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A class of Caffarelli-Kohn-Nirenberg type inequalities on
the H-type group!
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ABSTRACT - This work is devoted to establish a class of Caffarelli-Kohn-Nir-
enberg type inequalities on the H-type group. Inspired by the idea of
Chern J.L. and Lin C.S., a function transformation is introduced. Com-
bining some elementary inequalities and some accurate estimates, we es-
tablish a class of weighted Hardy-Sobolev type inequalities and then obtain
our main result, namely Caffarelli-Kohn-Nirenberg type inequalities on the
H-type group.
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1. Introduction

In [4], Caffarelli, Kohn, and Nirenberg established the following first
order interpolation inequalities with weights, known as Caffarelli-Kohn-
Nirenberg (CKN) inequalities.
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Theorem A Let p,q,r,a,f3, 7,0 and a satisfy
p,g>1,r>00<a<1

1.1) 1 1 1
’ _+Ea _+%>Oa

where y = ao + (1 — a)fs. Then there exists a positive constant C such that
the following inequality holds for all w € C3°(R")

) “ 1-a
(12) laful < Cllel* Vel g e e,

if and only if the following relations hold:
1 1 -1 1
(1.3) —+y:a<—+a )+(1—a)<——|—£>
p n q n

ron
(this is dimensional balance),
0<oa—0g if a>0,
1 o—1 1 1y

o—0c<1 ifa>0and —+ =—+ .
P n ron

Furthermore, on any compact set in parameter space in which (1.1), (1.3)
and 0 < o — o < 1 hold, the constant C is bounded.

It is well known that CKN inequalities include some important integral
inequalities. For instance, the case a =1, y=o—1 and the case
a=1, o« =y =0 are corresponding to Hardy inequality[9] and Sobolev
inequality, respectively. While the case a = 1 is Hardy-Sobolev inequal-
ity[1]. So, CKN inequalities can be expected to apply more extensively to
related PDEs.

In 1986, Theorem A was extended to the higher order case by Lin C.S.
(see [21]). In [13], Gutierrez and Wheeden gave a class of weighted local
Sobolev interpolation inequalities and derived global Laudau inequalities.
For applications, many authors have discussed the best constants and
extremal functions of CKN inequalities (see e.g. [5],[20]), which play im-
portant roles in many problems, such as eigenvalue problems, existence
problems of equation with singular weights, regularity problems, ete. (see
[1], [3], [4], [5], [6], [7], [9], [12], [13], [20], [21] and references therein).

H-type group G was introduced by Kaplan in [18], which is a class of
Carnot group. If the dimension of the center of Lie algebra of an H-type
group is trivial, then the H-type group is isomorphic to Heisenberg group.
Analysis on the H-type group is motivated by its role as an important
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model in the general theory of vector fields satisfying Héormander’s con-
dition (see [2], [11], [10], [14], [15], [17], [18], [24]).

Some important integral inequalities have been obtained and applied to
related problems. For example, Hardy-Sobolev type inequality has been
obtained by the second author and Niu ([15]) On the H-type group.
Therefore, we desire to know whether CKN inequality in Theorem A is
true on the H-type group. This paper will give a positive answer for the
case 1 < p < @, where ) is homogeneous dimension of H-type group.

To state our results, we need to describe some preliminaries for H-type
group G (more details can be found in [10], [11], [18] and references therein).

Consider a Carnot group G of step 2, with Lie algebra g = V; & V,. We
assume that g is equipped with a scalar product (-, -), with respect to which
the V/s are mutually orthogonal. We use the exponential mapping
exp: g — G to define analytic maps & : G — V;,2 = 1,2, through the
equation g = exp (&(9) + &(9)). Here, &(g) = &1(g) + &(g) is such that
g = exp (&(g)). With m = dim(V7) and V; = span{Xy,- -, X;n} X1, -, X
are orthonormal), the coordinates of the projection &; in the basis
Xy, -+, Xy, are denoted by a1 = 21(9), - - -, X = %, (9); that is,

i) = (@, Xj), j=1,.m,

and we set x = x(g) = (x1(g), - - -, % (9)) € R™. Similarly, for a fixed ortho-
normal basis Y7, - - -, Y}, of Vi, we define the exponential coordinates in the
second layer V5 of a point g € G with

and y = (y1,---, ) € R".
For each v € V7, consider the orthogonal decomposition

Vl :Kv ®R7)7

where K, =ker(ad, : V1 — Vo) = {v/ € V1 : [v,0'] = 0}. We say that the
Lie algebra g is of H-type if the mapping ad, : R, — V2 is a surjective
isometry for every unit vector v € V; and the corresponding simple con-
nected group G is named H-type group.

A family of dilations is defined by

8,(x,y) = Qae, 2y), for any 1 > 0, (x,y) € G.

The homogeneous dimension of G with respect to dilations is @ = m + 2k.

Recently, using Hardy-Sobolev type inequality and interpolation
technique in [17], a class of CKN type inequalities on the H-type group has
been obtained as follows:
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Theorem B Set p,q,7,f,7,0 and a such that

(1.4) {1<P<Qaqm>L 0<a<l,
m>ypr>—Q, m>pqg>—Q,

where

(15) y=ac+ (1 —a)p.

For any u € C°(Q), there extists a positive constant C such that

™ s
(/p—wﬂ} lul" duwdy
G
(e N
<C /\XuF” dxdy /ﬁp”ﬂu\q dxdy
G G

holds if and only if the following relations hold:

1
p

(1.6)

i () ooy
((1.7) is dimensional balance),
1.8) 0>oa, if a >0,
(1.9) c>-1, ifa>0and -L1_1.7
p Q@ r @
where Xu = Xyu,---,X,u) s the generalized horizontal gradient,

p= (|ac(g)|4 + |16|y(g)|2)% is the norm function and dxdy is the Haar mea-

sure on G.

Obviously, Theorem B had initially investigated that the CKN in-
equality holds in the specific model of vector fields satisfying Hérmander’s
condition. However, it is not completely analogous to Theorem A.

In this paper, we will establish the following generalizing CKN type

inequalities on the H-type group G.

THEOREM 1.1.  Set p,q,r, o, f, 7,0 and a such that
1<p<Q, ¢>1, r>0, 0<a<l,
(1.10) w+Q >0, ap+Q>0, fg+@>0,
m+ (@ —ypr>0, m-+(—pB)qg>0,
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where
1.11) y=ao+ 1A —a)p.

For any u € C3°(Q), there exists a positive constant C such that

(a=yyr !
(2"

1.12) @

Z |96" (a=P)q
<C /|p"'Xu|p dxdy /(7> PP dedy
G G

holds if and only if the following relations hold:

l-a
q

1 9 <1 oc—l) <1 ﬁ)

1.13 “t+L=al =+ +A-a)-+%
a1 et e )T T
(the dimensional balance condition),
(1.14) o—a>0, if a>0,

. 1 o—1 1 1y
(1.15) o—0c<1, ifa>0and —+——=-+=.

/ e T

To prove Theorem 1.1, we employ the idea of [16], [17]. So we need
firstly to establish a class of weighted Hardy-Sobolev type inequalities as
follows:

THEOREM 1.2. If 1<p<@Q, 0<s<p, oc>p;Q, P.(s,p, Q) :p(Q__s),

then there exists a positive constant C = C(s,p, o, Q) such that for every
u € DLP(H,),

Qs

S| | oty |P-(5:0.Q) e
(1.16) / “f)T"”’LT dady < c( / | "X’ dacdy) ,
G G

where D};f’(G) ts the closure of C°(G) with respect to the norm

lull? = / PP Xul? dedy.
G

REMARK 1.3. When o« = 0, Theorem 1.2 and Theorem 1.1 are Hardy-
Sobolev type inequality (see [15]) and CKN type inequality (see [17]), re-
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spectively. When a = 1, conditions of Theorem 1.1 imply

1 1 -1
0<a—og=a—y<1, —+£:_+_“ ,

Q p Q
and then p <r < p* = QQ_p . So, there exists t € [0,1] such that
_ p@ —
r=tp+QA-tp" = )
P p* Q p

and (o — o)r = tp. Substituting » and « — ¢, (1.12) becomes the weighted
Hardy-Sobolev type inequality (1.16).

As far as we know, on the H-type group, there are fewer inequalities,
which are similar to (1.6) and (1.12). Main known results were derived by
Lu in [22], [23] on stratified nilpotent Lie group. There, through approx-
imating Sobolev functions by polynomials, Lu gave both local and global
Sobolev interpolation inequalities (weighted and nonweighted version) of
any higher orders for the Folland-Stein Sobolev spaces on stratified nil-
potent Lie group and on Boman chain domains. But, these results are
different from the results of Theorem B and Theorem 1.1.

The paper is organized as follows. In Section 2, we introduce some basic
facts for the H-type group. Section 3 is devoted to the proof of Theorem
1.2. In Section 4, we complete the proof of our main result, namely The-
orem 1.1, by using some accurate estimates and weighted Hardy-Sobolev
type inequality.

2. Some known results

In [10], [11], Garofalo and Vassilev pointed out that

o 1 B
Xj_a—+§§;<[éx] Yid g,
0 1 B

:a_ _;[fl,X]Y> By =1,...,m,

where ¢=¢ +&%eg=V1@PVo,x=(x1,...,20) ER™ y=y1,...,yr) € RF.
Denote by
Xu = Xqu, Xou, ..., X,u),

m
divX(”la“Za e ;um) = E quu



A class of Caffarelli-Kohn-Nirenberg type inequalities etc. 255

and
m
Lu = ZX?@L
i=1
the horizontal gradient, horizontal divergence and sub-Laplacian, respec-
tively.

The norm function on G has the form
plg) = d(g,0) = (x(@)[" + 16y (@),
where 0 is the unit element of G. It is easy to verify that (see [10], [11])

2 2
X)) = 4k@P,  |[X(y@)P)| = @) Ply@)

2
X)), X(y@)H) =0, |[Xp|* = |90§)92)| ’

La@P) =2m. L) =& )P,

()| l(g)|®
Lp=@Q-1) 5 (X (|9, Xp) = 5
Denote by Br(é) = B(&,R) = {ne Gld(&,n) = ply &) <R} the ball

centered at & with radius R and let (x*, y*) = (% ,%) be a point on the unit

sphere S = {g € G : p(g) = 1}.
The polar coordinates formula (see [2], [8], [14]) is stated as follows:
There is a unique Radon measure du on S such that for all f € L1(G),

2.1) / fle,y) dedy = / / f oo,y )p? dudp.
G 0 S

Moreover, authors of [2], [14] gave the explicit polar coordinates transfor-
mation, Jacobian and the following criteria for the integrability of |x|”p?.

1) Ifp+m>0and p+q+Q >0, then [ |x|’p? dedy < +oc;
By

2) Ifp+m>0andp+qg+Q<0,then [ |xfp?dedy < +oc.
G\B,
Setting

1 1
q

|(a7ﬁ)q

p
x
A= (/|p°‘Xu|” dacdy) , B= ( w/ﬁﬂmq dacdy) ,
G G
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(1.12) can be rewritten as

1

>

|x|(d*}')7’
P " dedy | < CA°B°,
G

p(%—y)?“

Rescaling % such that A°B'~® =1, our goal becomes to investigate the
following inequality

r

ol
/ Il dady | <.

G

In the sequel, let @(&)(0 < @ < 1) be a fixed Cg° function on G satisfying

1, ifp< 1,
2.2) &=
0, if p>1.

3. Weighted Hardy-Sobolev type inequality

In this section, we devote to establish a weighted Hardy-Sobolev type
inequality. To this end, we introduce the following known facts firstly.

1
ProposITION 3.1 [Theorem 4.2, [17]]. Let p>1,a € R and 5—1—

1 ..
X Q >0. For any fcC(G), there exists a positive constant
P
C= (L> such that
Q—p+op
3.1) “p% lf—|p dedy < C [ p?|Xf|” dwd
. P b b Y = P Y.
G G

ProprosITION 3.2 [see [3]]. For all &,&E € R", the following inequal-
ities hold:

D. Ifp<2

&+ &l — (&l — pl& P2 (E, &) < CO)|éP,

& — &

&P — |G - pl& PR E, & - &) > Clp)—2—L
|Sa (ST ST (S 1) p(\§1|+lfz|)27p
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2). If p > 2

&+l —lal —plal e, a < P2 ga)+ g ia?,

Gl — &P — plaP (&, & — &) > C)E — &,

where (&1, &) represents the common inner product.

ProrosiTIiON 3.3 (Lemma 2.1, [19]). For any &, n e R" and 1 > 0,
Y+ A = G DIl E ) > 0.

Moreover, the equality holds if and only if & = n.

Proof of Theorem 1.2: The condition o > p-Q deduces that

O(p*(s,p,Q)—8+Q>0, pa+Q>07

which ensure that the right and left integral of (1.16) are well defined. For
any u € C3°(G), take w = p*u and then

/|Xw|p dady = / | p*Xu + ap* uXp|P dudy
G G

Jee]
p

p
<cf (p’”“lXul” " |oc|*’|p“u|p('%) ) dudy.
G

From (3.1), we see that [ |[Xw|" dedy < +oc, i.e., w € Dé’p (@). A straight-
G

p
</ (p“|Xu+|u|p“-1|u| ) dudy
G

forward computation shows that

|9€|§ |pau|px(8,PaQ) |x|5 |w|P*(S-P1Q)
G G
and
(3.3) /|p°‘Xu\p dxdy = /]Xw—ocpflepV dxdy.
G G

According to the Proposition 3.2, we will discuss under the case p < 2 and
p > 2, respectively.
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3.1-Casep <2

By the first case of Proposition 3.2, it holds

C(p)/|waocp*1pr\p dacdy
> [ {|pr e
G

_ HMX P20X ) Xw — ap~wXp) Sdad
ool = (Xpl" " (Xp, Xw — ap™ wXp) rdady

_ P p|x|pw
—G/{|Xw +p- v

o w|w|P2 N
e 2<Xp,Xw>}dacdy.

Since
p—2
ol [P . X) dndy
G
—afal’ % [ P1Xp* Xp, Xl dady
G
= — oo " / lw|Pdivx (p" P | Xp|P %X p) dady
P P
=— oc\oc|p_2(Q — p)/ﬂﬂ ddy,
/)p pp
G
it follows
C(p)/!waocpflepV dady > / | Xw|” dady
3.4) ¢

p—2 |x|p
+afafP2Q - p+a<p—1>>/ " dudy.

Because of o >

p—Q
p

, it knows that @ —p + a(p — 1) > 0. If o < 0, com-
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bining the Hardy type inequality (3.1), we can deduce from (3.3) and (3.4)
that

3.5) C(p)/’p“Xu‘p daedy > Cl/|Xw\p dady,
G G

where

P
Ci=1+ oc|oc|p72(Q —p+oalp—1) (Qp_p>

P NP
- (pr) {(Qpp) +o<|oc|“<Q—p)+|a|”(p—1)}.

Choosing fzi%,n:a in Proposition 3.3, we have Cj > 0. If

o >0, (3.5) holds obviously with C; = 1. Then, (1.16) can be obtained
by Hardy-Sobolev type inequality (see [15], namely the case o« =0 in
(1.16)).

3.2 -Casep > 2
Taking & = ap 'wXp, & = Xw — ap~'wXp in Proposition 3.2,

222D (ot 4 () X0 — 2
S Pp—D
=72
_Pp—D

2

(2]op ' wXp| + |Xw|)p72|Xw — ocp‘lep|2

(’ocp’lep’ + ]Xw — ocp’lep|)p_2

- Xw — oc/f1pr|2
> Xwl’ — |ap~twXp|”

— p|ocp*1pr}p_2<ocp*1pr,Xw — aplwXp)

[of?

= X0 + (o — Dl B
pp pp

— pajaPH X" (pt "X p, wlw]P P Xaw).

Denote by C; = 2""2% and then
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G
Jel” Jol”

Cy / (|ap~ X p| + [Xuo))" | Xo0 — op~ wXp|” dardy
{ prpr

> / Xul? + @ — Diaf”
G

36 - pa|a\”*2|Xp|P*2<plprp,w|w|P*2Xw>} dady

PP
= /{|Xw|p + oo EHQ — p + alp — 1))‘9;7', %} dady
G
>Cs

/ | Xw|P dady,
G

where C2 > 0 and the argument of the last inequality in (3.6) is similar to the
case p < 2.

On the other hand, by Hélder inequality, Minkowski inequality and
Hardy type inequality (3.1), it is obtained that

¢ / (Jap X p| + X)) 2| X0 — op X pl? dledy

G
2
P
<C ( / | Xw — ap~wXpl” dxdy)
G
p=2
P
. (/(|ocp1pr’ + | Xwl)” dacdy)
G

37 <C (/‘Xw opwXp|” dxdy)
G
: </|ocp1pr|p dwdy) + (/ | Xw[P dacdy)
G G
p \"* -
<C; (1 + o > /|Xw|p dxdy
Q-p J
. (/]Xw—ocplep]p dxdy) .

G

p—2
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Combining (3.6) and (3.7), there exists a constant C3 > 0 such that

Cs / \Xw|P dady < / | Xw — op~wXp|” dudy.
G G

From the Hardy-Sobolev type inequality on the H-type group, it arrives
at (1.16).

4. CKN type inequalities with 1<p< @

For the necessity of Theorem 1.1, since the detailed computations
can be found in [17], [16], [4], we give only a simple sketch as fol-
lows: (1.13) and (1.14) can be obtained by scaling and translation,
while (1.15) can be deduced by construction a class of specific test
functions.

In the sequel, we mainly devote to the proof of the sufficiency. In
addition, if @ =0, then (1.12) obviously holds; if a =1, we complete
the proof in Remark 1.3. So we need only to treat the case
0<a<l.

4.1 - Sufficiency when 0 <a <1, 0<a—0<1

1 ao—o—-1\"
For p < (p+”> <p*, an argument similar to the one

Q
in the Remark 1.3, shows that there exists #0 <¢<1) such that

-1 -1
(1+ac a 1> :P(Q tp) 1 o-a 1> = tp. Hence,

» g Q—>p a“d‘“”)(;f Q

17(171)*1

‘96‘| (d*ﬂ)(ll—)ﬂ’ 0] ‘p‘xu|(%+“’5’l)fl
p (=) +25D
G P

L
gC(/ | p* Xu|P dxdy)
G

P
1 1 —o—1 1-—
By (1.11) and (1.13),; = a(ﬁ + x ZQ ) + p ¢ < 1.Forr > 1,we have

ta)

D
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(=)

G

oa—g—1

Ly ool
|90| (o~ rf)(,,+ ) |p u|(1+°‘ g=1y-1 G
= /( ) (2=0)(E+ 21" 7 dady
p »

l-a r—

G
(=P ! (=
(/ (“) pMmme) (/(%5 pﬂMme>
G G

a
l-a r—

<C ( | p* XulP dxdy)
G

| (@=Pq 7 || (= "
A D) arasay ) ( [() priardsay)
G G

and hence (1.12) holds. For » = 1, we argue with the same way.

4.2 — Sufficiency when 0 <a <1, « —o > 1

-1 1
* £ . + i Using the discussion in the end

Q TrqQ

of Section 2, we assume A“B'~® = 1 and want to prove that

) *"
4.1) / (7) P ul" dady
G

is bounded. In Subsection 4.1, (1.12) has been checked for « — ¢ =1 and
o — o = 0. Hence, we conclude that

|x| (3{7())8 |x| (mfe)t
4.2) /(7) P uPdaedy < C, /< ) P |ul'dedy < C,
G

where 0, s, ¢ and ¢ satisfy

1
(1.15) tellsus a < 1,5 +

d=b-o+ 1 -0,
1_5.1-5_3

43) s p q Q

: e=d-(a—1D+0A-dp,
1 d 1-d
—_—= 4 —
t p q
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for some choices of b and d, 0 < b,d < 1, and then

@4 {m+(oc—5)s>07 0s+@Q >0,

. m+(—et >0, e+@>0.

Obviously,
1 ¢ 1 o-1 1 p
—+—=dl = 1-d)|-+%
e ) v a(ig)
1 7 l al) 1_ <1 E)
7'+Q a<p+ ) +1-a) q+Q ,
1 o 1 a—1 1 ﬂ)
—+—==0b( = 1-0(-+% .
S+Q <p+ 2 )+( )<q+Q

1)Casel+a;1<1+£.Takeb<a<dandthen
p Q@ q¢ Q
1 ¢ 1 y» 1 ¢

A direct computation shows that

1 1 u (1 1 1>+CL(OCO')
Q )

1 1 1 1 ale—o—1)
=G g)

<1 oc—y) (1 oc—e)

—+ -{z+

¥ m t m
:(a—d)<l—l+l(ﬁ+1—oc)>+a(a—a—1)(l+l>,

p q m Q m

(1 oc—y) (1 ot—é)

-+ —(=+

rooom s m

1 1 1 1 1 1
:(a_b)(ﬁ_6_§+ﬁ(ﬂ_a)) +0L(0€—0')<§+%>,

Since ¢ > 0,0 — g > 1, we see

alo—c—1) ale— o)

Q Q
0<a(fx—0—1)<%+%) <a(oc—a)<%+%)

0<
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and for sufficiently small |d — a| and |b — a,

1 1>1
s’ rt’
o —

ups

(4.6) +

m

_|_

1
r
1 1
r t
1 oz—y>1 oz—é.
rooom s

Combining (4.5) and (4.6), one gets

tr tr
M+(8—V)m>0, (V_E)E+Q>O7

@D sr sr
ol ) .
m+ 0= — >0, -9 — +Q<0

By Holder inequality it yields

(=)
()t
G

1
m

“.8) _
e\ *
<c / Z) uldady
G
and
|90| (o=y)r ) ;
/ (7) (1 — Dl dady
4.9) ¢

s

|.’X/“ (t—0)s . °
<C / (7> p*lul’dady |
G

where @ is defined in (2.2). Combining (4.2), (4.8) and (4.9), we conclude that
(4.1) holds.
1 2-1 1 §
2) Case];+7>5+%.Taked < @ < b such that |[d — a| and |b — a|
are sufficiently small. Then (4.3)-(4.7) hold. This implies that (4.2), (4.8) and

(4.9) are true. So (4.1) holds.
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