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Simple sufficient conditions for bounded turning

NIKOLA TUNESKI (*) - MASLINA DARUS (*%) - ELENA GELOVA (¥%%)

ABSTRACT - Let f be an analytic function in the open unit disk normalized such that
f(0) =f"(0) — 1 = 0. In this paper the modulus and the real part of the linear
combination of f'(2) and f(2)/z is studied and conditions when f is of bounded
turning are obtained.
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1. Introduction and preliminaries

Let A denote the class of analytic functions in the unit disk
D ={z:]2|] < 1} that are normalized such that f(0) =f'(0) —1=0, i.e.
fR) =z2+a® +az®+ .

A function f € A is in the class of starlike functions, S*, if and only if

2f"(2)
f®
Such functions are univalent and their geometric characterization (which

motivates the name of the class) is that they map the unit disk onto a
starlike region, i.e. if w € f(D) then tw € f(D) for all ¢ € [0, 1].

Re[ }>O, z € D.
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Another well-known class of univalent functions is the class of functions
with bounded turning,

R={feA:Ref(z) >0,z €D}

More details on these classes can be found in [2] (section 2.5) and [3] (section
5.5). One of the main results concerning them is due to Krzyz ([7]), who
proved that S* does not contain R and R does not contain S*. This makes the
class R interesting and lots of research is dedicated to it. Some references in
that direction are [6] — [9].

In this paper we will study the linear combination of two simple ex-
pressions, f'(z) and f(z)/z, i.e. we will study the modulus and the real part
of

(1) oc~f'(z)+ﬁ'@
and obtain criteria for a function f' € A to be of bounded turning. For that
purpose we will use a method from the theory of differential subordinations.
Valuable references on this topic are [1] and [3].

First we introduce subordination. Let f, g € A. Then we say that f(z) is
subordinate to g(z), and write f(2) < g(2), if there exists a function w(z),
analytic in the unit disc D, such that w(0) = 0, |o(z)| < 1 and f(z) = g(w(z))
for all z € D. In particular, if g(z) is univalent in D then f(z) < ¢(z) if and
only if £(0) = ¢g(0) and f(D) C g(D).

For obtaining our main result we will use the method of differential
subordinations. The general theory of differential subordinations, as
well as the theory of first-order differential subordinations, was in-
troduced by Miller and Mocanu in [4] and [5]. Namely, if ¢: 2= C
(where C is the complex plane) is analytic in a domain D, if h(z) is
univalent in D, and if p(z) is analytic in D with (p(2),2p’(z)) € D when
z € D, then p(z) is said to satisfy a first-order differential subordina-
tion if

(2) d(p(2),2p'(2)) < ().

A univalent function ¢(z) is said to be a dominant of the differential sub-
ordination (2) if p(z) < ¢(z) for all p(z) satisfying (2). If ¢(z) is a dominant of
(2) and q(z) < q(z) for all dominants of (2), then we say that ¢(2) is the best
dominant of the differential subordination (2).

From the theory of first-order differential subordinations we will make
use of the following lemma.
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LeEmMa 1.1 [[5]]. Let q(z) be univalent in the unit disk D, and let 0(w)
and (w) be analytic in a domain D containing q(D), with ¢(w) # 0 when
w € q(D). Set Q) = 2q'(2)p(q(z)), (z) = 0(q(z)) + Q(z), and suppose that

1) Q) is starlike in the unit disk D; and

. W @) [ 0'(q(2) ZQ’(z)}) 5
" Re o (‘ Re{¢(q<z>) Tow ) hEED

If p(z) s analytic in D, with p(0) = ¢(0), p(D) C D and
(3) 0(p()) + 2p'(2)¢(p(2)) < 0(q(2)) + 2q' (2)p(q(2)) = h(z),
then p(z) < q(2), and q(z) is the best dominant of (3).

Now, using Lemma 1.1 we will prove the following result.
LEmMMA 1.2. Let f € A and a,f € C\ {0} be such that o+ =0 or
o+ f = 1. Also, let q(z) be univalent in the unit disk D with q(0) = 0 and

zq”(z)
q'(2)

. . 1
Additionally, in the case when o+ =1, let Re M > —1and

4) Re {14— } >0, zeD.

zq”(z) B 1 |
(5) Re [l—i— /()]> Rea, zeD.
If
/ f(z)
(6) a-fl@R)+p- < @+ P) - [q) + 1] + 0z2q'&)(= h(z))
then f(z) —1 < q@), and q(z) is the best dominant of (6).

Proor. The functions 0(w) = (o + f) - (w + 1) and $(w) = « are analy-
tic in the domain D = C which contains ¢(D) and ¢(w) # 0 when w € g(D).
Further, Q(z) = 2¢'(2)¢(q(z)) = uzq(2) is starlike since

2Q' () zq”(z)}
Q) q()

furthermore for the function 2(z) = 0(q(z)) + Q(z) we have

2h/(2) a+f  2¢" ()
Qe e [1 e

for o + f = 0 due to (4) and for o + f = 1 due to (5).

Re

Re[1+ z e Dy

Re

}>0, z e,
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f()

Now, let choose p(z) = — 1 which is analytic in D, p(0) = ¢(0) = 0 and

p(D) C D = C. Finally, bearlng in mind that subordinations (3) and (6) are

equivalent, from Lemma 1.1 we deduce the conclusions of Lemma 1.2. [

2. Results on the modulus of (1)

In this section we will study the modulus of (1) and obtain conclusions
that lead to criteria for a function f to be in the class R.

THEOREM 2.1. Let fe A, >0 and o, € C\ {0} be such that
1
a+pf=00ra+f=1.Also, whenoc+/5':lletRe&> 1. If

@_ _ ) owelal, e+ p=0
M e f@+p @+ p) <5{ﬂ.|1+a|’ it f1'
forall z € D, then

(8) J%—l <u, zeD.

This implication is sharp, i.e., in the inequality (8) u cannot be replaced by
a smaller number for the implication to hold. Also,

2u, x+f=0
fe—-1<i= , z€D.
PO (b e

This implication is also sharp, i.e., A cannot be replaced by a smaller
number for the implication to hold, if

@) a+p=0;0r ) )

(i) a+f=1and ‘1—#—‘ + ‘1—&‘ =2.

Additionally, if u< < = for a+p=0 or
a+pf=1thenf € R.

1+1’+'1—1’ Sl Sfor
o o )z
zq/l(z)

q'(2)
and (5) from Lemma 1.2 both hold. Further, for the function /(z) defined

ProOF. Choosing q(z) = uz we have 1+

=1, meaning that (4)
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in (6) we have
Wz) = o+ f + uzQCu + f),

meaning that the subordination (6) is equivalent to

‘fl'f'(z)Jrﬂ f(z)(owrﬁ)‘ <p-2u+pl=06, zeD,

and so equivalent to (7). Therefore, (8) follows directly from Lemma 1.2 and
the definition of subordination.
Further, for all z € D,

f (2)

’ @R +p- —(a +ﬂ)‘

2 [FE) — 114 B- [f(Z) 1”

and
ol 17 @ -1 < ool @ =114 (L2 [ g | T2 ]|

<O+l u=1od Ay

since |w; | < w1+ wa|+ |wa|. Therefore, the implications of this corollary holds.
Both implications are sharp as the function £,(z) = z + uz> shows, since

[ (Z)

=p-2e+pl-Jzl=0-2[, 2€D,

£
2z

—1'—;1-z|7 z e D,
|fl@)—1=2-u-|z|, z€D,

and 2u = Aif (i) or (ii) hold. O

3. Results on the real part of (1)

In this section we study the real part of the expression (1) and obtain
criteria that ensure that a function f € A is in the class R.

THEOREM 3.1. Let fe A, >0 and o,f € C\ {0} be such that
1
oc+ﬂ:007‘oc+ﬁ:1‘Also,whena+/3:1letRe&>0.lf

®  af@pl?

5 = hQ(Z)

< (o +/>’)<1+ 2ﬂz)+ 2oz

1 (1-2)
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then

(10)
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Re{@} >1—pu, z€D.

This implication is sharp, i.e., in the inequality (10) u cannot be replaced
by a bigger number so that the implication still holds.

PRrooF.

1.2 for q(z) =

The implication of this theorem follows directly from Lemma

1 1
1-2 . Condition Re - > 0 stands in place of Re — > —11in

order for (5) to hold. The result is sharp, as can be seen from the function
fi(2) = 2+ z - q(z) for which

and Re ——

a-flR)+p-
f ()

f@

= (o 4ﬂ)<1+ 24z > L e

11— 1 —2)

=1—uforz=-1

In the case when o + ff = 1 we obtain the following corollary.

COROLLARY 3.2. Let fe A, o> 0and > 0. If

(11)

then

{f@+ﬂ—@fo]

>1—ﬂ~(1+%), zeD,

Re[@} >1—pu, ze€D.

If; additionally,

@) a>land u<1;o0r
(i) a<1andu>1;

then

(12)

Ref’(z)>1—;,u, ze€D.

These results are sharp.

Proor.

Let o + f = 1. Then, for the function %y defined in (9) we have

2uz 2001z
-z 1-2?%

ho(z) =1 +
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h(0) =1 and
ha(e?) =1 — %(1 1) — gt i,

where t = ctg(6/2). Therefore,

X=Reh(e“’):l—,u<%+1> —%-Y%

where
Y = Imh(e?) = ut

attains all real numbers. This leads to
iy _ 1 BN_* 2
hz(e){oc+zy.oc1 ﬂ<1+2> zﬂy,yeR}.

From here, bearing in mind the definition of subordination, the
inequality (11) and the fact that

{x+iy:x> 1—/1(1 —i—g),yeR} C he(D),

we obtain the subordination (9). Therefore, from Theorem 3.1 it follows
that

Re {@] >1—u, z€D.
Further, in the case when (i) or (ii) holds we have
1
Ref/(z):&' {Re |:O('f/(2)+(1—06)'@:| — (1 —a)-Re [@}}
1 o 3
>o-u(14d) —a-wa-p| =1-2 4,
forall z € D. )
2
The results are sharp in view of the function f,(z) = z + lﬂzz for which
2 . N
f@fz =145 = 9@, D) = {w +iy 0 > 1 - wy € R},
f:(2)

o fi2) + 1 —oa)- = ha(?)

z

and

Re f!(z) = Reha(z) = 1 —;-/x for z=-1.



238 Nikola Tuneski - Maslina Darus - Elena Gelova

In a similar way to Corollary 3.2, for the case « = —ff = 1 we obtain

COROLLARY 3.3. Let f € Aand u > 0. If

@} >—H, zeD,
z 2

(13) Re [f’(z) —

then Re[@]>1—ﬂ, 2eD, and Ref’(z)>1—;,u, zecD. If,

additionally, u < 3 then Re f'(z) > 0,z € D, i.e. f € R. Both implications
are sharp.

REFERENCES

[1] T. BULBOACA, Differential subordinations and superordinations. New re-
sults, House of Science Book Publ., Cluj-Napoca, 2005.

[2] P.L. DUREN, Univalent functions, Springer-Verlag, New York, 1983.

[3] S.S. MILLER - P.T. MocaNu, Differential subordinations, Theory and Appli-
cations, Marcel Dekker, New York-Basel, 2000.

[4] S.S. MILLER - P.T. MocANU, Differential subordinations and univalent
Sfunctions, Michigan Math. J. 28 (1981), pp. 157-171.

[6] S.S. MILLER - P.T. MocaNu, On some classes of first-order differential
subordinations, Michigan Math. J. 32 (1985), pp. 185-195.

[6] R.W. IBrAHIM - M. DARUS, Extremal bounds for functions of bounded
turning, Int. Math. Forum 6 (33) (2011), pp. 1623—-1630.

[7] J. KRrzYZ, A counter example concerning univalent functions, Mat. Fiz.
Chem. 2 (1962), pp. 57-58.

[8] N. TuNESKI, Some simple sufficient conditions for starlikeness and convex-
ity, Appl. Math. Lett. 22 (2009), pp. 693—697.

[9] N. TuNESKI - M. OBRADOVIC, Some properties of certain expression of analytic
Sfunctions, Comput. Math. Appl. 62 (2011), pp. 3438—3445.

Manoscritto pervenuto in redazione il 17 Aprile 2013.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends false
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 1200
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1800
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 2.66667
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /NOR <>
    /SVE <>
    /KOR <FEFFc5c5bb34c6a90020bb38c11cb97c0020ac80d1a0d558ace00020c778c1c4d558b2940020b3700020c801d569d55c00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c9002540875284e8e55464e1a65876863ff0c53ef4ee553ef9760573067e5770b548c6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef69069752865bc6aa28996548c521753705546696d65874ef63002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
    /ITA <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


