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Finite p-supersoluble groups with
some E-S-supplemented subgroups

CHANGWEN L1 (*) - X1AOLONG YU (**) - NA TANG (i)

ABSTRACT - Let H be a subgroup of a group G and H,; denote the subgroup of H
generated by all those subgroups of H which are S-permutably embedded in G.
H is said to be E-S-supplemented in G if there exists a subnormal subgroup 7" of
G such that G = HT and H N T < H,. In this paper, we investigate the influ-
ence of some E-S-supplemented subgroups on the structure of finite groups.
Some new characterizations of p-supersoluble groups are obtained.
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1. Introduction

Throughout this paper, all groups are finite. Most of the notation is
standard and can be found in [4] and [17]. G always denotes a finite group and
p denotes a prime. G is said to be p-nilpotent if it has a normal p-complement
and G is called a p-supersoluble group if its every p-chief factor is cyclie. It is
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easy to see that if G is p-nilpotent then G is also p-supersoluble. In the sequel,
U, will denote the class of all p-supersoluble groups and G%» will denote the
U,-residual of G, i.e., the intersection of all normal subgroups N of G with
G/N € U,.

Recall that a subgroup H of G permutes with a subgroup K of G if HK is
a subgroup of G; H is said to be S-permutable in G if H permutes with all
Sylow subgroups of G. This property extends normality and permutability
and was introduced by Kegel [10] in 1962. It turns out to be useful in es-
tablishing results concerning the group structure. On the other hand, the
study of the generalizations of S-permutability is also one of the most
fruitful research areas. For instance, Ballester-Bolinches and Pedraza-
Aguilera [2] said that H is S-permutably embedded in G, if for each prime p
dividing the order of |H|, a Sylow p-subgroup of H is also a Sylow p-sub-
group of some S-permutable subgroup of G. Skiba [20] called that H is
weakly S-permutable in G if there is a subnormal subgroup 7' of G such that
G =HTand HNT < Hy;, where H; is the subgroup of H generated by all
those subgroups of H which are S-permutable in G. Using these general-
ized permutable subgroups, one has given a series of necessary and suffi-
cient conditions for nilpotency, supersolubility, existence of Sylow towers
and, more generally, for belonging to saturated formations containing some
of these classes (see [1, 11, 14, 18, 19]). In order to unify above mentioned
subgroups, Li, Zhang and Yi in [12] introduced the following concept:

DEFINITION 1.1. Let H be a subgroup of G and H,; denote the subgroup
of H generated by all those subgroups of H which are S-permutably em-
bedded in G. If there is a subnormal subgroup 7' of G such that G = HT and
HNT < H,, then H is called E-S-supplemented in G.

In [12], the authors improved a nice result of Skiba which gives some
conditions under which every G-chief factor of a normal subgroup £ of G is
cyclic. In present paper, we continue the work of [12] to study the influence
of E-S-supplemented on the structure of finite groups. More precisely, we
study p-supersolubility of finite groups under the assumption that some
special subgroups are E-S-supplemented.

2. Preliminaries

LemMa 2.1 ([12, Lemma 2.2]). Suppose that H is E-S-supplemented in G.
(1) If H < L <G, then H is E-S-supplemented in L.
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@) If NdG and N < H < G, then H/N 1is E-S-supplemented in G/N.
3) If H is a n-subgroup and N is a normal n'-subgroup of G, then
HN/N 1is E-S-supplemented in G/N.

LEmMA 2.2 ([14, Lemma 2.3]). Suppose that H is S-permutable in G, and
let P be a Sylow p-subgroup of H. If Hg = 1, then P is S-permutable in G.

LeEmMa 2.3 ([13, Lemma 2.6]). Assume that L is a nontrivial normal
subgroup of G and L N &(G) = 1. Then the Fitting subgroup F(L) of L lies
m Soc(G) and therefore F(L) is the direct product of the minimal normal
subgroups of G contained in F(L).

LeEmMA 2.4 ([3, Theorem 2.1.6]).  If G is p-supersoluble and O, (G) = 1,
then the Sylow p-subgroup of G is normal in G.

3. Main Results

THEOREM 3.1.  Let p be a fixed prime dividing the order of G and L a p-
soluble normal subgroup of G such that G/L is p-supersoluble. If there
exists a Sylow p-subgroup P of L such that every maximal subgroup of P is
E-S-supplemented in G, then G is p-supersoluble.

Proor. Suppose that the theorem is false and let G be a counter-
example of minimal order. We will derive a contradiction in several steps.

(1) G is p-soluble.

This follows directly from the p-solubility of L and the p-supersolubility
of G/L.

@) 0,(G) = 1.

If T=0,(G)#1, we consider G =G/T. Clearly, G/L =~ G/LT =
(G/L)/(TL/L) is p-supersoluble by the p-supersolubility of G/L, where
L =LT/T. Let P, = P,T/T be a maximal subgroup of PT/T. We may
assume that P; is a maximal subgroup of P. Since P; is E-S-supplemented
in G, the subgroup P1T/T is E-S-supplemented in G/T by Lemma 2.1(3).
The minimal choice of G yields that G is p-supersoluble, and so G is also p-
supersoluble, a contradiction.

(3) If N is a minimal normal subgroup of G, then N is an elementary
abelian p-group.
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This follows from Steps (1) and (2).

(4) G has a unique minimal normal subgroup N contained in L such that
G/N is p-supersoluble.

Let N be a minimal normal subgroup of G contained in L. Obviously,
N < P and P/N is a Sylow p-subgroup of L/N. Let P;/N be a maximal
subgroup of P/N. Then P; is a maximal subgroup of P. By hypothesis, P; is
E-S-supplemented in G and so P;/N is E-S-supplemented in G/N by
Lemma 2.1(2). Since (G/N)/(L/N) = G /L is p-supersoluble, G/N satisfies
all the hypotheses of our theorem. It follows that G/N is p-supersoluble by
the minimality of G. Noticing that the class of all p-supersoluble groups is a
saturated formation, we have N is the unique minimal normal subgroup of
G contained in L.

() IN] > p.
It is clear by Step (4).
(6) The final contradiction.

If N is contained in all maximal subgroups of G, then N < &(G) and so
G is p-supersoluble. This contradiction shows that there exists a maximal
subgroup M of G such that G = NM and N N M = 1. Let G, be a Sylow p-
subgroup of G containing P. Then G, = N(G, N M) and G, "M < G,.
Take a maximal subgroup G, of G, containing G, " M and set P; = G; N P.
Then |P:Pi|=|P:GiNP|=|PGy:G1|=1|Gy:Gi|=p and so P; is a
maximal subgroup of P. First, we have N ¢ Py. If not, P=PNG, =
PN NGy =N(GiNP)=NP; =Py, a contradiction. Secondly, we have
NNPy#1.Ifnot, [N: PyNN|=|NP;:Pi|=|P:Pi|=pandso P1NN
is a maximal of N. Therefore |[N| = p, which contradicts Step (5).

By hypothesis, P; is E-S-supplemented in G. Then there is a subnormal
subgroup 7" of G such that G = P1T and Py NT < (Pq),q- Since |G : T|is a
power of p and T'<< G, OP(G) < T. We know G/OP(G) is a p-subgroup, so
G/OP(G) is p-supersoluble and G/(N N OP(G)) <G/N x G/OP(G) is p-su-
persoluble. Then N N OP(G) # 1. Since N is the minimal subgroup of G,
NNOP(G)=N and so N < OP(G). It follows that N N P; = N N (P1)eg-
Obviously, (P1).q # 1. Let Uy, U, ..., U be all the nontrivial subgroups of
P; which are S-permutably embedded in G. For every i € {1,2,...,s},
then there is an S-permutable subgroup K; of G such that U; is a Sylow p-
subgroup of K;. Suppose that for some 7 € {1,2, ..., s}, we have (K;)q # 1.
Then we can take a minimal normal subgroup D of G such that D < (K;)g.
In view of Step (3), D is a p-group. Then D < (P1),q < P; < L. By virtue
of Step (4), D = N. Consequently, N < P;. This contradiction shows
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that for all 7 € {1,2,...,s}, we have (K;)¢ =1. By Lemma 2.2, U; (i €
{1,2,...,s}) are S-permutable in G. It follows that (P;),s is S-permutable
in G. Let G, be any Sylow g¢-subgroup of G with p # ¢. Then
(Pl)eGGq = Gq(Pl)e(;. Since NNPi=NnN (Pl)eG =Nn (Pl)eGGq, we have
N N Py is normalized by G,. Since P = G, NL, we have P<G, and so
P, 4G,. It follows that N N Py is normalized by G,. Therefore, N N P; is
normal in G. The minimality of N implies that NN Py =1or N C Py, a
contradiction. O

We can choose L to get some results of special interest. For example, if
we choose L = G or L = G, then we obtain the following criteria for p-
supersolubility of groups.

COROLLARY 3.2. Let P be a Sylow p-subgroup of a p-soluble G, where p
18 a fixed prime divisor of |G|. If all maximal subgroups of P are E-S-
supplemented in G, then G is p-supersoluble.

COROLLARY 3.3. A p-soluble G is p-supersoluble if and only if all
maximal subgroups of any Sylow p-subgroup of GYr are E-S-supplemen-
ted i G.

In the following, we shall denote by F',,(G) the p-Fitting subgroup of G.
In fact, F),(G) = O0,p(G).

THEOREM 3.4. Let p be a fixed prime dividing the order of G and L a p-
soluble normal subgroup of G such that G/L is p-supersoluble. If all
maximal subgroups of F,(L) containing O, (L) are E-S-supplemented in
G, then G is p-supersoluble.

Proor. Suppose that the theorem is false and let G be a counter-
example of minimal order. We will derive a contradiction in several steps.

1) Op(L) =1.
If Oy (L) # 1, we consider the factor group G/0,(L). First,
(G/O0y L)) /(L/Oy(L)) = G/L
is p-supersoluble. Now O, (L/O,(L)) =1 and F,(L /Oy (L)) = F,(L)/ Oy (L).
Let M /0,,(L) be a maximal subgroup of ¥,(L,/O,y(L)). Then M is a maximal

subgroup of F,(L) containing O, (L). Since M is E-S-supplemented in G, in
view of Lemma 2.1(2), M /O,(L) is E-S-supplemented in G/O,/(L). Thus
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G /0, (L) satisfies the hypotheses of the theorem. The minimality of G im-
plies that G/O,/ (L) is p-supersoluble and so G is p-supersoluble, contrary to
the choice of G.

@) LneG)=1.

Write H=LN®&(G). If H #1, we consider the factor group G/H.
By virtue of [9, III, 3.5], we have F(L/H) = F(L)/H and so F(L/H) =
O,(L)/H. On the other hand, writing K/H = Oy (L/H) and letting S
be a Hall p’-subgroup of K we have K =SH, and by the Frattini
argument G = KNg(S) = HNg(S) = Ng(S) and S« G. Therefore S =1
and Oy(L/H) = 1. This implies that F,(L/H) = O,(L/H) = 0,(L)/H =
F,\L)/H. If Pi/H is a maximal subgroup of F,(L/H), then P; is
maximal in F,(L) and, by our hypothesis, it is an E-S-supplemented
subgroup of G. Hence P;/H is E-S-supplemented in G/H by Lemma
2.1(2). Now the minimality of G implies that G/H is p-supersoluble
and then so is G, which contradicts the choice of G.

(3) The final contradiction.

Since L is p-soluble and O(L) = 1, we have C7,(0,(L)) < O,(L) by [5,
Theorem 6.3.2]. Now &(L) =1 implies that F(L) = O,(L) is a nontrivial
elementary abelian p-group by [9, 111, 4.5]. Thus Cr(#(L)) = F(L). By
hypothesis, all maximal subgroups of F(L) are E-S-supplemented in G.
Applying [12, Theorem 1.4], all G-chief factors of F'(L) are cyclic. In view of
Lemma 2.3, we have F/(LL) = Ny x Ny x - - - x N,, where N; is a minimal
normal of G with order p. Since for each 7 the factor group G/Cq(N;) is
isomorphic to some subgroup of Aut(N;), we have G/Cs(N;) is cyclic.
Consequently, G/Cs(N;) is p-supersoluble. From the p-supersolubility of
G/L, it follows that G/(L N Cq(N;)) = G/CL(N;) is p-supersoluble. There-

fore G/ (T) Cr,(N;) is p-supersoluble. In fact, what we really have is G/F (L)
i=1
is p—sup:ersoluble because
(CL(N) = CL(F(L) = F(L).
i=1

However all G-chief factors of F'(L) are cyclic of order p and hence G is p-
supersoluble, a contradiction. O

COROLLARY 3.5. Let G be a p-soluble group, where p is a fixed prime
dwisor of |G|. Then G 1is p-supersoluble if and only if all maximal
subgroups of F,(GYr) containing O, (GY) are E-S-supplemented in G.
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THEOREM 3.6. Let p be a prime diwiding the order of G and P a
Sylow p-subgroup of G. If Ng(P) is p-nilpotent and all maximal sub-
groups of P are E-S-supplemented in G, then G is p-nilpotent. In par-
ticular, G is p-supersoluble.

Proor. It is easy to see that the theorem holds when p = 2 by [12,
Theorem 5.1], so it suffices to prove the theorem for the case of odd prime.

Suppose that the theorem is false and let G be a counterexample of
minimal order.

(1) If H is a proper subgroup of G with P < H < G, then H is p-nilpotent.

It is easy to see that Ny(P) < N (P) and hence Ny (P) is p-nilpotent. By
Lemma 2.1(1), all maximal subgroups of P are E-S-supplemented in H.
Hence H satisfies the hypothesis of our theorem. The minimal choice of G
implies that H is p-nilpotent.

2 0,(G) =1

If 0,(G) # 1, we consider G/0,(G). Obviously, PO,(G)/0,(G) is a
Sylow p-subgroup of G/0,/(G). In view of Lemma 2.1(3), it is easy to see

that all maximal subgroups of PO, (G)/0,(G) are E-S-supplemented in
G/0,(G). Since

N0, PO, (@)/0,(G) = Ne(P)O,(()/0,(G)

is p-nilpotent, G/O0y(G) satisties the hypothesis of our theorem. The
minimal choice of G yields that G/O,,(G) is p-nilpotent and so G is p-nil-
potent, a contradiction.

(3) 0,(G) # 1.

Let J(P) be the Thompson subgroup of P. Then NgP) <
Nq(Z(J(P) <G. If Ng(Z(J(P) <G, then, in view of Step (1),
Na(Z(J(P))) is p-nilpotent and so G is p-nilpotent by [5, Theorem 8.3.1],
a contradiction. Hence Ng(Z(J(P))) = G, which shows that Z(J(P)) is a
normal p-subgroup of G and 1 < 0,(G) < P.

(4) G is p-soluble.

It is easy to see that the factor group G/0,(G) satisfies the hypothesis
of our theorem. Now, by the minimality of G, we see that G/0,(G) is p-
nilpotent. Consequently, G/0,(G) is p-soluble and so G is p-soluble.

(5) The final contradiction.

Applying Corollary 3.2, G is p-supersoluble. In view of Lemma 2.4, P is
normal in G. Therefore, G = Ng(P) is p-nilpotent, a contradiction. O
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COROLLARY 3.7. Let p be a prime dividing the order of G and L a
normal subgroup of G such that G/L is p-nilpotent. Suppose that
there exists a Sylow p-subgroup P of L such that all maximal sub-
groups of P are E-S-supplemented in G and Ng(P) is p-nilpotent.
Then G is p-nilpotent.

Proor. It is obvious that N (P) is p-nilpotent and all maximal
subgroups of P are E-S-supplemented in L. Applying Theorem 3.6, L is
p-nilpotent. Now we have L, is the normal Hall p'-subgroup of L.
Furthermore, L, is a normal subgroup of G. If L,y # 1, we consider the
factor group G/Ly. First, (G/Ly)/(L/L,y) = G/L is p-nilpotent and all
maximal subgroups of PL,/L, are E-S-supplemented in G/L, by
Lemma 2.1(3). Secondly, Ng /Ly (PLy/Ly) = Ng(P)Ly /L,y is p-nilpotent.
Hence G/L, satisfies the hypothesis of our corollary. By induction,
G/Ly is p-nilpotent and so G is p-nilpotent, as desired. Hence we may
assume L, =1, i.e.,, L =P. By hypothesis, No(P) =G is p-nilpotent. [

THEOREM 3.8. Let L be a normal subgroup of G such that G/L s p-
supersoluble, where p is a prime divisor of |L| with (p — 1,|L|) = 1. Suppose
that for a Sylow p-subgroup P of L, there exists a subgroup D of P such that
1 < |D| < |P| and every subgroup H of P with ovder |H| = |D| and every
cyclic subgroup of P with order 4 (if |D| =2 and P is a non-abelian 2-group)
is E-S-supplemented in G. Then G is p-supersoluble.

ProOOF. Suppose that this theorem is false and consider a counter-
example (G, L) for which |G||L| is minimal.

(1) L is p-nilpotent.

By Lemma 2.1, it is easy to see that every subgroup H of P with order
|H| = |D| and every cyclic subgroup of P with order 4 (if |D| =2 and P is a
non-abelian 2-group) are £-S-supplemented in L. Applying [12, Theorem 1.5],
L is p-nilpotent.

Q)P =L.

From Step 1, we know O,(L) is the normal Hall p’-subgroup of L.
Assume that O,/(L) # 1. In view of Lemma 2.1, the hypothesis holds for
(G/Oy(L),L/Oy(L)). Hence, by the minimal choice of (G, L), the theorem
is true for (G/0,(L),L/0O,;(L)) and so G/Oy(L) is p-supersoluble. Con-
sequently, G is p-supersoluble. This contradiction shows that O,(L) = 1.
Hence L is a normal p-subgroup of G.

(3) The final contradiction.
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Applying [12, Theorem 1.4], all G-chief factors of L are cyclic. From the
p-supersolubility of G/L, we have G is p-supersoluble. |

COROLLARY 8.9. Let p be a prime divisor of |GY| with (p—1, |GY|) = 1.
Suppose that for a Sylow p-subgroup P of GY, there exists a subgroup D of
P such that 1 < |D| < |P| and every subgroup H of P with order |H| = |D)|
and every cyclic subgroup of P with order 4 (if |D| =2 and P is a non-
abelian 2-group) is E-S-supplemented in G. Then G is p-supersoluble.

COROLLARY 3.10. Let p be the smallest prime divisor of |G|. Suppose
that for a Sylow p-subgroup P of GY, there exists a subgroup D of P such
that 1 < |D| < |P| and every subgroup H of P with ovder |H| = |D| and
every cyclic subgroup of P with order 4 (if |D| = 2 and P is a non-abelian
2-group) is E-S-supplemented in G. Then G is p-nilpotent.

Proor. By virtue of Corollary 3.9, G is p-supersoluble. Since p is
the smallest prime divisor of |G|, we have G is p-nilpotent by [11,
Lemma 2.8]. O

4. Some Applications

It is clear that all the subgroups, whether they are c-normal subgroups
[21], c¢*-normal subgroups [22], S-permutably embedded subgroups or
weakly S-permutable subgroups, are all E-S-supplemented subgroups.
Hence the following results are all special cases of our Theorems.

COROLLARY 4.1 ([22, Theorem 3.7]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G/H is p-supersoluble. If
all maximal subgroups of F\,(H) containing Oy (H) are c*-novmal in G,
then G 1is p-supersoluble.

COROLLARY 4.2 ([22, Theorem 3.5]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G/H is p-supersoluble. If
there exists a Sylow p-subgroup P of H such that every maximal subgroup
of P is ¢*-normal in G, then G is p-supersoluble.

COROLLARY 4.3 ([16, Theorem 3.1]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G/H s p-supersoluble. If
there exists a Sylow p-subgroup P of H such that every maximal subgroup
of P is c-normal in G, then G is p-supersoluble.
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COROLLARY 4.4 ([8, Theorem 3.10]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G/H is p-supersoluble. If
there exists a Sylow p-subgroup P of H such that every maximal subgroup
of P is S-permutably embedded in G, then G is p-supersoluble.

COROLLARY 4.5 ([15, Theorem 3.3]). Let p be a prime and G a p-
soluble group. If there exists a Sylow p-subgroup P of G such that every
maximal subgroup of P is weakly S-permutable in G, then G is p-
supersoluble.

COROLLARY 4.6 ([6, Theorem 3.1]). Let p be an odd prime dividing
the order of G and P a Sylow p-subgroup of G. If Ng(P) is p-nilpotent
and every maximal subgroup of P is c-normal in G, then G is p-
nilpotent.

COROLLARY 4.7 ([14, Theorem 3.2]). Let p be a prime dividing the
order of G and P a Sylow p-subgroup of G. If Nq(P) is p-nilpotent and
every maximal subgroup of P is S-permutably embedded in G, then G is
p-nilpotent.

5. Some Remarks

REMARK 5.1. The hypothesis that L is p-soluble in Theorems 3.1
and 3.4 cannot be removed. Consider for example the group G = A4;,
the alternating group of degree 5. Clearly 1 is the maximal subgroup of
any Sylow 5-subgroup of G and F5(G) = 1. However, G is not 5-super-
soluble.

REMARK 5.2. In proving our Theorem 3.6, the assumption that Ng(P)
is p-nilpotent is essential. To illustrate the situation, we may also consider
G=A;and p =5.

REMARK 5.3. From [7] or [11], we know if there is a subgroup 7" of G
such that G = HT and H N T < H g, then H is called SE-supplemented or
E-supplemented in G. Obviously, the set of all SE-supplemented sub-
groups of a group is wider than the set of all its £-S-supplemented sub-
groups. However, the following example shows that we cannot generalize
our Theorems 3.1 and 3.6 using SE-supplemented subgroups: Let
A =73 xZy = 83, where Z3 is a cyclic subgroup of order 3, Z, is a cyclic
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subgroup of order 2 and S3 is the symmetric group of degree 3. Let
B = A Zs, the regular wreath product of A by Z3. Put G = 0*(B) =
(x| o(x) = 3). Then G = (Z3 x Z3g x Z3) x A4 and G is soluble, where Ay is
the alternating group of degree 4. Let P be a Sylow 3-subgroup of G. Then
N¢(P) = P is 3-nilpotent. It is easy to see that every maximal subgroup of
P is SE-supplemented in G. But G is not 3-supersoluble.
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