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On the intersection of annihilator
of the Valabrega—Valla module

ToNY J. PUTHENPURAKAL ()

ABsTRACT —Let (4, m) be a Cohen—Macaulay local ring with an infinite residue field and let
I be an m-primary ideal. Let x = x1,..., x, be a A-superficial sequence with respect

to I. Set 4
I"7' N (x)
A% = _.

-

n>1
A consequence of a theorem due to Valabrega and Valla is that V; (x) = 0if and only if
the initial forms xf‘, ..., x) is a Gy (A) regular sequence. Furthermore this holds if and
only if depth Gy (A) > r. We show that if depth G;(A) < r then

ar-(I) = ﬂ anng V;(X) is m-primary.
A-superficial sequence with respect to 7
Suprisingly we also prove that under the same hypotheses,
ﬂ ar(I") is also m-primary.

n>1
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Introduction

Let (A4, m) be a Noetherian local ring with an infinite residue field. The notion of
minimal reduction of an ideal / in A was discovered more than fifty years ago by
Northcott and Rees; [13]. It plays an essential role in the study of blow-up algebras.
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Nevertheless minimal reductions are highly non-unique. The intersection of all
minimal reductions is called the core of I and denoted by core(/). This was
introduced by Rees and Sally in [14]. It has been extensively investigated in [4],[5]
and [12]. When A is Cohen—Macaulay and / is m-primary; Rees and Sally proved
that core(/) is again m-primary and so is a finite intersection. In this paper we
study a different intersection of ideals.

Let (A, m) be a Cohen—Macaulay local ring of dimension d with an infi-
nite residue field and let / be an m-primary ideal. Let x = x;,...,x, be an
A-superficial sequence with respect to /. Set

n+1
Vi(x) = @ Iiﬂ(x)

x/n
n>1

We call V; (x) the Valabrega—Valla module of / with respect to X. A consequence
of a theorem due to Valabrega and Valla, [16, 2.3] is that V;(x) = 0 if and only if
the initial forms x{,...,x} form a G;(A) regular sequence. Furthermore this
holds if and only if depth G;(A) > r, see [10, 2.1]. When r = d = dimA4
there has been a lot of research relating depth G;(A) and £ (V;(x)). Here £(—)
denotes length as an A-module. For instance Guerrieri in her thesis proved that if
£ (V;(x)) = 1 thendepth G;(A) = d —1; see [7]. For other results in this direction
see [8], [9], and [17].

In general notice each Vj(x) has finite length and so anng V;(X) is m-primary.
We prove, see Theorem 5.3, that

a-(1) = ﬂ anng Vy(x) is m-primary if depth(Gjy(A4)) < r.

A-superficial sequence with respect to /

This intersection of ideals is in some sense analogous to that of core of /; since
notice that 4
core(]) = anng —.
H= 45

J minimal
reduction of 7

Nevertheless they are two different invariants of /. Furthermore our techniques
are totally different from that in the papers listed above.

By a result of Elias depth G~ (A) is constant for all n > 0, see [6, 2.2]. Since
core(/) < I we have (),., core(I”) = 0. Suprisingly, see Theorem 6.3, we have
that if depth Gy (A) < r then

ﬂ a(I™) is m-primary.

n>1
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We now assume A is also complete. Let

R =EP1"

n>0

be the Rees algebra of /. Set
L=L"(4)=a/.

n>0

It can be shown easily that L is a R(/)-module. Of course L is not finitely
generated as a R(/)-module. Nevertheless we prove that its local cohomology
modules Héz( D+ (L) are x-Artinian fori = 0,...,d — 1; see Theorem 4.3. Recall
a graded R(/)-module N is x-Artininan if it satisfies descending chain condition
on its graded submodules, cf. [3, p.142]. Set b;(/) = anng(r) H:éz(])Jr(L) for
i =0,...,d —1land q;(/) = b;({) N A. Since H§(1)+(L) is x-Artinian; it is
not difficult to show that q; is m-primary (or equal to A); see Corollary 4.4.
In Theorem 5.2 we prove that

ar(I) 2 qo(1)qr (1) -qr—1(1).

Next note that L7 (A4)(—1) behaves well with respect to the Veronese functor.
Clearly

(L1 () (-1)" = LT (4)(=1) foreach! > 1.

Also local cohomology commutes with the Veronese functor. As a consequence
we have

qi(I'") D qi(I) foreach!/>landi =0,1,...,r — 1.

It follows that
() a-(™) 2 a0(Dar (1) -+ qr—1(1).
n>1

The R(I)-module L’ (A) is not a finitely generated R(7)-module. However
it is quasi-finite R(/)-module, see §1.5. Quasi-finite module were introduced
in [11, page 10]. Surprisingly we were able to prove that if £ is a quasi-finite
R(I)-module and has a filter-regular sequence of length s then the local coho-
mology modules Héz(l)+ (E) are all x-Artinian fori =0,...,s — 1.

We also study the Koszul homology of a quasi-finite module with respect to a
filter regular sequence. We then use a spectral sequence, first used by P. Roberts
[15, Theorem 1], to relate cohomological annihilators with that of annihilators of
the Koszul complex. We however have to very careful in our proof since we are
dealing with infinitely generated modules.
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We now describe in brief the contents of this paper. In Section 1 we intro-
duce notation and discuss a few preliminary facts that we need. In Section 2
we study a few basic properties of L/ (M). In Section 3 we prove some prop-
erties of Koszul homology of quasi-finite modules with respect to filter-regular
sequence. We also compute H,(u, L (M)) where u = xit,....x,t € R(I),
is a LT (M)-filter regular sequence. In Section 4 we study local cohomology of
quasi-finite modules £ with £(E},) finite for all n € Z. In Section 5 we prove that
a, (1) is m-primary (or A). In Section 6 we show that (., a,(I") is m-primary
(or A).

1. Notation and preliminaries

Throughout we assume that (4, m) is a Noetherian local ring with an infinite
residue field k = A/m. Let M be a finitely generated A-module of dimension r
and let / be an ideal of definition for M ;i.e, £(M/I M) is finite. Here £(—) denotes
length as an A-module. For undefined terms see [3], especially Sections 4.5
and 4.6.

1.1. Assume r = dimM > 1. Let x € I \ I?. We say x is M-superficial
with respect to / if for some ¢ > 1 we have (I"t!M:x) N I°M = I"M for
all n > 0. If depth M > O then using the Artin—Rees lemma one can prove that
(I"'M:x) = I1"M for all n > 0.

A sequence X = xq, ..., x; is said to be M -superficial sequence if x; is M -su-
perficial with respect to / and fori = 2,...,r; x; is M/(x1,...,xi—1)M-su-
perficial with respect to /. Since k is infinite, M -superficial sequences of length
r = dim M exists.

1.2. Let x = x1,...,x, be a M-superficial sequence with respect to 1.
The Valabrega—Valla module of 1 with respect to M and X is

1"t M N xM

Vit M) = D 7

n>1

We consider it as a A-module. Set V;(x) = V;(x, A).

1.3. Let R(I) = D,z I"t" denote the extended Rees-algebra of 4 with
respect to . Here 1" = A for n < 0. We consider it as a subring of A[z,171]. Let
R(I) = P, 5 ["t" denote the Rees algebra of A with respect to . We consider

it as a subring of A[¢]. Of course we can consider R(/) as a subring of JA%(I ) too.
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Both these embeddings of R(/) would be useful for us. Set

Ry =P 1"M" and Ry = P 1" M1,

nez n>0

We call SAQ(I )m the extended Rees module of M with respect to I and we call
R(I)p the Rees module of M with respect to 1.

1.4. Consider
L' (M) =M/t m.
n>0
We consider LY (M) as a JA%(I )-module as follows.
Consider the exact sequence

0— R()y — M[t,t™"] — LT (M)(~1) —> 0.

Here M[t,t7'] = M ®4 A[t,t~"]. This exact sequence gives L’ (M) a structure
of R(I)-module. Since R(/) is a subring of R(I), we also get that L (M) is a
R(I)-module. We may also see this directly through the exact sequence

0 — Ry — M[t] — LT (M)(~1) — 0.

1.5 QuasI-FINITE MODULES. We extend definition of quasi-finite modules
from that of [11, page 10]. Let £ = P,z Ex be a R(/)-module. We say E is
quasi-finite of order at least s if

(1) E, is a finitely generated A-module for all n € Z,
2) E, =0foralln « 0,
(3) fori =0,...,s — 1 we have H;Q(I)+(E)" =0 foralln > 0.

1.6 Remark. Of course if E is a finitely generated R(/)-module then it is
quasi-finite of any order s > 1. In the next section we prove that if M is Cohen—
Macaulay of dimension r > 1 and I is an ideal of definition for M then L (M)
is quasi-finite of order at-least r.

1.7. Let E = @, cy, En be a non-necessarily finitely generated R(/)-module
with £, = 0 for all n <« 0. An element u € R([); is E-filter regular if
(0:g u), =0foralln > 0.

1.8 Remark. If E is quasi-finite of order at-least s(> 2) and u is E-filter
regular then E/uE is quasi-finite of order at-least s — 1. This can be proved by
noting that (0:g u) is R({/)4-torsion.
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1.9. Let E = @,z En be a quasi-finite R(/)-module of order at least s. Let
u=uy,...,ur € R(I); be a sequence and assume r < 5. We say u is a E-filter
regular sequence if u; is E-filter regular, u, is E/u; E-filter-regular, ..., u, is
E/(uq,...,ur—1)E filter-regular.

1.10 ProrosiTIiON. Assume that the residue field of A is uncountable. Let E be
a quasi-finite R(I)-module of order at least s. Then there exists 4 = uy,...,us €
R(1)1 which is E-filter regular sequence.

Proor. It is sufficient to do this for s = 1 (see Remark 1.8). In this case the

result follows from [11, 2.7]. O

1.11 REmark. Assume M is Cohen—Macaulay. Let x = xj,...,x, be a
M -superficial sequence with respect to /. Set u; = x;t € R([); fori =
1,...,r.In the next section we show thatu = u,...,u, isa LI(M)—ﬁlter regular

sequence. We do not need the residue field of A to be uncountable.

2. LT(m)

2.1 SeETUuP AND INTRODUCTION. In this section M is a Cohen—Macaulay
A-module of dimension » > 1 and [/ is an ideal of definition for M. We con-
sider the R(I)-module L/ (M) = @nzo M/I"t M. We prove that LT (M) is a

quasi-finite R(/)-module of order at least r. Letx = xy, ..., x, be a M -superficial
sequence with respect to 1. Setu; = x;t € R([); fori = 1,...,r. We also show
thatu = uq,...,u,isa LI(M)—ﬁlter regular sequence.

2.2. If E is a graded SAQ(I )-module then notice that
Hiy 1 (E) = ng( 1y, (E)  as R(I)-modules.
Note that R(/)4 denotes the ideal R(I);+R(I) of R(I). The following result is
known when M = A; see [, 3.8].

2.3 Lemma (with hypotheses as in 2.1). As R(/)-modules:

(1) H:le(l)Jr (R(I)pp) is a quotient of H912(1)+ (R(Dm).

(2) Hi (1)+(§z(1)M) = Hiyyy, (RUy) fori = 2.

SKETCH OF PROOF. We use 2.2 and the following short exact sequence
of R(/)-modules

0— Ry — Ry — R p /Ry —> O.
Notice j\Q(I)M/IR(I)M is R(1)4-torsion. ]
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2.4 ProposiTioN. L (M) is quasi-finite of order r = dim M.

Proor. Set L = L!(M). Notice H:éz(])Jr(L) = H§(1)+(L) as R(I)-modules.
Letx = x1,..., x, be a M -superficial sequence with respect to /. Set u; = x;t €
R(I); fori = 1,...,r. It can be easily checked that u is a M[t,¢™!] regular
sequence. So H;Lw)+ (M[t,t7']) =0fori =0,...,r — 1.

We consider the exact sequence

0— R(I)y —> M[t,t7"] — L(—=1) —> 0.

Taking local cohomology with respect to JA%(I )+ we get that

i J— o~ £\+1 R | — —
(a) H§(1)+ (L(—-1)) =~ HR(I)+ (R )pg) fori =0,...,r —2.
r—1 _ : r D
(b) HSAQ(I)Jr (L(—1)) is a submodule of HSAQ(I)Jr RU)m).
The result now follows from Lemma 2.3, Remark 2.2 and [2, 15.1.5]. Ol
2.5 ProPOSITION. Let X = Xx1,...,X, be a M-superficial sequence with re-

spect to I. Set u; = x;t € R(I), fori = 1,...,r. Then u is a L' (M)-filter
regular sequence.

Proor. Set L = LI (M). We first show that u; is L-filter regular. Notice

1" My x4
0: = _ .
n>0

Since x; is M -superficial it follows that u; is L filter regular; see 1.1.
Check that

L M
— = @— = LI(M/x; M).
urL e xM + 1" M
The result now follows from an easy induction on dim M . O

3. Koszul homology of quasi-finite modules with respect to filter-regular
sequence

In this section we prove some properties of Koszul homology of a quasi-finite
module with respect to a filter regular sequence. We also compute the first Koszul
homology of L!(M) with respect to u = xit,..., x5t where xi,...,xg is an
M -superficial sequence with respect to /.
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3.1 TueoREM. Let E be a quasi-finite R(I)-module of order at least s and let
u=uy,...,us bea E-filter regular sequence. Then fori = 1,...,s we have

(1) Hi(u, E) is a finitely generated R(I)-module. It is also R(I)y-torsion. In
particular H;(u, E) is a finitely generated A-module.

(2) Ifuis E-regular sequence then Hi(u, E) =0fori =1,...,s.
(3) If Hi(u, E) = 0 thenu is a E-regular sequence.

Proor. (1) We prove it by induction on s.

The case s = 1. Notice Hy(u1, E) = (0:,, E). Since u; is E-filter regular we
get that H;(uy, E) is a finitely generated A-module and hence a finitely generated
R(I)-module. Clearly it is also R(/)+ torsion.

We assume the result for s = r and prove it for s = r + 1. Let
u=uy,..  uu,+1 and 0w = uq,...,u,. We have for all i > 0 an exact se-
quence
(3.1.1)

0 — Ho(ury1, Hi(W', E)) — Hi(, E) — Hi(ur41, Hi—1 (W', E)) — 0

Using induction hypothesis it follows that for i > 2 the modules H;(u, E) are
finitely generated R(/)-modules and also R(/)4-torsion. For i = 1 we make the
following observations.

(a) Ho(ur+1, H1(W, E)) is finitely generated R(1)-module. It is also R([/)4-tor-
sion.

(b) Hy(ur+1, Ho(W, E)) = Hi(ur41, E/WE). Since u,41 is E/u E-filter reg-
ular then by s = 1 case we have that H; (1,41, Ho(W, E)) is a finitely gener-
ated R(/)-module and it also R(/)-torsion. The result follows.

(2) The standard proof works, cf. [3, 1.6.16].

(3) Nothing to prove when s = 1. So assume s > 2. Setr = s — 1. We
use the exact sequence (3.1.1). If Hy(u, E) = 0 then Hy(u,4+1, Hi (W', E)) = 0.
So we have Hy (W', E) = u,4+1H; (W, E). Since H; (W, E) is a finitely generated
graded R(7I)-module and u,4; has positive degree it follows that H;(w’, E) = 0.
By induction hypothesis it follows that uy, ..., u, is a E-regular sequence.

From 3.1.1 we also get

Hl(ur+1, H()(ll/, E)) = Hl(ur+1, E/ll/E) =0.

So u, 41 is E/u’ E- regular. It follows that u is a E-regular sequence. O
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3.2 ProrosiTION. Let M be a Cohen—Macaulay A-module of dimensionr > 1
and let I be an ideal of definition for M. Let X = x1,...,Xs be a M -superficial

sequence with respect to I with's < r. Setu; = x;jt € R(I)y fori =1,...,s.
Then u is a L' (M)-filter regular sequence and
I"'M N xM

Hy(u, L' (M)) = P

n>1

i = Vi M),

Proor. Set L = L!(M). In Proposition 2.5 we have shown already that u is
a LT (M) filter-regular sequence.
Consider the exact sequence

0— R()y — M[t,t™"] — L(—=1) —> 0.

It can be easily checked that u is a M|[t,t71] regular sequence. So we get
Hi(u, M[t,t~']) = 0. Thus we have an exact sequence

0 —> Hi(u, L(~1)) —> Ho(u, R(I)ar) —> Ho(u, M[t,171])
—> Hp(u, L) — 0.

Notice
Ho(u, R(I)y) = &y "M nd H (u, M[t,t7) = M/xMt, 17"
0 ’ M) — Xln_lM 0 ’ ’ - ’ .
nez
S0 I"M NxM
X
Hiuw L) =P ———
1w L-D) =D =y,
nez
The result follows. U

4. Local cohomology of quasi-finite modules E with £(E,) finite for all n € Z

In this section we prove a surprising fact: the local cohomology modules
H52(1)+ (LT (M)) are all *-Artinian fori = 0, ...,depth M — 1. It is convenient to
prove it in the generality of quasi-finite modules.

4.1. Throughout this section, H' (=) = Hj, 1, () the i-th local cohomology
functor with respect to R(/)+. In this section we assume that

(1) (A, m) is complete with infinite residue field,

(2) E is a quasi-finite module of order at least s,

(3) there exists an E-filter regular sequence of length s,
(4) L(E,) finite for all n € Z.
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4.2 Remark. The hypothesis on existence of E-filter regular sequence of
length s is automatically satisfied if k is uncountable. The assumption "¢( £, ) finite
for all n € Z" is to imitate that of L’ (M). Finally if M is CM and A has infinite
residue field then assumptions 2, 3, 4 are automatically satisfied for L (M). The
assumption A is complete is needed since we will use Matlis-duality.

4.3 Tueorewm (with hypotheses as in 4.1). Fori =0,...,s — 1 we have
(1) L(H'(E),) < oo foralln € Z;
(2) H'(E)V is a Noetherian R(I)-module;

(3) HI(E) is a x-Artinian R(I)-module.

Proor. We prove everything together by induction on s.

The case s = 1. Clearly £(H°(E),) < oo for all n € Z and is zero for n < 0.
By hypothesis E is quasi-finite of order at least 1. So H°(E),, = 0 for all n >> 0.
The result follows.

We assume the result for s = r and prove for s = r + 1. Since E is quasi-finite
module of order at least » + 1 it is also quasi-finite module of order at least r.
So by induction hypothesis applied to £ we have that fori = 0,...,r — 1 the
modules H' (E) satisfy properties (1)—(3). It remains to prove that H (E) satisfies
properties (1)—(3).

Let u be E-filter regular. Set F = E/uE. We have an exact sequence

0— (0:pu) — E(-1) — E — F — 0.
Since (0:g u) is R4-torsion, by using a standard trick, we get the exact sequence

0 — (0:5u) — HYE)(-1) — H°(E) — H°(F) —
HYE)(-1) = HYE) — HY\(F) —

H "Y(E)(-1) = H Y (E) — H"™(F) —
H™(E)(~1) — H'(E).

So we have an exact sequence

(%) H™™Y(F) 2> H"(E)(—=1) 2% H'(E).



On the intersection of annihilator of the Valabrega—Valla module 31

Since F is quasi-finite of order at least r we get that H”~!(F) satisfies proper-
ties (1)-(3). We prove that H" (E) satisfies properties (1)—(3).

(1) By hypothesis on E we have H" (E), = Oforalln > Osay fromn > c+1.
By equation (x) we have

_ )
H' 1(F)c—l—l —> H"(E)¢ —> H"(E)c+1 = 0.

Since H~!(F) satisfies (1) we get that H" (E), has finite length. Once can induct
on j to show that H"(E).—; has finite length for all j > 0.

(2) We have an exact sequence of R(/)-modules
HY(E)Y -5 HP(E)Y(+1) T HY(F)Y.

Set W = H"(E)V. Since H"~1(F)V is finitely generated R(I)-module it follows
that W/uW(+1) (and so W/uW) is finitely generated.

Say V = (&1,...,&n) is a R(I)-submodule of W such that W = V + uW.
We prove W = V. This we do degree-wise. By hypothesis on E we have
H"(E), = 0foralln > 0.So W, = 0 forall n <« 0say from n < c. Since
degu = 1 we have W, = V. Notice

Wegr = Veqr +uWe = Ve +ulVe = Vey.

By induction on j it is easy to show W, ; = V.4 ; forall j > 0.

(3) This follows from Matlis duality. O

4.4 CoroLLARY (with hypotheses as in 4.1). Fori = 0,...,5s — 1 set
a(E); = anng(y) H'(E) and q;(E) = a(E); N A. If H'(E) # 0 then q;(E) is
m-primary.

Proor. Fix i with0 <i <s—1.Set D; = H'(E) and assume it is non-zero.
It is easily checked using Matlis duality that anng ;) D; = anng(p) D;’.

Notice D, is a finitely generated R(/)-module such that £((D,’),) is finite for
all n. Let my, ..., ms be homogeneous generators of D,. Consider the map

SR
v a; (E)

I (tmy,..., tmg).

S
— P D (—degm,),
j=1

Clearly v is injective. Taking degree zero part of this embedding gets us that g, (E)
is m-primary. O
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5. Proof of the main theorem

The proof of the following result is inspired by [3, Theorem 8.1.2]; (also see [15,
Theorem 1]). However we have to be extra careful at a few places. The hypothesis
of our result is not exactly similar and we are dealing with infinitely generated
modules.

5.1 THEOREM. Let (A,m) be a complete Noetherian ring with an infinite
residue field and let I be an wm-primary ideal in A. Let N be a quasi-finite
R(I)-module of order at least m. Assume 0w = uy,...,uy, € R(I)1 is a N filter-
regular sequence such that

H:(N) = H;(1)+(N)

Also assume that £(N,) is finite for all n € Z. Setw’ = uy, ..., u, withn < m and
let
Ke = Ke(w',N):0 — E,, —> -+ —> E1 —> Eg —> 0

be the Koszul complex of W' with coefficients in N.
For j =0,...,m — 1 setb; = anng(y) HJJQ(I)JF(N) and q; = ANDb;. Then
qoq1 - - - qn—1 annihilates Hy(IKe (', N)).

Proor. Let C* be the Cech co-chain complex on uj,...,uy,. We shift
C*® m-places and write it as a chain complex

D.:0—D,, — ---—> D; — Dy — 0.

By construction H;(N ® Ds) = Hy7), (N).

Consider the chain bicomplex X = D, ® IK,. We consider the two standard
spectral sequences to compute the homology of Y. = Tot(X); the total complex
of X.

The first spectral sequence. lqu =D, ® K,.So
'E), = Hy(Dp ® Ks)
=D, ® H;(K,), since D, is flat.

By Theorem 3.1 we have that H,(IK,) is R(/)y-torsion for all g > 0. It follows
that
0 forg > 0 and p # m,

IE;q = Hy(K,) forg > 0and p = m,
D, ® Hy(K,) forg =0.
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Therefore
0 forg > 0 and p # m,
'E2, = { Hy(K.) forq > 0and p = m,
H;f’(_l‘)”Jr (Ho(K,)) forg =0.

Observe that this spectral sequence collapses at 'E?. So Hp,;(Ye) = H;(IK,) for
1<i<n.

THE SECOND SPECTRAL SEQUENCE. Hqu =D, ®K,.So

"E,, = HyDe ® Kp) = Hyd (Kp) = (HyfS, (N,

By construction q,,—4 annihilates "E]_ if ¢ # 0. Since "ES? is a subquotient of
NE), we get that q,,—, annihilates ES if g # 0.

Let0 = V_; C Vp € V3 C --- C Vj_l - V] = m+1(Ye) be the
filtration such that "E®® ., = V,/V, ;. Notice "E?S ., = 0for p > n
and m + 1 — p > m (equivalently p < 1). So in the filtration 1 < p < n. Notice
in this range ¢ = m + 1 — p # 0 (otherwise p = m + 1 > n). S0 qu—g = qp—1
annihilates TE for the range 1 < p < n. It follows that qoqy - -qn—1

p.m+1—p
annihilates H,,+1(Y,). The result follows since Hy,41(Ye) = H1(Ke). U

5.2 THEOREM. Let (A,m) be a complete Cohen—Macaulay local ring with
infinite residue field and dimension d > 1. Let I be an m-primary ideal in A. Set
L =LY"(A). Fori =0,...,d—1setq; = ANanng) Hg (L).Forr =1,....d
set

a-(l) = ﬂ anng Vy(x).

X = Xl,..., Xy isa
superficial sequence of 1

Then a,(I) 2 qo---qr—1. In particular if depth Gy (A) < r then a,(1) is m-pri-
mary.

Proor. By Proposition 2.4, L is quasi-finite R(/)-module of order at least
d.Fixr > 1. Let X’ = xyp,...,x, be an [I-superficial sequence. Then X’ can
be extended to a maximal superficial sequence X = Xx1,..., Xy, Xr41,...,X4.
Set u; = x;t € R(I);. Then by Proposition 2.5 u = uy,...,uy is a L-filter
regular sequence. Since (x) is a reduction of [ it follows that u generates R(/)+
up to radical. So Hi(L) = Héz(l)Jr(L)' Setw = uy,...,u,. Let Kq(u', L) be
the Koszul complex on uw’ with coefficients in L. By Proposition 3.2 we get that
H,(v/, L) = V;(x’). By Theorem 5.1. we get anng V;(X') D qo--qr—1. Since X’
was an arbitary superficial sequence of length » we geta, (/) 2 qo---q,—1. U
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We now drop the assumption that A is complete.

5.3 THEOREM. Let (A,m) be a Cohen—Macaulay local ring with infinite
residue field and dimensiond > 1. Let I be an m-primary idealandlet1 <r < d.
Then

a,(IA)NACa,(]).

Furthermore if depth G;(A) < r then a, (1) is m-primary.

ProoF. Let A be the completion of A. Let x = xy,..., x, be an [/ -superficial
sequence. Then x considered as a sequence in A is also a I -superficial se-
quence. Furthermore V; 2(x) = V;(x) since it is of finite length. It follows that
ann 7V, 2(x) N 4 = anng V;(X).

Notice

ar(1A) Cann;V, 2(x).

So ar(lff) N A € Vi(x). Therefore ar(I/T) N A < a,(/). Furthermore as
G, 2(1"1\) = Gy(A) has depth < r we have that a,(/ ff) is m-primary. It follows
that a, (/) is m-primary. O

6. Powers of I

In this section we investigate a,(I/) for / > 1. One of the advantages of working
with L7 (A) is that LY (A4)(—1) commutes with the Veronese functor. Clearly

(LT (A1) = LT (4)(~1) foreach! > 1.
Also note that for the Rees algebras we have
R(1Y) =RV and R4 = RNV
Local cohomology also commutes with the Veronese functor. So we have that
H;(I,)+(L”(A)(—1)) ~ (H§(1)+(L’(A))(—1))<’> forall [ > 1.
We first prove the following general result.

6.1 LEMMA. Let (A, m) be a Noetherian local ring and let I be an m-primary
ideal. Let E be a finitely generated graded R(I)-module with £(E,) < oo for all
n € Z. Forl > 1 set

q(I') g = (anngy EV) N A

Then
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(1) q(I")g is m-primary for each | > 1;

(2) foreachr,l > 1 we have
(") e € al™)E;
(3) the set
C={qE |1 =1},
has a unique maximal element which we denote as q(I)% .
Proor. (1) Fix [ > 1. Then E%) is a finitely generated graded R(/*)-module

with £(E ](l)) finite for all j € Z. So by an argument similar to Corollary 4.4 we
have that q(I%) g is m-primary.

(2) Notice
(E(l))(r) — gt}

Thus it suffices to prove the result for/ = 1. Leta € q(/)g. Thena E; = 0 for all
J € Z.So we have thata € anng(;r) E) Alsoasa € A wehavethata € q(I")g.

(3) Suppose q(I*)g and q(I”)g are maximal elements in C. By (2) we have
that

q(INe SqU™)e and qI")E S a5,

By maximality of q(I*) g in € we have that

a(Ie = ™).
Similarly

9(")E =a(l")E.
Soq(IE =q(I")E. O

6.2 QuesTtion (with hypotheses as above). Is
q(H)F = qIHg  foralll > 0?

We now prove the following result:

6.3 THEOREM. Let (A,m) be a Cohen—Macaulay local ring with infinite
residue field and dimension d > 1. Let I be an m-primary ideal andlet1 <r < d.
If depth Gy (A) < r then

ﬂ a,(I") is m-primary.

n>1



36 T. J. Puthenpurakal
Proor. By Theorem 5.3
a,(IA)NACa,(I).

Thus a, (1 "4 )JNA C a,(I") foralln > 1. Thus it suffices to prove the result when
A is complete. Let/ > 1. Fori =0,1,...,r — 1, define

: l
q:(I") = (anng g1y Hy gy (L7 (4) N A.
By Theorem 5.2
a-(I") 2 qo (11 (I) -+ gr_1 (I1).
Fori =0,1,...,r — 1 set
; 1

Di(l) = Hypy, (LT (A)(=1))".

Note that by Matlis duality
; ; !
D'(1)Y = Hiqy, (LT (A)(=1)).

Clearly
qi(I') = (anngiy Di(1)) N A fori =0,1,....r— 1.

Since L’ (A) and local cohomology behaves well with respect to the Veronese
functor we have that for all / > 1 we have

D;(l) = D;(H"" fori =0,1,...,r —1.

By Lemma 6.1(2) we have q; (1) 2 q;(I) forall/ > 1 andforalli =0,...,r—1.
Therefore we have

ar(I") 2 qo(Hgi(1)---qr_1 (1) forall [ > 1.
It follows that (), a,(I") is m-primary. U
We end our paper with the following:

6.4 QuEstioN (with hypothesis as above). Is a, (/") constant for all n > 0?
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