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Almost-periodic solution of linearized Hasegawa-Wakatani
equations with vanishing resistivity

SHINTARO KONDO (*)

ABSTRACT - In this paper we consider the zero-resistivity limit for linearized Ha-
segawa—Wakatani equations in a cylindrical domain when the initial data are
Stepanov-almost-periodic to the axial direction. We prove two results: one is the
existence and uniqueness of a strong Stepanov-almost-periodic solution to the
initial boundary value problem for linearized Hasegawa—Wakatani equations
with zero resistivity; another is the convergence of the solution of linearized
Hasegawa—Wakatani equations established in [24] to the solution of the problem
studied at the first stage as the resistivity tends to zero. In the proof we obtain
two useful lemmas for Stepanov-almost-periodic functions.
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1. Introduction

There are many kinds of instabilities in plasma phenomena, and drift
wave instability is one of those. Drift wave instability is classed as micro-
instabilities (which is a technical term of plasma physics, [36]). It has been
well known that the spatial gradients in plasma lead to the drift waves and
the drift wave turbulence is a natural cause of anomalous transport from
which the dramatic reduction in confinement results in tokamak. Here
tokamak is the most advanced magnetic confinement device, in which an
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axisymmetric plasma is confined by a strong magnetic field. Thereby the
analysis of such drift wave turbulences is important.

In order to describe the resistive drift wave turbulence in tokamak,
Hasegawa and Wakatani ([19]) proposed in 1983 the following equations
for the perturbations of plasma density # and the electrostatic potential ¢:

2
N (58599 )ap= 2o -mreas’s

(9— (Véx D). V)(n—i— log 1) =~ % (4w
ot n* Out
(Hasegawa—Wakatani equations) from the two fluids model in a homo-
geneous strong magnetic field B = Byé and an inhomogeneous plasma
equilibrium density n* = n*(|¢/|) (x = (x1, 22, 23) = (', x3)) (see, [16], [20],
[29]). Here the total density N is divided into equilibrium and fluctuating
parts, N = n* +n!, and the normalization e¢/T, = ¢, n'/n* = n, wt =t
and x/p, = x are used. Here By is the strength of a magnetic field assumed
to be a constant, é = (0,0,1), ¢; = T./(€*nwe;), ¢z = u/(PPwr;), T, is the
electron temperature, e is the elementary charge, x is the kinematic ion-
viscosity coefficient, 7 is the resistivity, m; is the ion mass, w.; = eBy/m; is
the cyclotoron frequency and p, = /T, /(w.i+/M;) is the ion Larmor radius.
For simplicity we assume that ¢; and cp are positive constants.

Concerning the mathematical issue for (1.1) we have a few results. In
[21] we established the existence and uniqueness of a strong solution on
some time interval to the initial boundary value problems for (1.1) in a
cylindrical domain when the initial data are periodic to the axial direction.
In [22], [23] we proved that the solution of Hasegawa—Wakatani equations
established in [21] converges strongly to that of the model equations of
drift wave turbulence with zero resistivity as the resistivity tends to zero.
In [24] we established the existence and uniqueness of a strong Stepanov-
almost-periodic solution on some time interval to the initial boundary value
problems for (1.1) in a cylindrical domain when the initial data are Ste-
panov-almost-periodic to the axial direction.

In advance of Hasegawa—Wakatani equations Hasegawa and Mima in
1977 ([17], [18]) proposed the equation

(1.2) (% — (Vo xé)- V) (A4p—¢p—logn*) =0

(Hasegawa—Mima equation) from the one fluid model under the same
magnetic field and plasma equilibrium state as Hasegawa—Wakatani equa-
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tions. Concerning the mathematical results for (1.2) we refer to [21], [22] and
references therein.

By differencing the first and the second equations of (1.1) and linear-
izing it around (¢,7) = (0,0) and by denoting ¢ = 1/¢;, we have

%(Aqb —n) 4 (Vg x &) - Vlog n* = cad®,
(1.3) on 1 &
8<8t—(v¢x é) - Vlog n*) = _W(?Tcg(qﬁ_n)

Notice that *n/ dx? and &Pn) dx3 don’t appear in the right side of (1.3),. In
this paper it will be found that when studying the zero-resistivity limit for
(1.3) with almost-periodic initial data, this anisotropy causes the un-
expected difficulties. Generally when looking for almost-periodic solutions,
one looks for almost-periodicity in the time variable. However in this paper
we consider another problem as follows:

For given an initial electrostatic potential ¢, an initial plasma density
n{ and the background density n* = n*(|2']), let (¢°,n°) = (¢, n°)(x,t) be a
solution of the initial boundary value problem for (1.3) with ¢ >0 in
w x R x(0,00) = 2 x (0, 00) under the initial and the boundary conditions

(1.4) $(@,0) = ¢iv), nix,0)=mnj@) for xeQ,
. & (x,t) = A (x,t) = né(x,t) =0 for x e ', t >0,

when the initial data are Stepanov-almost-periodic in the direction é.
Here o= {a' = (w1, %) € R?||%'| < R}, 0w = {&/ = (21,22) € R?||2| = R},
I'={x¢ R3|ac’ € dw}, and R is a positive real number.

For convenience, we introduce

A
Ft) = M{f@) = lim / @) das,
A

F@) = f@) — Mf@) = (T — M)f(@).
Then it is easily seen that problem (1.3), (1.4) is equivalent to the problem

%(A¢£—n‘°')+(v¢sx€)'V10g n* = cod>¢,
one = . 1P /= ~

aﬁ 1 *

8t—(Vq5 xé)-Viegn =0 forxeQ, t>0,

and (1.4).
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Putting ¢ = 0 in this problem, we have

% (A¢0 - n0> T (V¢O X é) -Vlog n* = caA?¢°,

1% /3 ~
(1.5) 73 ¢ —n') =0,

n(')acg( )

) _

%-(Vgﬁoxé')-Vlogn*:O forxe Q, t >0,

and (1.4) with ¢ = 0.

The aim of this paper is to establish the unique existence of a strong
Stepanov-almost-periodic solution to the problem (1.5), (1.4) with e =0
when the initial data are Stepanov-almost-periodic to the magnetic field
direction in the same way as in [24], and the convergence of (¢°,%%) to
(¢°,n°) as ¢ tends to zero, which corresponds to the vanishing resistivity of
linearized Hasegawa—Wakatani equations. The basic scheme of the proof
in [24] essentially consists of the following steps: i) getting the approximate
solutions in the form of the Bochner—Fejér sum; ii) proving that the
Bochner—Fejér sum forms a sequence bounded and equi-almost-periodic;
iii) overcoming the difficulty caused by the inapplicability of the Riesz—
Fischer theorem with the help of [11], [14].

Concerning Stepanov-almost-periodic solutions of Navier—Stokes equa-
tions, we have had some results. When the external force fields are suffi-
ciently small and Stepanov-almost-periodic in time variable, the existence
and uniqueness of such solutions of the initial boundary value problem for
incompressible Navier—Stokes equations were proved by Foias ([15]) in 1962
in three-dimensional case and by Prouse ([31]) in 1963 in two-dimensional
case. For compressible Navier—Stokes equations, similar result was obtained
by Marcati and Valli ([28]) in 1985 in three-dimensional case. The basic
scheme of the proof essentially consists of the following steps ([32]): i) global
existence on [0,+ o0o) with zero initial data; ii) global existence on
(— 00, 4 00); iii) Stepanov-almost-periodicity by contradiction.

In this paper, we consider the following problems:

e Letf, g be almost periodic functions, and s, 6 € R, 0 > 1 and 5,(x) €
CY(R) be a cut-off function such that 7, =1 on [s,s + J], 7, =0 on
(—o00,8=0]U[s+20,+00), 0<nxr)<1 and #,(x+20) = —r,(x)
for x € [s — 0, s]. Then we have
§420 s+20

/ f@)g(@)n, @) dw = — / {f@)g @ny() + f@)g)n, (@)} d.

5—0 s—0
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When f, g are periodic functions with period L, the last term of above
equation is zero for 20 = Ln (n € N), since

s+20
/ F@ge @) dr = / (f@g@) — f + 209 + 20} @) da.
§—0 s—

In other cases it is not zero for any ¢ > 0. In Lemma 2.1 we obtain

some estimates for it.
e It is well known that if f is a periodic function with period L, and

L
[f(@)dax =0, then the Poincaré estimate holds: [|f]| < ¢[|0,f|. In
0

Lemma 2.2 we obtain_the Poincaré estimate when f is an almost-
periodic function and f = 0.

Before describing the main theorem we introduce the function spaces
and the almost periodic functions that we use in the sequel ([1], [2], [5], [7],
(8], [9], [13]).

Let Q be a domain in R™ (m =1,2,3,...). By Wé({)) (leR, [>0)we
denote the space of functions u(x), x € Q, equipped with the norm

||“||1zxvé(9): Z |{D;u||i2(9)+”u”%[7;(9)’

|| <l
where
ZHD%H;Q for I € Z,
, =
2401 c= \D“u(ac) D u(y)|” -
// A ) dedy forl¢Z
= 3
Here [[] is the integral part of [, o = (o1, 0, . . ., o,) i a multi-index, and

Dlu = 0*u/ox 0xy ... Ox?r is the generalized derivative of order
|| = o1 + o2 + ... + o For 1 < p < oo, we denote by || - |, the norm of
the Lebesgue space LP(Q).

The anisotropic Sobolev—Slobodetskii space W /2 Qr) Qr=02x(0,T))
is defined as L2(0, T; W(€2)) N L3(€; Wl/ 20, 7)), equlpped with the norm

Hu|‘W;~l/2(QT): ‘ |uHW;~°(QT)+ HMHWQ"/Z(QT)

T
_ 2 2
0 Q
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Let X be a Banach space with the norm || - ||y. By C(X), we denote the
space of all continuous functions on R with values in X. The function
f(x) € C(X) is called almost-periodic (a.p.) if for any ¢ > 0 the set

B(f) = {a & R|supl s + o) — 9 < }

is relatively dense in R, that is, there exists I. = L(¢) > 0 (inclusion length)
such that E.(f) N (a,a + L) # ) for any a € R. By AP(X), we denote the
space of all a.p. functions from R to X.

By SP(X) (1 < p < c0), we denote the subspace of L'Z)C(R;X) equipped
with the finite norm

s+1

) = sup / @) da.
seR
S

The function f(x) € L (R;X) is called Stepanov-almost-periodic (SP-a.p.)

loc

([34], [35], [37]) if for any ¢ > 0 the set

s+1

E(f)={oc R[sup(/
seR

S

1/p
@+ o) —f@]5 doc) <e

is relatively dense in R, that is, there exists L. = L(¢) > 0 (inclusion length)
such that E,.(f) N (a,a + L) # 0 for any a € R. By S5,(X), we denote the
space of all SP-a.p. functions from R to X.

Let wor=wx(0,T) and [ €Z, [ > 0. We introduce the following
spaces:

_ l
SIX) = {u e SO ullyigy= > |Dxu] oy < oo},

|| =0
S0 = {u e S'00|Du € 82,0, Jo = 0,1,... ,z},

SH(wr) = SULA(wr)) N S LA (w; Wy*(0,T))),

SU2(ewr) = Sk (LA (wr)) N1 S0, (LA (@; Wy (0, T)).

Moreover we define the norm
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1
Julf = sup 5 [ [u@ia, .
seR
S

s+0

Il = sup3 / 0@ o0 02

lulg, = ZHD“uH(s

|/ =0

For simplicity, V' = (01, &), 4 = 0% + 82, O = 0/0xy.
First we prove the following theorem on the global in time existence for
problem (1.3), (1.4).

THEOREM 1.1. Let ¢ and T be any positive numbers, n*(|x'|) € Wg(w)
and n (|x ) > n. with n, being a positive constant. Assume that
(¢, m6) € S4 (w) X S2 (a)) satisfies the compatibility conditions

(1.6) ¢o(@) = Agy(x) =nix) =0 forxel.

Then there exists a unique solution (¢°, ,n%) to problem (1.3), (1.4) on [0,T]
such that (¢°,n*) € L*0,T; S4 (@) X S21(wT) o’ Jot € LA, T; ap(co))
Here T is a constant mdependent of e

Next, it is clear that the second equation of (1.5) implies ¢0 0 =0 by

virtue of the almost-periodicity condition in a3 and M¢" = Mn0 = 0. In-
serting this into (1.5), (1.4) with & = 0, we have

% (A¢0 —¢"+ ?) + (vg‘) X 5) - Vlog n* = c2A°¢,

667; (V¢ x € -Viegn =0 forxeQ t>0,
(1.7) ¢, 0) = (@) for x e Q,

70, 0) = nd@) for & € w,

&, t) = 4%, t) =0 for x eI, t>0,

W(m/,t)zo for « € 0w, t > 0.

It is to be noted that under an additional conditions nJ(x') = 0 and
log n*(x’) = const., the equations of (1.7) is similar to the linearized
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equations of the Hasegawa—Mima equation (1.2) with an higher order
correction term.

Second we prove the following theorem on the global in time existence
for problem (1.7).

THEOREM 1.2. Let T be any positive number. Assume that (¢, "0)
S4 (w)xW3(w) satisfies the compatibility conditions (1.6) with e = 0. Then
there exists a unique solutwn (¢ no) to the problem 1.7) on [0, T] such
that (gb no)e L20, T; ap(w))xLOO(O T; W3(w)), 8¢ Jote L0, T, ap(co))
nO/at € L0, T; Wi(w)).

__ For this solution qbo let n%(x, t) = gbo(ac, t) — ?(m’, t) and ng(x) = gbg(x) —
¢0(90’ ,0). Then it is easily seen that (¢0, nY) satisfy (1.5) and (1.4) with ¢ = 0.
Finally we prove the following main result.

THEOREM 1.3.  Let T be any positive number, (¢°, n*) and (450, 1Y) be the
solutions established in Theorems 1.1 and 1.2, respectively. If the initial
data (g5, n5) — (¢0, nd) as e — 0in S3(w) x S2(w), then as & — 0, (¢, %) —
(@°,n0) in L2 (0,T; S4(a))) x S2%wp), 4§ —nf — 46" — 0 in S*Ywr) and
7 — 19 in S"Ywr) (wr = w x 0,T)) on [0, T].

This paper is organized as follows. In § 2 we prove Theorem 1.1 from our
result in [24] and the a priori estimates for problem (1.3), (1.4). In §3
Theorem 1.2 is proved through the local in time existence and a priori
estimates in the same way as in [24]. In § 4 we give a proof of Theorem 1.3
by virtue of a priori estimates, Theorems 1.1 and 1.2.

2. Proof of Theorem 1.1

For the initial boundary value problem (1.1) for x € 2, ¢ >0 and (1.4),
we have the following theorem on the local in time existence in [24]:

THEOREM 2.1.  Letn*(|2|) € W%(g}) satisfy~n*(|ac’ |) > n. with a positive
constant n.. Assume that (¢, no) € Sgp(w) X Sgp(w) satisfies the compat-
ibility conditions (1.6). Then there exists a unique solution (¢, n) to prob-
lem (1.1) for x € 0,t>0 and (1.4) on some mtewal [0, T*] such that
(¢,m) € L*0,T; ap(a))) X SZl(wT*) 0¢/ot € L0, T~; ap(co))

Since (1.3) are linear equatlons we can easily prove the following the-
orem on the global in time existence:
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ProposiTION 2.1. Let n*(|2]) € W%(w) satisfy n*(|¢')) > n. with a
positive constant n.. Assume that (¢,,ng) € S‘C*Lp(a)) X Sgp(a)) satisfies the
compatibility conditions (1.6). Then for any positive number T** there
exists a unique solytz’on (¢, @) to problem (1.3), (1.4) on L(), T*] such that
(¢,m) € L*0, T**;wa(w)) X S?;I}(a)Tw), ¢/t € L*(0, T**;S?Lp(co)).

We denote the solution (¢, 7) established in Proposition 2.1. in the case
of ¢; = 1/¢ by (¢°, n%). Since T** in Proposition 2.1. may depend on ¢, to
complete the proof of Theorem 1.1, it is sufficient to show that 7** can be
taken independently of e.

We proceed to get a priori estimates of the solution (¢°,m%). Let it
belong to (L*(0, T} S‘ép(w)) NW3o,T; Sgp(w))) X ngpl(wT) for T'> 0. In or-
der to get a priori estimates, in this section we use the following cut-off
function 7,:

o Let s, 0eR, 6>1 and n(x3) € CYR) be a cut-off function such
that n,=1 on [s,s+0], 7,=0 on (—oco,s —d]U[s+ 29, +0c0),
0 < ny(ws) <1 and |y (xs)| < ¢/, |n(ws)| < ¢/0% with a constant ¢
independent of J and #(x3 4+ 20) = —,(x3) for a3 € [s —J,s].

First we prove two lemmas.

Lemma 2.1 Let f € S}, (o x (0,1)), 6 > 1. Then for any 5 > 0 the set

o )

1s relatively dense in R.

$+20

) ot
/ / fa, 0l (xs) da’ dr dus
0

w

s—0

Proor. It is obvious from the inequality

s+20 t

/ /f(%7 D, (aeg) da’ de dacg

s—0 0 o

s t
= / / /{f(% 7) — f(@ a3 + 25,0}l (xs) da’ dr dus
s—=0 0 o

S

t
SC(6+1) / /|f(.%',‘L’) —f' 3 + 26, 7)| oo’ dr ds.
0 o

sup
0 seR
S

-1
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LEMMA 2.2. Let y € Sﬁp(a)), O3y € S(le(w), M{y@)} =0 in L*(w), and
0> 1. Then

s+20 s+20
) s < [ O e
s—0 5=0

Here c; is a constant tndependent of 0.

Proor. Let X be a Hilbert space. It is well known that if f e
Sgp(X) (1<p<oo)andf € CX), then f € AP(X) (see, p.76 of [1]). From
this it is easy to see that y € AP(L?*(w)) since the following inequality holds

2
@mwé@+wW@ﬁ%Qm}

r3+1

sup ’ ||l//(x3)HL2(w)| S 2 sup{ /
%3€R ngR

L3

which is proved by contradiction (see, p. 89 of [3]).

Now we shall prove that the set £* = {x3 € R|||y(w3)]|12(,= 0} is re-
latively dense in R. When |[y(x3)[|2(,,= 0 for any x3 € R, it is trivial. In
other cases, since y € AP(L*()) and M{y(x)} = 01in L*(w), we can easily
prove by contradiction that there exists ; € R such that [y(y1)l|7:2(,) > 0,
and there exists y2 € R such that |jw(y2)||;2,<0. Hence from the
intermediate value theorem, we have that there exists y3 € [min{y;, ¥z},
max{y1, y2}] such that [y (ys)| ;2= 0. From these and y € AP(L*(w)), we
can obtain that the set E* is relatively dense in R.

Since the set E* is relatively dense in R, we can introduce covering {K;}
of [s — 0, s+ 26] satisfying [s — 6, s +20] = U} | K;, K; UK; = () (1 # j) and for
any i (1 = 1,2,3,...,n) there exists y; € K; such that |ly(y;)| 12, = 0. Let
¢; = max|K;|. Then we have for x5 € K;,

< /G / D5y (22)[* duws.
K;
$+20

n
2 2
| @ e =" [ wlf, de
$—0 =1 K;

()] =

/ Do (@) da
Yi

From this we have

n s+20
2 2 2 2
<3 é / 05| ity = / 105 ey A,
=K $—0

O
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It is easily seen that (1.3) is equivalent to

7 (48 -7) + (78 x) Vlog ' =y

on = . 1 /- ~
8(8t_(v¢ xé’)~Vlogn>——Ea—x§(¢—n),

(2.1) o
04¢" o
o et
Ban (V¢ x €)-Vleg n* =0.

Next we prove

LEmma 2.3.  Let c, = sup |Vlog n*(|&'|)], and o > 36T (¢t is a constant of

r'ew

Lemma 2.2). For any t € [0,T], 5 > 0 the set

(2.2) {5 €R

g((]v&<t>\|j+||ﬁs<t>||§

2
.,

RC
)

1s relatively dense in R. Here c is a constant independent of ¢ and J, but
may depends on c,.

2
nill +
05

~ 112
()

Proor. Multiplying (2.1); by ¢°n, and integrating over Q°= w x
(s — J,8 + 20), we have, by virtue of the integration by parts,

2.3) 2dt ‘w()w‘y; +oo| 48 Oy

L2(Q) L)

+/8tﬁ€(ac,t)g§(ac,t)ns(x)dx: /{--~};7;(x3)dx.
S QS

Multiplying (2.1); by (qb — n8> 7, and integrating over Q°, we have

3 (¢ — )0 [ 2

n

(2.4) 8§&||W(t)\/_”L2(Q) ‘ L2)

—¢ / A, ) (x, ), (a3) dow
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- / (V& .ty x @) - Viog w' (@) (¢ — 1) @, b, ) e

O

- / %33 ({58 - ﬁ)(m t) ({58 — ﬁ) (@, D) (ocg) dov

2
83(587%)(1‘/)\/%"")
) 0
05 (&58 - ﬁs)(t)\/gH .
0

Here we taking ¢ > 0 sufficiently small. In the right most inequality, we
used Lemma 2.2 and the inequality

2.5) sup| f Fen < BOIfIG  for f e SPLP ().

2
+€1C4
0

g%m&(éuv&

2
+ 3CT

Adding (2.4) multiplied by 1/6 and (2.3) multiplied by &/0 and in-
tegrating this over [0, 7'] and taking the supremum over s € R, we have
(2.2) with the help of Gronwall’s lemma, Lemma 2.1 and the inequalities
IVEll; < cl|4¢°]|5 and

1
(2.6) IF15 < 5 30 |1V gy for f € SHLA@).
se

Next we prove

LEmMMA 2.4.  Let ¢, = sup |V log n*(|2'])], and 6 > 30? (ct s a constant of
r'ew

Lemma 2.2). For any t € [0,T], n > 0 the set

27) {5eR s(’D;A&’(t)HjJrHD;Vﬁf(t)HiwL"D?NA& i)
O s T e P M )
~ 12 ~12 7
(Al e}

isrelatively dense in R (|| = 0, 1). Here cis a constant independent of ¢ and
0, but may depends on c,.
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_PROOF. Inthe similar way to Lemma 2.3, multiplying (2.1); and (2.1); by
Ay, and 4 (¢g - ﬁﬁ) 15, respectively, and integrating over Q°, we have

LA )>

A (5 - ﬁ) ®)

<2 dt (va(t)\/_”m(g )+HA¢ (t)\/%

o)
ez

63V(<‘g€ —ﬁ)

2
< ede,c A¢8H5+Cl (9,¢s,¢1,81)

+ea(oenci s on(@ - )] ve [ piow a
]

where & > 0, Cy, Cy are positive constants depending on J, c,, ¢4, &1. If we
take ¢ sufficiently large and ¢ sufficiently small, then C; < . In the right
most inequality, we used Lemma 2.2 and (2.5) and the inequality
IV¢°|s < c||4¢°|| 5. Integrating above inequality over [0, 7'] and taking the
supremum over s € R, we have (2.7) (Jo| = 0) with the help of Lemma 2.1
and (2.2). B

In the similar way to Lemma 2.3, multiply (2.1); by 4°¢', and integrate
it over Q°, operate Laplacian to (2.1);, multiply it by A((ﬁg - ﬁb) n, and
integrate it over Q°. From these we have

L2 )>

83A(¢ n) )y /L

%

Q&@MWWMW+WM®W'

L2(Y)

+ oof| 42 OVl

< eCy (5 Cos ) (’

+ CZ (57 Cys cTa 61)

+Q%5%q,)@%v(_wqwu+w4 ~#)olf).

O

L2(Y%)

>+s/{~--}n;(ac3)doc

(9311 7’&“
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where ¢ > 0, c.. = Y sup D} Vlog n*(|'))], Ci is a positive constant de-
<2 r'ew

pending on J, c.., €1, and Cy, C3 are positive constants depending on 4, c,, c;,
&1. If we take o sufficiently large and &; sufficiently small, then Cs < . Inthe
right most inequality, we used Lemma 2.2, (2.5) and the inequality

||V$ﬁ Ils < c||A$*’H s- Integrating above inequality over [0, 7'] and taking the
supremum over s € R, we have (2.7) (|| = 1) with the help of Lemma 2.1
and (2.2), (2.6), 2.7) (Ja| = 0). O

The proof of the following lemma is easy, hence we omit it.

LeEmma 2.5.  Let ¢, = sup |Vlog n*(|a|)|. For any t € [0,T]

r'ew

2 _
D V¢,

2 —ct

)

oz

< e
L2(w) L3 (w)

2

¢
o A1E o T AE _

/HD1/A¢ (T)HLZ((U) dr < HDx,vgbO 12() |0(| =01z

0

— 2 — 12 -2

Ol [ A

L2(w) ’

— 2 — 112 e 2
||D;’n8(t)||1}(w) < HD;’”F()|’L2(m)+c*CtHD;’¢6 L@’ lof =1,2,3,
oLz, |I° — |12
t < ¢, ||D% 4 =0,1,2.
H ot © LX) +|[P= [2(w) 1 T

Here c is a constant independent of ¢, but may depends on c,.

By the standard arguments based upon the a priori estimates in
Lemmas 2.3-2.5 the solution can be extended up to any 7. Since (1.3) are
linear equations, we can easily prove Stepanov-almost-periodicity of the
solution. Thus the proof of Theorem 1.1 is complete.

3. Proof of Theorem 1.2
The proof of Theorem 1.2 is divided into two parts. First we prove the

local in time existence in the same way as in [24] in §3.1. Second we give a
proof of Theorem 1.2 with the help of a prior: estimates in §3.2.
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3.1 — Local in time existence and uniqueness

3.1.1 — Auxiliary lemmas

Let X be a Hilbert space and y € Sﬁp(X). Note that for any ¢ € R the

mean value
A

i 1 L
we = ./\/l{l//(x) e*léxg} = [}im 5 / w(x) e 1% doy
‘A

exists in X ([10], [38]), wherei = v —1.
Let {&;}.on be a sequence in R such that &, # &, for k # k'. For each
m € N, it is easy to obtain

4

and hence

2

m
w(xs) — Z Ve, e ek
=

= M{ vl } = > llve 5
k=1

X

> vz M{ v )
k=1

This inequality implies that for any ¢ > 0 there corresponds at most a finite
number of ¢ for which [ly; [x > & From this fact it follows that every
e, llx (# 0) belongs to one of the enumerable set of inequalities

1 1
lle> 1 = > g m=1.2.3.),

and each of these inequalities is satisfied by at most a finite number of &.
Therefore, only for at most countable ¢ € R the quantity . is a non-zero
element of X. We call a(y) = {¢ € R|[jy:||y # 0} the spectrum of y, and the
formal series ) w:e' < the Bohr—Fourier series of y, which is written as

¢ealy)

cealy)

Then the following lemmas hold (see [1], [5], [12], [13]).

Lemma 3.1. Ify,y' € Sip(X ) have the same Bohr-Fourier series, then

ly — W/||SZ<X): 0.
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LEmMA 3.2. For any y € Sﬁp(X ) Parseval’s identity

M{lw@li} = > ey

cealy)

holds.

Let us consider a generalized trigonometric series

3.1) Zaé el

cea

where A is a countable subset of R and {a;}..,C C. Let {yj}f x Pe a basis

of A ([10]). Bochner—Fejér sum S™(x) associated with (3.1) is given by

Sm(x): (mz‘)z (WLZ’)Z (1_ |V1| )(1_ |Vm)
(m)? (m!)?

n=—m)?  vu=—On)?
m
x atexp| i E vﬁx
(< = J m| ’

where for & € 4

By introducing an increasing symmetric sequence {A4,,},,.x of 4 conver-
ging to A, that is, —A4,, = A,,, Ay C Apy1 and A = Uy, Ay, S™(x) can be
written as

S'@ =3 daz el

éeA’Vﬂ/

with constants d(g’” satisfying 0 < d(g") < 1land lim dg’") = 1. Note that dfg”‘)
depend on ¢ and m, but not on a; ([13]).
We say that F C S§,(X) is SP-equi-almost-periodic if for any ¢ > 0
there exists a relatively dense subset £, of R such that
s+1
sup/ If@+0) —f@|Lde <e forfeF, ock,

seR
S
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It is well-known that Riesz—Fischer theorem does not hold for S{Zp(X)
(1< p <o) ([4], [27]), while the following lemma holds true (see [11], [14]).

LEmMA 3.3. A mecessary and sufficient condition for a generalized
trigonometric series (3.1) to be a Bohr-Fourier series of a function
feSh,X) (1 <p< o) is that a sequence of the Bochner-Fejér sums
{8"(@)},,en associated with the series (3.1) is bounded in SP(X) and SP-
equi-almost-periodic.

3.1.2 — Local in time existence and uniqueness

It is easily seen that (1.7); has a unique solution 7% when E is given.
Hence we consider only the problem for (1.7);. The following lemmas are
well-known (see, for example, [26], [30], [33]).

LEMMA 3.4. Let l€R, 1>0, c3 >0 and & € R. Assume that y, € Wit (w)
satisfies the compatibility conditions up to order max{[l —3/2],0} and
fe Wé"l/ 2(a)T) satisfies f(x',t) = 0 for & € 0w, t > 0. Then there exists a
unique solution y € Wg”’”l/ 2(cuT) to problem

0
a—l/;—cz(zl’—é2)y/:f for &' € w, t >0,
w',0) = wy(a) fora' € w,
w',t)=0 fora € dw, t> 0.
Moreover, this solution satisfies
e (L e vy

with c¢ being a positive constant depending on &.
LEmMA 3.5. Lety € WSH"IH/ 2(cuT), > 0and ¢ € R. Then the problem
(A’—é2)¢:z// fora' € w, t >0,
¢, t)y=0 fora €dw, t>0

has a unique solution ¢ € L2(0, T; Wi+ (w)) n Wy /20, T; Wi(w)), which
satisfies

H¢||L2(0,T;Wg+l(w))+H¢||W;+I/2(01T;W22(w))§ C§||W‘|W§+l'1+l/2(toyv)

with c: being a positive constant depending on &.
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Let us fix symmetric increasing sequence {4,,},,.x of 4= a(¢8) con-
verging to A. For ¢ € A4 we consider problem

-84 &) + (Ve x@) Viogw'

82) = co(d — éz)qug for ' € , t >0,
. = ¢ fora’ € o,

&)
= - =0 foraedw, t>0,

t=0

where ¢(. = M{¢je 1%}, Lemma 3.4 implies that (3.2) has a unique
solution 47 Then it is obvious that Sm > d(m)qb el<™ is a solution of
problem cedn

0

%<AS’;’3— o+ S= >+(V85]><e)~V10gn

= czAZSZS forxeQ, t>0,

S

=87 for x € Q,
t=0 %

[)—AS”S_O for xcl, t>0

¢

where S = > d(”“cﬁ eloms,
¢0 56/1)”
The following lemma holds in the same way as in Lemmas 2.3-2.4.

LEMMA 3.6. Let ¢, = sup|Vleg n*(|&/])] and ¢° =4 — E. For any
te[0,T1, n> 0 the sets “<

fo<n]fosslt=fssol oL,
<.gc<Hvsm +Hsz; g)}
{5€R' |Dzas)| H +H]D“wsm §

+Hvsm

SH

< ec<HASm

’7
15
Sm Jr Z) ecc*t} ’

lss

Jrec(HVSZ?)

0
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are relatively dense in R (Jo| = 0,1). Here ¢ is a constant independent of 6,
but may depends on c,.

Let VI(2,) = S"( @3 + 0,1) — S"(',03,1) for any o # 0. Then V|
satisfies

a M 1 m = *
g (AV¢00 =V, + V¢—7gg> + <VVNO X e> -Vlieg n

¢a

= cZszggg forxeQ, t>0,

=yY%  for xeQ,
—| &0

;”OJZAVZ30:O for xe I, t>0.
The following lemma holds in the same way as in Lemma 3.6.

LEMMA 3.7. Let ¢, = sup|Vlog n* (||| and ¢° =¢" — E For any
te[0,T1, n>0the sets

2

+\ g [,
+ Z) e“*t},
2+] ] )D;wv;"ag
S * g)

g) ecc*t } ,

are relatively dense in R (Jo| = 0,1). Here c is a constant independent of 6,
but may depends on c,.

2
{5 € R’ vagﬁa(t)HﬁHvzg

VWL

< FC(HVV by

{5 e R‘ HD;Av;;%g(t)H2+‘ DIV

t,0

M

< EC<HAVZ§

+HVV

+ec HVV”S
¢ 0

Now we prove that {Sy},_, forms a sequence bounded in S33/2(cop)
and S33/2(wp)-equi-almost- perlodlc with the help of Lemmas 3.6-3.7 and
the well-known fact (see [4], [6], [11], [13])

(3.4) Hsm

e 7

(3.5) Hs;" —y

for any y € S4,(X) defined on a Banach space X (1 < p < o).

—0 asm— o0

SP(X)
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Indeed, the boundedness of { Zﬁ}f;:l in S33/2(wy) followed from

<

directly derived from (3.4) and Lemma 3.6.
Let

2

2
S2

(3
HSZ‘é 3

0, (@) = (@, 3 + 0) — Gy’ @3)
for any o # 0. It is easy to see that & . = (/" — 1)¢|, and
Vi () = S (@)

Then (3.4) yields

2
< ||#

2
va g2 ollse

0
%0

From this we find that S;’é is S33/2(wy)-equi-almost-periodic by virtue of
Lemmas 3.7.

Lemmas 3.3 implies that ¢0 belongs to S’iﬁ/ 2(a)T). Moreover ¢0 is unique
in the same class according to Lemma 3.1. Therefore from (3.5), we have

(3.6) % — ¢ in$¥%wp) as m — .

Since

m

= ¢8 in S%(w) asm — oo
0

follows from (3.5), we conclude from (3.3) and (3.6), that this ¢0 is a solution
of the problem for (1.7);. Here the strong convergence of Galerkin
approximations are obtained by using property of linear equations (p. 79 of
[25]). Thus the proof of local in time existence and uniqueness is complete.

3.2 — A priori estimates

In the similar way as in Lemmas 2.3-2.5 we can show the following a priori
estimates of the solution (¢0, n") established in §3.1. Let T be an arbitrary

positive number and (qﬁO,W) be a solution of problem (1.7) belonging to
(L*0, T; S*(@)) N W3(0, T; S%(w))) x (L0, T; Wi(w) N W3(0, T; W (w))).

LEmMMA 3.8. Let c, = sup|Vlog n*(|/])| and ¢ =¢" — ?. For any
te[0,T1, n> 0the sets
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{oex| [vdol o+,

<o [l ]+ 5)e )

{scr| [pafo] +|oivdo|
%)

Sk 6

e}

are relatively dense in R (Jo| = 0,1). Forany t € [0,T]

< e[+ | v

SM

e [SRAAL

p:vg), < [p: 7
H 0 L)~ qbo L)

D% 48'(x H dr < HD“,V ol =0,1,2,
/H ¢ @ L2) % L2w) >l

7ot 0 2
" () L2(w) HnoHLZ@) H % 12()

2

%0, 0 _
D7) L2((o)< HD”IWOHL (w)+C*CtHD”/¢° 12(w) ol =
oD 0 o <o @=o12

ot > Cx 0 L) =Y, 4,4

L2(w)

o 0 2
Dzvad],

1,23,

Here c is a constant independent of 6, but may depends on c,.

235

By the standard arguments in help of the a priori estimates in Lemma
3.8 the solution ¢” established in § 3.1 can be extended to any time interval
[0, T]. Since (1.7);-(1.7); are linear equations, we can easily prove Stepa-
nov-almost-periodicity of the solution. Thus the proof of Theorem 1.2 is

complete.

4. Proof of Theorem 1.3

Subtracting (1.5) from (1.3) and denoting by @ = ¢" — ¢0, N =

we have

nt—mn’,

0
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Q(AQS—N) + (VP x &) - Vlog n* = ca A,

ot
8N on .
by =~ ((% (Vc{o xe) Vlogn)
P(d—-N
—%(Tg)—ks(vqﬁxé)-Vlogn* xeQ t>0,

cD(x,O):qu—chg, N(x,0) =nj —n) forxe Q,
D(x,t) = AD(x,t) = N(x,t) =0 foraxecl, T >t >0.

It is easily seen that (4.1);-(4.1), is equivalent to

By virtue of Lemmas 2.3-2.5 and 3.8, the following lemma is derived
from the problem for (4.2). Here we denote by ¢ a constant independent of ¢
and by C(t) a constant dependent on both ¢ and the bounds of

% (Aas - f\'f) + (va X é) -Vlog n" = A,

68]1\5] _ <8§t (V¢ xe) V log n*)

A o) e
% = o /P,
ON

E—(V@xé’) Viegn* =0 forxeQ, t>0.

¢, n, ¢07 n?, which may differ at each occurrence.

LEmMma 4.1.

Lemma 2.2). For any t e [0 T1, n> 0 the sets

{56R

o( vzl (vl ll4},) + s @M,

< zC(t)<HVE>(O)H2+HN(())Hj+gJr8>ecc*t}7

Letc, = sup |V log n*(|«])], and 6 > SC (c+ is a constant of
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fenl )

+HD;V83(35—ZV>M <sC(t)<‘ +HVN(0)H 1 +g>

|

+eco(|[vao+|5 o] +_+8)ecm},

+Z+s>

{56R

{56R‘ I

Aqs N)’H <sC(t)<HA<D(O)H

+ sC(t)(‘)Vaﬁ(O)"6+”ﬁ(0) ’ﬁS + e) e“*t}7

| ; < 80(t>(HAZp(o>Hj+\ VMO)H}gﬂ)

& ? N z n cext
oo S )
are relatively dense in R (o] = 0,1). For any t € [0, T]

|IDETB0 7)< | DETBO) 6™
t
I s, de < [D2VBO3 11 =0,1.2

N2 < [N O 720yt VRO, -

HD“W(t)HiZ(w)g HD;W(O)Hiz(w)—kc*ctHDf;@(O)HiZ(w), o] =1,2,3,

®

< |[DLBO) .y, |2l =0.1.2.

H&D‘
L2(w)

Here c is a constant independent of ¢ and o6, but may depends on c,.

From Lemma 4.1, it is easy to see that if the initial data (qbg,ng) —
(@0, nY) as &— 0 in S3(w) x S¥(w), then (&,n%) — (¢°,n%) as ¢ — 0 in
L2(0, T; S*()) x 82X wy) and 4¢° —nt — 48" — n® as ¢ — 0 in S2l(wp).
Thus the proof of Theorem 1.3 is complete.

Acknowledgments. The author would like to thank the anonymous
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