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The thermistor problem with Robin boundary condition

G1ovanNT CIMATTI ()

ABSTRACT — We study the thermistor problem with Robin boundary condition for the
temperature. A theorem of existence is proved using the compensated compactness
method. For the one-dimensional case a result of non-existence and non-uniqueness is
also given.
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1. Introduction

The name “thermistor” is used to indicate a three-dimensional body made up of a
mixture of semiconducting materials for which the electrical conductivity depends
sharply on the temperature [6]. We represent the body of the thermistor by €2, an
open and bounded subset of R3. The regular boundary I' of Q consists of two
disjoint surfaces I';, I';, the electrodes of the device to which a fixed difference V/
of electric potential is applied.

If J denotes the density of the electric current, E = —V¢ the electric field and
¢ the electric potential, we have by Ohm’s law

1.1 J=—-0)Ve,

where u is the temperature. Moreover, if q is the heat flow density, the law of
Fourier gives

(1.2) q = —«Vu,
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Figure 1

where « is the thermal conductivity assumed here to be constant. Conservation of
electricity and energy give

(1.3) V-J=0,

(1.4) V.-q=E-],

where E - J represents the Joule heating. To determine u and ¢ in 2 we need to
add to (1.3) and (1.4) boundary conditions for ¥ and ¢ on I'. If the thermistor is
connected to a voltage generator, as we assume, the boundary condition for ¢ is

|4
—— onl'y,
2

4 onT

2 >
In most of the papers on the thermistor problem (see e.g. [2], [5], [1], [4] and [8])
the boundary condition for the temperature is supposed to be of the Dirichlet type.
Here we assume, as in [3] and [12], the physically more realistic Robin boundary

condition

d
Pt h(g—u) onT,
dn

where g is a function assigned on I', which is related to the temperature of the
medium surrounding the thermistor, and % is a positive constant. Thus, for the
determination of u(x) and ¢(x), x = (x1, x2, x3) € Q we have, under stationary
condition, the following problem (P)

(1.5) V-(c(u)Vp) =0 in Q,
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—K on I‘l,
2
(p =
— on rz,
(1.6) — V- (kVu) =o)|Ve|*> inQ,
d
Pt h(g—u) onT,
dn

where (1.5) is obtained inserting (1.1) into (1.3), and (1.6) follows by (1.2) and (1.4).
We assume hereafter that, in a suitable system of units, x = 1 and # = 1 and
suppose g € C%*(I"), o(¢) € C'([m, o0)) where m = infr g > 0. Moreover, we
assume

op>0()>0 forallz >m,
to(t)> 09 >0 forallt > m.

The main difficulty in problem (P) lies in the quadratic growth of the gradient
in the right hand side of equation (1.6) and in the degenerate character of equa-
tion (1.5) in view of (1.7).

In Section 2 we recall the a priori estimates, based on the maximum principle,
which hold for the stationary solution of the heat equation with Robin’s boundary
conditions.

Section 3 deals with a sequence of regularising higher order approximating
problem (P¢). We prove that each (P) has at least one solution. The limit for
€ — 0 is obtained in Section 4.

In Section 5 we examine a one-dimensional counter-example to problem (P).
We prove that if o(u) = e and therefore the condition (1.7) in not satisfied, there
exists a critical value of the voltage V' * such that the problem ( P) has two solutions
if 0 < V < V* and no solution if V' > V*.

Let ¢o be the solution of the Dirichlet problem

0 in 2,
|4
Ago =177 on Iy,
V
— I,
) onls

and define
¥ = ¢ — ¢o.
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We take as weak formulation (P W) of problem (P) the following
(1.72) ¢ € Hy (),

(1.7b) / o)V - Vydx = —/ o(u)Veo-Vydx, forall y € Hy(R),
Q Q

(1.8a) ue HY(Q),

/Vu'Vvdx—i—/uva’F
Q r
(1.8b) — [ oV +@Pvdr+ [ goar.
Q r
forallv e HY(Q) N L®(Q).

Itis easily seen that if (v (x), u(x)) is aregular solution of problem (P W) it solves
problem (P). We assume hereafter that I'; and I'; are so regular that the following
inequality holds.

(1.9) /uzdx §C</ |Vu|2dx+/ uzdF), for all u € H'().
Q Q r

In particular, if 'y, T, € C! then (1.9) is true (see e.g. [9]).

2. A priori bound based on the maximum principle

In the next two Lemmas we give a minimum principle for the stationary solution
of the heat conduction problem with Robin boundary condition, referring to the
book [10] for more details. The physical meaning is simple: if the body is heated
by a positive internal source (like the electrical Joule heating) the temperature
distribution cannot drop below the minimum value of the temperature of the
surrounding medium evaluated on the surface of the body. The first Lemma
supposes a regular solution, the second one gives an analogous result for a H'!
solution.

LemMa 2.1. Let u(x) € CY(Q) N C%(Q) be non-constant in Q. Suppose
f(x) € C%RQ), g(x) € C*T) and

(2.1) —Au=f>0 inQ,

(2.2) d_u =g—u onl.
dn

Then

(2.3) u(x)>m forall x € Q, wherem = milglg(x).
xe
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Proor. By (2.1) we have, for all x € Q,
2.4) u(x) > minu(x)
xel’

and let
minu(x) = u(xg), xo€T.
xel

Suppose, by contradiction, that there exists x* € Q such that
(2.5) u(x*) < m.

By (2.4) we have u(x*) > u(xg). Hence m — u(xo) > 0, thus, by (2.2),

du

(2.6) I

(x0) = g(x0) —u(xo) = m —u(xp) > 0.

But xo is a minimum point of u(x) in Q and therefore, by the maximum principle
in Hopf form, we have %(xo) < 0 and (2.3) follows. Ol

Next we give a “H !-version” of the previous lemma. We follows the ideas
on weak maximum principle of the book [7] (page 35), to which we refer in
particular for the definition of inequality in the sense of H !. The weak formulation
of problem (2.1), (2.2) is the following

(2.7a) ue H(Q),

/Vu-Vvdx—i—/uvdF
Q r

(2.7b)
:/ fvdx+/gvdF, forallv e HY(Q).
Q r

We note that the equation (2.7a) is invariant under the transformation U = u + m,
G = g — m. Thus we can assume, without loss of generality,

(2.8) m = irr{fg =0.
We have
LEmMA 2.2. Let
(2.9) fel*Q), f=0, gelL*D).
Suppose u to satisfies (2.7a) and (2.8), then

(2.10) u>0 inSQ.
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Proor. We apply the truncation method. Let {(x) = infg(u(x), 0) and
Q_ ={x e Q,u(x) <0, in the sense of H'(Q)}.

We have ¢(x) € H'(R) and ¢(x) < 0. If we prove that ¢(x) = 0 in  then (2.10)
follows. To this end we choose v = ¢ into (2.7a). We obtain, by (2.8) and (2.9),

05/ IV¢|>dx 4+ | ¢*dT
Q_ Tr—

@11 = ¢ dx—i—/ gtdrl

Q_ _

507

where I'_ is the boundary of Q_. By (2.11) we have

¢2dT =0, / |VE]2dx = 0.
Ir— Q_

This implies ¢(x) € HJ (R2-) and V¢ = 0 a.e. in Q. Therefore {(x) = 0. O

In the next Lemma we give a fourth order version of Lemma 2.1. This will be
useful in the sequel.

Lemma 2.3. Letu(x) € C*(Q2) N C3(Q) be a solution of the problem
AAu—Au=f inQ
Au=0 onT

dAu+d_u_ r
dn dn_g woon

with f(x) € C%Q), f(x) > 0and g € C°(T). Then

(2.12) ux) >m= i¥fg-

Proor. Define { = Au. We have

(2.13) AL—C¢=f in 2,
(2.14) (=0 onT
(2.15) Au = in 2,
(2.16) _du =u—g—ﬁ onl.



The thermistor problem with Robin boundary condition 181
By (2.13) and (2.14) we have
2.17) <0 inQ.

Moreover, by the maximum principle in Hopf form and since all the points of '
are points of absolute maximum for {(x), we have

(2.18) ﬁ >0 onT.
dn

By (2.15) and (2.17) we get
u(x) > n}in u(x).

Choose x¢ € I' such that minr u(x) = u(x¢). Again by Hopf maximum principle
we have

d
(2.19) 2 xo) <0.
dn
Assume, by contradiction, that there exists x* € Q such that u(x*) < m. We have

u(xo) < u(x*) < m.Hence u(xg) —m < 0. By (2.16), (2.18), and (2.19) we obtain

d¢ d

0 < 5 (x0) = 5 (x0) = u(xo) = g(xo) < m — g(x0) < 0.
n n

dn
Thus (2.12) holds. O

3. Existence of a weak solution for the approximating problem

The existence of a solution to problem (P W) is proved considering the following
family (P¢) of regularising problems

V. -(0(ue)Vepe) =0 inQ

v
__ r,.
) onlq

(p =
e 4 onT
5 2,
eAAue — Aue = o(ue)|Voe|? in Q,
Aus=0 onT,

_edAue . du.
dn dn

+u.=g onl.
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To give a weak formulation to problem (P.) we consider in C*(Q2) the scalar
product

(3.1) ((u,v)):/ﬂAuAv dx—l—/QVu-Vv dx—i—/ruv dr

and define J as the completion of C () with respect to (3.1). In weak form
problem (P.) can be restated as the problem (P W), where g = ¥¢ + ¢, given
by

(3.2a) e € H,

(3.2b) / o(ue)Vye -Vy dx = —/ o(ue)Veo - Vydx, forall y e HY,
Q Q

(3.3a) Ue € I,

e/ AueAvdx+/ Vue-Vvdx+/uevdF
(3.3b) ¢ ¢ r

:/ o(ue)|V<pe|2vdx+/gvdF, forallv € K.
Q r

LemMma 3.1. If (e, ue) is a solution of the problem (P W) we have

(3.4) [VellLoo(@) = Co.

(3.5) / Vuel? dx < €1,
Q

(3.6) e/ |Auc)? dx < Cs,
Q

3.7) / V2 dx < G,
Q

(3.8) / uel? dx < Ca,

r

where C; are different constants depending only on the data.

Proor. Equation (3.2) can be restated as

@ — o € Hy (Q), / o(ue)Voe -Vydx =0, forall y € Hy ().
Q
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On the other hand, uc € H?(RQ) and, as we are in dimension 3, we have
ue € C%(Q), thus infg o (ue(x)) > 0 by (1.7). By the Stampacchia maximum
principle (see [7]) we have |l¢¢|| < supr |¢o|. Moreover, by the classical maxi-
mum principle

Vv
llpollLoo () < 5
Thus (3.4) follows. With the choice y = ¥ in (3.2) we obtain

/ o(ue)|Ve|? dx < A.
Q

Moreover, setting y = Ycu in (3.2) we obtain, by (1.7),

3.9 / |V1ﬂe|2dx < A/ MeU(ue)|vwe|2 dx < B[l + (/ |Vue|2 dx)l/z]'
Q Q §2

With u, = v in (3.3) we have, by (1.9) and (3.9),

e/ |Auc)? dx—i—/ |Vue|2dx+/u§ dr
Q Q r

- / 0 (u) Ve + Vo[ dx
Q

< c[1 + (/Q V|2 dx)l/z—i-(/n u? dx)l/z]
< c*[1 + (/Q Ve |? dx>1/2+</r u? dl“)l/2].

Hence (3.6), (3.7), and (3.8) follow. O

We use the following slightly modified version of the Schaefer fixed point
principle [2] and the ““a priori” estimates of Lemma 3.1 to prove that problem ( Pe)
has at least one solution.

THEOREM 3.2. Let B be a Banach space and T (w, A) a continuous and com-
pact map from B x [0, 1] in B such that

ueB, Tw,0 =u, forallw e B.
If there exists a constant M such that

lulls < M

forall (u,A) € B x [0, 1] such that u = T (u, A), then the equation u = T (u, 1)
has at least one solution.
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Let 5(t) € C'(R!) be an extension of o (¢) such that

(3.10) 5(t) = o(1), forallt > m > 0,
(3.11) o1>6(t) >0, for all r € RY,
t6(t) > 09 >0, foralltr e RL.

LemmMma 3.3. For every € > O there exists at least one solution of the problem

(3.12a) V. € H{,

(3.12b) / o(ue)Vye - Vy dx = —/ 5we)Veo-Vydx, forall ye HL,
Q Q

(3.13a) Ue € H,

6/ AueAvdx+/ Vue-Vvdx—i-/uevdF
Q Q r
(3.13b)

:/ & (ue)| V(e + @o)*v dx—i—/gv dT, forallv e H.
Q r

Proor. Let B = H'(Q) N L>(Q) and define the map u = T(w, 1) from
B x [0, 1] in B via the linear problem

(3.14a) Y € Hy,

(3.14b) / FAW)VYe - Vydx = —/ F(Aw)Veo-Vydx, forall ye H},
Q Q

(3.152) ue € M,

(3.15b) e/ AucAv dx—i—/ Viue - Vv dx+/ ucvdl
Q Q r

(3.15¢) = / &(Aw)|V (e + o) [*v dx + / gvdl, forallv e H.
Q r

Since w € L*°(2), we have by (3.11)

(3.16) 6(Aw) >0y >0
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with oy, a constant. Therefore, for every w € B problem (3.14) has one and only
one solution by the Lax—Milgram lemma. On the other hand, the left hand side
of (3.15) defines a bilinear form which is continuous and coercive in H, whereas
the right hand side of the same equation is a linear continuous functional in H.
Therefore (3.15) is also uniquely solvable and 7' (w, ) is well-defined in B x [0, 1].

Let A = 0 and define u as solution of problem (3.14), (3.15) when A = 0.
We have T'(w,0) = u for all w € B. Moreover, T(w, A) is continuous. For, let
€ > 0 be fixed, and (w;, A,) — (w*,A*) in B x [0, 1] as n — oco. We claim that
u, — u*in H' N L>°, where u,, = T (wp, A,) and (¥*, u*) is the solution of the
problem

w* c Hl,
/ A W) VY™ - Vydx = —/ F(A*w*)Veo - Vydx, forall y e H},
Q Q

u* e K,

6/ Au*Avdx—l—/ Vu* . Vv a’x—l—/u*v dTr
Q Q r

= / FA*w*) V(Y™ + @o)*v dx + / gvdl, forallve H.
Q r

Since 6 (A, w,) converges to G(A*w™*) in L>°(2) we easily verify that v, — ¢*
in H}(2). Hence we have

G (nwn)|V (¥ + 90)|> —> G W) V(Y™ + ¢o)|” in L1().

Therefore, u,, — u* in H and, as a consequence, in H!(£2) N L>°(Q). This proves
the continuity of 7(A, w), which is also compact by the estimates (3.5), (3.6),
and (3.7) since bounded set of H are compactin H ()N L>°(Q), in dimension 3,
by the Rellich—Kondrachov theorem.

Finally, repeating with minor changes the proof of Lemma 3.1 and recall-
ing (3.5), (3.6), (3.7), and (3.8), we can prove that all solutions of the equation
u = T(A,u) are bounded in the B-norm by a constant not depending on A.
We conclude that problem (3.12), (3.13) has at least one solution (y, u) for every
€ > 0 by Theorem 3.2. O
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The solution of the problem (3.12), (3.13) can be regularised. Since
6(u) € L*®(Q) we have 6(u)|Vep|> € LY(Q). Hence u € H*'(Q) and
u € C%*(Q). This, in turn, implies Vg € C*(Q) by the Schauder estimates.
Therefore u € C*(Q) N C3(RQ). Recalling the Lemma 2.3 we conclude that
uc(x) > m and therefore 6(u.) = o(uc). Hence problem (P W) has at least
one solution for every € > 0.

4. Existence of a solution for problem (PW)
Tueorem 4.1. If g € C%¥(T") and o (t) satisfies
o1>0(t)>0 forallt >m =i¥fg>0,
to(t)>09>0 forallt>m= i¥fg > 0,
then there exists at least one solution to problem (PW).

Proor. Let (¢, uc) be the solution of the problem (P W,). By (3.5), (3.6),
(3.7) and (3.8) we can extract from (., u¢) a subsequence, not relabelled, such
that as ¢ — 0,

(4.1) ue —> u* weaklyin H'(Q), ue —> u* strongly in L*(Q) and a.e.,
y

42) ue|r — u*|r weakly in L3(T), o(ue) — o (u*)
' strongly in L?(Q2), 2 < p < o0,

4.3) Ve — ¥* weakly in H (Q).
By (4.2) and (4.3), we have (1.7) by (3.2), i.e.
4.4) /Qa(u*)vw* -Vydx = —/Qa(u*)Vgoo -Vydx, forall y e Hy(RQ).
By (3.6) we have

6/9 AucAvdx < €||Auc|i2]|Av|z2 < 61/2C2||Av||L2 — 0.
Moreover, by (4.1)

/Vue-Vvdx—>/Vu*-Vvdx, forallv e K
Q Q
and, by (4.2)
/uev a’I‘—>/u*v drT, forallv € K.
r r
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It remains to pass to the limit in the first term in the R.H.S. of equation (3.3). This
requires more attention. Setting y = * in equation (4.4) we have

4.5) / o(u®)|Vy*|> dx = —/ o(w*)Veo-Vy* dx.
Q Q
With y = ¥* in (3.2) we have, by (4.5),

lim/ o ()| Ve|* dx = —lim/ o(ue)Veo - Vipe dx
e—>0 Q e—>0 Q

(4.6) = —/ o)V - VY™ dx
Q
= / o(u*)|Vy*Pdx.
Q
Recalling that ¥ = ¢ — ¢ and ¥* = ¢* — @y we have, by (4.6),
4.7) lim/ o(ue)|Voe|? dx = / o (u*)|Ve*|? dx.
e—>0 Q Q

Define the vector fields
f*:(f1*7f2*’f3*)7 f€=(f16’f26’f36)’
fj* = Vo u*)dp*/dxj, fie = Vo(ue)dpe/dx;, j=1,2,3.
We have

3
Il = [ £2 dv= [ owoiVed? dx
j=1

and, by (4.7)

“48) lim 118,20y = I Iz 00y
On the other hand,

(4.9) f. — f weakly in (L%(Q))°.

For, let g € (L?(R2))3. By (4.2) and (4.3) we have

lim/ fo-gdx = lim/ Vo) Vee -gdx
€e—~>0 Jo e—0 Jo
= liII(l)/ Vvou*)Vee -gdx
€—> Q
+lim | [Valuo) — VoG e g dx

=/ f* - gdx.
Q

(4.10)
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Hence, by (4.10) and (4.8), we have
4.11) elg‘% |Ife — f*||(L2(Q))3 =0.

Moreover,

(4.12)

[ lowolved? — o) vyl dx = | S0 )|
i=1

LI(Q)

= / ‘i(fei — fiO(fei + fi)| dx
Qs

< Ife = £l 22y Ife + (L2 (@))3-
If v € H we have, by (4.12) and (4.11),

lin})‘/ [0(ue)|[Vee|* — o ™) Ve*[*lv dx
€—> Q

< sup v lim / 10 o) Veel? — o0 (u*) Vo™ P dx
Q E—)O Q

=0.
Hence (1.8) follows by (3.3) as € — 0.

RemMARk 4.2. In the proof of Theorem 4.1 we note that /% does not converges in
L'(Q)to f?*.Onlythe sum Y7_, f2 convergestoward Y >_, f?*.This situation

is typical of the compensated compactness see [11].

5. A one-dimensional example of non-existence and non-uniqueness

To show that the assumption (1.7) is essential to the existence of a solution we
examine in this section the one-dimensional counterpart of problem (P) with
Q =(-1,1), g = 0and o(u) = e*. We refer for this case also to the paper [8] .

We obtain the two-point problem (ODE)

(5.1 (e¥¢’)Y =0 in(—1,1)

v v
(5.2) oD =-7. o)==

(5.3) u" +e"9? =0 in(-1,1)
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54 u'(—=1) = u(-1)

(5.5) —u'(1) = u(l).
Only the parameter V' has been retained. It will be a bifurcation parameter.

LemMma 5.1. If (p(x), u(x)) is a solution of problem (ODE) then

(5.6) u(x) = u(—x)
and
(5.7) p(x) = —p(—x).

Proor. By (5.1) we have

(5.8) ety = u,

where the constant u (certainly positive in view of (5.2)) represents physically the
total electric current crossing the device. Using (5.3) and (5.8) we obtain

(5.9) u” + pufe™ =0
(5.10) u'(=1) = (1)
(5.11) —u'(1) = u(1).

Given p, the solution of the problem (5.9), (5.10), (5.11) cannot have more than
one solution. For, let u;(x), ux(x) be two solutions and w(x) = ui(x) — uz(x).
By the mean value theorem we have e ™1 — ¢™#2 = ¢~§w. Thus w is solution of
the problem

w4+ plefw =0, w(-1)=w(=1), —wd)=uw).

Multiplying this equation by w, integrating by parts over [—1, 1] and taking into
account the boundary conditions, we obtain

1 1
/ w? dx +w(1)® + w(-=1)% + / e fwldx = 0.
-1 —1
Therefore we have w’'(x) = 0, w(—1) = 0. Thus w(x) = 0 in [—1,1]. If we
define v(x) = u(—x) it is easy to verify that v is a solution of the problem (5.9),
(5.10), (5.11). Hence, by the proven uniqueness, (5.6) follows. Moreover, (5.7) is a
consequence of (5.1) and (5.2). O
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As a consequence of the Lemma 5.1 we can take the condition
(5.12) u'(0)=0

instead of (5.4). Multiplying the equation (5.9) by u’ we obtain that u'> — 2u2e™*
is constant in [—1, 1] and in view of (5.12) we may only have

(5.13) —2u%e™ =—C?, C > 0.
Thus by (5.12) and (5.13) we have

2u?

Moreover, for the concavity of u(x) we have for x € (0, 1),

(5.15) u'(x) = —/2u2e* — C2,
Integrating (5.15) and taking into account (5.14) we arrive at
2 V2u2e ¥ — C?
(5.16) x = —arctanL, 0<x<l.
C C

Solving (5.16) with respect to u we find
(5.17)

u(x, u,C) =1In2u* —1In [C2<tan2 % + 1)] u'(x,u,C) = —C tan (%)
By (5.5) we get
(5.18) Ctan% — 2% —1In [cz(tanZ%Jr 1)]

Solving (5.18) with respect to i we have

C C C
_ C tan 2
(5.19) W= _ﬁ\/e f(tan 5 +1)
and substituting in (5.17)

[ CtangCOS (Cx)]

5.20 u(x,C)=1n
(5.20) (x.C) o ()
Substituting (5.19) and (5.20) in (5.8) we obtain

|cos—| 1

2Cx  / c’
COos 5 zeCtan7—

(5.21) ¢'(x,.C) =
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Integrating (5.21) with the initial condition ¢(0) = 0 (¢(x) is odd) we obtain

p(x,C) = \2e7€ tan &

The constant C, still undetermined, is found with condition ¢(1,C) = % This
gives the equation in the unknown C

C C
COs —|tan —.
2 2

v
(5.22) g(C) = 7 where g(C) = 2e=Can % cos > tan >
See Figure 2 for the graph of g(C) in the interval [0, x].

0 x C

Figure 2

In fact, the only solutions of the equation (5.22) of interest to the problem
(ODE) are those in the interval [0, 7] since all the others solutions give singular-
ities in ¢(x) and are, therefore, to be excluded. Thus we have the following

LemMAa 5.2. There exists a critical value V* > 0 such that the problem (ODE)
has two solutions if 0 < V < V*, one solution if V.= V* and no solution when
V>V

Moreover, we have, by (5.20),
lim u(0,C) =0, lim u(0,C) = oo.
c—ot C—n—

This means that, in term of the parameter V', we obtain the following bifurcation
diagram:
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u(0)

Figure 3

ReEmMaRrk 5.3. Let us consider the case 0 < V < V* and let C1(V) < C,(V)
be the two corresponding solutions of equation (5.22). We have

lim C;(V)=0, lim Cy(V)=m.
V-0t V-0t
On the other hand,
lim wu(C) = oo.
C—on—

Recalling that p represents the total current crossing the thermistor, the presence
of a solution (g2 (x, V), uz(x, V)) of (POD) for which

lim u,(0,V) = o0
V—0+

is not surprising. It reflects the starting assumption that the device is connected
to a voltage generator which can furnish an arbitrarily large amount of electric
current.

ReMARK 5.4. When o (1) = e* it would be interesting to prove a bifurcation
diagram as in Figure 2 in the three-dimensional case. Or at least to show that there
exists a critical V* such that no solution exists for V > V' *.
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