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A simple construction for a class of p-groups
with all of their automorphisms central

ANDREA CARANTI ()

ABsTRACT — We exhibit a simple construction, based on elementary linear algebra, for a
class of examples of finite p-groups of nilpotence class 2 all of whose automorphisms
are central.
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1. Introduction

In June 2014, Marc van Leeuwen [18] inquired on Mathematics Stack Exchange
whether there is a group P with an element @ € P such that there is no automor-
phism of P taking a to its inverse.

In our answer, we noted that an example was provided by any of the many
constructions in the literature [11, 13, 7, 10, 5, 1, 2, 16, 17] of finite p-groups
of nilpotence class two in which all automorphisms are central, for p an odd
prime. For, if P is such a group, and a € P \ Z(P), then an image of a under
automorphisms is of the form az, with z € Z(P).If az = a™, then a? € Z(P),
and thus a € Z(P), as p is odd.

Marc van Leeuwen commented that “indeed giving a concrete example is
not so easy”. This made us realize that examples of finite p-groups in which all
automorphisms are central, although not conceptually difficult, usually rely on a
fair amount of calculations with generators and relations. The goal of this paper
is to give a class of examples of such groups for which calculations can be kept to
a minimum, whereas a central role is played by linear algebra.
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The examples are based on one of the cases of [1, Section 4]. They are con-
structed according to the linear algebra techniques employed in [11, 6, 1, 9], as
described in [3], which we review in Section 2. The examples themselves are
presented in Section 3, while in Section 4 we mention an extension to endomor-
phisms.

2. Preliminaries

Let P be a group. Since the centre Z(P) is a characteristic subgroup of P, there
is a natural morphism Aut(P) — Aut(P/Z(P)) whose kernel Aut.(P) consists
of the central automorphisms of P, that is, those automorphisms of P that take
every a € P to an element of aZ(P).

We review the setup of [3]. Let V' be a vector space of dimension n + 1 over
the field F = GF(p), where p is a prime. Let W = A2V be the exterior square of
V.If f:V — W is a linear map, we will consider the group G of the elements of
GL(V) that commute with f,

2.1) G =1{geGLV): (vg)f = (vf)s,forallve V',

where ¢ is the automorphism of W induced by g. Note that we write maps on the
right, so our vectors are row vectors.

Choose now a basis vg, v1, ..., v, of V, and the corresponding basis v; A vi
of W, for j < k. Write f in coordinates, that is,

v f = Za"’/?k SV A V.

j<k

If p is odd, we can construct a finite p-group P via the following presentation

P = <X0,X1,...,XnI [[)Cl‘,x]'],_xk] =1 for alll"j’k,
(2.2) xl = [ [l xe]+ forall i,
J<k

[x;.x;]? = 1 for alli,j>.

Note that here the third line of relations follows from the first two. In fact the
first two lines of relations say that commutators and p-th powers of generators are
central, so that we have 1 =[x, x;] = [x;, x;], as x; commutes with [x;, x;].

Note that P is a group of nilpotence class two and order |P| = p”+1+(n42rl),
with P’ = ®(P) = Z(P) of order p("}"), and P /P’ of order p"*!. Moreover
PP has order pdim(V/),
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If p = 2, we appeal to an idea of Zurek [20], and modify (2.2), replacing p-th
powers of generators with 4-th powers. The presentation thus becomes

P = <x0,x1,...,xn: [[xi,x;]. x¢) = 1foralli, j, k,

xp = [ [lxj. x]® for all i,

i
j<k

[xi, x;]* = 1 for alli,j>.
Here we have | P| = 220+D+("3") | p’ has order 2("}'), P/ P’ has order 22¢+1),
P* has order 24m(V/) and P’ < ®(P) = Z(P). This time, the relations

[xi,x;]? = 1 are necessary.
Now it is shown in [3, Section 3] that the following result holds.

TueOREM 2.1. In the notation above,

Aut(P)/ Aut.(P) = G.

The point of this, as explained in [3], is that for an automorphism g of
P/Z(P) = P/®(P) to be induced by an automorphism of P, one needs g to
preserve the p-th (respectively, 4-th) power relations, that is, the linear map f.

3. The examples

We will now construct a class of linear maps f, as in the previous section, for

which the group G of (2.1) is {1}. According to Theorem 2.1, this will provide

examples of finite p-groups P of nilpotence class 2 with Aut(P) = Aut.(P).
Let V be a vector space of dimension n + 1 > 4 over F = GF(p), where p is

a prime. (See Remark 3.4 for an explanation of the bound on the dimension.) Fix
a basis vg, v1,..., v, of V, and let

U={(v1,...,0,).
On the exterior square W = A2V, consider a basis which begins with

Vo A V1,V9p AVU2,...,00 A Uy,

and continues with the v; Av;, for1 <i < j <n.
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We now make our choice for f.

AssumptioN 3.1. Consider the linear map f:V — W which, with respect to
the given bases, has blockwise matrix

G.1) [j g]

where b is a 1 x n vector, ¢ is a 1 x (%) vector, A is an n X n matrix, and 0 is an
n .
n x (2) zero matrix. Moreover, we take
e h,c#0,and

e A to be the companion matrix [12, p. 197] of the minimal polynomial m over
F of a primitive element « of GF(p").

We collect a few elementary facts about the matrix A.

LemMma 3.2. Let A be as in Assumption 3.1. Then the following hold.:

(1) The roots of m, i.e. the eigenvalues of A, are

n—1
a,af, ... af

(2) A has multiplicative order p™ — 1.
(3) F[A] is a field of order p", and F[A] = {0} U {Ai:O <i<p'-1 }
(4) F" is a one-dimensional F[A]-vector space.

(5) The centralizer
Cenagey(A)
of A in End(F") is F[A].

Proor. (1) follows from the fact that « is a root of m, and m is irreducible in
F[x], of degree n.

(2) follows immediately from the previous point.

(3) follows from F[A] = F[x]/(m), and (2).

(4) follows from the fact that A is a companion matrix, and thus F” is a cyclic
F[A]-module.

(5) now follows from the previous point, as the given centralizer is the ring of
endomorphisms of the F[A]-vector space F". O
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We now collect a few facts about f and the group G of (2.1).
LemMma 3.3. Let f be as in Assumption 3.1, the group G as in (2.1), and
U,V, W as in the notation above. Then the following hold:
(1) f is injective.
2) Uf =v9 AV =g AU, and this is a subspace of W of dimension n.
3) Ifu € U satisfiesu ANV < Vf, thenu = 0.
@ (vo)={xeVixAV <Vf}.
(5) (vo) is left invariant by G.
©) U={xeVixfevanV}.
(7) U is left invariant by G.
Proor. (1) follows from Assumption 3.1, since A is invertible, and ¢ # 0
in (3.1).

The formula of (2) now follows from the shape of the matrix for f in Assump-
tion 3.1.

To prove (3),letu = cjvq + -+ cyvp satisfy u AV < V. We will show that
c; = 0, but a similar argument yields that all ¢; have to be zero. Let us look at the
coordinates of u A v, and u A v3 with respect to v1 A v, and v; A vz, which yield

the 2 x 2 matrix
C1 0
0 C1 )

By (1) and (2), the dimension of Vf/Uf = Vf/(vo A V) is 1. Thus this matrix
must have rank at most 1, so that cf = 0.

To prove (4),let0 # x € V besuchthatx AV < Vf.By (3), x = cvg + u, for
some ¢ # 0,andu € U. Butthen by (2) u AV < Vf, so that u = 0 again by (3).

(5) follows from the previous point.

(6) follows from (1) and (2), and implies (7), because of (5). [l

RemaRrk 3.4. Note that the argument in the proof of (3) fails when n = 2,
see [6], and this is the reason we have takenn + 1 > 4.
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‘We can now state our main result.

THeEOREM 3.5. Let f be as in Assumption 3.1 and G as in (2.1). Then the group
Gis{l}.

Proor. Items (5) and (7) of Lemma 3.3 allow us to write an element g € G in
matrix form, with respect to the given basis of V, as

_(v 0
e=[) 4
where y € F* and A € GL(n, F). By the definition (2.1) of G, and Assumption 3.1,
we have

oAl o=l 8l

where A is the matrix induced by A on U A U. We will only need to consider the
following two consequences of (3.2):

(3.3) AAATY = yA,
and
(3.4) bA = b.

To deal with (3.3), we could appeal to [19], but prefer to give a simple direct
argument. As noted in Lemma 3.2.(1), the eigenvalues of A4 are

(3.5) a,ap,...,apn_l,
with « a primitive element, so that those of yA are
ya,ya?f, . . yal .
By (3.3) we have ya = aP' for somet. If t > 0, then
a?' "' =y e GF(p)*,
with p* — 1 > 0, so that the order

pr-1
p—1

1

:1+p+...+pn_

of a in GF(p™)*/ GF(p)* divides p’ —1 < p™~!, a contradiction. Thus ¢ = 0 and
y = 1.
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It follows that A is in the centralizer of A in GL(#n, F), and thus, according to
Lemma 3.2, A is a power of A.

But once more since the eigenvalues of A are as in (3.5), with « a primitive
element, the only power of A4 to have an eigenvalue 1 is 1. Since we have (3.4), with
b # 0 by Assumption 3.1, we obtain that A = 1 and thus G = {1} as claimed. [

4. Endomorphisms

The arguments of the previous section can be slightly extended to show that the
set
G={geEnd(V):(vg)f = (f)g, forallveV}

of the endomorphisms of V' that commute with f consists of 0 and 1. Now in
our examples P the centre Z(P) is fully invariant, as it equals ®(P). Thus an
immediate extension of Theorem 2.1 yields that an endomorphism of P either
maps P into Z(P), or is a central automorphism, so that P is an E-group [8, 14,
15, 2, 4], that is, a group in which each element commutes with all of its images
under endomorphisms.

To prove this, we proceed as in the previous section, except that we make no
assumptions on y and A. We have from (3.2)

4.1) AA = yAA.

Ify =0,then A = 0.If y # 0, it follows from (4.1) that ker(A) is A-invariant, that
is, a F[A]-vector subspace of the one-dimensional F[A]-vector space F". Therefore
we have either ker(A) = {0}, that is, A is invertible, and we proceed as above, or
ker(A) = F”, that is, A = 0. Now (3.2) yields yb = 0, a contradiction to y # 0
and b # 0.
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