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On a class of weighted Gauss-type isoperimetric
inequalities and applications to symmetrization
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ABSTRACT - We solve a class of weighted isoperimetric problems of the form

mm{ / we’ du / eV dx = constant}
om Yo

where w and V are suitable functions on R?. As a consequence, we prove a
comparison result for the solutions of degenerate elliptic equations.
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1. Introduction

In the celebrated paper [12], G. Talenti established several comparison
results between the solutions of the Poisson equation with Dirichlet
boundary condition (with suitable data f and E):

(1.1) —Au=fin K, u =0 on Ok

and the solutions of the corresponding problem where f and £ are replaced
by their spherical rearrangements (see [10, Chapter 3] for the definition and
main properties of spherical rearrangement). Precisely, he proves that if we
denote by v the solution of the problem with symmetrized data, then the
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rearrangement «* of the (unique) solution « of (1.1) is pointwise bounded by
v. Moreover he shows that the LY norm of Vu is bounded, as well, by the L?
norm of Vv, for q € (0,2]. The proof of these facts basically relies on two
ingredients: the Hardy-Littlewood-Sobolev inequality and the isoperimetric
inequality (see [1] and [10] for comprehensive accounts on the subjects).

Later on, following such a scheme, many other works have been de-
veloped to prove analogous comparison results related to the solutions of
PDEs involving different kind of operators, see for instance [2], [3], [6], [7],
[8], [9], [13] and the references therein. A recurring idea in these works is,
roughly speaking, the following: the operator considered is usually linked
to a sort of weighted perimeter. Thus initially it is necessary to solve a
corresponding isoperimetric problem; then the desired comparison results
can be obtained following the ideas contained in [12].

For example in [3] the authors consider a class of weighted perimeters
of the form

m@:/mwwwm

OE

where ¥ is a set with Lipschitz boundary and w : R — [0, oc) a non-negative
function, and prove, under suitable convexity assumptions on the weight w,
that the ball centered at the origin is the unique solution of the mixed iso-
perimetric problem

min{P,,(¥) : |E| = constant}

where | - | denotes the d-dimensional Lebesgue measure. As a consequence
they prove comparison results, analogous to those considered by Talenti in
[12], for the solutions of

— div(w?Vu) =fin K, u=0on oK.

Recently in [4], L. Brasco, G. De Philippis and the second author proved a
quantitative version of the weighted isoperimetric inequality considered
in [2]. Their proof is achieved by means of a sort of calibration technique.
One advantage of this technique is that it is adaptable to other kind of
problems, as that of considering other kind of functions in the weighted
perimeter (e.g. Wulff-type weights, see [5]), or that of considering dif-
ferent measured spaces, as R? endowed with the Gauss measure.

In this paper we consider degenerate elliptic equations with Dirichlet
boundary condition of the form

(1.2) —divw?e"Vu) =fe” inE, wu=0ondE

where w and V are two given functions, and we aim to prove analogous
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comparison results as those in [12]. The particular form in which is written
the measure ¢" is due to the later applications, whose main examples are
Gauss-type measures, that is V(x) = — ¢|x|*. Bearing in mind this instance,
we consider a class of mixed isoperimetric problems of the form

min{ P, (E) : / " = constant
E

and prove, by means of a calibration technique reminiscent of that devel-
oped in [4], that the solutions, under suitable assumptions on V and w, are
half-spaces, see Proposition 3.1 and Theorem 3.6. Then, using a suitable
concept of rearrangement related to the measures considered, we prove, in
the Main Theorem in Section 4, comparison results between the solutions of
(1.2) and the solutions of the same equation with rearranged data.

2. Preliminaries on rearrangement inequalities

In this section we introduce the main definitions and properties about
the concept of symmetrization and rearrangement we shall make use of.

Let 1 be a finite Radon measure on RY, a right rearrangement with
respect to u is defined, for any Borel set A4, as

Ry = {(x;,2) e R x RIT:wy > ta),

where t4 = inf {t : w(A) = u({(@,2") € R x R gy > t}}. Notice that
if du = fdw, for some positive and measurable function f, then the value of ¢
is uniquely determined.

Given a non-negative Borel function f : RY — [0, +00), we call right
mereasing rearrangement of f the function f* given by

+00

f*ll(:)e) = / XR‘{’f>t) (9(/') dt

0

where y, is the characteristic function of the set A. As an aside we notice
that the right increasing rearrangement of the characteristic function of a
Borel set A coincides with the characteristic function of RY;. Clearly f* is
non-negative, increasing with respect to the first variable x1, and constant
on the sets {(x1,2) € R x RY? : ¢y =t}, for t € R. Moreover f and f*
share the same distribution function:

1 ®) o= pf > 1) = w{ f* > 1) = pad).
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We furthermore define f* : R"™ — R" as the smallest decreasing
function satisfying f */‘(,uf(t)) > t; in other words

SH(s) =inf{t >0 : @) < s}.
It is useful to bear in mind that {s: f*(s) >t} = [0, ,uf(t)] so that by the
Layer-Cake Representation Theorem (see for instance [10]) we have
1({x>t})

(2.1) / f*"(s)ds/oouf(s)ds / () dae.

0

~

{.’L‘l >t}

We conclude this section by proving the Hardy-Littlewood rearrange-
ment inequality related to the right symmetrization.

LeEmma 2.1 (Hardy-Littlewood rearrangement inequality). Let f and g be
non-negative Borel functions from R? to R. Then for any non-negative
Borel measure u we have

/ Fodu< / Frgtdp.
RrR? RrY

Proor. We have

/ fgdp= / / / Tty @2 1gos) (@) dE ds dpue)
0

R? ]

:z.

=

Tif>tinig=s} (@) dule) dt ds

R¢

u{f >tyn{g>shHdtds

min(u({ f > t}), u({g > s})) dtds

min(u({ ™ > t}), u{g™ > s}))dtds

IN
9\8 0\8 0\8 9\8 ‘3\8

W{f* > 1) 0 g > shdtds = / £ dp,

R?

o\g o\g 0\8 o\g o\g -
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where we used the fact that { /" >t} and {g** > s} are half-spaces of the
form {(x1,2') € R x R . x1 > r} for some r € R and so

min(u({ f* > t}), u({g™ > s})) = u({ f* >t} N {g™ > s}).
O

REMARK 2.2. Setting g = y, in Lemma 2.1 and thanks to (2.1) we get

wA)
22) / Fdo < / P da = / Fou(s) ds.
A Rf‘ 0

3. A class of weighted isoperimetric inequalities

Given a measurable function V : R? — R we denote by u[V] the abso-
lutely continuous measure whose density equals ", that is, for any mea-
surable set £ ¢ R?

WVIE) = [ s
E

in what follows with the scope of simplifying the notation, and if there is no
risk of confusion, we will drop the dependence of V, writing x instead of
u[V1]. Moreover we will often adopt the notation x = (x1,2') € R x R and
denote by R4 instead of Rffl[V] the right rearrangement of A with respect to
the measure u[V]. Given a Borel weight function w : R — [0, +oo] we de-
fine, for any open set A with Lipschitz boundary, the following concept of
weighted perimeter:

P,y = / w(e)e @dHI ().
0A

In the following proposition we show that, under suitable conditions on w
and V, the half-spaces of the form {(x1,«') : 2; > t} are the only minimizers
of the weighted perimeter among the sets of fixed volume with respect to
the measure u[V].

PROPOSITION 3.1. Let A ¢ R? be a set with Lapschitz boundary. Sup-
pose thatw : R — R and V : RY — R are C'-regular functions satisfying
the following assumptions:
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(1) wA) = u(Ra) < + o0,
(12) the function 01V (x) depends only on x; and g(x) := —w'(x1) —
w(xy)01V (x) is a non-negative decreasing function on the real line.

Then
(31) PwV(A) > Pw,V(RA)-

Proor. We start by noticing that if P,,7(4) = + oo there is nothing to
prove. Hence we can suppose that

(32) Pw,V(A) < +o00.

Let e; = (1,0,...,0) € R? and consider the vector field — ejw(w;)e’®. Its
divergence is given by

div(— eqw(ey)e’ () = (— w' (1) — w(xy)d; V(x)e” ™ = gx)e” ™.

By an application of the Divergence Theorem we have

/ go)dp(r) = / div(— er(@r)e’)dx
A

A

(33) = / w(ey)e¥ " (va@), —er)dH* ! (i)
0A

< / w(y)e" VdH (@) = Py (A),
oA

where v4 () is the outer unit normal to 0A at x. Let t4 be a real number such
that the right half-space Ry = {(x1,2') : &1 > t4} satisfies w(R4) = u(A).
Then, since the outer normal of R, is the constant vector field — ey, the
inequality in (3.3) turns into an equality if we replace A with R 4. Notice that
by condition (i7) and (3.3) we have

Puv®n = [ gdu+ [ gdusgtau) + Pov)
R4\A RAsNA
Thanks to assumption (7) and (3.2) such quantities are finite and so we get
Puvtd) = Poy®) > [ g@idute) ~ [ g@du),
A Ry

Since, by definition, u(A) = w(R4) < + oo again by condition (i) we obtain
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WA\ Ry) = u(Rg \ A) < 4+ oo. Thus

/ g@)du() — /g(x)du(x) _ / g@)du() — / J@)du(@)

A Ry A\R4 R,\A

- / (9@) — gtaer)du(e) — / (@) — gtaer)du(@).

A\Ry R.\A

(3.4)

Since every x € A \ R4 (respectively x € R4 \ A) satisfies (x,e;) < ta (re-
spectively (x,e1) > ta), by condition (i¢) we deduce

Puv(A)—Puy(Ra) > / 19— g(taen)|du@) + / 19 — gt aen)|duc@)

A\R4 Ra\A
(35) _ / l9@) — gltaen|du > 0,
AARy

where AAR, = (A\ R4) U(R4 \ A) stands for the symmetric difference
between A and R 4. This concludes the proof. O

REMARK 3.2 (Necessity of the assumptions). We stress that the in-
tegrability condition (2) is necessary to formulas (3.3) and (3.4) (and thus to
our proof) to work.

Concerning condition (i2), we note that it is needed just for technical
reasons. Nonetheless we stress that our proof offers a slightly stronger
inequality than (3.1). Indeed the right-hand side of (3.5) may be seen as a
modulus of continuity of the L! distance between A and R4. Thus it would
be interesting to understand how much our hypotheses are far from op-
timality (compare also with [4, Remark 2.3]).

REMARK 3.3 (Equality cases). An inspection of the proof of Propo-
sition 3.1, and in particular of inequality (3.3), shows that if w > 0, then
we have equality in (3.1) only if A is equal to the half space R4, up to set
of zero d-dimensional Lebesgue measure. On the other hand, if the set
{w = 0} has positive Lebesgue measure, we can not expect any kind of
uniqueness for the equality cases of such an inequality.

ExAMPLE 3.4. A non-trivial example fulfilling condition (i7) of Proposi-
tion 3.1 is the following

Vi, o) = — o] + []P),  wlaey) = e,
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with a, ¢ > 0 constants satisfying a® — 2¢ > 0. To prove this fact we initially
observe that if x; # 0 such a condition is equivalent to require that

(3.6) w (1) + Vi (@Dw(er) + Vie)w' () > 0
which turns out to be equivalent, in our example, to
a? —2¢+ 2ac|x1| > 0.

Then, since —w' (1) — w(x1)01 V(1) is continuous in ¢y = 0, condition (¢7) is
satisfied everywhere.

To transform inequality (3.1) into a well posed isoperimetric problem, it
would be more advisable to eliminate the integrability hypothesis (2) in
Proposition 3.1 by requiring that the measure u(R?%) < + co. This fact,
together with ordinary differential inequality required in assumption (iz),
is seldom satisfied.

Hence, to get other instances of functions which fulfill inequality (3.6)
together with the integrability property (i) of Proposition 3.1 it is worth
restricting our attention to the half-space

R‘i = {(x1,2) € R x Ry > 0}.

As an immediate corollary of Proposition 3.1 we get that the solution of the
problem

(3.7) min{P,y(4): A C R‘L 1(A) = ¢, OA Lipschitz}
is given by R, = {x; > t.} where ¢, is such that u(R.) = c.

REMARK 3.5. Notice that the non-mixed Gauss case, w constant and
V) = —c|ac|2, is not covered by our hypotheses. Nevertheless in this case
examples of functions w which satisfy the hypotheses of Proposition 3.1 are
given by w(t) =t~ with a > 1 or w(t) = b + e~“, with a,b > 0 such that

a? — 2¢(1 4+ b) > 0 (as can be easily seen reasoning as in the previous ex-
ample). In the latter case at least if b = 0 we have that

a2
we” = e/ exp <—c'ac + e %‘ > ;

where e; = (1,0, ...,0) € R?, which can be rephrased (!) as the fact that the

(%) As suggested us by an anonymous Referee.
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solutions of the isoperimetric problem in the half-space R‘i with (suitable)
mixed Gaussian conditions

min{P},m(E) : V50(&) = constant, £ C Ri, oF Lipschitz}

are right-half spaces. Here we denoted by 7, , the normal distribution whose

. .. L a
covariance matrix is ¢Id and whose mean vector 7 is given by n = — 2—e1.
c

We recall that, as pointed out in the Introduction, similar problems related
to the Gauss measure are considered in [2], [6], [8], [9] and [13].

Notice that we defined the perimeter P,y only for sets with Lipschitz
boundary, but for our later applications it will be useful to have a definition
of perimeter which comprehends also less regular subsets of R?. A mea-
surable set A is said to have locally finite (Euclidean) perimeter (we refer
to [11] for a complete overview on the subject) if there exists a vector-
valued Radon measure v, called Gauss—Green measure of the set A such
that, for every T € Ccl(]Rd; Rd), it holds true that

/divT: /(T,dvA>.
A R¢

The perimeter of A is defined in terms of the total variation of the Gauss—
Green measure of A as P(A) = |vA|(Rd). For any set A of locally finite
perimeter we then define the weighted perimeter P,y by

Py v(A) = we [va|(RD).

Since when A has Lipschitz boundary |v4| = H% L 94, the above defi-
nition is coherent with the one given at the beginning of this section on
such sets.

THEOREM 3.6. Let w and V non-negative and C'-reqular functions
satisfying condition (i1) of Proposition 3.1. Suppose moreover that
u(R‘i) < + oo; then the problem

min{P,y(4) : A € R], u(A) = c}

admits a solution, and this solution coincides with the one of (3.7).

Proor. Let A be a measurable set of locally finite perimeter and sup-
pose, by contraddiction, that P, y(4) < P,,y(R4). We start by noticing that



206 Michele Marini - Berardo Ruffini

P, y(Ry) < + o0, indeed, recalling (3.3) we have that

Puy(Ba) = / 9@ du@) < gOu(A).
Ra

By [11, Theorem 11.2.8] we can find a sequence of sets A, with smooth
boundary such that y, — x4 in L}OC(Rd) and |v4,| —* |va|, where —* in-
dicates the weak™ convergence of Radon measures. Since ﬂ(R‘i) < + o0,
we also have that

(3.8) Za, = 14 in LR, p)
and, since we" is a continuous function
(3.9) lim [ we" d|vy,| = / we” d|vy.
N—00
R¢ R?

Thanks to (3.9) and Proposition 3.1 we get
Puy(4) = lim Pyy(A,) > Tim Pyy(Ry,).

We are left to show that lim P, y(Ra,) = Py v (Ra), but
Nn—00
|Pw,V(RA) - Pw,V(RA”,)‘ < 9(0)|,U(A) - ,U(Aﬂ)|a
and we can conclude thanks to (3.8) and the fact that ,u(R‘i) < + 0. O

4. Main result

In this section we consider sets £ C R‘i and we define du = €' du,
Ry = {x; > tg} where tgy € R is such that u(Rg) = u(&) and f* = f** the
right rearrangement of a function f with respect to u. In what follows we
consider problems of the form

{ —diviw?e"Vu) =fe” inE

(4.1) u=20 on OF

which must be intended in weak sense. Precisely, a solution of (4.1) is a
function u € Hi(eV, w?e", E), defined as the closure of C3°(E) with respect
to the norm

1/2
12l v azev iy = (/uzevdac+/|Vu|2weV dx) :

E E
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and which satisfies

(4.2) /(Vu, Véyule" dae = /f¢ev dx
E

E

for any ¢ € Hi(e" , u?e" E).

The main scope of this section is to prove a priori estimates for the
solutions of problem (4.1). For this reason we shall always consider that a
solution u exists. Clearly this requirement depends on the choice of w, V
and f. General instances of such functions for which the existence of a
solution for problem (4.1) is guaranteed, can be found in [14] (see also [2],
[8], [9], and [13]). Here we limit ourselves to state that most of the examples
considered in Remark 3.5, as the mixed-Gaussian case V(x) = —c|x\2,
w(t) = b+ e~ with a® — 2¢(1 + b) > 0 and b strictly positive, are covered
by the cases considered in [14], whenever f € L2(E,e").

MAIN THEOREM. Suppose that the set £ C Ri = {(x1,2") : &1 > 0} and
the functions w:[0,+oc] — (0,+oc] and V : R & R satisfy the hy-
potheses of Proposition 3.1. Consider the two problems

(43) —diviw?e"Vu) =feé" in E
u=20 on OF

and
- vV N

(4.4) { div(w? e’ Vo) = eV in Ry
v=0 on ORg

where 0 < f € Lz(Ri, ). Then the problem (4.4) has as solution the one
variable function v(z) given by

1(Rpg) 1 s
(45) W(z,7)) = v@) = / hz—<s>< / f*(é)dé) ds,
u({aey>z}) 0
where
(4.6) hom) = w(d~(m)) / W@ m), ') da',
R%!

being d(t) = u({x1 > t}). Moreover, for any solution u of the problem (4.3),
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we have
(4.7) u () < v(w),
and, for any q € (0,2],

(4.8) / IVl dye < / IVol%ut dy
E Rg

Proor. Let us suppose for the moment that the function v given in (4.5)
is a solution for the problem (4.4). To prove (4.7) and (4.8) we consider the
functions ¢, defined as

sign (u) if ju|>t+h

8,(x) = “(x)‘tzign “O it € it 6+ 1)

0 if || < t,

where 0 <t < esssupfu| and & > 0. Notice that, for every & > 0, ¢, is an
admissible test function, since the solution « belongs to the space
Hi", w?eV E). Then (4.2) turns into

1 U

(Y, Vuyu? du = fu— tm)d,u + / fsign (u)dpu.

{Juleltt+h)} {Julelt.t-+h)} {Ju|>t-+h}

1
2

Il

Taking the limit for 2 — 0, we get

T dt
{jul>t) {lul>t)

(4.9) d / VP dy = / fp.

Let us analyze the left-hand side of equation (4.9). We claim that the fol-
lowing inequality holds true for almost every t:

2
(—% J |Vu|Wdﬂ)
{|u| >t}

_lu;.L ® ,

(4.10) 4 / (VP uw? du >

dt
{|u] >t}

where 1,,(?) is the distribution function of  introduced in the Section 2.
Indeed g, (?) is a decreasing function and thence it is derivable for almost
every t, thanks to the Holder inequality we get
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d .1
3 / |Vu|wd/¢f}gr(1)ﬁ / |Vulwdu
{lu| >t} t<|u|<t+h
1/2 1/2
1
< li 2 il
< lim / |Vul"w? du / 5 i
{t <|u|<t+h} {t<|u|<t+h}
1/2 1/2
“lim | 1 \VulPu? d ! 1d
om0l K h K
{t<|u|<t+h} {t < |u| <t+h}
1/2
d
-2 / VuPutde|  (~i)"?

{Ju| >t}

By the Co-Area formula and the fact that w is strictly positive and C-
regular, we easily get that the set {u >t} is a set of locally finite
(Euclidean) perimeter. Thus, thanks to Proposition 3.1 and Theorem 3.6
we get

d
@i - /|Vu|wd,u: /wdﬂzpw({m\>t})zpw,v({u*>t}).
{ul >t} {lui=t}

We introduce the function

(4.12) ®(t) = u({w > t}).

We recall that the weight function w is constant on the boundary of the
super level sets of u*, so that the perimeter of {u* >t} can be written
as

P,y{u” >t}) =w(r) / wul(t, o) dx'.
R%!

Moreover 7 € R satisfies u,,.(t) = &(7) thatis t = (15’1(/174* (®)) (notice that @
is a strictly decreasing function and thus invertible) so that we can write the
previous formula as

(4.13) Puy(u’ > t}) = w(@ (1, ())) / WD (g, (), ) A = (- (D).

R%!
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Plugging (4.12) in (4.10), and recalling (4.13) we get that

d (. )

(4.14) - NOR

/ \VulPu? du >
{lul>t}
We pass now to estimate the right-hand side of (4.9): equation (2.2) with
A = {|u| > t} turns into
/lu,*(w

(4.15) / fdu< / frdu= / fr(s)ds.
{Ju|>t} {lu| >t} 0
Combining (4.15) and (4.14) we get

0]
( J f*(S)dS>u;*(t)

0
2, (0))

Reasoning analogously for the function v, we easily see that, since v is
constant on every set {x; =t} and since v = v*, (4.16) holds for v as an
equality. Consider now the real function

(4.16) <-1

[f(s)ds
For)y="—0p,
h(ry’
and let G be a primitive of F. Since F' > 0, we have that G is increasing.
Moreover by our previous analysis we have that

Fu- ), (0) < —1 = F(u, (D) (0).

We recall that here (. (t) denotes the derivative almost everywhere of the
function w,,.(¢). Moreover ¢t +— G(y,.(?)) is a monotone non-increasing func-
tion which satisfies the chain rule in any point of differentiability of x,,., so
that, by [1, Corollary 3.29], we get that

t
(4.17) G, (1) < Glu,, (0)) + / Fu,- (), (1) dr.
0

On the other hand, being ,(t) an absolutely continuous function (since vis a
C'-regular with positive derivative one variable function) we have

t
(4.18) G, 0) = Gl (0) + / Flu, (O, (0) d,
0
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so that, since G(1,(0)) = G(u,.(0)), we get that G(u,. () < G, ().
This implies that p,.(t) < () for any ¢ and hence that u* <, since
u* and v depends only on x; and are increasing functions of such a
variable.

We pass now to the proof of (4.8). Using the Hdlder inequality and
reasoning as before we obtain, for 0 < ¢ < 2,

d 1
_Z Gl dy — lim — Q500
7 / [Vau|"w? du }112% W / |Vu|"w? du
{[ul >t} {t<|u| <t+h}
q/2 1-q/2
e / |VulPw? d, 1 / d
“ 0| h H h M
{t<ful<t+h} {t<lul <t+h}
q/2
d 2,2 / 1—q/2
{lul>1}

Recalling (4.9) and (4.15) we have

Hog* (t)

—% / Wﬁﬁmu;/f%M&
{Ju| >t} 0
thus
o) 9/
(4.19) —% / (V| du < /f*(s)ds (— )2,
{lul >t} 0

Combining (4.19) and (4.16) we finally get
o (B) 1
/‘mewgu@m>mmm*/ﬁ®@

{lul>1}

_a
dt

By integrating on both side between 0 and + oo, we get
Hope () 7

/ V| w? du < / (=t @) | A, @) / fr(s)ds | dat.
0

E 0
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We perform the change of variables » = y,,. (1), so that the above equation
turns into

WE)

r q
/ |Vau| T dp < / (h(r)l / f*(s)ds) dr.
E 0

0
By a straightforward inspection of those steps we notice that v satisfies

1,(®) 1

[ Iverutan= [ wor|mont [ s |
Rg 0 0

By performing the change of variables r = ,(t) we find

W(Rg)

r q
R{ V| ! du = 0/ (h(r)_l 0/ f*(s)ds) dr.

Since u(F) = u(Rg) we get the desired result.

We are left to prove that the function v given by (4.5) is a solution of
problem (4.4). We start by noticing that equation (4.16) suggests how to
derive (4.5): indeed, as we pointed out, any solution v of (4.4) such that
v = v* satisfies

1,(8)

[ fr(s)ds

0 / _
D) () = — 1.

By integrating both sides between 0 and » we obtain

10,

r [ fr(s)ds

0 / _
J Wﬂv(t)dt = 7.

so that, by performing the change of variables m = u,(t), we get

wBg) [ f*(s)ds
0

o ) dm =r

(1)
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which is equivalent to

wkpg) ff*(S) ds
0

v(2,2) = dm,

h*(m)

{xy >z}

that is (4.5). Notice that v is strictly decreasing and belongs to Cll(;Cl(RE).
Indeed, recalling (4.6) one can explicitly compute

p{xy >z}

[ freds

0
") [ eV da'
Rd—l

Vo(z,2) = el@(z,z’) =—¢
0z

where e; = (1,0,...,0) € R’ Since f* is a decreasing and locally integrable
function, then f* € Ly (R); thus, being z +— u({x; > 2}) C'-regular, we get

x>z}

that [ f*(s)ds is a locally Lipschitz function. Moreover the denomi-

nator ié) locally Lipschitz as well, and locally bounded away from zero.
Hence we have that Vv is locally Lipschitz. Thus, recalling that 9;V de-
pends only on the first variable x; it is possible to explicitly compute the
divergence of w?>Vwe" and check that it satisfies (4.4). This concludes the
proof of the theorem.

Acknowledgments. The authors thank L. Brasco and G. De Philippis
for useful discussions on the topic. They are also grateful to the anonymous
referee for several suggestions and remarks.

REFERENCES

[1] L. AMmBRrosio, N. Fusco, D. PALLARA: Functions of bounded variation and
free discontinuity problems, Oxford Mathematical Monographs, The Clar-
endon Press Oxford University Press, New York, 2000.

[2] M.F. BETTA, F. BROCK, A. MERCALDO, M. R. POSTERARO: A comparison result
related to Gauss measure, C. R. Math. Acad. Sci. Paris, 334 (2002), 451—-456.

[3] M.F. BETTA, F. BROCK, A. MERCALDO, M.R. POSTERARO, A weighted isoperi-
metric inequality and applications to symmetrization, J. lnequal. Appl., 4
(1999), 215-240.

[4] L. Brasco, G. DE PHiLIPPIS, B. RUFFINI: Spectral optimization for the
Stekloff-Laplacian: the stability issue, J. Funct. Anal., 262 (2012), 4675—-4710.

[6] L. Brasco, G. FRANZINA: An anisotropic eigenvalue problem of Stekloff type



214 Michele Marini - Berardo Ruffini

and weighted Wulff inequalities, Nonlinear Differential Equations Appl., 20
(2013), 1795-1830.

[6] F. Brock, F. CHIACCHIO, A. MERCALDO: A class of degenerate elliptic
equations and a Dido’s problem with respect to a measure, J. Math. Anal.
Appl., 348 (2008), 356—365.

[7] F. Brock, F. CHiaccHIO, A. MERCALDO: Weighted isoperimetric inequalities
i cones and applications, Nonlinear Anal., 75 (2012), 5737-5755.

[8] G. D1 BLASIO: Linear elliptic equations and Gauss measure, J. Inequal. Pure
Appl. Math, 4 (2003), 1-11.

[9] G. D1 Brasio, F. FrEo, M. R. POSTERARO: Regularity results for degenerate
elliptic equations related to Gauss measure, Math. Inequal. Appl., 10 (2007),
771-797.

[10] E.H. Lies, M. Loss: Analysis, American Mathematical Society, 1997.

[11] F. MacGr: Sets of finite perimeter and geometric variational problems,
Cambridge Studies in Advanced Mathematics, 2012.

[12] G. TALENTL: Elliptic equations and rearrangements, Ann. Scuola Norm. Sup.
Pisa Cl. Sci., 4 (1976), 697-T18.

[13] Y. J. TiaN, F. Q. Li: On the Case of Equalities in Comparison Results for
Elliptic Equations Related to Gauss Measure, J. Math. Res. Exposition, 30
(2010), 761-774.

[14] N.S. TRUDINGER: Linear elliptic operators with measurable coefficients, Ann.
Scuola Norm. Sup. Pisa CL Sci., 27 (1973), 265—-308.

Manoscritto pervenuto in redazione il 16 dicembre 2013.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends false
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 1200
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1800
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 2.66667
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /NOR <>
    /SVE <>
    /KOR <FEFFc5c5bb34c6a90020bb38c11cb97c0020ac80d1a0d558ace00020c778c1c4d558b2940020b3700020c801d569d55c00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c9002540875284e8e55464e1a65876863ff0c53ef4ee553ef9760573067e5770b548c6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef69069752865bc6aa28996548c521753705546696d65874ef63002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
    /ITA <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


