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Almost periodic functions on groupoids

FARID BEHROUZI (*)

ABSTRACT - In this paper we generalize the notion of almost periodic functions on
groups to the corresponding notion for groupoids. We prove a number of theo-
rems about almost periodic functions in this general setting. We show that the
set of almost periodic functions on a groupoid G, AP(G), is a C*-subalgebra of
£°(@). We investigate some topological properties of the maximal ideal space of
AP(G), b(G), and we obtain a continuous partial operation on bG. Also, we study
almost periodic functions on groupoids defined by an equivalence relation on a
set X and obtain a compactification of X.
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1. Introduction

For a locally compact space X, every unital C*-subalgebra A of Cj(X)
induces a compactification of X. In fact the maximal ideal space of A is a
compactification of X, see [4]. Here Cy(X) is the algebra of bounded con-
tinuous complex-valued functions on locally compact space X. It is inter-
esting to know that if X has further algebraic structures, which compact-
ifications of X preserve these algebraic structures. For example, if S is a
discrete semigroup and A = £°°(S) = C4(S), then the algebra A induces fS,
the Stone-Cech compactification of S, which is a compact right topological
semigroup, see [7]. Another example is the algebra of almost periodic
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functions on a group G. Recall that a bounded function f on a group G is
said to be almost periodic if the set of all left translations {L, f : © € G} of f
has compact closure in ¢*°(G), where L, f is defined by L, f (y) = f(xy). This
algebra induces the Bohr compactification of G which is denoted by bG. It
is proved that DG is a compact group and there exists a homomorphism
¢ : G — DG such that ¢(G) is dense in DG. In fact (bG, ¢) is a group com-
pactification for G. This compactification is the biggest compactification, in
the sense that if (K, y) is another group compactification for G, then there
exists a continuous homomorphism 7' : G — K such that 7 o ¢ = y. For
more details, see [1].

The notion of almost periodic functions on (R, +) was created by Harald
Bohr in [3]. The notion is a generalization of purely periodic functions. This
notion was extended to arbitrary groups by Bochner and J. Von Neumman
in [2] and thereafter this theory was extended to semigroups. For further
notes on almost periodic functions see; e.g. [5] and [1].

This note serves two purposes. First, we want to generalize the defi-
nition of almost periodic functions on groups to groupoids. The main dif-
ficulty in earrying out this construction is that the product operation on a
groupoid is partially defined and the definition of translation of a function
is not trivially generalized. In Section 3, we define the translation of a
function on groupoids and then we define almost periodic functions on
groupoids. The second aim of this paper is to obtain a compactification for a
groupoid G by showing that the set of all almost periodic functions on G,
AP(G), is a C*-subalgebra of ¢°°(G). This fact is shown in Corollary 3.5.
Also, we investigate the topological and algebraic properties of the max-
imal ideal space AP(G). In Section 4, we examine the results in the previous
section for groupoids arising from equivalence relations on a set X and in
this setting we get a compactification for X.

2. Preliminaries and notations

Let X be an arbitrary set. We denote by ¢*(X) the set of bounded
complex-valued functions on X. So, ¢*°(X) with the pointwise operations
and the norm

[1flle = sup |f )]
reX

is a unital commutative C*-algebra. Let X be a Hausdorff topological
space. Then Cp(X) stands for the C*-algebra of bounded continuous com-
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plex-valued functions on X. We will replace Cy(X) by C(X) when X is
compact.

In this paper, we are interested in compact subsets of ¢>°(X). The fol-
lowing lemma which is an easy consequence of Proposition 13.1 in [11], will
be frequently applied in the sequel.

LeEMMA 2.1.  Let C be a subset of £°(X). Then the closure of C in £>°(X),
C, is compact if and only if for any & > 0 theve exist subsets X1, Xa, -, X,
of X such that X = X; UXo U ---UX,, with the property that if x,y € Xj,
SJor some 1 <j <m, then |f(x) —f(y)| < eforall f €C.

Here are some elementary definitions in groupoid literature. For more
details, we refer the reader to [8], [9] and [10].

A groupoid is a set G endowed with a product map (x,y)—
2y : G® — G where G is a subset of G x G called the set of composable
pairs, and an inverse map x+— x~! : G — G such that the following prop-
erties hold:

() If (x,y) € G? and (y,z) € G?, then (vy,z) € G?, (x,yz) € G?
and (xy)z = x(yz).
() @ '=2 foralxed.
(ii) For all x € G, (x,x 1) € G® and if (z,x) € G?, then z(xx!) = 2.
(iv) Forallz G, (x7!,2) € G? and if (x,y) € G?, then (x 'x)y =y.

The maps 7 and d on G, defined by the formulae 7(x) = 2~ and

d(x) = 'x, are called the range map and the source (domain) map,
respectively. A pair (x,y) is composable if and only if 7(y) = d(x). The unit
space G° is defined by G° = d(G) = r(G). Its elements are units in the
sense that xd(x) = r(x)x = x. Units will usually be denoted by u, v, w while
arbitrary elements will be denoted by «, ¥, z. The fibres of the range and
the source maps are denoted by G* =r"'({u}) and G, =d'({v}) re-
spectively. Also for u,v € G°, G, =G, NG".

3. Generalization of almost periodic functions

In this section we define almost periodic functions on a groupoid G.
Since in the usual definition of almost periodic functions on groups the
translations of functions play basic role, first we define translations of
functions on groupoids.
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DEFINITION 3.1. Suppose that u € G’ x< G, and y € G". For
f € (@) we denote the left x-translation and the right y-translation of f,
respectively, by Lj f and R} f and we define

Lyf:G"— C, R f:Gy— C,
LLf(t) = fab), RIF(t) = f(ty).
Clearly L f € (=(G"), B} f € £>(Gy).
THEOREM 3.2. Let G be a groupoid and let u € G°. Then the following
properties of f € £2°(G) are equivalent:
@) {Lvf :x € Gy} is compact in £°(G™).
i) {Ruf :x e G"}is compact in £2°(Gy).
Proor. (@)= (ii). Suppose that {L*f : x € G,} is compact in >*(G")

and let ¢ > 0. By Lemma 2.1, there exist subsets X7, X5, - - -, X, of G* such
that if ¢,¢' € X; for some 1 < j < n, then for any x € G,,

Ly f@) — Ly f()] < e.

Now take a fixed ¢; in the set X;( 7 =1,2,---,n); hence, for any t € G*,
there is some t; € G" such that ¢ and ¢; are both in Xj, accordingly, for any
x € Gy, we have

|f@t) —fatp| = |Lpf &) — Ly ftp] <e,

and hence
IRy f — Ry fll <e

This argument shows that the set {R}f :x € G"} is totally bounded in
£(Gy,). Therefore, {R!f : x € G"} is compact in £>°(G,).
(ii)= (i). The proof of this is the same as ()= (ii). O

DEFINITION 3.3. Let G be a groupoid. A function f is said to be almost
periodic function if for any u € G°, {Lyf : g € Gy} is compact in £2(G").
The set of almost periodic functions on G is denoted by AP(G).

THEOREM 3.4. Let G be a groupoid and let f,g € AP(G). Then

() f+g, fg,f € AP(G) and AP(G) contains the constant functions.
() If {fu},—, is a sequence in AP(G) such that f,, — f in £>°(G), then
f e APG).
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Proor. (i) Let ¢ >0 and let u € G°. By Lemma 2.1, there exist
subsets Xi,X5---, X, and X{,Xj,---,X] of G" such that G" =

n
UX = U X;’ and if t,t' € X;, then for any x € G,,,
i=1 j=1 "
Ly f&) — Ly f@)] < e,
and if ¢," € X', then for any x € Gy,
|Ltg(t) — Lig@)| < e.

Set X; ;=X/NX! (=12 mandj=12---,m). If t,{’ € X ;, then
for any x € Gy,

ILY(f +)(®) — LAf + @) < Ly ft) — LEfE))
+ |Lhg(t) — Lig()|

<e+e=2e
Also, we have:

1Lz (f)@) — Ly (fp@))] = |f(@t)g(at) — f(t)gt)]
< |f@d)|Lyg®) — Lyglat))|
+ gt Ly f#) — Ly f(xt)]
< ot + 9l ot

Therefore, by Lemma 2.1, the sets {LYf+g¢) :x<G,} and
{L(fg) : « € G, } are compact in £*°(G™).

(i) Let ¢ > 0. Pick N € N such that for any t € G, |fy(®) — f(®)| < e
Since fy € AP(G), there exist subsets Xi,Xs,---,X, of G" such that

G = (JX; and if t,1' € X;, then
o L f®) — LY fe@)] < .
If t, ¢ € X;, then we have:
ILLf®) — LEf)] < |LEf® — L fn @] + |Li fu(®) — L fv (@)
+ LY fn (@) — LLf@)|
= |ft) — fn@d)| + Ly fn@) — Ly fv (@)

+ | fn(at) — f(t)|
<e+eéet+e=3e
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COROLLARY 3.5. Let G be a groupoid. Then AP(G) is a unital C*-
subalgebra of £>°(G).

Let OG be the maximal ideal space of AP(G). Then bG is a compact
Hausdorff topological space under the Gelfand topology and by the Gel-
fand-Naimark theorem, AP(G) is isometrically *-isomorphic to C(bG). We
define ¢ : G — bG by p(x)(f) = f(x). It is easy to see that ¢ is well-defined
and ¢(G) is dense in bG.

We can easily extend the functions L% f and R f to whole of G. For any
x € G, we define

Lyf G —C, Ref:G— C,
flet) te @@ ftr) te Gy
L.f@) = { Ra.f@) =
0 t¢ GI@ 0 t¢ G-

Therefore, the functions £, f and R, f are in (*(G) and L, f|qiw = LIOf
and R.flg, = R\“F.

THEOREM 3.6. Let G be a groupoid and let f € AP(G). Then for any
x € G, the functions L, f and R, f are in AP(G).

Proor. Let xy € G. A straightforward verification shows that

Lt f e Gl
LULyf) =14 ™
0 x ¢ Gd@o)

Therefore,

(LA w € Gy € {Lif -0 € GEV} U {0}
c{Lif weG, U0}

Since {L“f:x¢€ G,} U{0} is compact so is {L“(L,f):x € G,}.
Similarly, it is proved that R, f is in AP(G). O

Let n € bG and let f € AP(G) . We define two functions 7, : G — C
and S, r: G — C by
Ty s(@) = Ly f) ) Sq,f(x) = n(Ref).

By Theorem 3.6, the functions 7', s and S,, s are well-defined and are in
(G).
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THEOREM 3.7. Let G be a groupoid and f € AP(G).

(i) If n € p(G™) for some u € G°, then T, s € AP(G).
(i) If n € p(G,) for some u € G°, then S, ; € AP(G).

Proor. (i) Let {x,},.; be a net in G" such that ¢(x,) — 7. Hence,
Touyfle, = By [ = Ra, flg, and Ry, f1g, is pointwise convergent to T, ¢/ -
Since the closure of {R% f : ® € G"} under the norm topology is compact, the
closure of {R!f :x € G"} under the norm topology is the same as the
closure of {R!f:x < G"} under the pointwise topology. Therefore,
Ty tlg, €{RLf : ® € G"} and hence R, f|g, is norm convergent to T}, ¢| in
£>°(G,,). On the other hand, if t¢ G,,, then T), ((t) =R, f(t) =0, thus R, f is
norm convergent to 7, . By Theorem 3.6 and Corollary 3.5, T, € AP(G).

(ii) The proof is similar to (i). O

COROLLARY 3.8. Let G be a groupoid. If u,v € G° and u # v, then
p(G*) N p(GY) = 0.

Proor. Letn € p(G*) N p(G?). Choose [ € AP(G) with n(f) = 1. Since
vgG", T, ¢(v) = 0. Let {x,}; be a net in G” such that p(x,) — #. So

Ty p) = im Ty, ()
= limf(@,)
= lim p(,)(f) = n(f) = 1.

This is a contradiction. O

COROLLARY 3.9. Let G be a groupoid and let u € G°. Suppose that
f e APG).

() If n € p(G*) and 5, € p(G*) with n, — n, then Ty, —Tyrin
AP(G).

Gi) If n € 9(G,) and n, € p(G,) with n, — n, then Sy, , = Syr in
APG).

Proor. (i) By Theorem 3.7, T, ; and 7, s are in AP(G), hence

Ty, g, Ty rlg, are in {R} :x € G"}. Since T, is pointwise convergent

to 7',y in £>(G) and {R} : © € G"} is compact, thus T, [, converges to
T, rlg, in the norm topology of £>(G,). On the other hand, T), [¢\¢,) =
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Tﬂ,f|(G\Gu) = 0. Therefore, T, , converges to T, r in the norm topology of
AP(G).
(ii) The proof is similar to (i). O

THEOREM 3.10. Let G be a groupoid and n,0 € bG. Let {x,}; and {ys},
be nets in G, and G*, respectively, such that p(x,) — nand p(yg) — 0. Then

lim li[rin p(x,yp) = li/r;n lim p(x.,yp).

Proor. Letf € AP(G). We have:

lim 1i/gn o yp)(f) = lim 11;}1 faexyp)

= limlim ()L, )
= 1iorcn 0Ly, f) = lio{Tl o) Ty, )
=Ty, f).

By Corollary 3.9 (i), Tyiyp.r — To.rin AP(G). Therefore,
77(T9,f) = h/r}n ﬂ(TW(y/f),f)
= li/rin hin (P(x%)(Tw(yﬁ),f)
= li;n lim f(x,yp)

= lim lim p(x,y)(f).
B O

COROLLARY 3.11. Let G be a groupoid. If n € p(G,) and 0 € p(G®),
then
Ty, r) = O(S,, f).

Proor. We have:

Ty, ) = 1i;n 1101}1 o,y p)(f)
= lién lign p(@)(Ry, )

= lim (R, ) = lim p(y;)(S,. )
=0(S,, ¢).
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For a groupoid G, set
OGP = | oG x oG,  0G)g = |J 9@,

ucGO u,weGY

and
OOP = |J oG x oG

u,v,weGO

We define an operation “«” on (bG)(()2> by 1 * 0(f) = n(Ty, r), where (1,0) €
LeP.

THEOREM 38.12. Let G be a groupoid and u € G°. Then the map
n, ) —n=*0:p(Gy) x p(G*) — bG is continuous.

ProOF. Let ¢ >0, f € AP(G) and (,00) € p(G,) x p(G¥). Let V =
{yebG: |y(f)—nyx0(f)| <e}. By Corollary 3.9 (i), the map
0—Ty :p(G") — AP(G) is norm continuous. Therefore, there exists
an open set U; in DG containing 6, such that for any 6 e Uj,
HTO,f — TOo,fH < €/2 Let U2 = {y € bG - |)/(T()O_f) - ”0(T00¢fi)| < F/Z} For
(n,0) € Uz x Uy,

% 0Cf) — 19 * O0() = [1(To, 1) — no(T,, 1)

< |l To, 5 — Ty, r1l + 11(Toy, ) — 1o(Toy, )|

<e.
Let K be a set and let K® be a subset of K x K. If f € K, we set
Kr={g€K:(g.f) e K¥}, K ={geK:(fg) c K?).

DEFINITION 3.13. A Jordan semigroupoid is a triple (K, K@, %), such
that K is a set, K® is a subset of K x K and * is an operation from K® to K.

Let (4, A% %) and (A, A® %) be Jordan semigroupoids. A map
T : A — A is called homomorphism if (f,g) € A?, then (T(f), T(¢g)) € A'®
and T(f * g) = T(f) ' T(g).

THEOREM 3.14. Let G be a groupoid and let (K,K®, %) be a Jordan
semigroupoid such that K is compact Hausdorff topological space.
Suppose that

(i) For any feK, the map g—gf : Ky — K and the map
g—fg: K — K are continuous,
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(i) w:G — K is a homomorphism such that for any u € G°
w(G,) x w(G*) C K®.

Then there exists a unique continuous homomorphism @ : bG — K
such that @ o p = y.

Proor. LetF € C(K). We want to show that " oy € AP(G). To do this,
consider the map (t,s)— F(y(st)) : w(G,) x w(G*) — C. By assumption,
this map is separately continuous and hence the map x— L.F : w(G,) —
C(W) is norm continuous; see [1, Lemma B.3]. By continuity, the set
{LF :s € M} is a compact subset of C(y(G®)) and hence the set
{Ly@wF : © € G, } has compact closure in C(w(G™)). So, by applying Lemma
2.1, we conclude that the set {L.(F oy) : x € G, } has compact closure in
£°(G"), as required. Then it is easy to verify that the map 7 : C(K) —
AP(G) defined by T(F) = F o y is a *-homomorphism. If @ = 7%, then
@ : bG — K is continuous and @ o ¢ = y. For the last equality, suppose that
x € G. For any F' € C(K), we have:

F(D(p(x))) = o) (TI) = F o y(x) = Fy(x)).

Therefore, @ o ¢ = . Now, assume that (,0) € ¢p(G,) x p(G*) for some
u € G°. Let {x,}; and {y;}, be nets in G, and G", respectively, such that
¢(x,) — nand p(ys) — 0. Then

P() = lim Pp(x,)) = Himy(x,).

So @(n) € w(G,,). Similarly, &(0) € w(G*), and hence (@(n), D(0)) € w(G,) x
w(G*) C K@, Also, we have:

P(n) x P(0) = lim li/r}n D(p(x,)) * Dp(yp))
= lim li/r}n w(,) * y(yp)
= lim 11/1}11 l//(xotyﬂ)

= lim li/r}n D(p(x,yp) = D * 0).

THEOREM 3.15.  Suppose that G is a groupoid and (n,0) € (bG)f)Z).
(@) Let 0 € (bG)qy. Then n*0 < p(G,) if and only if 0 € p(GY) for
some u € GO.
(i) Let n € (bG)y. Then n* 0 € p(G®) if and only if n € p(GY) for
some u € G°.
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Proor. (i) Suppose that 0 € ¢(G%) and {x, },. ; and {¥.},. ; are nets in
G, and G}/, respectively, such that p(x,) — nand p(y,) — 0. Thenx,y, € G,

and hence 7 * 0 = lim p(x,)p(y,) € p(G,). Conversely, let 0 € p(G,) and
0 € p(GY). This implies that 1 * 0 € p(G,) N p(Gy). By Corollary 3.5, v = v'.
(ii) The proof is similar to (i). O

Let G be a groupoid. If f € AP(G), define f : G—C by f(x) = f(x~1). It
is easy to see that]A” € AP(G). We extend the inverse opezation “-1”onGto
an involution on OG. If 5 € bG, define n'(f) = n(f). Since fg=fg,
7! € bG and the map n+— 5! is continuous. Also, if 7 € ¢(GZ), then by
Theorem 3.12, s s p=vand nx 5t = u.

DEFINITION 3.16. Let A be a set and A® be a subset of 4 x A. An op-
eration * : A% — 4 is called to be associative if f,g, € A are such that
either

() (f,9) € A% and (g,h) € 4%, or
() (f,9) € A% and (f *g,h) € A?, or
(i) (g,h) € A% and (f,g+h) € A?

then all (f,9), (g, k), (f * g, h) and (f, g * k) lie in 4A?, and
(fxg)xh=fx(gxh).
THEOREM 3.17. Let G be a groupoid. Then
2

() the operation x : (bG);” — bG s associative.

(i) if n € p(Gu), then nxu =n.
(iii) if n € (0G) ) then (3,5 1) € (VG)? and (3,5 1) € GO

4. Equivalence relations as groupoids

Let X be any set and let R be an equivalence relation on X. Set

R = {((x, ), W,2) : @, 1), y,2) € R},

define (x, y)(y, 2) = (x,2) and define (x, y)fl = (y,x). Then it is easy to check
that R becomes a groupoid and it is evident that R© is the diagonal
A= {(x,x):xc X}. Also, for x € X,

G(xw) _ {ﬁé‘} x [x], G(;w) = [x] x {ﬁé‘}
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where [x] is used to designate the equivalence class determined by x. Two
extreme cases are to be singled out. If R = X x X, then R is called the trivial
groupoid on X, while if R = 4, then R is called the co-trivial groupoid on X.

Let R be an equivalence relation on a set X. So, f € /*(R) is almost
periodic if and only if for any « € X, the set {f; : s € [x]} is compact in
£2°([x]), where f; : [x] — C is defined by fi(t) = f(s, t).

DEFINITION 4.1. Let X be any set. A function f € /*°(X x X) is called
piecewise cylindrical if there exists a partition X, Xz, - - -, X, for X such that
forany1 <k <mn,s € X and t,t' € X}, imply f(s,t) = f(s,t'). We denote the
set of piecewise cylindrical functions on X x X by PC(X).

THEOREM 4.2. Let X be any set and let R be an equivalence relation on
the set X. Then for any x € X, PC([x]) is dense in AP(R)|(,. (.-

Proor. First, we show that PC([x]) is contained in AP(R)“MX[M.
Suppose that F € PC([x]). Thus there exists a partition Xi,Xs, -, X,
for [x] such that for any s € [x] and for any 1 <k <mn the identity
F(s,t) = F(s,t) holds for all ¢,t' € Xj.. If we define f°: R — C by

F(s,t) (s,1) € [a] x [x]

s, t) = {
0 (s,t) ¢ [x] x [x],

then f°| .,y = F. We claim that f* € AP(R). Let ¢ > 0 and y € X. Con-
sider subsets Xi,Xs, -, X, X1 = X\ [x]. By assumption, if ¢,t' € X,
then for all s € [y], | f°(s,t) — f(s,#)| = 0 < &. Therefore, by Lemma 2.1 the
set {f% : s € [yl} is compact in £*([y]). Thus 70 is almost periodic. Now,
suppose that f € AP(R) and suppose that ¢ > 0. By Lemma 2.1, there exists
a partition X1, Xo, - - -, X, for [«] such that if {,t' € X}, for some 1 < k < n,
then for all s € [x], | f(s,t) — f(s,t)] < &. Lett; € Xy,ts € Xp,---,t, € X, be
fixed points. Define F': [x] x [x] — C by Fy(s,t) = f(s, ty) if t € X}.. Triv-
ially, Fy € PC([x]) and if ¢ € X}, for some 1 < k < n, then

|[Fo(s,t) — f(s,0)] = | f(s,t) — f(s,0)] < e. N

Let R be the co-trivial groupoid 4. Trivially, every f € £>*°(R) is almost
periodic. So, AP(R) = £>°(R) and hence bR = 4. More generally, if R is
an equivalence relation on a set X such that every equivalence class of R is
finite, then AP(R) = ¢*°(R) and hence bR = fi4.
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THEOREM 4.3. Let R be the trivial groupoid on a set X. Then bR =
BX x pX.

Proor. We prove the theorem in the following steps.

Step 1. If {wy},c /o {¥s}se s {2, e s and {y, }, s are nets in X such that
lim#x, = lim«/, and limy, = limy/ (the limits are taken in the fX), then

lim p(x,, y,) = lim p(x), ¥,,).
To show that lim ¢(x,, y,) = lim p(x), %,) in DR, it is enough to show that
for every f € PC(X),

lim p(az,,, y,)(f) = lim oG,y )(f).

Let X1,X5,---,X, be a partition for X such that if £, ¢ € X}, for some
1< kng then@r any s € X, f(s,t) = f(s,t'). By Theorem 6.5 in [6], the
sets X1, Xy, - - -, X, (the closures are taken in fX ) are open and disjoint sets,
so, we can assume that there exists 1 <j < such that for any o € J,
Y, Y., € X;. Suppose that ¥, — 0in fX and t* is a fixed element in X;. Define
g(s) = f(s,t*). Thus g € ¢*~°(X) and we have:
lim gy, y,)(f) = Hmf (s, y.)
= limf(x,,t") = limg(x.)
= 0(g).

Similarly, lim p(x,, %)(f) = 0(g).

Step 2. If {p(x,,y.)},c,; and {p(x),y.)},.; are nets in DR such that
lim p(x,, y,) = lim (2, %,), then limx, = lima), and limy, = limy/,.
Let g € £>°(X). By Lemma 4.2 the map f defined by f(s,?) = g(s) is an
almost periodic function on R. So
hgn g(xv) = hin (P(%m %)(f)
= hgn (0(90;” y;)(f)

= lim g(x)).

Thus lim «, = lim «,. By the same proof, limy, = limy/.
o o o o

Let i3 : X — X be the injection map. Therefore, fX x fX is compact
semigroupoid (in fact it is groupoid as trivial groupoid on pX) and
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1pxig: X x X — X x fX is a continuous homomorphism which sat-
isfies all the conditions of Theorem 3.14. So, there exists a homo-
morphism y : b(X x X) — X x X such that yo¢p =1z x i5. We show
that w is an isomorphism. Let 6; and 60 be in b(X x X) such that

w(01) = w(02). Let {x,},c ;o {¥a}ye s {2}, y and {y, }, ; be nets in X such
that lim ¢(x,, y,) = 01 and lim ¢(x,,y,) = 0. We have:

lim i X ip(2, ¥2) = limy o p(2y, ys)
o o

= yw(01) = w(02)
= limy o ¢}, y,)

= lim iy x g, ).

Therefore, lim x, = lim«/, and limy, = limy,. Thus

01 = lim (0, y,) = lim o, y,) = Os.

Now, suppose that (y;, ) € fX x pX and suppose that {x,} and {y,} are
nets in X such that x, — y; and y, — y,. By passing to a subsequence,
we may assume that ¢(x,,¥,) is convergent in b(X x X). Let p(x,, y,) — 0.
We have:

l//((9) = hinl// © Q(xow ya) = 1151’1 Z[)’ X iﬂ(xomyoc) = (Vh Vz)-
O

REMARK 4.4. Let R be an equivalence relation on a set X and let
bo: X — DR be a map defined by bo(x) = p(x, x). Suppose that bX is the
closure of the image X under bd. Then (bX, ) is a compactification for X
which is called R-almost periodic compactification.
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