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Stability of Cartan-Eilenberg Gorenstein categories

L1 L1aANG(¥) - GANG YANG (¥%)

ABSTRACT - We study Cartan-Eilenberg Gorenstein categories by introducing CE-
projective CE-generators and CE-injective CE-cogenerators in the paper. We
give a relationship between injective cogenerators (resp., projective generators)
introduced by Sather-Wagstaff, Sharif and White and CE-injective CE-cogen-
erators (resp., CE-projective CE-generators). As applications, we prove some
stability results of Cartan-Eilenberg Gorenstein categories.

MATHEMATICS SUBJECT CLASSIFICATION (2010). 18G10, 18G25, 18G35.

KEYWORDS. Gorenstein categories, Cartan-Eilenberg Gorenstein categories, pro-
jective generators, injective cogenerators.

1. Introduction

Throughout this work, B denotes an associative ring with identity, and
by an R-module we mean a left R-module.

Auslander and Bridger [1] introduced the Gorenstein dimension for
finitely generated modules over a commutative Noetherian ring. Enochs
and Jenda [4] defined Gorenstien projective modules over arbitrary rings
whether the modules are finitely generated or not. It is well known that,
for finitely generated modules over commutative Noetherian rings, Gor-
enstein projective modules are actually the modules of Gorenstein di-
mension zero. Dually, Gorenstein injective modules were defined in [4].
Sather-Wagstaff, Sharif and White [7] introduced the concept of W-Gor-
enstein modules that unifies the concepts of Gorenstein projective and
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injective modules, and they studied the stability of Gorenstein categories by
using so called projective generators and injective cogenerators (see (2.3) for
definitions) that are very useful tools for studying Gorenstein categories.
In his thesis Verdier [8] considered Cartan-Eilenberg projective and
injective resolutions of a complex using the ideas of Cartan and Eilenberg
[2]. Furthermore, Enochs [3] introduced Cartan-Eilenberg Gorenstein
projective and injective complexes in terms of so called Cartan-Eilenberg
complete projective and injective resolutions, respectively. Using the ideas
of Sather-Wagstaff, Sharif and White [7], we introduce CE-projective CE-
generators and CE-injective CE-cogenerators in this paper (see Definition
3.2), which are useful for studying Cartan-Eilenberg Gorenstein cate-
gories. In particular, we give a relationship between injective cogenerators
(resp., projective generators) and CE-injective CE-cogenerators (resp.,
CE-projective CE-generators) as follows (see Theorem 3.3):

THEOREM A. Assume that W and X are classes of R-modules such that
W C X and W is closed under finite direct sums. Let CE(W) (resp.,
CE(X)) be the class of CE-W (resp., CE-X) complexes of R-modules. If X
is closed under extensions, then the following statements hold.

(1) W is an injective cogenerator for X if and only if CE(V) is a CE-
injective CE-cogenerator for CE(X).

(2) W is a projective generator for X if and only if CE(V) is a CE-
projective CE-generator for CE(X).

As an application of Theorem A, we get the next result that compares to
[3, Theorem 8.5] (see Proposition 3.7).

THEOREM B. If W is a class of R-modules closed under finite direct
sums satisfying W L W, then CE(Gr (W) = Geg(CEOW)) C Ge(CEOW)).
Furthermore, if W contains R or a faithfully injective R-module, then
Ger(CEOW)) = Go(CE(W)).

Sather-Wagstaff, Sharif and White gave a stability result of Gorenstein
categories as follows.

THEOREM. ([7, Theorem 4.9]) Assume that WV is a class of R-modules
closed under finite direct sums satisfying W 1L W. Let --- — X; —
Xo — X 1 — -+ be an exact complex of R-modules in Gr()V) such that
it is Hom(Gy(W),—) and Hom(—,Gr(W))-exact, then each K; =
Ker(X; — X;_1) is in GopOW) for i € 7.
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The next result shows that the corresponding stability result of Cartan-
Eilenberg Gorenstien categories is also true (see Theorem 3.12).

THEOREM C. Assume that Vis a class of complexes of R-modules closed
under finite direct sums. Let --- — G™! — G — G! — --- be a CE-exact
complex of complexes in Geg(V) such that it is Hom(V, —) and Hom(—, V)-
exact. Then each K' = Ker(G! — G*1)isin Geg(V) for i € 7. In particular,
Gee(GeeV) = Gep(V).

We notice that Theorem C does not need the condition V 1 V, and one
can find a partial converse in Proposition 3.15.

2. Preliminaries

We begin with some notation and terminology for use throughout this
paper.

X X

2.1. Let Abe an abelian category. A complex - - - — X3 2, Xo &, X q1— -
of objects of A willbe denoted by (X, 6%) or simply X. The nth boundary (resp.,
cycle, homology) of X is defined as Tmd™ 1 (resp., Kerd”, Kerd™ /Imd~ ,1)and
it is denoted by B,,(X) (resp., Z,(X), H,(X)). We let Z(X), B(X) and H(X)
denote the complexes of cycles, boundaries and homologies of X, respectively.
For any m € 7, 2™X denotes the complex with the degree-n term
(2™X),, = X,_n and whose boundary operators are ( — l)méif_m. We set
IM =3'M.

If X and Y are both complexes of objects of A, then by a morphism
o : X — Y we mean a sequence a, : X, — Y,, such that ocn,léf = 55 o, for
each n € 7. We let Hom(X, Y) denote the set of morphisms of complexes
from X to Y, and Ext!(X ,Y) (1 > 1) denote the right derived functors of
Hom. The mapping cone Cone(x) of « is defined as Cone(x), = Y,, & X,,_1

N
with nth boundary operator 95°"*® = (66‘ O(;;/Il ) For an object M of

n—1

A, we let Hom(M, X) denote the complex
-+ — Hom (M, X7) — Hom (M, Xy) — Hom (M, X_1) — ---

The complex Hom(X, M) can be given dually. Given a class D of objects of A,
we say that a complex X is Hom(D, —)-exact if Hom (M, —) exacts the
complex X for any M € D, that is, the complex Hom(M, X) is exact. The
term Hom(—, D)-exact is defined dually.
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Let M be an object of A. M is the complex

with all terms 0 except M in the degrees 1 and 0, and M denotes the
complex
..—>0—>M_)0_)...

with all terms 0 except M in the degree 0.

2.2. Let A be an abelian category and D a class of objects of A. Fol-
lowing from [7], an exact complex of objects in D is called totally D-acyclic
if it is Hom 4(D, —)-exact and Hom 4(—, D)-exact. Let G4(D) denote the
subcategory of A with objects of the form M = Ker(&jfl) for some totally
D-acyclic complex X; in this case we say that M is D-Gorenstein.

2.3. Throughout the paper, M always denotes the category of R-
modules, and C denotes the category of complexes of R-modules. We
usually use W and X to denote two classes of R-modules such that W C X
and W 1is closed under finite direct sums. We write X LW if
ExtL(X, W) = 0 for any X € X, W € W and i > 1. Following from [7], W
is called a cogenerator for X if, for each X € X, there exists an exact
sequence 0 - X — W — X' — 0 with W € Wand X’ € X. W is called an
mjective cogenerator for X if VW is a cogenerator for X and X L W.
Generators and projective generators can be defined dually.

The next definition can be found in [3].

DEFINITION 2.4. A sequence --- — X1 — X% — X! — ... of complexes
of R-modules is said to be CE-exact if

Qo XtToX0 Xt

@) - = ZX Y = Z(X0) - Z(XY) - -+,

@) -+ — B — BX") — B — -,

@) - —X1/BX) — X°BX% — X!/BX!) — -,

B) =X YZX Y - XY/Z2(X% — X1 /Z(X) — -, and
6) -+ — HX ) — HX%) - HXY) — ---

are exact.

By [3, Lemma 5.2], if (1) and (2), or (1) and (4) of Definition 2.4 are exact
then all of (1) — (6) are exact.
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2.5. Let W be a class of R-modules. Following from [3], a complex X of
R-modules is called a CE-WW complex if X, Z(X), B(X) and H(X) are
complexes of R-modules in WW. We denote the class of CE-WW complexes by
CE(WV). We sometimes name the CE-)V complex by the name of the class
W. For example, the CE-projective (resp. CE-injective) complexes are
actually the CE-P (resp. CE-7)-complexes, where P (resp. Z) is the class of
projective (resp. injective) R-modules.

Given two complexes X and Y of R-modules, it follows from [3,
Theorems 5.5 and 5.7] that there exist two CE-exact sequences

P11 Pl X 5 0and0—Y -1 = ' — ... where Piis a CE-
projective complex of R-modules for each i < 0 and I* is a CE-injective
complex of R-modules for each k& > 0. By [3, Proposition 6.3], we can
compute derived functors of Hom usmg either of the two sequences. We
denote these derived functors by Ext’ (X,Y). Note that CE- exact se-
quence of complexes of R-modules is exact. Thus we have Ext X,Y) C
Ext!(X,Y). One can check easily that for any CE-exact sequence
0—A — B — C — 0 of complexes of R-modules, there exist exact se-
quences

0 — Hom(X,A) — Hom(X,B) — Hom(X,C) — ml(XA) —
and
0 — Hom(C,Y) — Hom(B,Y) — Hom(4,Y) — E_xtl(C, Y)—

The next lemma was given in [3, Proposition 2.1 and Lemmas 9.1, 9.2
and 9.3].

LEMMA 2.6.  IfX is a complex of R-modules and M is an R-module, then
for any k € 7 we have the following statements.

(1) Hom(X, 2*M) =~ Hom(X;,/B.(X), M).

(2) Hom(Z*M, X) = Hom(M, Z(X)).

(3) Hom(X, 2*M) =~ Hom(X},, M).

) Hom(ZkM X) =~ HomWM, X, 1).

() Ext (X, 2*M) = Ext'(X;/Bp(X), M).

6) Bxt (ZFM, X) = Ext!(M, Z.(X)).

M) Bxt' (X, ZM) =~ Ext! (X, M).

©®) Ext (ZFM, X) = Ext'(M, X;.1).
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3. CE-Gorenstein categories

The next lemma that will be used frequently throughout the paper is
akin to [3, Proposition 3.3].

Lemma 3.1.  If W1W, then a complex X of R-modules is a CE-W
complex if and only if X can be written as the form of
(Bicz, 2'X5) x (@icr, X)) (07 (TTiey, 2'X0) % ([1ier, X)) with X; and
X! in W for each i € 7.

PRrROOF. Let X = (®jcy, 2'X;) x (Dicy, ZiXZf), where X; and X} are in W
for each i € 7. Since @®;c, 2" X; and @ie%ZiXZ{ are CE-WW complexes, we get
that X is a CE-W complex. o

Conversely, assume that X is a CE-WW complex. Then the sequences

0—-%2,X)— X, —B,.1X)—0
and
0 — By(X) — Z,(X) — H,(X) — 0

are split for each n € 7 since W_1W, and so X, = (B"(X) o B,.1X)®
H,(X). This implies that X = (®;c, 2"B;(X)) x (@, 2"H;(X)). By as-
sumption B;(X) and H;(X) are in W for each 7 € 7.

DEFINITION 3.2. Let V and Y be classes of complexes of R-modules
such that V C ). V is said to be a CE-cogenerator for ) if, for any
Y € ), there is a CE-exact sequence 0 — Y — V — Y’ — 0 such that
VeVand Y € ). We say that V is a CE-injective CE-cogenerator for
Y if V is a CE-cogenerator for ) and W(Y, V)=0 for any Y € ),
V €V and ¢ > 1. CE-generators and CE-projective CE-generators can
be defined dually.

The next result gives a relationship between injective cogenerators
(resp., projective generators) and CE-injective CE-cogenerators (resp.,
CE-projective CE-generators).

THEOREM 3.3. If X is closed under extensions, then the following
statements hold.

(1) W is an injective cogenerator for X if and only if CE(W) is a
CE-injective CE-cogenerator for CE(X).
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(2) W 1is a projective generator for X if and only if CEOW) is a
CE-projective CE-generator for CE(X).

Proor. We prove part (1); the proof of part (2) is dual. Assume that
W is an injective cogenerator for X, and let X € CE(X). Then B;(X) and
H;(X) are in X for all 1€ 7, and so there are exact sequences
0—BX)— W, =T, —0and 0 — H;(X) - W - T/ — 0 with W; and
W in W, and T; and T} in X. Note that the sequence

0 — Bi(X) — Z;(X) - Hi(X) = 0

is exact and Hom(—, W)-exact since X | W. Then by [5, Remark 8.2.2], we
get an exact sequence

0-ZX)-WaW'—-T;,—0

1

such that the diagram
0 0 0
0 —— B;(X) Z;(X) H;(X)——=0
0 w! W e W/ W 0
0 T/ T; T/ 0
0 0 0

with exact rows and columns is commutative. Since X is closed under ex-
tensions, T; € X. Note that the sequence

0-72,X)—X,—B,_1X)—0

is exact and Hom(—, W)-exact. Then by [5, Remark 8.2.2], we get an exact
sequence

0—-X, - WaoW'aW, ,—-X —0

such that the diagram
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0 0 0
00— Z;(X) X; Bi—1(X)——=0
0—=W oW —WeW/'aW/_, Wiy 0
0 T; X! T/, 0
0 0 0

with exact rows and columns is commutative. Since X is closed under ex-
tensions, X; € X. Now consider the following commutative diagram

0 0 0 0

Xit1 Bi(X) —= Z;(X) Xi

0 0 0 0

Then we get a CE-exact sequence
0—-X—-W-—=X —0,

where W = (e, 2 W{) X (Diey, EiWZf’ ). From the above constructions on
W and X', we get W € CE(W) and X’ € CE(X). Thus CE(W) is a CE-co-
generator for CE(X).

Let X c CE(X) and M e W, and let 0 = M — Iy —I_1 — --- be an
injective resolution of M. Then 0 — X*M — Z’“I_o — Zkg — .--is a CE-
exact sequence with Zkg CE-injective for each ¢ < 0, and so

Ext (X, 25M) =~ Bxt (X, 2¢Cy_y)
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for each ¢>1, where C;= Coker(l;;; — I;) for j< -1 with Cy=
Coker(M — I) and C; = M. By Lemma 2.6,

Bxt (X, 2¥Cy_;) = Ext! (X, /Bi(X), Co_) = Ext/(Xp/By(X), M) = 0
since Xj;/By(X) € X by the exactness of the sequence

0 — Hy(X) — X},/Bi.(X) — B;_1(X) — 0

and the fact that X is closed under extensions. Thus Ext'(X . ZFM) = 0 for
each i > 1. Similarly, Ext' (X, 2¥M) = 0. Note that W L W), then a CE-W
complex W can be written as the form of (], ., SIW;) x (ILier Z’iW{) with
W; and W} in Wby Lemma 3.1. Thus E_xtl(X, W) = 0for each W € CEOW).
This implies that CE(V) is a CE-injective CE-cogenerator for CE(X).
Conversely, assume that CE(V) is a CE-injective CE-cogenerator for
CE(X). Let M € X.Then M € CE(X), and so there is a CE-exact sequence

0—-M—-W-X =0
with W € CE(W) and X’ € CE(X). Thus we get an exact sequence
0—-M—W,—X;—0

with Wy € Wand W, € X. Thisimplies that 1V is a cogenerator for X. On the
other hand, for any M € X and N €W, by Lemma 2.6, we have
Ext'(M,N)=~Ext!(M, C) = ml(M,Q) ~Ext'(M,N) =0 since M € CE(X)
and N € CE(W), where C is an R-module. This implies that 1V is an injective
cogenerator for X. O

DEFINITION 3.4. Let V be a class of complexes of R-modules. We call that
a complex X of R-modules has a CE-complete V-resolution if there is a CE-
exact sequence --- — X! — X% — X1 — ... of complexes in V such that
the sequence is Hom(V, —) and Hom(—, V)-exact and X = Ker(X? — X).
The class of complexes X that has a CE-complete V-resolution is denoted by
GoeV).

COROLLARY 3.5. Let X be closed under extensions and W both an
myective cogenerator and a projective generator for X. Then CE(X) C
Gee(CEOW)).

Proor. Suppose that X € CE(X), then there is a CE-exact sequence

(%) 0-X-W -Xx"=0
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with W° € CEOW) and X° € CE(X) by Theorem 3.3. For W € CEOW), we
get an exact sequence

0 — Hom(X°, W) — Hom(W°, W) — Hom(X, W) — E—th(XO, W).

Since ml(XO,W):O by Theorem 3.3, the sequence (*) is
Hom(—, CE(W))-exact. Similarly, one can check that it is also
Hom(CE(W), —)-exact. Using the same procedure we can construct a
CE-exact sequence

) 0-X—-W =W — ...

with Wi € CE(OW) such that it is Hom(CE(W), —) and Hom(—, CE(W))-
exact.
Using the similar method we can construct another CE-exact sequence

® s W2 Wl X S0

with Wi € CEOW) such that it is Hom(CE(W), —) and Hom(—, CEOW))-
exact.

Now assembling the sequences (1) and (}) we get a CE-complete
CE(W)-resolution of X, and so X € Gog(CE(W)). O

LEMMA 3.6. LetW L W. IfX € CE(W), then X /B(X) is a complex of R-
modules in W.

Proor. If W L W, then Wis closed under extensions since W is closed
under finite direct sums. Note that H;(X) and B;(X) are in W for all i € Z,
then X;/B;(X) € W since the sequence

0 — H;(X) — X;/B;X) — B;_1(X) — 0
is exact. This implies that X /B(X) is a complex of R-modules in W. O

The next result augments Corollary 3.5 in the special case X' = Go(W).

ProposiTiION 3.7. If W LW, then CE(GyOW)) = Gee(CEW)) C
Ge(CEW)). Furthermore, if W contains R or a faithfully injective R-
module, then Ger(CEOW)) = Go(CEW)).

Proor. By [7, Theorem B and Corollary 4.7], Gr(WV) is closed under
extensions and )V is both a projective generator and an injective cogen-
erator for G (W). Thus CE(Gy (W) C Gee(CEW)) by Corollary 3.5. For
the inverse containment, we let X € Gog(CE(W)). Then there is a CE-exact
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sequence
(*) ~--—>W71—>W0—>W1—>

of complexes in CE(W) such that it is Hom(CE(W),—) and
Hom(—,CE(W))-exact and X = Ker(W? — W!). Let M € W. Then
2*M € CEOW), and so Hom(Z*M, —) and Hom(—, 2*M) exact the se-
quence (). Thus Hom(M, —) and Hom(—, M) exact the sequence

for any k€ 7 by Lemma 2.6. Note that X; = Ker(W) — W}), then
X € GuW) for each k € 7.
Since 2*M € CE(W), we get an exact sequence

-+ — Hom(W', 2*M) — Hom(W’, 2*M) — Hom(W !, 2*M) —
and so the sequence
- — Hom(W} /By(W'), M) — Hom(W?/B,(W®), M) —
— Hom(W, ! /B, (W), M) —
is exact by Lemma 2.6. Consider the following commutative diagram

0 0

l |

3
<> Hom(W}/Br(W1), M) > Hom(W? /By (W?), M) = Hom(W, ' /B, (W~1), M) > - --
14 )

| l

Hom (W2, M) M) ——

-+ — Hom(W}}, M)

l l

k
-+ —= Hom(B, (W), M) —— Hom(By(W?), M) —— Hom (B, (W), M) —
0 0

Note that the first and second rows of the above diagram are exact, and all
columns are exact since the sequence

0 — By(W) — Wi — Wi/B(W') — 0

Hom(

0

is split exact for any ¢ € 7 by Lemma 3.6. Thus the last row of the above
diagram is exact. This implies that the sequence

() - = By W) — By(W”) — By (W) — -
is Hom(—, W)-exact for any k € 7.
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On the other hand, since the sequence
- — Hom(Z*M, W) — Hom(Z*M, W°) — Hom(Z*M, W') — -
is exact, we get an exact sequence
-+ — Hom(M, Z;(W™1)) — Hom(M, Z,(W®)) — Hom(M, Z;,(W")) — - --
by Lemma 2.6. Consider the following commutative diagram

0 0 0

-+ — Hom(M, Zy(W 1)) —= Hom(M, Z1,(W°)) —= Hom (M, Zs,(W1')) — - -

-+ — Hom(M, W, ) Hom(M, W) ——— Hom(M, W) — - --

-+ = Hom(M, Bj,_1 (W) = Hom(M, Bx_;(W?)) = Hom(M,By_; (W) = --- .

| |

0 0 0

Note that the first and second rows of the above diagram are exact, and all
columns are exact since the sequence

0 — Zp(W') — W — Br_1(W') — 0

is split exact for any ¢ € Z. Thus the last row of the above diagram is exact.
This implies that the sequence (1) is Hom(W, —)-exact for any k € 7. Thus
B.(X) = Ker(B,(W°) — B.(WY) € Go(W) for any k € 7. Similarly, one
can check that Z;(X) and Hi(X) are in Gy,y(W) for any k € 7. Thus
X € CE(Gr(W)). This implies that CE(G (W) = Gee(CEOW)).

By definition, Gog(CEW)) C Go(CE(W)). Let X € Go(CE(W)). Then
there is an exact sequence

) e X o x0 o xt

with X’ € CE(W), such that the sequence is Hom(CE(W),—) and
Hom(—, CEOW))-exact and X = Ker(X? — X). If R € W, then 2R ¢
CE(W) for any k € 7, and so the sequence

-+ — Hom(2*R, X ') — Hom(2*R, X°) — Hom(2*R, X!) — -
is exact. Thus the sequence
ce— Zk(X_l) — Zk(XO) — Zk(Xl) — .
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is exact by Lemma 2.6. This implies that the sequence (1) is CE-exact, and
80 X € Geg(CEW)). If W contains a faithfully injective R-module E, then
S*E € CE(W) for any k € 7, and so the sequence

.+ — Hom(X", 2*E) — Hom(X?, 2*E) — Hom(X !, 2*E) — - -
is exact. Thus the sequence
= X BrX T = X /BrX®) — X} /BrXh) — -
is exact by Lemma 2.6. This implies that the sequence (1) is CE-exact, and

s0 X € Ger(CEOW)). O

The next result extends [6, Theorem 3.6]. We prove it using a different
method for our convenience.

ProposiTiON 3.8.  Assume that A is an abelian category and D is a
class of objects of A. Let
(+) 0-M LML m—o
be a sequence in A, and let
o (5}”/ !

o

W’+E~--—>Wéi>W{ - Wy —M —0
be a sequence with W; € D, and

N oy oy o
w E--~—>W2—>W1—>Wo—>M—>0

a Hom(D, —)-exact sequence. Then there is a sequence

W”+E--~—>W2@W{HWI@Wé—)WOa—N)MN—)O
satisfying the following statements.

@) If (%) is exact and H;(W') =0 =H;_{(W'"), then H;(W"*) =0,
where 1 € 7.

@) If Hom(A,—-) exacts (*x) and H;(HomA, W)=0=
H;_{(Hom(A, W'")), then H;(Hom(A, W"")) =0, where A is an
object of A and 1 € 7.

3) If Hom(—,A) exacts (*x) and H;(Hom(W* A)=0=
H;_{(Hom(W'", A)), then H;(Hom(W"* A)) =0, where A is an
object of A and 1 € 7.

Furthermore, if A is the category of complexes of R-modules, then we
have the next statement.

@) If (x),W* and W't are CE-exact, then so is W',
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Proor. By hypothesis, there is a map 4™ : W'+ — W+ of complexes of
R-modules with 2", = f. Consider the following commutative diagram

0 0 0 0 0
YIM = 0 0 M —sM —-0—
Cone(A\T)=-- =W oW =W oW, =Wy M — M —0—
Wit = .. —>W26:W1’—>W1@=W6—> 0~ M)
0 0 0 0 0

where o« = go. In the following, we show that W”* satisfies the conditions
desired.

). If H;(W*) =0 = H;_{(W'"), then H;(Cone(1")) = 0 since the se-
quence

) 0— W' — Cone(A") — ZW'* =0
is exact. Note that the sequence
0— X 'M — Cone(i") — W' — 0

is exact, then H;(W”"*) = 0 since HJ(E*IIW) =0 for anyj € 7.
(2). Note that the exact sequence () is degree-wise split, then the se-
quence

0 — Hom(A, W) — Hom(A4, Cone(A")) — Hom(A, ZW'") — 0
of complexes is exact, and so H;(Hom(A4, Cone(1"))) = 0 since
H;(Hom(A, W*)) = 0 = H;_1(Hom(4, W'")).
On the other hand, since the sequence
0 — Hom(A, X 'M’") — Hom(A, Cone(1 ")) — Hom(A, W) — 0

of complexes is exact clearly under the hypotheses, and
H;(Hom(A, X'M")) = 0 for any j € 7, we get

H;(Hom(A, W) = 0.

(3) can be proved in the same way as in the proof of (2).
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(4). Assume that A is the category of complexes of R-modules, and
(*),W* and W't are CE-exact. Then the sequences

-+ — Hom(Z*R, W;) — Hom(X*R, W) — Hom(Z*R, M') — 0

and

-« — Hom(Z*R, W;) — Hom(Z*R, W) — Hom(Z*R, M) — 0

are exact by Lemma 2.6. Consider the following commutative diagram

0 0 0

. Hom(S*R,W)) Hom(%*R, W) — Hom(S*R, M) =0

o> Hom(ZFR, Wy @ W) = Hom(SFR, Wy © M') - HOHI(Ek_Ea M) =0

- Hom(SFR, W) Hom(3¥ R, M) 0 0
0 0 0

Since all columns of the above diagram are exact, we get that the sequence

.- — Hom(Z*R, W; & W})) — Hom(Z"R, Wy ® M') — Hom(2*R, M) — 0

is exact. Consider the following commutative diagram

0 0

-+ > Hom(XFR, W) @ W}) = Hom(XFR, Wy @ M') — Hom(XFR, M) —

.+ > Hom(XFR, Wy @& W) — Hom(%

KR, Wy) —= Hom(XFR, M")

0 0

0

Since the sequence () is CE-exact, we get that all columns of the above

0 Hom(¥*R, M') —— Hom(X*R, M') — 0

0

= 0.
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diagram are exact. On the other hand, note that the first and second rows of
the above diagram are exact, then so is the third row. This implies that the
sequence

T Zk(Wl S W(/)) — Zk(W()) — Zk(M”) —0

is exact for any k € 7 by Lemma 2.6. The complex W"* is exact by (1), and
so it is CE-exact. O

The next corollary is immediate by Proposition 3.8.

COROLLARY 3.9. Assume that A is an abelian category and D is a
class of objects of A. Let
0—-M —-M—-M' —0
be an exact sequence in A, and let
W, ,— =W Wy —>M —0

be an exact sequence with W, € D, and

w,—-W,1—-—-Wi —Wg—M—0
an exact and Hom(D, —)-exact sequence. Then there is an exact sequence
W, oW, — - —>WiaW,—-Wy—M"—0
satisfying the statements (2), (3) and (4) of Proposition 3.8.

The following corollary can be checked easily using induction on ¢.
COROLLARY 3.10. Asswme that A is an abelian category and D is a
class of objects of A. Let
Mt . oMM —-M—0
be an exact sequence i A, and let
Wti+i—>-~-—>W{.—>W8—>M7.’—>O

be exact and Hom(D, —)-exact with each W; € D. Then there s an exact
sequence

WileoWw, e oW - =W, oW) - W) — M —0
satisfying the statements (2), (3) and (4) of Proposition 3.8.
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Furthermore, we have the next result that is a tool for the proof of
Theorem 3.12.

COROLLARY 3.11. Assume that A is an abelian category and D is a
class of objects of A. Let

M2 oMM - M0
be an exact sequence in A, and let
s WS WS W - M -0
be exact and Hom(D, —)-exact with each W} € D. Then there 1s an exact
sequence
o WlReWreW) - WileW) - W) - M —0
satisfying the statements (2), (3) and (4) of Proposition 3.8.

The dual versions of Proposition 3.8 and Corollaries 3.9, 3.10 and 3.11
can be given easily.

The next result compares to [6, Theorem 4.1] and [7, Corollary 4.10]. We
notice that this result does not need the condition V 1 V.

THEOREM 3.12. Assume that V is a class of complexes of R-modules
closed under finite direct sums. LetG=--- -G 1 -G - G — ---bea
CE-exact sequence of complexes of R-modules. If G € Gor(V) foreachi € 7.
and G is Hom(V, —) and Hom(—, V)-exact, then K' = Ker(G' — G*1) e
Gee (V) for each i € 7. In particular, we have Gop(Geg(V)) = Geg (V).

ProOF. We only need to prove that K! = Ker(G! — G?) is in Geg(V).
Since G' € Geg(V) for each i € 7, there is a CE-exact sequence
s Wi WG =0
of complexes of R-modules for each i < 0 with W}' € V such that it is
Hom(V, —) and Hom(—, V)-exact. Thus there is a CE-exact sequence
t) s WlteWle W) - Wile W) — W) — K — 0

of complexes of R-modules such that it is Hom(V, —) and Hom(—, V)-exact
by Corollary 3.11.
On the other hand, note that there is a CE-exact sequence

0-G =W, =W, - ..
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of complexes of R-modules for each ¢ > 1 with WjZ €V, such that it is
Hom(V, —) and Hom(—, V)-exact, then there is a CE-exact sequence

1) O—>K1—>W£1—>W£2@W%1—>W£3€BW%2@W§1—’

of complexes of R-modules such that it is Hom(V, —) and Hom(—, V)-exact
by the dual version of Corollary 3.11.

Now assembling the sequences (1) and (1) we get K! € Gop(V) since Vis
closed under finite direct sums. O

LEmMA 3.13.  The following statements hold.

M WLX if and only if Eixtl(C,D) =0 for any C e CEW)
D e CEWX) and 1 > 1. ,

@) X LW if and only if Ext(D,C)=0 for any C e CEW)
D e CEX) and 1 > 1.

Proor. We prove part (1); the proof of part (2) is dual. Let W € WW and
k € 7. Then Ext (XW, D)~ Ext (2*T, D) =~ Ext!(T, D},) = Ext'(W,D;) =0
by Lemma 2.6, where T is an R-module. On the other hand, E—xtl(Z’“W, D) ~
Ext (2*T, D) = Ext\(T, Zu(D)) = Ext'(W, Zi(D)) = 0 by Lemma 2.6. Note
that W L W, then C can be written as the form of (Djcz SIW;) x
(Bie7, Z’iW{) with W; and W} in W by Lemma 3.1, and so WI(C, D) = 0 for
each ¢ > 1.

Conversely, fix W € W and X € X, then Ext'(W,X) =~ Ext'(T,X) =
Ext (T, X) ~ Ext (W, X) by Lemma 2.6, where 7'is an R-module. Note that
W e CE(W) and X € CE(X), then W(E,)_() =0, and so Exti(W,X) =0
for each 7 > 1. O

The next result can be checked easily.

LEmMMA 3.14. Let W be closed under extensions, and let
0-X -X—-X"—-0

be an CE-exact sequence of complexes of R-modules. If X' and X" are in
CEOW), then so is X.

We close the paper with the following result that contains a partial
converse of Theorem 3.12.
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PrOPOSITION 3.15. Let WL W, and let G=---—-G 1 -G —
G' — - be a CE-exact sequence of complexes of R-modules. Then
G' € Geg(CEOW)) for each i€”Z and G is Hom(CEOW),—) and
Hom(—, CEOW))-exact if and only if K' = Ker(G' — G™*1) € Geg(CE(W))
foreach i € 7.

Proor. By Theorem 3.12, we only need to prove the “if” part. Let
K' € Geg(CEOW)) for each i€ 7. Since CE(GOW)) = Gee(CEOW)) by
Proposition 3.7, we get that G' € CE(G,(W)) for each i € 7 by Lemma
3.14 since Gr(W) is closed under extensions by [7, Theorem B], and so
G 61 Ger(CE(W)). Now we only need to prove that Ext (T,K)=0 and
Ext (K, T)=0 for any T e CEOW) and K € Gecg(CEOW)). Let

=01 —=C"—=C'— ... be a CE-exact sequence of complexes of
R-modules with Ct e CE(W) such that it is Hom(CE(W) —) and
Hom(—, CEOW))-exact and K = Ker(C® — C1). Since Ext' (T,C% =0 by
Lemma 3.13, we get an exact sequence

0— Hom(T, K) — Hom(T, C*) — Hom(T, L})— Ext (T, K) — Ext (T, C*) =0,
where L' = Ker(C' — C?). On the other hand, the sequence
0 — Hom(T, K) — Hom(T', C®) — Hom(T',L') — 0

is exact and so Ext (T,K)=0. Similarly, one can check that
Ext (K,T)=0. Thus G is Hom(CE(W), —) and Hom(—, CE(W))-exact. O
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