be simple if it has no proper
non-trivial normal subgroup. The following result shows that no finite
simple group is harmonic.

ProposITION 2.3.  If G is a finite simple group, then 1 < H(G) < 2.

Proor. Since {1} and G are the only normal subgroups of G, we have
H(G) =2|G|/1 + |G|). Hence, the result follows. O

A group is said to be semi-simple if it is a direct product of non-abelian
simple groups. In this connection, we have the following result.

PRrROPOSITION 2.4.  No finite semi-simple group is harmonic.

Proor. Let G be a finite semi-simple group. Then G = H; x
Hy x --- x H,, where each H; (1 <1 <mn) is a finite non-abelian simple
group. Therefore, we have ©(G) = [[t(H;) =2" and o(G) = [[o(H;) =
11 + |H;]). Clearly, o(G) is odd because all finite non-abelian simple

éroups are of even order. Thus, if G is harmonie, it follows from the

definition of H(G) that o(G) divides |G|, which is impossible as a(G) > |G]|.
Hence G is not harmonic. O

Continuing with the finite groups that are not harmonic, we also have
the following result on p-groups.

ProposiTioN 2.5.  If G is a finite group with |G| = p”, where p is a
prime and r > 1, then G is not harmonic.
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ProoF. Since ged(p,o(G)) =1 and 7(G) < a(@), it follows from the
definition of H(G) that G is not a harmonic group. O

Given a finite non-trivial group G, the following result gives the best
possible lower bounds (depending on whether G is simple or not) for the
values of H(G). In particular the result says that there is no finite group G
with 1 < H(G) < 4/3.

PROPOSITION 2.6. Let G be a finite non-trivial group. If G is simple,
then H(G) > 4/3, where the equality holds if and only if G = Co. If G s
not simple, then H(G) > 12/7, where the equality holds if and only if
G =Cy.

Proor. If G is simple, then it is easy to see that H(G) =
2|G|/(1 +|G|) > 4/3, where the equality holds if and only if |G| = 2. Let
us now assume that G is not a simple group. Then «(G) > 3, |G| > 4,
and for every proper normal subgroup N of G we have |[N| <|G]|/2.
Therefore, it follows that

IG|(G) 12

) HO = e ao -6z 7

Now, for G # Cy, we have ©(G) > 3 or |G| > 4, and so it follows from (1) that
H(G) > 12/17. On the other hand, it is easy to see that H(C,) = 12/7. This
completes the proof. O

3. Finite groups with H(G) < 2

Given a finite group G, we have seen in the previous section that
H(G) > 1, where the equality holds if and only if G is trivial. In this
section we characterize all finite groups that satisfy the condition
1< HG) <2

PRrOPOSITION 8.1.  Let G be a finite non-trivial group. Then H(G) < 2
if and only if one of the following assertions holds:

(@) G s simple.
(b) G = Cs.
(¢) Every proper non-trivial normal subgroup of G is of index 2.
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Proor. Note that H(G) < 2 if G is simple, and that H(Cs) = 2. Also, if
every proper non-trivial normal subgroup of G is of index 2, then
20(G) = 2(1 + |G| + (z(G) — 2)|G|/2) > 1(()|G|, and so, H(G) < 2.

Conversely, suppose that H(G) < 2 and that none of the given asser-
tions holds. Then |G| > 8 and 26(G) < 2(1+ |G|+ (z(G) —3)|G|/2+]|G]|/3) <
|G|t(G), that is, H(G) > 2 . This contradiction completes the proof. O

As an immediate consequence, we have the following corollary.

COROLLARY 3.2.  Let G be a finite group. Then H(G) = 2 if and only if
G = Cs.

Proor. The result follows from the proof of Proposition 3.1. O

A group G is said to be an extension of a normal subgroup N by a group
Hif G/N =~ H; G is said to be a trivial extension of N by Hif G =2 H x N.
We use this concept to characterize all finite non-trivial groups that satisfy
the condition H(G) < 2.

THEOREM 3.3. Let G be a finite group and G' be its commutator sub-
group. Then 1 < H(G) < 2 if and only if one of the following assertions
holds:

(@) G is a simple group.

(b) G = Cs x Cs.

() G=C,

(d) G is a simple group, and G is a non-trivial extension of G' by Co.

() G =T x T, where T is a non-abelian simple group, and G is an
extension of G' by Cy such that the proper non-trivial normal
subgroups of G' are conjugate i G.

Proor. If any one of the assertions (a), (b) and (c¢) holds, then it is easy
toseethat 1 < H(G) < 2. On the other hand, if the assertion (d) or (e) holds,
then it follows that G’ is the only proper non-trivial normal subgroup of G,
and hence, H(G) = 3|G|/1 + |G| + |G|) = 6|G|/2 + 3|G]) < 2.

Conversely, suppose that 1 < H(G) < 2 and that G is not simple. Then,
by Proposition 3.1 and Corollary 3.2, every proper non-trivial normal
subgroup of G is of index 2. If G is abelian, then |G| =4, and so,
G = Cy x Cy or G =2 Cy. So, we may assume that G is non-abelian. In that
case, G’ is the only proper non-trivial normal subgroup of G and
|G : G’| = 2. Thus, it follows that G is a non-trivial extension of G’ by Cs.
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Now, by [7, 1.7.4 and 1.7.5], we have either G’ = (C,)" or G’ = (T)", where
m and n are positive integers, p is a prime, and 7' is a non-abelian simple
group. In fact, p is an odd prime, because a non-abelian 2-group has more
than one proper non-trivial normal subgroup. If G' = C), or if G’ = T, then
we are done. If G’ = (C,)" with m > 1, then the conjugate action of G on G’
induces an action of Cz on (C,)" through Aut(G’) = GL(m,p). Since no
proper non-trivial normal subgroup of G’ is normal in G, this action is ir-
reducible. Therefore, by [12, Theorem 2.3.2], 2|(p™ — 1) and 2 | (p? —1) for
any positive integer d < m, which is impossible. Hence, G’ 2 (C),)™ with
m > 1. On the other hand, if G'~ (T)" with n > 1, then n = 2 and the
proper non-trivial normal subgroups of G’ are conjugate in G. This is be-
cause the minimal normal subgroups of G’ are conjugate in G (see [7, 1.7.5]),
and each of these subgroups has exactly two conjugates in G (the normal-
izers of these subgroups in G being G). This completes the proof. O

As an immediate consequence we have the following corollary.

COROLLARY 3.4. Let G be a finite solvable group. Then 1 < H(G) < 2if
and only if G =2 Cs, Cy x Cy, Cy, Cy, or Dsy,, where p is an odd prime.

4. Harmonic groups with 7(G) <5

In this section we determine whether or not a finite group G with
7(G) < 5 is harmonic. Our first result gives a necessary condition for a fi-
nite non-trivial group to be harmonie.

ProposITION 4.1. Let G be a non-trivial harmonic group. Then
©(Q) > 4, where the equality holds if and only if G = Cs.

Proor. We have H(G) > 2. If H(G) =2, then, by Corollary 3.2,
G = Cg, and hence, ©(G) =4. If H(G) > 3, then ©(G) > H(G)+1 > 4.
Therefore, it remains to show that G = Cy if 7(G) = 4, and for this it is
enough to show that there is no harmonic group G with H(G) =3 and
7(G) = 4. On the contrary, suppose that G is a harmonic group with
H(G) =3 and ©7(G) = 4. Let M and N denote the two proper non-trivial
normal subgroups of G. Let |M| =m and |[N| = . Then, from the defi-
nition of H(G), we have

(2) 31 +m+n)=1G|.
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By the choice of G, we have only two possibilities to examine, namely, M ¢ N
and M NN = {1}. If M ¢ N, then it follows from (2) that m = 3, = 6 or 12,
and accordingly, |G| =30 or 48. But a group of order 30 has a normal
subgroup of order 5, and a group of order 48 does not have a maximal
normal subgroup of order 12. Therefore, it is not possible to have M ¢ N. If
M NN = {1}, then we have G = MN, and so (2) becomes

(3) 3(1 +m +n) = mn.

It follows that 3|m or 3|n. Without any loss we may assume that 3|m. Then,
by (), (n — 3)|(n + 1), and so we have n = 4, 5 or 7. Since G/M is simple,
n =|G/M| # 4.1fn = 5or 7, then, by (3), we have m = 9 or 6, none of which
is possible as m is the order of the simple group G/N. Hence, it is impossible
to have M N N = {1} either. Thus, it follows that if G is a harmonic group
with ©(G) = 4, then we have H(G) = 2, and so, G = Cs. O

As a consequence we have the following result.

COROLLARY 4.2.  Let G be a finite group satisfying one of the following
conditions:

(a) G =2 H x K, where H and K are simple groups.
(b) |G| = pg, where p and q are primes.

Then G 1s a harmonic group if and only if G = Cs.

Proor. Let G be a harmonic group satisfying one of the given
conditions. Since p-groups are not harmonic (by Proposition 2.5), the
simple groups H and K (if (a) holds) are almost coprime in the sense of
[2], and the primes p and ¢ (if (b) holds) are distinct. Thus, if (a) is
satisfied, then ©(G) = ©(H)7(K) = 4, and so, G =2 Cs (by Proposition 4.1).
On the other hand, if (b) is satisfied, then G is abelian (otherwise,
©(G) = 3); in fact, G = C, x C,, that is, G satisfies (a), and so we have
G =2 Cs once again. This completes the proof as Cy is already seen to be
harmonic. O

REMARK 4.3. Using Proposition 4.1, one may also conclude at once
that the symmetric group S,, and the alternating group A, are not har-
monic for any integer n > 2.

The following proposition says that there is no harmonic group with
7(G) = 5.
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ProposITION 4.4.  If G s a finite group with ©«(G) = 5, then G is not
harmonic.

Proor. Using GAP [15], or otherwise, one can see that there is no
harmonic group, which has exactly five normal subgroups and whose order
is 60, 90, 300, 500 or 600. Let us assume that G is a harmonic group with
©7(G) = 5and |G| ¢ {60, 90,300,500,600}. Then, in view of Corollary 4.2, G is
indecomposable; noting that if G is a direct product of two groups at least
one of which is non-simple, then we have ©(G) > 6. Let N1, N2, N3 be the
three distinet proper non-trivial normal subgroups of G, and ny, ng, ng
denote their order. Note that each »; is of the form |G|/n, where n > 2.
Without any loss, we may assume that 7; < ng < ng. Then, Ny is a minimal
normal subgroup, and N3 is a maximal normal subgroup. Note that we al-
ways have N;S¢ N3, otherwise G = Ny x N3. Also, we never have
N1 & Ny € N3, otherwise G = N2 x N3. Thus, there are three possibilities,
namely, (A) N1 gNz gNg, (B) N1 = Ng ﬂNg with N2N3 = G, and (C)
NNy = N3 with Ny NNy = {1}

In view of certain standard results from the theory of finite groups, it is
easy to see that the following assertions hold:

(a) my is a power of a prime whenever n; < 60.

(b) mq is a proper divisor of #ng.

(¢) |G|/ns is a prime whenever |G|/n3 < 60.

(d) If ng | mg, then n, is a proper divisor of ng; in fact, ng = n1|G|/ns.

(e) ©(G/N3) < 3, and so, for |G|/ns < 60, we have |G|/nz = p, p?, pq, 12
or 56, where p and q are primes with p|(q — 1).

() If |G| /n2 = p?, pq, 12 or 56, where p and q are primes with p|(g — 1),
then |G|/ng = p, 3 or 7.

Let H(G) =k, a positive integer. Note that k=3 or 4, since
H(G) < ©(G) and G 2 Cg.

First we consider the case k = 3. In this case, by the definition of H(G),
we have

4) 2|G| =3 + ny1 + ng + ng).

Therefore, in view of the above assertions, it follows that ng = |G|/2 and
ng = |G|/10. Hence, using (4), we have |G| = 60 or 90.

Next we consider the case k = 4. In this case, by the definition of H(G),
we have

(5) |G| =41 + 1y + ng + ng).
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Therefore, in view of the above assertions, it follows that ng = |G|/5 and
ng = |G|/25.

In case of (A) and (B), we also have 74 |ng. Therefore, using (5) and the
above assertions, it follows that n; = 2,4 and |G| = 300 or 500.

In case of (C), we have ng = nine. Therefore, it follows that %; = 5, and
hence, by (5), we have |G| = 600. The contradictions to the choice of G
obtained at various stages prove the proposition. O

Summarizing the above results we get the following Theorem.

THEOREM 4.5. If G Cs is a non-trivial harmowic group, then
7(G) > 6.

5. Harmonic groups of order pqr

We have seen that a group G of order pq, where p < ¢ are primes, is
harmonic if and only if G = Cs. In this section, we characterize all harmonic
groups of order pqgr, where p < ¢ < r are primes. However, we begin with
the following elementary lemma.

LEMMA 5.1.  Let G be a finite group such that |G| is square-free. Then no
two normal subgroups of G have the same order. Consequently, ©(G) < 2%,
where w 1s the number of distinct prime factors in |G|.

Proor. It is enough to note that if M, N 4G such that |[M| = |N| but
M # N, then MN <G but |MN| = |M||N|/|IM N N| = |M?/|M N N is not
square-free as M NN # M. The consequential part is clear because for
each positive divisor d of |G| there is at most one normal subgroup of G
order d. O

The main result of this section is as follows.

ProposiTiON 5.2. Let G be a finite group with |G| = pqr, where
p < q <7 are primes. Then G is harmonic if and only if G =2 C5 x Ss.

Proor. Itiseasy to seethat C5 x S3is harmonic;in fact, H(C; x S3) =
H(C5)H(S3) = (5/3)(9/5) = 3.

Conversely, suppose that G is a harmonic group with |G| = pgr and
H(G) = k,where p < g < rare primes and k is a positive integer. Note that
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2 <k <@, and
(6) G|(2(G) — k) = k(a(G) — |G).

By Theorem 4.5 and Lemma 5.1, we have 6 < 7(G) < 8. In fact, 7(G) = 6;
otherwise, G is a cyclic group, which is impossible as Cg is the only
abelian harmonic group whose order is square-free. Again, it is easy to
see that G always has unique normal subgroups of order 1, r, g» and pqr;
moreover, considering the intersection and the product of normal sub-
groups, one can also notice that the remaining two normal subgroups of
G are of order ¢ and pr, p and pr, or g and pq. Thus, the possible values
of a(G) are 14+q+r+pr+qr—+pqr, 1+p+r+pr+qr+pqgr and
14+ q+7r+pqg+qr+pqr. For the first two values of a(G), it follows
from (6) that r|k, and so, we have r =k =5 as 2<k <6 and r > 5;
consequently, ¢ =3 and p = 2. However, using (6), one can easily see
that these values of k, p,q and r are not consistent. Therefore, we have
o(G) =1+ q+r+pqg+ qr+ pqr. Now, it follows from (6) that for k =5
one of p, ¢ and r equals 5, whereas, for k =4 we have p = 2. But the
inconsistency of these values can be easily ascertained invoking (6) once
again. Hence, we have k = 3. Now, by (6), we have

A4+ +7r)=pqir—1) > 2q(r—1), sincep > 2
= 1+3¢>7r(g—1)>¢ —1, sincer> q+1
= 22> q(q—3).

It follows that ¢ = 3, and so, p = 2; consequently, by (6), we also have » = 5.
Thus, |G| = 30. Since G has a normal subgroup of order 5 as well as of order
6, and also since G is obviously non-abelian, it is a routine matter to see that
G =2 C;5 x S3. This completes the proof. O
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