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1. Introduction

Lety: S! x [0, 7) — RZ be the curvature flow of a simple smooth closed
curve in the Euclidean plane, that is, satisfying 0,y = kv, such that T is the
maximal time of smooth existence. In this paper we give a new proof of the
following result.
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THEOREM 1.1 (Grayson’s Theorem [11]). At some time the evolving
curve becomes convex.

REMARK 1.2. After the curve has become convex, the work of Gage
and Hamilton [8, 9, 10] shows that it remains convex and it shrinks to a
point of R? in finite time, becoming asymptotically circular.

We borrow some ideas and techniques from the work of Ilmanen [16],
Stone [20] and White [21]. The main line of the proof is quite standard, as
we study the asymptotic behavior of the flow in presence of a singularity,
which (as it follows from the comparison principle) must happen in finite
time. This kind of analysis is usually performed by means of a parabolic
blow-up of the flow by a dilation factor (at every time) which diverges with
the same order as the maximum of the curvature. This allows one to extract
from the rescaled flow a sequence of curves with bounded curvature, and to
get “easily” a subsequence converging to some limit curve containing the
information on the asymptotic shape. Accordingly to the blow—up rate of
the maximum of the curvature as ¢ approaches the singular time 7', the
possible singularities are then subdivided into in the so—called type I and
type I1 classes. Precisely, if there exists a constant C such that

C

2

m/?xk SZ(T—t) vt e [0,7),

then the singularity is called of type I, if such constant does not exist, the
singularity is called of type II.

Our analysis differs from the usual one insofar as we rescale the flow by
the dilating factor 1/2(T" — t) (which is the “natural” one for type I singu-
larities), no matter what the rate of blow—up of the curvature is. Although
this procedure gives no control on the maximum of the curvature along the
blow—up, it allows to fully exploit Huisken’s monotonicity formula [13]
(Theorem 2.3) to get an leoc—estimate on the curvature of a sequence of
rescaled curves of the flow. This latter estimate implies the CL.—con-
vergence of a subsequence either to a straight line through the origin of R?
or to an embedded, closed, convex curve with positive curvature (actually
to the unit circle in R%). We will prove that, either by a theorem of
White [21] (Theorem 4.6) or as a consequence of an application of the in-
terior estimates of Ecker and Huisken [6] (Theorem 2.4), the convergence
to the straight line is not possible. On the other hand, if the sequence of
dilated curves converges to the unit circle in R?, we will be able to exhibit
a further sequence of curves in the rescaled flow which converges in the
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C%—topology to an embedded, closed, convex curve with positive curvature,
hence, such curves are definitely convex, thus proving Theorem 1.1.

We underline that the key fact, which allows us to pursue this “unitary”
line of analysis without distinguishing the singularities into two types, is
that in dimension one the uniform L —control on the curvature implies
the CL —subconvergence of the curves to some limit curve which, by a
bootstrap argument starting from its C'—regularity, can then be shown to
be smooth.

The lack of such functional embedding (and thus the lack of the pos-
sibility to infer the smoothness of the limit along this line) is the main
reason why our analysis is difficult to be pursued in higher dimensions,
where the control of the mean curvature in L2, is not strong enough to
give the Clloc—convergence of a subsequence of hypersurfaces to a limit.
Nevertheless, very interesting results in this direction have been obtained
by Ilmanen in dimension two [16] (which is, in some sense, the critical
case). In particular, assuming the mean convexity of the surfaces, [lImanen
shows that it is possible to get a smooth limit for a suitable sequence of

rescaled surfaces of the flow.

REMARK 1.3. Several techniques of this paper have been used by the
authors, in collaboration with M. Novaga, also in the case of a network of
three curves, concurrent at a triple point, moving by curvature to show that
singularities cannot develop, see [18].

2. Analytical and Geometrical Facts

For any smooth, embedded, closed curve y : S' — R? in the Euclidean
plane, we will denote with s its arclength parameter and with v its inner

2
unit normal vector field. The curvature of the curve will be k = <% , v>,
where (-, -) is the Euclidean scalar product of RZ. 5

DEFINITION 2.1. Let T > 0 and y : St x [0,7) — R? be a smooth one—
parameter family of closed and embedded curves. We say that y is a cur-
vature flow of the mitial curve y, = y(-,0) if for any time t € [0,T) and
o« € St there holds

Oy(o, t) = ko, )W, t) .

Foreveryt € [0,T), wewill use the notation y, : st — Rr? forthe curve given
by y,(x) = y(x, 1), that is, the evolving curve at time t € [0, T).
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In this section we collect some well known results about the curvature
flow y of an initial closed and embedded curve y, in R? (see [19], for in-
stance, for more details and proofs).

PROPOSITION 2.2.  If the initial curve y, is smooth, the curvature flow
problem has a unique smooth solution defined on a maximal time
wmterval [0,T) with T < 4 oo and, at every time t € [0,T), the curve y, is
a smooth embedding of S' in R

The following evolution equations hold

Ods = —k?ds,
Ok = kgs + K3
and
ks = kygs + 4K%k .

Moreover, there holds

2
2.1) m/::lxk 25T 1)

vte[0,7).
Huisken’s monotonicity formula [13] holds.

THEOREM 2.3. For every x € R® we have

[oc—, to\ x—wo\z

d e~ AT e AT ‘ (x —xo | v)

\/47z(T VAr(T — 1) 2T
Yt

2.2) ds

foranyte[0,T).

The following interior estimates were proven by Ecker and Huisken
in [6], see also [14].

THEOREM 2.4. Let ey and ez be an orthonormal basis of R? with respect
to the standard Euclidean scalar product, let (e;) = span{ei} and
(e2) = span{ez}. Forxg € R% and R > 0, suppose that in a ball Bog(xg) the
curve y, for t€l[0,7), is a graph of a function over (e;) and let
v=(v|e)"' > 0attimet=0.

o Setting p(x,t) = R% — |x — xol* — 2t if ¢ . denotes the positive part of
o, we have

2.3) v(@, Do (x,t) < supv(r, 0)g, (x,0)

Y
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forevery t € [0,7) and x € y, as long as v(x,t) is defined everywhere
on the support of ¢..

e For arbitrary 0 € [0,1) we have the estimate

1 1
24) sup K*<CA-0)* (—2 + —) sup o'
7:NBor (o) R t) Brwo)x[0,0)

SJor all t € [0, 1), where the constant C is independent of t and y,.
Finally, we state a geometric result.
THEOREM 2.5 (Huisken’s embeddedness measure [15]). For every

t€[0,7), let L; be the length of the curve y,. We consider the function
@y Xy — R given by

mle—y| , . wdi(x,y) .

Ly Ly
1 fo:ya

where dy(x,y) is the geodesic distance between x and y along y,.
Then, we define the following infimum, which, i the case of closed
curves, 1s actually a minimum:

E@t) = inf &u(x,y).
Yy

If the nitial closed curve y, is embedded, the function E(t) is uniformly
bounded below by a positive constant depending only on y,, for every
tel0,T)

Since the function E) is positive if and only if y, is embedded, an
mitial embedded and closed curve remains embedded during all the

Sflow.

3. The Density Function

As in Stone [20], we consider the following Gaussian density function.
For every xy € R% we define

_ e
e AT-H

6(%0, t) = m ds.
Tt
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By Huisken’s monotonicity formula (2.2), we have

J— ro\ 2
e AT x— x|V
AR T

) VAT = sr—p | ©=0

0
5 V@0, t) =

for every t € [0,T). Hence, the limit O(xy) = hm 0(xo,t) exists for every
%o € R? and, integrating, we get

fr—a 2

T _ 2
B 0@,0) — Oy) = / / e oy &=y

T =D 5T b dsdt.

Letting u(t) = sup 0(xo,t), we can see that, as y, is compact, this su-
2g€R?

premum is actually a maximum for any ¢ € [0, T). Moreover, being a maxi-
mum of a family of positive and monotone nonincreasing functions, wu(t) is
also monotone nonincreasing and positive. By looking at the right side of the
monotonicity formula (2.2), we can finally notice that the functions 6(xy, - )
are uniformly locally Lipschitz in time and we can conclude that the function
1 is locally Lipschitz as well, hence differentiable at almost every ¢ € [0, T).

Since u is monotone, we can define X = 11m u(t) € R", which clearly
satisfies 2 > O(xy) for every x( € R2.

For every t € [0, T) let x; € R? be a point at which

u) = W

that is, x; is a maximum point for the function 6(-,¢): R? — R*. We
now make use of the following lemma to compute the derivative of the
function u.

LEMMA 3.1 (Hamilton’s Trick [12]). Let M a Riemannian manifold
and u: M x (0,T) — R be a C* function such that for every time t, there
exists a value 0 > 0 and a compact subset K € M \ OM such that at every
time t' € (t — 0,1+ 0) the maximum Up.(t') = maxu(p, t') is attained at

eM
least at one point of K.

Then, umax 1S @ locally Lipschitz function in (0,T) and at every dif-

ferentiability time t € (0, T) we have

AUmax(®)  Oulp, 1)
a0t

where p € M is any inner point such that u(-,t) gets its maximum at p.
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ProrosiTION 3.2, For every t € [0,T), let x; € R? be as above, then

[

e~ IT-H <gg_gct|v>2
3.2 t) = d
(3.2) W) = W k + 5T | ©
at almost every t € [0, T). Moreover,
e ‘i(Txl) <gc L | > 2
0) 01 s dt .
w0 //\/475(T s | ¥

PRrROOF. Being 0(x,t) a C' function, Hamilton’s trick applies. Hence, at
every differentiability time ¢ € [0, T), by formula (2.2) we have

Ja—y 2

B e~ AT <x—xt|v>2
1) = W +2(T—t) ds.

As the function y is locally Lipschitz, we can integrate its derivative (which
exists at almost every time) on every closed interval [0, T — ¢] and sending ¢
to zero we get the second equality. O

4. Blowing-Up at a Singularity — The Proof of Grayson’s Theorem

As remarked in the introduction, we now rescale the curvature flow
y: 8! x[0,T) — R? in its maximal time interval [0,7) without distin-
guishing between different types of singularities.

DEFINITION 4.1. We define the rescaled flow as follows,

(o, 81r)) — Xy

1
ST 70 r=7rlt) =— 5 log (T —t),

Mo, 7) =

obtaining a smooth flow of embedded, closed curves 7y, : St — R? defined

forre [—%logT,Jroo).

We rescale also formula (3.2) in order to get information on these

curves. At almost every r € {— % log T, +oo) it holds
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%ﬂ(t(r)) =W EN2AT — t(r)

[2=24) 2

e ey (@ — ayn [ V) [
= — — k\2(T — t(r)) + ———=
VAT =t |V AL O i)
Tter)
_ 1 - k+<y| >) ds <0
Ver, -
1
Hence, integrating as before on {— 5 logT, + oo), we get
4 w0 -r——= / e ds— lim i/e*@ds
' A o N3
y—élogT Tr
+00
_ 1 / /e’% k+(y| )‘2d8d7<+oo
V2r .

REMARK 4.2. Thanks to inequality (4.1), for every family of disjoint
1
intervals (a;, b;) C {— 5 logT, + oo) such that " (b; — a;) = + o0, we can

=
find a sequence 7; € (a;, b;) such that 16

2
,J_
4.2) Zlirgm/ : >‘ ds =0
and
4.3) ZIHEO N / - ds = zlin; u(t(ry) =

Clearly, the sequence r; is monotone increasing and diverges to + oc.
We now state a technical lemma due to Stone which is crucial in order to
commute limits and integrals.

LEMMA 4.3 (Stone [20]). Let Br a ball of radius R > 0 in R, then the
following estimates hold uniformly in r for the family of curves

{%}re [— élog T, +00)

1) There exist a constant C independent of Bg such that Hl(% NBg) <
Ce®* 12 where H' is the one—dimensional Hausdorff measure in RZ.
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2) Forany ¢ > 0there exists a radius R = R(e, Length(y,), T) such that

7 \Br(0)

ProPOSITION 4.4.  Let r; be a sequence as in Remark 4.2. Then, either
Jorevery R > 0 the curves y,, definitely stay outside of the ball B, or there
exists a smooth, complete, embedded curve V. (€ither closed or unbounded)
satisfying k + (7., |v) = 0, such that for a subsequence of r; (which we do
not relabel) there holds y,. — 7, in the CL.~topology.

Proor. Assume that we are in the second case. From the limit (4.2)
and the estimate on the local length of the previous lemma, it follows that
the sequence of curves 7, has curvatures locally equibounded in L2, as the
term |(y | 7)|? is clearly bounded in every ball of R. Hence, we can extract a
subsequence (not relabelled) that, after a possible reparametrization (in a
constant multiple of the arclength of every curve), converges in Cllo(3 to a
complete 1imit curve 7. Such curve satisfies k + (7., |v) =0, as the in-

tegral f e on-

(y|v )’ ds is lower semicontinuous under the C} —c

Vergence The smoothness on the curve 7 follows by a bootstrap argument
applied to such relation.

Finally, the curve 7. is embedded as the Huisken’s embeddedness
measure £ in Theorem 2.5 is scaling invariant and upper semicontinuous
under the Clloc—convergence of curves, hence, such quantity is bounded
below by a positive constant also for the limit curve 7., which then must be

embedded. O

By the classification result of Abresch—Langer and Epstein—Weinstein
(see [1] and [7] or [17, 19]), the limit curve 7, can be either a line through
the origin or the unit circle centered in the origin of RR2. Actually, for our
purposes, we only need the weaker conclusion that the limit curve is either
a line through the origin or a closed, convex curve with positive curvature.

LEMMA 4.5.  Any smooth, complete, embedded curve o in R? satisfying
k+ (o |v) = 0 is either a line through the origin of R% or a closed, convex
curve with positive curvature.

Proor. The relation k = —(o | v) implies that the curvature satisfies
the ODE ks = k(o | t), where t = 0,0 is a unit tangent vector. Suppose that
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at some point it holds £ = 0. By the ODE, at the same point holds also ks = 0
and hence, by the uniqueness theorem for ODE’s, we conclude that & is
identically zero and we are dealing with a line L which, as (x|v) = 0 for
every x € L, must contain the origin of R%.

We can now suppose that k is always different from zero and, possibly
after a reversion of the orientation of the curve, we can assume that k& > 0
at every point and thus that the curve is strictly convex.

The derivative of |a|2 with respect to the arclength parameter it is easily
computed to be

dlo* = 2(c | 1) = 2k /k = 20, logk .

Thus we get k = Cel?/2, for some constant C > 0 and it follows that k is
bounded from below by C > 0.

We now consider a new coordinate « = arccos (e; | v) which, by the
convexity of the curve, is a good global parametrization (obviously, as for
the arclength parameter s, the function o is only locally continuous since it
“jumps” after a complete round).

Differentiating with respect to the arclength parameter we have
Oso0 = k and
Osk, 1+k(a|v) 1 i
ko k Tk
Multiplying both sides of the last equation by 2k, we get
Ou[k% + k* — log k%] = 0, which means that the quantity k% + k* — logk? is
equal to some constant Z along all the curve. Notice that such quantity Z
cannot be less than 1 and that, if Z = 1, then k£ must be constant and equal
to one along the curve, which consequently must be the unit circle cen-
tered at the origin of RZ.

If Z > 1, it follows that & is uniformly bounded from above. Hence,
recalling that k = Cel /2 the image of the curve is contained in a ball of R?
and, by the embeddedness and completeness hypotheses, the curve must
be closed, simple and strictly convex, as k > 0 at every point. O

ky =ks/k = (o] 7) ko, =

Since the second point of Lemma 4.3 implies that

mz mz
lim — / ds = /
i—oo\/ 27T Vaen

and, by equation (4.3), the left hand side is equal to 2, we deduce that if we
have a non empty limit curve then X > 1 and, by direct computation, we
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conclude that if ¥ > 1then?_ cannot be a line through the origin and hence
it must be a closed, simple curve with positive curvature.

We now see that 2 must be larger than one. To this aim we start with
defining the set of reachable points of the curvature flow y by

S={xeR? 3 t; / Tand o € S such that 7, (o) — w}

It is easy to see that S is non empty and compact. Moreover, if 2y ¢ S, the
flow is clearly definitely far from xy. If instead xy € S, for every t € [0,T)
the closed ball of radius v2(T — t) and center xy intersects y,. Indeed, let
dy = min__q |p(x, 1) — o[, that is, the Euclidean distance from xy to the
curve y;.

The function d; : [0,T) — R is obviously locally Lipschitz and at a dif-
ferentiability time with d; > 0, by Hamilton’s trick, we have

kB, (S, ) | y,(B) — x0)
[7:(B) — o]

o a
di(x) = 7% [7(B) — 0| >

for any f§ € S such that d; = |y,(f) — xo|.
By minimality, the closed ball By, (1) intersects the curve 7, only on its
7(B) — o
[7:(, ) — o

easy geometric argument shows then that

boundary and the vector is parallel to the normal v(f,t). An

k(q,)(v(q,t) | 7,(B) — o)
[7:(f) — o]

Thus we conclude that, for almost every time ¢ € [0, T) and if d; # 0, we
have

> —1/d;.

d@) > —1/d;.

Integrating this differential inequality on the time interval [¢, 7] we get
d7 — d? < 2(t — t) and, by the hypothesis on 2, we have di — 0, hence

df = lim df —dj < lim 2(t; —t) = 2(T — 1),

which proves our claim.
Chosen xy € S, we rescale the flow as follows, this time around the fixed
point x,
(o, 1(2)) — @

7 = L _
y(“,'f") = m z=2z0) = D) 10g (T t),
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obtaining a smooth flow of embedded, closed curves 7, : St — R?, defined

1
for z € [— 5 log T, —i—oo). Notice that, by the above discussion, all these

curves intersect the unit closed ball of RZ.
Rescaling also formula (3.1), we have

+00
9(%0,0)@(900)\/12_” / /*m]kJr (y|v \dsdz<+oo

—LlogT 7.

Then, repeating the arguments in Remark 4.2 and Proposition 4.4, there
exists a subsequence of z; (which we do not relabel) such that the curves y,.
converge in the CllOC —topology to a smooth, complete, embedded curve y_,
which is not empty (the limit curve also must intersect the unit closed ball of
R?), satisfies k + (7 | V) = 0 and

1 \y\ 1 lyf2
— ds = 1i e 2 ds=0
Varn _/ ST eV Van _/ $ = O,
’J/OC

Vz

Hence, by Lemma 4.5 and a direct computation, it follows that @(x) > 1,
hence 2~ > 1. Moreover, if we assume that 2 = 1 we conclude that ©(xg) = 1
for every xy € S and the subsequence of rescaled curves y, convergesin the
CL .~topology to a line through the origin of R,

The following general local regularity theorem of White [21] (holding
for the mean curvature flow in any dimension) can now be applied.

THEOREM 4.6. There exists a constant ¢ > 0 such that if a point xg € S
satisfies O(xy) < 1+ ¢ then there exists a radius R >0 such that in
Bpr(xy) x[0,T) C R? x IR the curvature is uniformly bounded.

Clearly, this theorem contradicts the assumption 2 = 1, as (by a com-
pactness argument on the set S) it implies that the curvature is uniformly
bounded when ¢ — T and this is impossible since estimate (2.1) holds.

In the special case of simple curves, the exclusion of the case 2 = 1 can
be actually deduced as follows also by means of the interior estimates of
Ecker and Huisken (Theorem 2.4).

Chosen any x € S, by the Cl —convergence of the rescaled curves 7, to
aline through the origin of R?, for every R > 2 there is a sequence of times
t; /T and aline L passing for xy such that every curve y; is a graph over L
in the ball BR ST (2¢p).
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Supposing that 2y = 0 and that L is (e;) in R?, the pieces of curves
P N BR N can be represented, at least for small times after ¢;, as a

graphs of a time dependent function. Moreover, choosing ¢ large enough,

for every x € y, N B, STt the quantity v(x,t) = (v(x,t)|ez) " is arbi-

trarily close to one at time ¢ = t;.

As the circle 0B VT is moving by curvature and, choosing ¢ > 0
aa iy O the
Sturmian theorem of Angenent in [4, Proposition 1.2] and [3, Section 2]

(see [2] for the proof), we have that the number of intersections (which is

two at time ¢;) between the curve y, and the circle 0B T cannot in-

crease in time. On the other hand, the number of intersections can also not
decrease, otherwise the whole curve y, would be definitely contained inside
B Ny in contradiction with the fact that the limit of the rescaled

small enough, at time ¢ = ¢; it is contained in the ball BR

curves 7, is the unbounded line L. This argument shows that it is not
possible that other parts of the moving curve y; “get into” the ball
B N at some time ¢ > t;. Consequently, the only reason for which

»wNB Nt possibly stop being a graph is that the tangent vector to

such graph becomes vertical at some time, or, equivalently, that the
function v is not bounded.

Inequality (2.3) excludes this fact if the quantity v at time ¢; is small
enough. Hence, with a suitable choice of one of the times %;, by esti-
mate (2.4), the curvature of y, for ¢t e[t;,T) is bounded in the ball

B T in particular it is bounded in B 5 C B N for every
te [ti, 7).

By the same argument above, this implies that the curvature is uni-
formly bounded as t — T, contradicting inequality (2.1).

REMARK 4.7. We underline that the key point in getting a bound on
the curvature by means of this argument is the Clloc—convergence of the
rescaled curves to a line (by the L? bound on the curvature), which does not

follow in higher dimensions.

Once established that 2 > 1, getting back to the original rescaling as in
Proposition 4.4, we can assume that the sequence of rescaled curves 7,
converges in Clloc to a closed, convex curve y__ in IR? with positive curvature.
Hence, as the curve 7. is compact, the convergence is actually in C! with
equibounded curvatures in L?.



276 Annibale Magni - Carlo Mantegazza

Grayson’s Theorem is then a consequence of the following proposition,
which clearly implies that the curves y,., definitively have positive cur-
vature and hence are convex.

PROPOSITION 4.8. There exists a sequence q; / +oo such that the
rescaled curves 7y, converge in the C%-topology to a closed, convex curve
with positive curvature.

N . 1
Proor. Fixing 7€ Nandlettingp=r—1;, < 1l,asr=— 5 log (T — 1),
we compute

%/(Ezﬂ’%?)dszm—t)%/mkzds+/k'§ds
I 7 o
+2(T*t>pdt/<¢2(T7)3k2ds
2T — / K ds + (\/2(T — t)° / ke, + kY ds

Yt

/kzdsfswz@i) p/ms

— / {JIEZ + 2k + Kt 4 k2 — 3pk? + 2pkekess + Tpk%k? |dis,
Pr

where we used the formulas in Proposition 2.2.
Integrating by parts and by Peter—Paul inequality, we have

/EZE? ds = %/ 89(%3)%9 ds = —;:)/ESESS ds < %/EG +E§s ds

and

d [ ~ - — o~ o~ - - IO
= / (2 + pk?)ds < / |2+ T — 2 — 3p2 — 2pk2 + Tp(k® + K2) /6] ds
Tr r
< /(f'ﬁ§+'l§4+3pﬂl§6)ds.

Ir
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Thus, the following interpolation inequalities, holding for any closed curve
of length L in the plane (see Aubin [5, page 93]),

k]| 74 < Cllks IILzllkHLz+ Iklz:  and [kl < Cllks 72 lkll7: + 5 |kHlﬁﬂa

L2 |
imply (also by means of the Young inequality)

74 1/~2 1 /~2 /2
/k ds <y [ Rds g | [Rods 2 ds +L3( 5
Tr Ir Tr

and

3 3 3
~ ~ - C ~
6 < 2 2 2
Sp/k ds < (,;/ksds) +2</k ds> +L—2(7T)</k ds> :
Py ¥y ¥y ¥y

2

Hence, as we know that L(7,) > f e~ = ds > 2r and p < 1, we conclude
}’}

3
—/(k2+pk2)ds</( k2+k2/2)ds+0</k2ds> +C

( /k%ls) +C</k2ds>
<C</752ds> +(p/7é§ds> +C

¥y "/rg
gc(/(EZerEi)ds) +C,

for a constant C independent of » > 7; and ¢ € .
Integrating this differential inequality for the quantity Q;(r) =
[ (k® + (r — r)k?) ds over the interval [r;,7; + 26, it is easy to see that

if 0 > 0 is small enough, we have

Qi(r) < C(8, Qi(r) = C(a, / P ds) = C(),

Iy
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for every r € [7;,7; + 20], as the curves 7, have uniformly bounded curva-
ture in L2. Hence, if r € [r; + 6, 7; + 2] we have the estimate

/ (2 + oF2) ds < / R + (r — )k ds < C)
which implies

/ (K + k> ds < C(0) + —— C(é)

/7

for every r € [r; + J,7; + 20] and a constant C(J) independent of 7 € .
We can now find as before, using again Remark 4.2, a sequence of
values q; € [r; + 0,7; + 20] such that
_l®
2

lim ——

~ 2
+{y|Vv)| ds=0.
7,4»00\/27[ y| >‘

and

lim \/Lz_n / 4 g5 — lim u(t(g) = £ > 1.

1—00

As this new sequence of rescaled curves 7, satisfies the local length es-
timate of Lemma 4.3 and k and k, are uniformly bounded in L?, arguing
as in Proposition 4.4 and in the subsequent discussion, we can extract a
subsequence (not relabelled) that converges in C? to a limit curve which
cannot be a line and hence, by Lemma 4.5, must be a closed curve with
positive curvature. O
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