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a-isoptics of a triangle and their connection
to a-isoptic of an oval

MALGORZATA MICHALSKA (¥) - WITOLD MOZGAWA (¥¥)

ABSTRACT - For a fixed positive angle o, « < 7 we get an explicit formulas for an o-
isoptic curve of a triangle and study some of its properties. We use obtained
results to show that a-isoptic of an oval is an envelope of a-isoptics of properly
chosen triangles.
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1. Introduction

For two nontrivial vectors in the complex plane % = uy + iug,
v =1 +we let [u,v] = uive — usv1. On the other hand we know that
[u,v] = |u| - |v|sin Z(u,v). Thus, we have the useful formula

[u, v]

(1.1) sin/(u,v) = ol

An a-isoptic curve C, of a plane, closed, convex curve C'is a set of those
points in the complex plane from which the curve C is seen under a fixed
angle 7 — o, o € (0, ). If C is strictly convex and the origin of the plane is
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chosen inside C, then there exists (cf. [2]) a differentiable function p such
that p(), t € [0,2x] is the distance from the origin to the support line.
Function p is called a support function and in its terms we have the
parametrization of C

(1.2) 2(t) = p)e® + ptyie®, t e [0,2x],

and the parametrization of its a-isoptic
. 1 .
(1.3) =z, = pt)e + { —p(t) cot o + mp(t + oc)}w”t, t €[0,2x].

Properties of isoptics of strictly convex curves were studied in [4], [5], [9]
and in [7] some results for not strictly convex curves can be found. Inter-
esting extension of the notion of isoptic to non-euclidean spaces are given
in [6].

In this paper we find an o-isoptic curve of a triangle for a fixed positive
angle o, < 7w and study some of its properties. As an application of our
results we show that a family of a-isoptics of properly chosen triangles has
envelope which is a-isoptic of an oval.

2. Properties of an a-isoptic curve of a triangle

Let o be fixed and let z; = a; + iyx, k = 1,2,3, denote the vertices
of a counter-clockwise oriented triangle 7' on the complex plane C. If
we ever use a subindex k grater then 3, we always mean it modulo 3.
For k=1,2,3 we use the following notations. Let a; = Zj112%0 =
Xy — k1 + Y2 — Yre1) be an oriented side of the triangle T, then

a, = \/ Xy — ka)Z + Ypro — ka)Z denotes its length and f, is an
angle of T corresponding to the vertex z; and opposite to the side ay.
Without loss of generality we can assume throughout this paper that
1 > Po > fs or equivalently a; > as > as.

From the inscribed angle theorem it is known that C,, the o-isoptic
curve of T is a union of at least 3 and at most 6 circular arcs, one arc over
each side of T and if o is greater then 7 — f5;, one has an additional arc over
the vertex z;,. We find the equations for each part of C,.

Over the side a@; a part of C, is an arc of a circle C(s, 7;,) centered at
the point s and with radius 7. Moreover, if [ is the line containing the
side ay, then the center s, and the vertex z; lie in the same half plane of
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lj; if and only if o is less then 7/2. To find the equation of the circle
C(sk, 1) we observe that the point z = x + iy belongs to the part C, over
the side ay, if the angle between the vectors % = 2z,.1 and ¥ = 223 is
equal to 7 — o. Using formula (1.1) we obtain the equation

[ul - [v| sin(w — o) = (@ — T 1Y — Yir2) — Y — Y 1)@ — Tpy2).

Taking square of both sides of the above equation we get after some
calculations

- 2
. (i1 + Zpso) £1-coto- (21 — 2ei2)| @
2 4sin2a’

2.1)

Now, the property of the vertex z;. and the center of the circle s lying in
the same half plane allow us to determine the sign in the above formula and
finally we obtain

3
2.2 —
(22) k=5 sino’
and
2.3) 5 = (#+1 ;‘ Ziy2) _icota (41 ; Z+2) .

Figure 1. Isoptics of 7" for o € {n/12, 5r/24, 57/12, Trn/12, 2r/3, 3n/4,
197/24, 57/6, 217/24, 437/48, 117/12}.
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It is worth to notice that the arc of the circle C(py, r) which is the part
of C, over the vertex zj, for o less then = — f3;, is obtained in the same way.
The only deference is that the center of the circle p; and vertex z;, lie in the
same half plane of [}, if and only if o is greater then 7/2. Thus for « less then
7 — f}, from (2.1) we have the following

_ (41 + Zr42) +icota (Rp+1 — 2142) .

(2.4) . 5

ExampLE 2.1. Let T be a triangle with vertices z1 =1, z2 =1,
z3 = —iv/3. Then from formulas (2.1), (2.2), (2.3) and (2.4) we get the
isoptics of 7.

The most interesting question is for which « the a-isoptic of T is a
convex curve. To study this problem we need to find the points of inter-
section of two circular arcs of C,.

If « is less or equal to = — f, then two circular arcs intersect at z;.
Let o be greater then n — ;.. Let {;, denote the intersection point of the
circles C(sp.1,7%%:1), C(pg,7:) and the line [, and let 7, denote the
intersection point of the circles C(sj. 2,7 12), C(pg,7x) and the line I, ;.
We can find the coordinates of {;; and 7, by straightforward calculations.
To simplify notations we put {;, = #,, = #;, for o < 7 — f5;, and together we
have

a1 - min{0, sin(ax + f,)}
Q42 Sino

(2.5) G =2 + @1 — 21)

)

k12 - min {0, sin(a + f;)}
Gjey1 SiN0L '

(2.6) e = 2k + (B2 — 2k)

Now we state a useful property of C, which helps us to study its convexity.

PROPOSITION 2.2. Let o > n—max{f,fs, 3} be fixed. Let T be a
given triangle in the complex plane and let C, be its a-isoptic curve.
Then the triangle with the vertices sy, 1, pr, (. and the triangle with the
vertices pr, Skie2, M, are geometrically congruent to each other and both
are similar to T for each k € {1,2,3} for which the arc of the circle
C(pg, 1) is a part of C,.

Proor. Let k€ {1,2,3} be arbitrarily chosen. If o <z —f, then
none arc of the circle C(py,7) is a part C,. Let o > n — f5;. Then we
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_— —_ .
have |si 18| =7k11, Skl =7k12 and |pipli| = |prni] = 7x- We can obtain

lengths |s;opr| and |s;.1pk| using formulas (2.3) and (2.4), and we get the
following equality

., (42 — 21) (42 — 21)
|Sk+2Dk| = b ieota e =,

and analogously |[sy 1pr| = 7k12. Thus the triangle with the vertices
Sk+1, Pk, (. and the triangle with the vertices py, si.2, 77, have the required
properties. Since k was chosen arbitrarily we get the proof. O

Proposition 2.2 allows us to reduce the domain of « to the interval (0, ;]
while studying the convexity of C,. Namely we have

COROLLARY 2.3. Let a be fixed. If o« > n — max{fy, fs, fs} then the a-
1soptic curve of T is not convex.

Proor. Due to our assumption f; = max{f,fs,fs}. Let o >n—p;

be fixed. Then, at least an arc of C(py, ) is a part of C,. The vector ?pl)
is normﬂl_t)o the tangent line to the circle C(py,71) at the point {; and the
vector (1S is normal to the tangent line to the circle C(sgz,72) at the
point {;. By Proposition 2.2 and formula (1.1) we get that the circles
C(p1,71) and C(s2,72) intersects at {; under the angle 7 — f5, thus C, is
not convex. Ol

In fact, the domain of convexity of the curve C, is a proper subset of
(0, f;1. We prove the following

THEOREM 2.4. Let T be a given triangle in the complex plane and
let C, be its a-isoptic curve. Then C, is a convexr curve if o <

(n — max{fy, s, f3})/2.

Proor. By our assumption we have f; =max{f;,f,fs}. Let
o < 7w — f3; be fixed. Then C, consists of 3 circular ares C(sy, r), k =1,2,3.
Let 7, denote the angle under which the circles C(sgi1,7%+1) and
C(skr2,7x12) intersect at the point z;. Similarly as in the proof of
Corollary 2.3 the vector z5;.» is normal to the tangent line to the circle
C(Sp+2, Tr+2) at the point z; and the vector z;s;,; is normal to the tangent
line to the circle C(s; 1,7 1) at the point z;. Using formula (1.1) we find
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[ (Z1Sk+2, #kSk+1) = — 20— [, and consequently y;, =7+ 20+ f3;,. Obviously
7 < 2r and hence we get the required result. O

COROLLARY 2.5. The a-isoptic curve of an equilateral polygon with n
sides is convex for o < n/n and the (n/n)-isoptic is a circle in which the
polygon is inscribed.

Proor. Ifapolygon is an equilateral triangle then by Theorem 2.4 its o-
isoptic curve is convex for o < 7/3 and Cy 3 is a circle circumseribed on 7.
Now let an equilateral polygon have » sides, n > 3. By inscribed angle
theorem and Theorem 2.4 its a-isoptic curve is convex for o < n/n. And
again the (n/n)-isoptic is a circle. O

3. The length of an ¢-isoptic curve of a triangle

In this section we study some properties of the length function L(x) of
C, as a function of «. To find the length function we need some additional
notations. For k = 1,2, 3 let ¢, denote an angular measure in radians of the
arc of the circle C(sy, r;) which is a part of C, and for a sufficiently large o
let y;, denote an angular measure in radians of the arc of the circle C(py, %)
which is also a part of C,. Then, by the inscribed angle theorem, we have
fork=1,2,3

B1) ¢ =2(—max{0,f;, +o—n} —max{0,f , +o—7}),
3.2)  w;, =2max{0,f, + o —n}.

Using the above formulas we obtain the length of C,, as a function of «
3
(33) L@ = (pp +yp)r-
=1

THEOREM 3.1.  Let T be a triangle in the complex plane and let C, be an
a-isoptic curve of T for a given angle o. Then L(x) the length function of C,
defined by (3.3) is a continuous and strictly increasing function with re-
spect to o. The function L is not convex.

ProOF. Assume that f; > i3 > f5. Form (3.3) and the sine theorem we
have the explicit formula for L



a-isopties of a triangle and their connection ete. 165

L(a)

20R(sin ff;+sin fo+sin fg)
e for 0 <o <n-—py,
2R[2asin fy+(n—p;)(=sin f+sin fy+sin f3)]
1 Sy 2 3 forn—f; <a<m—f,,

— ¢ 2R[o(sin f;+sin fy—sin f3)+(f; fﬁz)(sin By—sin fo)+(m+p3) sin B5]
sino

form—fy <o <m—fs,
4R(B; sin f1 4P, sin fo+p3 sin f3) for 7 — ﬂg <a<n
1 b

Sin o

L(o) for 0 <o <n—py,
Lo(or) forn—f; <oa<m—f,
Ls(o) forn — fls <o <7m—fs,
Ly(x) for n — fy <o < m,

where R is the radius of the circle circumseribing 7. The straightforward
calculations show that L is continuous at the points n — f8;, 7 — fs, 7 — f5
and thus at all « € (0, 7). Each function L, (), k = 1,2, 3,4 is differentiable
in an open subset of its domain and the derivatives are equal to

Li() = 2K (sm By + sin f, + sin f3)(sino — « cos o),
SinZ 3

Li(o) =

(sino — o cos o) — (m — f1)(— sin f; +sin f5 +sin f3) cos o],

Li(o) = 2nI2€ {(sin B, + sin By — sin f3)(sina — o cos o)

—[(B; — Po)(sin iy — sin fy) + (m + f3) sin fs] cos o},
L) = (,/31 sin 3 + Po sin fy + P sin fi) cos o

Since they have property

(34) Ly, (m— ) — Lin— ) = LWL =02 g g fp = 1,2,3,
sin f3,,
thus the function L’ is not defined at the points 7 — f8;, © — f5, 7@ — fs.
We show that L/ is a positive function in each interval of its domain and
thus L is increasing.
First note that the function f(x) = sino — o cos « is positive and increas-
ing for o € (0,7) and the function g(«) = — cos « is positive for o € (n/2, 7).
Consequently the functions L}, Lj, L} are positive in their domains.
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The function L is positive for « > 7/2 hence we have to show that it is
positive in the interval [z — f;, 7/2]. Since the function

o) = 2sin fy(sina — ocos ) — (m — f1)(— sin f; + sin S, + sin f5) cos

has nonnegative derivative for o € [x — f;, /2] it is enough to show that
h(r — f;) is positive. Let
H(By, B3) = h(m — py)

= 25in%(By + f3) — (B + fs) cos (By + Bs)[sin(By + fi) + sin fi, + sin fig].

We need to show that the minimal value of H in
D ={(Ps, )| 0 < B3 < fp < 7/2, 0 < fp + f3 < m/2}
is nonnegative. The function H has no critical points inside D. Moreover,
H(fy,m/2 — py) =2, for f, € [r/4,7/2],
H(f5,0) = 2sin fy(sin fy — fycosfiy) >0, for f, € [0,7/2].
To complete this part of the proof we show that

fl(ﬁz) = H(fy, fs) = 25in®2 — 26, cos 2,(sin 2, — 2sin f,)

is nonnegative for f, € [0, n/4] Once again, we use the fact that this
function is nondecreasing and H(0) = 0. Indeed, we have

H’(ﬁ2) = 8cos —= Pe [(3 cosfy — 1) sm% cos 2f35 + fo(cos 25 — 2 cos 3f5,) cos ﬁz}

= 8cos = b {[cos 5, s1n2ﬂ2(/f2 —sin fy) ] [sm ﬁ(ScosﬁQ — 1)s1n2ﬂ2}

+ [cos i (sin fy cos fis — fs) + = ,b’z sin fiy sin /32] }

From the first formula we obtain that fl’(ﬁg) is positive for S, €
(n/6,7/4]. If p5 € (0,7/6] each term in a square bracket in the second
formula is positive. Thus, H' (f5) is positive for f, € (0, 7/4]. Finally, we get
that H(f,, f3) is nonnegative and is equal to 0 only if f; = f3 = 0. This
completes the proof that L is positive in its domain.

Moreover, the functions L/, k = 1,2,3,4 are positive and the property
(3.4) implies that the graph of L is not convex. It is worth to notice that
each L;, k=1,2,3,4 is convex in its domain since (f(x)/sin«) =
a(1 + cos2x)/sin®x > 0 and (— g(o)/sina) = (1 + cos 2a)/sin®x > 0 for
o € (0, 7n). O



a-isopties of a triangle and their connection ete. 167

ExampLE 3.2. For the triangle 7 from Example 2.1 the length
function L(x) given by (3.3) has the graph shown on Figure 2.

80 -

60 -

40 -

Figure 2. Graph of the length function L(x) of T

4. The area of an a-isoptic curve of a triangle

Our aim in this section is to investigate some properties of the area
function A(x) of the a-isoptic curve of 7' as a function of «. Let {7, (o1, {373,
where (;, and 7, are defined by (2.5) and (2.6), respectively, be a counter-
clockwise oriented polygon. If 7, = {;, = #; then the point z; is counted
only once in the polygon. Using formulas (3.1) and (3.2) we get the area
function of C,

A(a) = area of {3, anplsng
+ Z ((%7”2 Sln(”k) + Z (l//k”’k - —7'2 Sm‘/’k)

The behavior of the function A(x) is described in the following

(4.1)

THEOREM 4.1.  Let T be a triangle in the complex plane and let C, be an
a-1soptic curve of T for a given angle o. Then A(w), the area function of C,
defined by (4.1) is a differentiable, strictly increasing and convex function
with respect to o.
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PROOF. Assume that f1 > 8, > ff; and let . and 7, be defined by (2.5)
and (2.6), respectively. To compute the area function given by (4.1) we need
to find the area of a polygon {17, {o75(375. To this end we use theorem 3 given
by Radi¢ in [10]. He proved that

1
area of (17, Conalang = 518 +1mp,m + Go, G+ 19, 10 + (3,83 + 13,113 + G
2

where
R R IR W C Vi

1<i<j<n

Obviously, if 7, = {; = 2 then the point z; is counted only once in the
polygon. Applying the sine theorem we get
A(x)

2R%[(a—sin o cos a)(1+ cos fi; cos fi, cos fs)+ sin® o.sin f; sin B, sin Ssl
sin? o

for 0 <o <m—f,

2R?{(a—sin « cos o) sin?B; + sin By sin fs[(n—p;) cos fy+sin 1}
sinZ o

forz—f <a<zm—f,

— ) 2R*{[2cos B+ cos asin (B3 —o)]sin By sin fo-+[(Bo—p) cos B+ sin By]sin B sin fs}
sin? o

2R?(n—f,) sin®
+# for n— Py <o <7m—fs,

2R?[(3—2sin® ») sin B, sin f, sin fy+f; sin®fy + fo sin®By+ Py sinfs]
sinZ o

for n — fls < a <m,

Aq(o) for 0 <o <m—p,
Az () form—fy <a<m—fy,
As(a) for n — fly <a <7m—f,
Ay(a) for 1 — fis < a < m,

where R is the radius of the circle circumseribed on 7. The function A(x) is
continuous at the points = — ff;, = — 5, = — f3 and thus at all o € (0, 7).
The same is true for its derivative and we have

2

4R
Aoy = =
Sin o

(sina — o cos a)(1 + cos f3; cos ff, cos f3),

/ 4R? . 9
Ay(o) = ——5— {(sina — o cos o) sin“f;
sin®o

— cos o sin fi, sin f5[(n — f;) cos f; + sin f;1},
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2
Al(o) = 4_R3 {[sin(x — f5) — o cos o cos f5]sin f; sin f,
sin®u
— cosa(m— f5)sin f5; cos fy sin f3+ [(m— f;) cos f; + sin f;]sin f, sin 5]},
_Ap?
Alj(w) = ——5— cos o[3sin f; sin f, sin Bz + By sin®B; + By sin®By + f5 sin®f].
sin°u

where the derivative of the function A, (x), k = 1,2,3,4, is defined in its
domain. Using functions f and ¢ defined in the proof of Theorem 3.1 we
immediately obtain that A}, Aj, A} are positive in their domains. Moreover,
since f(a) > f(r — f;) we have

2f (a)(sin?f; — cos asin By sin B3) _ 2f(a)(sin?p; — sin B, sin f3) S0

3 = 3

Ay(e) > . ;
sin®o sin’o

Since A’(x) is positive then the function A(x) is strictly increasing.
The second derivative of the function A.(x), k¥ = 1,2,3, 4, is defined in
each open subset of its domain and it is equal to

2

4R
Al(n) = —— [a(1 +2cos 24) — 3sina cos o](1 + cos 1 €os fis cos f3),
sin“o

4R?

A) = —
Sin "o

{[2(1 + 2 cos %0) — 3 sina cos o] sin®f;

+ (1 +2cosa)[(n — f;) cos f; + sin f;]sin fy sin s},

2

Al = AR

— (1 +2 cos o) — 3sina cos o] sin f; sin fi; cos fi
sin“o

+ (1 +2cos2a)[(n — fy) sin f; cos By sin fi

+ ((r — fy) cos f; + sin f;) sin f, sin 5 + sin f; sin fy sin f31},

Af() =

4 2
sir};a (1 4 2 cos %w)[3 sin B, sin fi, sin f + f; sin®f;

+ Py sinBy + By sin®Bs].
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Thus the function A”(x) is not continuous at the points 7 — f;, 7 — f,,
7 — f5, but still, it is positive in its domain. This completes the proof.

ExampLE 4.2. Once again, let us take the triangle 7T from Example 2.1.
Then the graph of the area function A(x) given by (4.1) is shown on Figure 3.

60 -

40 -

30 -

: /

Figure 3. Graph of the area function A(x) of 7.

5. Application of a-isoptic curves of a triangle

Let o € (0, ) be fixed. In this section we use results obtained in Sec-
tion 2 to study the a-isoptic C,, of an oval C. By an oval we understand C2,
plane closed simple curve with positive curvature.

Let p(t) € C%([0,2x)), t € [0,27] be the support function of C. Then the
point z,(%) satisfying (1.3) belongs to C, and it is an intersection of two lines
tangent to C at points z(f) and z(t + o). Let & be an arbitrary point from an

open angle /(z,(t)z(t + o), z,(t)z(t)) and let T' be a counter-clockwise ori-
ented triangle with vertices z(f + «),2(t), <. By C,; we denote an arc of a
circle

. (2t + o) + 2(1) +icot a(z(t + o) — 2(1))| |2t + o) — 2(D)|
2 B 2sino

(5.1)

which is also a part of a-isoptic of 7. We should mention that C,; does not
_— ——
depend on &. If [Ez(t + o), E2(t)] > 0 then the center of the circle in (5.1) is
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obtained from equation (2.4), overwise it is obtained from equation (2.3).
Finally we define the family of arcs as follows

(52) fi = {Cot,ht E [0727T]}

Using the above notations we have
THEOREM 5.1.  C, is the envelope of the family F, defined by (5.2).

Proor. Let F(x,y,t) = 0 denote an equation for the family F, given by
(56.2). Then, applying formula (1.2) to (5.1) with z = x + iy, we get

(53) F(x,y,t) = (% + y?) sina
+ x[p(t + o) sint + p(t + o) cost — p(?) sin(t + o) — p(t) cos (t + )]
+ y[—pt + o) cost + p(t + o) sint + p(t) cos (¢ + o) — p(t) sin (¢ + o))
+ p( + )pt) — p@Opt + o) = 0,
thus F, is indeed a one parameter family of arcs. Moreover, the point
22(t) = w,(0) + s (t)

_ p@®sin(t + ) — p(t + o) sint + i( — p(t) cos (t + o) + p(t + o) cost)
sino

defined by (1.3) satisfies the equation (5.3) and thus z,(t) € C,; since £is an

interior point of the angle /(z,(t)z(t + o), z,({)z(1)).

Now Theorem 4 in [1] asserts that C,; and C, are tangent at the point
2,(t). To show that C, is the envelope of F, it is enough to check that
Fi(x,y,t) = 0 at z,(¢) (see, e.g., [3] or [11]). Indeed, we have

Fi(x,y,t) = x[R(t + o) cost — R(t) cos (¢ + o)

+y[RE + o) sint + R®) sin(t + )] + p + «)R({) — pOR(E + o),
where R(t) = p(t) + p(t) is a radius of curvature of C, and finally,
Fl/f(xo((t)7yo((t)7 t) - 07
which completes the proof. O
Theorem 5.1 remains true in special case when 7' is inscribed in oval C.

The above considerations can be related to those in paper of Martini [8]
on the classical light field theory in RY, d > 2.
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