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Boundedness of minimizers for spectral problems in RY

DaARIO MAZZOLENT ()

ABsTrRACT — In [8] it was proved that any increasing functional of the first k eigenvalues of
the Dirichlet Laplacian admits a (quasi-)open minimizer among the subsets of R" of
unit measure. In this paper we show that every minimizer is uniformly bounded by a
constant depending only on k, N.
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1. Introduction
This paper deals with the following minimization problem:
(1.1) min {F(A1(A),..., A (4)): A € RY, quasi-open, with |A4] = 1},

where A;(A) denotes the i-th eigenvalue of the Dirichlet-Laplacian. This spectral
problem is well studied, for instance when the functional reduces to the projection
on the last coordinate (see [3], [6], [7]).

Theorem A in [8] assures that, if F is increasing in each variable and lower
semicontinuous (l.s.c.), then problem (1.1) has at least a bounded minimizer,
where the boundedness constant depends only on k, N, but not on the functional.
Moreover, in [2], with completely different techniques involving the regularity of
shape subsolutions of the torsion energy, Bucur was able to prove existence of an
optimal set in the case of F' = A} and to show that al// optimal sets in this case are
bounded and have finite perimeter.
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The aim of this note is simply to show that every minimizer for problem (1.1) has
diameter uniformly bounded, depending only on k, N, up to assume the functional
F to be weakly strictly increasing, that is, increasing in each variable and such that
for every (x1,...,x¢k), (V1....,yx) € RE with x; < y; fori =1,....k

Fxr,..ooxx) <Fyi, ..., ye).

The above assumption is necessary in order to avoid the trivial case of a constant
functional, for which every admissible set is a minimizer. We will use the same
notations as in [8] and very similar techniques. The basic idea is that, given a
sequence of admissible sets that y-converges to a minimizer, either it is uniformly
bounded or it is possible to decrease all the first k eigenvalues of its sets by a
uniform strictly positive constant.

The main result is the following.

TueoreM 1.1. Letk, N € N and F: R¥ — R be weakly strictly increasing and
L.s.c.. Then every minimizer for problem (1.1) is contained in an N -cube Q g with
edge of length R = R(k, N).

It is important to highlight that a natural question about optimal sets for (1.1),
even if unrelated with the aim of this paper, is whether they are open and not only
quasi-open. The minimization for this kind of spectral optimization problems is
done among quasi-open sets because they form a class with good compactness
properties with respect to the y-convergence (see [5]). This regularity issue for
minimizers is a very difficult topic, due to the min-max structure of eigenvalues.
A partial answer to this question was given in [4], where it is proved that for
functionals F which are increasingly bi-Lipschitz in each variable, then every
solution is an open set up to measure zero. On the other hand, for the most
interesting functional F = A, it is only possible to prove that every optimal set
admits an eigenfunction (corresponding to the k-th eigenvalue) which is Lipschitz
continuous in RV,

The paper is organized as follows. In Section 2 we give some useful results
about capacity and quasi-open sets and we present the notations used throughout
the paper. Then in Section 3 we study the “tails” of the minimizing sequence,
while in Section 4 we deal with their “inner part”. At last in Section 5 we put data
together and we prove Theorem 1.1.

2. Notations and preliminary results

First of all we recall the definitions of capacity and of quasi-open sets. For a more
detailed treatment of those subjects, see [7].
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DEerintTION 2.1. Let D be an open set and A CC D a compactly supported
subset. The capacity of A in D is defined as

(2.1) capp(A4) = inf {/ |Dv|*:v € Hy (D), v > 1in aneighborhood of A}.
D

Letthen A € R be abounded set and let D be an open set such that A CC D. The
set A is called quasi-open if for every ¢ > 0 there exists an openset A C A, CC D
such that capp, (4¢ \ A) < ¢. Clearly this definition does not depend on the choice
of D. A generic subset of RY is said to be quasi-open if its intersection with any
ball is a quasi-open bounded set.

For sake of completeness we state and prove here three lemmas dealing with
general properties of capacity.

LemMa 2.2. Let D C R be an open set and 21 € Qo CC D. Then
capp (22) > capp (21).

Proor. By definition,
(2.2)

capp(Q5) = inf {/ |Dv|*:v € Hy (D), v > 1in aneighborhood of Qz}.
D

Since it is clear that the class of function

{ve H}(D),:v > 1in a neighborhood of Q,}
is included in

{v e HO1 (D):v > 1in a neighborhood of €2},

thus by definition of infimum we have the thesis. O

LEMMA 2.3. Let D C R be an open set and A CC D. Suppose that A is
included in the union of two sets: A C Ay U A,. Then, for all @ > 0 we have

capp (A1) + capp(Az) <o = capp(A4) < 2.
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Proor. Let n > 0. By the definition of capacity, it is possible to find two
functions v; € H (D), such that

/ Dvi? < capp (A7) + 1
D

and v; > 1 on a neighborhood of 4;, for i = 1,2. The function vy + v, € H} (D)
and v; + v2 > 1 on a neighborhood of A1 U A5, hence we can compute:

capD(A1 U A2) < /D |D(1)1 + v2)|2

5/ |Dv1|2+/ |Dv2|2—|—2/ Dvy - Dv,
D D D

52/ |Dv1|2+z/ Do, ?
D D
< 2(capp (A1) + capp (42)) + 47

<20 + 4n.
In conclusion, by arbitrariness of 7, we obtain

capp(A) <capp(41 U Az) < 2a. O

Remark 2.4. Throughout this paper, since we are working in a capacitary
setting, all the sets are defined up to zero capacity. This is stronger than working
up to zero Lebesgue measure: we remind that, given a set A € R”, cap(4) = 0
implies |A| = 0, but the vice versa is not true in general.

With this last Lemma we prove that a quasi-open set with zero Lebesgue
measure must also have zero capacity. This fact is well known among experts
of shape optimization, but we did not find any reference for it, so we present here
a simple proof.

LemMA 2.5. Let A C RN a quasi-open set such that |A| = 0. Then A has zero
capacity.

Proor. First of all we suppose A to be bounded, and let D be an open set
such that A CcC D. We fix ¢ > 0 and we aim to prove that capp(4) < 2e.
By definition of quasi-open set (see Definition 2.1), there exists an open set
A € A, CC D suchthatcapp(4,\A) <e. Wecanwrite A = (ANA,)U(A\ A4p),
and clearly capp(A4 \ 4;) = 0 since A < A,. Moreover, by Lemma 2.2,
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capp (A N A;) < capp(Ag). Since |A| = 0 and A € A,, we have that the fol-
lowing sets are equal:

{ve H}(D):v > 1in a neighborhood of 4.}
= {v € Hy(D):v > 1 in a neighborhood of A, \ A}.

In fact for all x € RN and n > 0, dist(x, 4;) < n if and only if dist(x, 4.\ A) < 7.
At last, thanks to Lemma 2.3, we have

capp (4) = capp (AN A5 U (4\ 4,) < 2e.

and by arbitrariness of ¢ we conclude.

If A is not bounded, we consider for all R > 0, A N B(R), where B(R) denotes
the ball of radius R centered in the origin and we can prove, with the above
argument, that capg,z)(4 N B(R)) = 0 for all R > 0. Hence again A is a set
with zero capacity. O

Throughout the paper we will not need advanced tools about y-convergence
(for more details see [7]), we remind only that, given a sequence of open sets with
unit measure (£2,), such that

2.3) QL5 Q, asn— 4oo,

Ai(Q2p) — Ai(R2)asn — oo forall i € IN.

It is well known (see [1]) that there exists a constant M = M(k,N) > 0
such that for all Q@ < RV, i’l‘ ((g; < M. Since we are interested in the mini-
mization problem (1.1), we define K = M A (By) and we can consider sets with
Ar(2) < K, otherwise A1(2) > % > Ax(Bn), hence F(2) > F(By), where
By denotes the unit ball in RY . Note that the constant K depends only on k, N.

Now we give some definitions, following [8]. First of all we fix a small positive

constant

m =ik, N) € (0,1/4)
2
such that ﬁ@;;\,\]) K < % Let @ € RY be an open set with unit measure and, for
every t € IR,

Qi ={(x,y) € Q:x <t}
Q :={y e RN (t,y) e Q},

QFi={(x,y) € Qx> 1};
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notice that Q4 and Q7 are subsets of RY, while Q, is a subset of RV~1. On the
other hand, given 0 < m < Q] and 0 < m; < m, < ||, we define the level
7($2,m) € R and the width W(2, m1, m») as
T(Q,m) := inf{r € R: |Q| > m},
W(Q, my,mp) ;= t(R,my) — t(2, my).
Observe that one surely has —oo < ©(£2,m) < 400 whenever 0 < m < ||,
as well as W(Q2,m1,mp) < +o00if 0 < m; < my < |Q]. At last, we remark that,

even if we are working with sets defined up to sets of zero capacity, the definitions
above are stable up to sets of zero Lebesgue measure.

3. Boundedness of the “tails”

Throughout this Section and the next one we consider a generic open set with unit
measure Q C RV such that A3 () < K. We study the “tail” of the set , i.e. the
set er @) In particular we focus on the horizontal projection. We set for brevity
t = t(2,2m) and for every t < we define

(3.1) Qt)=Q!, Q)= e@t)=H""(Q).

It is easy to see that

(3.2) m(t) =127 @1)| = /t e(s)ds < 2m.

—00

As usual, we call {u1,us, ..., ur} an orthonormal set of eigenfunctions with unit
L? norm and corresponding to the first k eigenvalues of . Then we define, for
every 1 <i <kandeveryt <t,

(3.3)

k t
50 = [ 10w P ), 80 = Y0, ¢0= [ swas
! i=1 e

Moreover, for any ¢ < ¢, we define the cylinder Q(r), as
(3.4) Q) :={(x.y)eRN:t—o(t) <x <1, (t1,y) €Q}=(t —0(1).1) X Q,
where for any ¢ < ¢ we set

(3.5) o(t) = e(t) ™.
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We let also Q(¢) = Q1 (r) U Q(¢), and we introduce ii; € Wol’z(fz(t)) as

(3.6)

~ Ui(.x, y) if ()C, y) € Q+(t)v
B e Y

We restate here without proof some useful Lemmas from [8], which will be
essential for our analysis.

LemMma 3.1 ([8], LEmMa 2.3). Let Q2 be an open set of unit volume, with
M () < K.Then forall1 <i <k andt < t, the following inequalities hold:

3.7) / W3 < Cre(t) VT8, (1), / Duil? < Cre(t) ¥ 8,(0),
Q@) Q1)
for some C1 = C1(k, N).

Lemma 3.2 ([8, Lemma 2.5]). Foreveryt <tand1 <i <k, one has
(3.8) R, (1)) < A1 (Q) + Cae(t) ¥=15;(1).

Moreover, for everyi # j € {1,2...,k}, one has

(3.9)

[ty + D Dity| < CaeFT + 607 50050,
Q)
for some Cy = Ca(k, N).

LemMma 3.3 ([8], LEMMA 2.6). There exist a small constant v = v(k, N) < 1
and a constant C3 = Cz(k, N) such that, if e(t),8;(t) < v foreveryi = 1,...,k
andt < t, then

(3.10) A, (§(1) < A(Q) + C3e()VT8(t) forall1 < j <k.

For our purposes, a slightly different version of the above Lemma is pre-
ferrable.

LemMma 3.4. There exist a constant Cz = Cs(k, N) such that, ift <t, then

GAD  A(Q) < A5 (Q) + Ca(e(t) 5T + 8()V=1) forall1 < j <k.
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Proor. It is clear that, thanks to Lemma 3.3, whenever ¢(¢), §;(t) < v for
all i = 1,...,k, then the thesis is true with 63 = (s, since E(Z)ﬁS(t) <
(1) M=T + (1) VT,

We can now focus on the case when either e(¢) > v or §;(¢) > v for some i.
Then, we remind that, since the first eigenfunction has not orthogonality con-
straints, Lemma 3.2 assures:

21 (S(1) < A1 (Q) + Ce(t) VT8 (1).

It is well known (see [1] or the appendix of [8]) that there is a constant
M = M(k, N) > 0 such that i’;gg; < M for all @ ¢ R¥. Hence we can write,
forall1 <j <k:

2 (@) < MALE0)) < M(A(R) + Ce(t)FT8(1)).

Moreover it is possible to find a big constant A = A(k, N), such that MK <
Av%, and then, defining C3 = A + M C, we can conclude the computations
above:

2 (1) < M(K + Ce(t)V=18(1))
< AV 4+ MCe(t) FT5(1)
< A;(Q) + AV + MCe(r)FT5(7)
<2, (Q) + C3(e(t) 1 + 8(1)v1). 0
We are now in position to state and prove the main Lemma of this section. For

sake of simplicity, we call Q(t) = |Q(t)|"YNQ(r) the modified set rescaled till
unit measure.

LeEmMA 3.5. Let Q be an open set of unit volume, with A, () < K andt <.
Then there exists a constant C4 = Cy(k, N) such that exactly one of the following
situations happens.

(1) m(r) < Ca(e(t)¥=T + 8(1)¥=T).

(2) Case (1) does not hold and for all 1 <i <k, Ai(ﬁ(t)) < Ai(R2). Moreover
for every m > 0 such that m(t) > m, there exists an n = n(N, m) such that
forall 1 <i <k,

1 (Q(1) < () — .
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Proor. From Lemma 3.4 we have
1 (1)) < 1i(RQ) + Ca(e(t) T + 8(1)F=T) forall 1 <i <k,

moreover, putting in account that |Q(¢)| = |QT (1)|+]0 ()| = l—m(t)—l—s(t)le—f,
and the scaling of the eigenvalues, then forall 1 <i <k

(3.12)
1Q) = (1 =m(0) + e FT)F (A(R) + Ca(e()) ¥ +8(0)¥T))

< 14(@) — A (Baym(e) + eV T + Ex(e) T 45 )
=m0 C(e )T + 57T
+ %@qz)%(s(z)% +8(6)NT).
Then if m(t) < C;;(e(t)ﬁ + S(I)%), condition (1) holds true; otherwise

m(t) > Cy (8([)% —1—8(1)%) and we can choose C4 > 1sothatm(z) > E(Z)%.
Thus from the two last terms of (3.12), we have

—%m(z)@(e(z)% +8()¥T) + %6380)%(8(;)% +8(1)¥T) <0.

This allows us to conclude, choosing C4 > 2){(1 4(_1?5\/ C)3 and obtaining

1@ (@) = 210 ) <

that is condition (2). Moreover if m(t) > m, then we can improve the above

estimate:
A1(Bn)
N

and the proof is concluded. O

1 Q1) — 1i(Q) < — i = —n(N.i) < 0,

We introduce the following notations. Given an open set €2 as in the hypotheses
of Lemma 3.5, we set

(3.13) { = sup{t € (—o0,1): condition (2) of Lemma 3.5 holds for ¢},

with the usual convention that f/ = —oo if condition (2) is false for every t < 7.
If f > —oo, then m(f) > 0 and we choose some t* € [f — 1,] for which
condition (2) holds. The following Lemma concludes this section.
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LemMa 3.6. Let (2,)n be as in the hypotheses of Lemma 3.5 and Q2 % a.

(a) If there exists a subsequence (not relabeled) such that, for all n, one has
m(t*(n)) > m > 0 for some m > 0, then Q is not optimal for problem (1.1).

(b) Ifthere exists a subsequence such that t(n) = —oo for all n, then there exists
Ri1 = Ry(k,N) > 0 such that W(2,0,m) < R;.

(c) If there exists a subsequence such that m(t*(n)) — 0 as n — oo, then we
have again W(2,0,m) < R;.

Proor. We introduce the following subsets of (7(n), 7(n)) for all n € IN:
AT ={t € (i(n),1(n)):e(t) > 8(1)},
Al ={t € ({(n),1(n)): e(t) < 8(¢)}.

Then, using Lemma 3.5, it is clear that for all 1 € A%, m(¢) < 2C4e(t)%, while
for all + € A%, thanks to Lemma 3.1 and reminding (3.3), ¢ (1) < 2C15(t)%.
Hence, since ¢(r) = m/(¢) and §(t) = ¢'(t), we can work as in the proof of
Lemma 2.2 from [8] and deduce that |[A] U A}| < Cs = Cs(k, N).

If we are in case (b), since f(n) = —oo for all n, then W(Q,,0,m) <
|AT U A%| < Cs and the same is true for the y-limit 2.

On the other hand, if case (c) happens, in principle there could be some pieces
of the limit 2 outside the bounded strip, but Lemma 2.5 assures that 2 must have
zero capacity and not only zero Lebesgue measure outside the bounded strip. More
precisely, we can choose (up to translations) the origin such that m(0) = 7. Since
Q corresponds to a capacitary measure i, case (c) implies

w=0 in{(x,y) e RxR" 1:x < —Cs).

Hence W(2,0,m) < Cs.
At last we consider case (a). Thanks to Lemma 3.5, we have that for all » and
foralll <i <k,
A (Q(t*(m))) < () — .

Hence, since we are supposing F to be weakly strictly increasing, we have a
sequence (Q (z*(n))), such that

inf FQ* () < F(RQ),

thus € can not be optimal for (1.1). O
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RemaRrk 3.7. Applying Lemma 3.6 to a sequence of open sets (£2,),ec satis-
fying the hypotheses of Lemma 3.5 and which y-converges to Q*, since (a), (b)
and (c) cover all the possible situations, we deduce

W(Q*,0,m) < Ry(k,N).

4. Boundedness of the “interior”’

To start with, we give the analogous of the definitions (3.1), (3.2), and (3.3) of
Section 3 that we need now. More precisely, for every m € (m, 1 — %), we set for
brevity

Q.+ ) + o(Q, i — i)

to := ,
2

Q4+ 2) — 1 (Q, i — i)
2 b

keep in mind that, since m € (im, 1 — %), then

>

m

—00 < T(Q,m —m) <r(§2,n_1+ ) < +o00.

\S]

For any 0 < ¢ <7, we define

Qt@) =Qf ,uQ, .,

to—t
Q7(1) = Qp_, N Qi()-l—t =Q\ Q")

e(t) == HV N Qup—r) + HY N Qg 10),

t

m(t) == |27 ()| :/0 e(s)ds <

m.

[\SNON]

Moreover, having fixed an orthonormal set {uy,us,...,u;} of eigenfunc-
tions with unit L2 norm corresponding to the first k eigenvalues of 2, for every
1<i<kand0 <t <t we define

8 (1) :=/ | Du; |? —1—/ |Du;|?,
Qi1 Qg+

wi(t) ::/ u? +/ u?.
Qo1 Qo+t

0
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Then we define again §(¢) = Zf;l 8i (t), and we set again

k t
— 02—
(1) = ;/ﬂ_@ | Du | /0 8(s) ds.

Unluckily, it is not possible to prove the analogous of Lemma 3.1 in the very
same way, but a little modification is needed.

LemMmA 4.1 ([8], LEMMA 2.9). There exists a small constant
v=vk,K,N)y<1

such that, if Q is as in Lemma 3.5, m € (m,1 — %) and 0 < t < t is such that
e(t),8(t) < v, then for every 1 <i <k one has

@h [ wrscaoma0. [ Dl = ConyTTEW).
Q=) Q=@)
In analogy with Section 3, we give the following definitions. We consider the
“internal cylinders”
Qq1:=(to—t, to—1t + 01) X Qyy—s,
Qr:=(tg+1t—02,t0 +1) X Qyy4s,
where
o1 = %N_I(Qto—t)ﬁ, 03 = %N_I(Qtoﬂ)ﬁ-
The set S~2(t) is defined as
Q(r) := {(x,y) e RN:either x <t9,(x —t + 01, y) € QT (1) U 01,
orx >to,(x+1t—02,y) € QT (1)U Q,).
Notice that
Q)| =127 O] +101] + 122
= 1—m(t) + HV Qi) T + H T ( Q) T
<1—m(t) +e(t) V.
Moreover, we define again the rescaled set
Q1) = ||V ).

In analogy with Lemma 3.5 we can state the following. Unluckily we have to
keep in account also the case in which &(¢) or §(¢) are greater than v, but clearly
the proof is completely equal to Lemma 3.5.



Boundedness of minimizers for spectral problems in RV 219

LeEmMMA 4.2. Let Q be a set as in Lemma 3.5 and let 1 <t < t. There exists
a constant Ce¢ = Cg(k, N) such that exactly one of the three following conditions
hold:

(1) max{e(t),8()} > v;
(2) Case (1) does not hold and m(t) < Cde(l)ﬁ + S(I)%);

(3) Cases (1) and (2) do not hold and for every 1 < i < k, one has
Ai(ﬁ(t)) < Ai(2). Moreover if m(t) > m for some m > 0, then there
exists 1 = n(N,m) > 0 such that, for every 1 < i < k, one has
i (Q(1) < Ai(R) = 1.

In order to prove the last Lemma, analogous to Lemma 3.6, we define { as
in (3.13) by setting
f :=sup{l <t < f:condition (3) of Lemma 4.2 holds for ¢},

with the convention that, if condition (3) is false for every 1 <t <7, thenf = 1.
Moreover if 7 > 1, then we choose some t* € (f — 1, 7] for which condition (3)
holds.

LemMma 4.3. Let (2,)n be as in the hypotheses of Lemma 3.5, Q2 % Q and
me (m,1—7%).

(a) If there exists a subsequence (not relabeled) such that, for all n, one has

m(t*(n)) > m > 0 for some m, then Q can not be optimal for problem (1.1).

(b) If there exists a subsequence such that {(n) = 1 for all n, then there esists
Ry = Ry(k, N) > 0 such that W(Q, in — i, im) < R,.

(c) If there exists a subsequence such that m(t*(n)) — 0 as n — oo, then we
have again W(Q2,m —m,m) < Rj.

Proor. First of all (see [8, Lemma 2.8]) it is admissible to assume
4.2) m(t) >0 forallt > 0.
We define A and B as

A" 1 = {t € (f{(n), 1 (n)): condition (1) of Lemma 4.2 holds for ¢},
B" : = {t € (f(n),1(n)): condition (2) of Lemma 4.2 holds for ¢ and m(¢) > 0}.

The same argument of the proof of Lemma 2.8 in [8] gives then

(4.3) |4"| + |B"| < C7 = C7(k. K. N), foralln.
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Then it is possible to conclude as in Lemma 3.6. If we are in case (b), since
f(n) = 1 for all n, then W(Q,,,m — i, im) < |A" U B"| < C7 + 2 and the same is
true for the y-limit €.

On the other hand, if case (c) happens, in principle there could be some pieces
of the limit 2 outside the bounded strip, but Lemma 2.5 assures that 2 must have
zero capacity and not only zero Lebesgue measure outside the bounded strip. More
precisely, we know that Q2 corresponds to a capacitary measure p and we call

/1 = HL(T(Qv m — f'\/l)’ T(Q’ ’7_1))7

in order to restrict ourselves to the strip we are interested in. In the hypothesis of
case (c) we have that

L=0 in{(x,y) e RxR""l:¢(Q,im—m) <x < Cy+2).

Hence W(Q2,m —m,m) < Cy7 + 2.
At last we consider case (a). Analogously to Lemma 3.5, we have that for all n
and forall 1 <i <k,
A (Q(* () < 24(Q) — 1.

Hence, since we are supposing F to be weakly strictly increasing, we have a
sequence (Q (z*(n))), such that

inf F(Q* () < F(RQ),

so 2 can not be optimal for (1.1). O

5. Proof of the main theorem

We are now in position to prove the main theorem.

Proor or THEOREM 1.1. Let Q* be a minimizer for problem (1.1); we aim to
show that it is contained in an N-cube Qg with edge of length R = R(k, N).
We consider a sequence (£2,), of open sets with unit measure and such that
Ak (2,) < K for all n, which y-converges to the set Q*.

First of all we apply Lemma 3.6 and we have that W(2*, 0, ) < Ry, otherwise
we contradict the optimality of Q*.

Then we apply Lemma 4.3 with m = 2/ and we have W(Q*, i, 2im) < R,.
We can iterate the application of Lemma (4.3) withim = Im (I > 3)tilllm < -2,
thus obtaining, with a possible last application when in = 1 — 7:

W(Q*,0,1—7) < Ry + [R>.
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Now we can apply the above estimate to the symmetric of the set 2* with respect
to the plane {x = 0}, thus obtaining:

W(Q*, . 1) < Ry + [R>.

In conclusion we proved that W(2*, 0, 1) < 2R; +2/R,. Now we repeat the whole
construction for all the other coordinates (e, ..., ey ) instead of the first one. At
the end, we have proved that the set Q* must be contained in an N-cube Q g with
edge of length R = 2R; + 2/R;, thus the theorem is proved. Ol
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