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On finite p-groups that are the product of a subgroup of class
two and an abelian subgroup of order p?

BRrRENDAN McCANN ()

ABSTRACT — In this note it is shown that if G = AB is a finite p-group that is the product
of an abelian subgroup A of order p3 and a subgroup B of nilpotency class two, then
G can have derived length at most three.
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The question of the relationship between the derived length of a finite group that
is the product of two nilpotent subgroups and the nilpotency classes of the factors
goes back to the well-known conjecture, mentioned by Scott in [8] (p.385) and
by Kegel in [6], that the derived length of the product should be bounded by the
sum of the classes of the factors. The examples of Cossey and Stonehewer [2]
eventually showed that the derived length of a product can exceed the sum of the
classes of the factors. In particular, Cossey and Stonehewer constructed examples
of finite p-groups of derived length four that can be expressed as the product of
an abelian subgroup and a subgroup of class two. In these examples the abelian
factor is quite large, being of order p”3 for p odd, and the question arises as
to how small the abelian factor can be in such a product of derived length four.
Another significant result concerning factorised finite p-groups G = A B, where
A is abelian, is that of Morigi ([7], Theorem 2, or [1], Theorem 3.3.11), which shows
that if |B’| = p™ then G can have derived length at most n + 2, while the results
of Jabara ([4], [5] or [1], Corollary 3.3.25) show that if B has rank 2 and class k
then G@¥) = 1, whereas if B has an abelian subgroup of index p"~! then G has
derived length at most 2n.

(*) Indirizzo dell’A.: Brendan McCann, Department of Mathematics and Computing,
Waterford Institute of Technology, Cork Road, Waterford, Ireland
E-mail: bmccann @wit.ie


mailto:bmccann@wit.ie

2 B. McCann

The purpose of the present note is to consider one very particular case, namely
finite p-groups G = A B that are the product of an abelian subgroup A of order p>
and a subgroup B of class two. It will be shown that such groups can have derived
length at most three. Taken in conjunction with Morigi’s result, this shows in
particular that a finite p-group of derived length four that factorises as the product
of an abelian subgroup and a subgroup of class two will require an abelian factor
of order at least p* and a factor of class two whose derived subgroup is of order
at least p2.

We first examine a rather restricted normal product of two subgroups of class
at most two.

LemwMma 1. Let the finite group G be the product G = HK, for subgroups H
and K such that

(i) HLGand K 4 G;
(ii) |G : H| = |G : K| = p, where p is a prime;
(ili) H and K are nilpotent of class at most two.
Then G® = 1and |G') < p|H'K'|.
Proor. We have
G/H = G/K = Cp,

which is abelian, so H’K’ < G’ < H N K. Since H and K both have class at
most two we have H' < Z(H) and K’ < Z(K), whence H'K’' < Z(H N K). In
addition we see that [G, H N K] = [H, H N K][K, H N K] < H'K'. Thus

(HNK)/H'K' < Z(G/H'K').
Now H/(HN K) = HK/K = G/K = C,, s0
|G:HNK|=|G:H|H:HNK|=p>

Since G/(H N K) can be embedded in G/H x G/K (= C, x C,) we have, by
comparison of orders,

G/(HNK)=H/(HNK)xK/(HNK)=CpxC,.

Weletl #x € H\(HNK)and1 # y € K\(HNK).ThenG = (x,y, HNK) and
G'/H'K' = ([x,y])H'K'/H'K' < (H N K)/H'K' < Z(G/H'K’). In addition
xPH'K'" € (HNK)/H'K'. Thus, since [x, y|H'K' € Z(G/H'K’), we have

[X, y]pH/K/ = [xp’ y]H/K’ = 1G/H/K’-
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Furthermore, since [x,y] € H N K and H'K' < Z(H N K), we see that

G' = ([x.y], H'K') is abelian, whence G® = 1. Finally we observe that
G'/H'K'" = ([x,y])H'K'/H'K’ is cyclic of order at most p, so it follows that
|G'| < plH'K]. O

CoRrROLLARY 2. Let G be a finite p-group and let H be a subgroup of G such
that

() |G:H|<p*
(i) H has class at most two.

Then G® = 1.

Proor. If H < G then G/H is abelian and the result follows. If H € G then,
since G is a finite p-group and |G : H| < p?, we must have |G : Ng(H)| =
INc(H) : H| = p,so H < Ng(H) < G. In addition, for x € G\Ng(H) we
have, by comparison of orders, Ng(H) = HH?*. Since H and H* have class at
most two and are (normal) subgroups of index p in Ng(H ), we see by Lemma 1
that Ng (H) has derived length at most two. Since G/Ng (H) = C,, is abelian, it
follows that G® = 1. O

An easy, and no doubt well-known, consequence of Corollary 2 is that a finite
p-group that is the product of a subgroup of class two and an abelian subgroup of
order p? can have derived length at most three.

We note the following elementary consequence of the famous Theorem of 1t6
([3], Satz 1, or [1], Theorem 3.1.7):

LemMma 3. Let the group G = AB be the product of the subgroups A and B
such that

(i) A is abelian;
(i) (B")C is abelian.
Then G® = 1.
Proor. We see that G/(B")¢ = (A(B")°/(B")%)(B(B")¢/(B’)) is the prod-
uct of two abelian subgroups. By It6’s Theorem we have G® < (B’)C. Since

(B¢ is abelian, we conclude that G® = 1. O

We will use the next lemma in the proof of our main result, Theorem 5.
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LemwMma 4. Let the group G = AB be the product of the subgroups A and B
such that

(i) A is abelian;
(i) B’ < Z(B);
(iii) B is subnormal of defect at most two in G.

Then (B')S is abelian (so G® = 1 by Lemma 3).

Proor. Since B has defect at most two, there exists a normal subgroup N < G
such that B < N < G. Then N/B = (N N A)B/B is isomorphic to a
factor group of 4, so N’ < B.But N’ < G so (B’)° < N’ (< B). Hence
B’ < Z(B)N(B)Y < Z((B")%) < G, so we conclude that (B’)C is abelian. [

Our main result provides some information about the structure of a finite p-
group that is the product of an abelian subgroup of order p* and a subgroup of
class two.

THEOREM 5. Let G = AB be a finite p-group for subgroups A and B such that
(i) A is abelian;
(i) 4] = p?;
(iii) ANB =1,
(iv) B’ < Z(B).
Then one of the following holds:

1. G has a subgroup By (with possibly By = B) such that
(@) G =AByand AN By = 1;
(b) By < Z(B1);
(c) (B1) < B
(d) (B} is abelian;

or

2. G has a subgroup B, such that
(@) By < Z(B);
(b) |BF : Ba| = p;
© |G : BJ| = p*
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Proor. We use induction on | B’| and note that if (B")€ is abelian (in particular
if B” = 1) then we may let B; = B and see that the result is trivial. We therefore
assume that (B’)C is non-abelian. By Lemma 4 we may also assume that B has
defect three in G. Now |4| = p3, so we may further assume that there exist
elements w, x, y € A for which the following is satisfied:

A= {(w,x,y)
(w) = Na(B) = Cp:
{(w,x) = Na((w) B);
yP e{w,x), buty¢ (w,x);
x? e {(w), but x ¢ (w).

We may further assume that (w)B = Ng(B) and (w,x)B = Ng({w)B) < G.
Thus B’ < ((w, x)B) < G,so(B')¢ < ((w, x)B)".But (w, x) B/(w) B is abelian,
so ((w,x)B)’ < (w)B. Hence, in particular, we have (B’)° < (w)B and, by
conjugation, (B)¢ < ((w)B)” = (w)B”.

If C4(B’) # 1, then B is a proper subgroup of Cg(B’), and thus also
of Nc,;B)(B) = Ng(B) N Cg(B’). By comparison of orders it follows that
Ng(B) = (w)B < Cg(B’). Hence B’ < Z({w)B). But (B)Y < (w)B, so
B’ < Z((w)B)N (B¢ < Z((B")%) and (B')¢ is in fact abelian, in contradiction
to our assumption. Hence we may assume that C4(B’) = 1 so, in particular, we
have B = Cg(B’) (and, for g € G, B8 = Cg((B')%)).

If (B')6 < Bthen B’ < Z(B)N(B')® < Z((B')%) and (B’) is again abelian
(which is excluded). Thus, since (B')@*8 < (((w)B))W*B = ((w)B) <
B, we may further assume that (B')Y £ B. Now, if BY < (w)B, then we
obtain (B’)Y < ({w)B) < B, which has been ruled out. Hence it follows that
BY £ (w)B.

Since |(w)B : B| = [{(w,x)B : (w)B| = p, we then have, by comparison of
orders:

(w)B = BB* = B(B')”
and
(w,x)B = (w)BB” = B(B')’B® = BB”.
In particular it follows that
_ BBl _|B|
|BNBY  |BNBY|

p?|B| = [{w. x)B| |B”

’

and so
|B| 2

B:BNBY|= —— =
| | Brpr] P
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Now |(B’)? : (B")” N B| = |B(B’)” : B| = |(w)B : B| = p. Therefore, since
B = Cg(B’), we have

|(B')Y : Cgry» (B))] = [(B)” : (B")” N Cs(B")| = |(B")” : (B') N B| = p.

In particular we see that B’ and (B’)” do not centralise each other. Thus, since
Cs((B')?) = BY, we have B’ £ B”,so (w)B” = B” B’. It then similarly follows
that

|B": B'N BY| = p.

In addition since (B")¢ < (w)B = Ng(B), we have B’ < (B)¢. By conjugation
(B')? is also normal in (B")%, so B’ and (B’)” normalise each other. We note that

(BYYNB=(B)YnNnBNB”<(B)NB'(BNBY) <(B) NB,

and so

(B NnB'(BN BY) = (B")” N B.

We let H = (B’,(B’)”, B N BY) . Then H can be expressed as the product
H = (B’)Y B’(B N BY) and we have

_[(B)]IB"(B N BY)|
"~ |(B")Y N B'(B N BY)|
_[(B))||B'(B N BY)|
(BN B]
= p|B'(B N B”)|
_ _|B|IBNBY|
=~ PIB A BN B
|B'|
|B’ N BY|
= p?|B N B’|.

|H|

=p |B N B’

But |B : BN BY| = p2, so it follows that

1= 2(45) = 151
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Now B’ and (B’)” normalise each other, so
[B',(B')’] < B'n (B < Z(B)NZ(B”) < Z(BBY) = Z({w, x)B).
We similarly have
(BN BYY < B 'n(B") <Z({w,x)B).
Hence, bearing in mind that both B’ and (B’)” are centralised by B N BY, we have
H' = (B',(B")’,BNn B”Y
= [B',(B")’1(B N B”)
< Z({w,x)B)N (B N B'(< Z(H)).
Thus H has class at most two. In addition we see that w centralises H' and that
H' < B’. However w does not centralise B’, so we further conclude that H' is a
proper subgroup of B’.
If AN H = 1 then, since |H| = |B|, we have G = AH. As |H'| < |B’| and
H’ < B’, we can then use induction on | B’| to show that the result holds. Thus we

may assume that AN H # 1. Since H = (B’,(B’)”, BN BY) < B(B’)” = (w)B,
we have A N H < AN {(w)B = (w). But {(w) has order p, so

AN H = (w).

We further have |(w)B : H| = |(w)B : B| = p,so H < (w)B. There-
fore (w)B = HB is the (normal) product of the subgroups H and B, both of
class at most two and of index p in (w)B. Hence, by Lemma 1, we have
|((w)B)'| < p|H'B’|. But H' < B’, so we conclude

|((w)B)'| < p|B’|.

If (B’)* = B’ then x € Ng(B’), so x normalises Cg(B’) = B, which is ruled
out. Thus B’ is a proper subgroup of B’(B’)*.Now B’(B’)* < ((w)B)' (= (BB*)")
and, from above, |({(w)B)’| < p|B’|, so, by comparison of orders, we have

((w)B) = B'(B)".

Hence Co(((w)B)) = Cg(B'(B")*) = Cg(B') N Cc((B")*) = B N B~
But ((w)B) < (w,x)B,so BN B* < (w, x)B. Since both B and B* have index
p in (w)B, we have B’ < B N B*. Thus if BN B* < G, then (B")® < B, which
has already been have ruled out. Therefore we may assume that B N B* 4 G, so
(w,x)B = Ng(B N BY).
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We have BY < (w,x)B = Ng(B N B¥) and, since (B')” £ B, we also have
(B")? £ BN B*.Hence B”(BN B*)/(BN B*) is anon-abelian group. But, since
|B: BN B*|l = |BB*: B*|l = |(w)B:B*| = p, we have

(w,x)B: BN B*| =|(w,x)B:B||B:BNB*|=p’*p=p

Therefore, since BY(B N B*)/(B N BY) is non-abelian, we have by comparison
of orders:

BY(B N B*)/(B N B*) = (w,x)B/(B N BY),

or, equivalently:
(w,x)B = BY(B N BY).

Now ({w)B) = B'[{w), B] and, from above, ((w)B) = B'(B’)*. Hence
if B < Cg([{w), B]) then B centralises ({w)B)’ and, in particular, one gets
B < Cg((B)*) = B*, which is ruled out. Thus B £ Cg([(w), B]). But we
have [(w), B] = [(w), AB] = [(w),G] < G and B N B* = Cg(({w)B)) <
Cq ([{w), B]) so, by normality, (B N B*)¢ < Cg([(w), B]). It then follows that
B & (BN B¥)C,
We now let
T = (BN B*,

Then T < (w, x)B but, since B £ T, we have T # (w x) B. Now,
(w,x)B/(BN B*)=BY(BN B*)/(BN BY)

is a non-abelian group of order p3, so Z((w,x)B/(B N B*)) =~ C,. In addition
|(w)B/(B N B*)| = |{w, x)(BN B*)/(BN B*)| = p?. Hence, by comparison of
orders:

Z({w,x)B/(B N BY)) = (w)B/(BN B*)N (w,x)(BNB*)/(BN BY)
= (w)(B N B*)/(B N B*)(= Cp).
Now B N B* #4 G, so B N B* is a proper subgroup of 7 (= (B N B*)%). Thus,

by normality,
1#T/(BNBY)NZ({w,x)B/(B N BY)),

SO:
(w)(BN B*)/(BN B*) < T/(BN BY).
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Since B £ T we see, by comparison of orders, that B N T = B N B*.
Thus BT/T = B/(BNT) = B/(BNB*) = C,. We then also have (BT /T)*T =
BYT/T =~ Cp.Hence if T = (w)(B N B¥), then |(w,x)B : T| = p%,so B’T
is a proper subgroup of (w,x)B. But (w,x)B = BY(B N B*) < BT and a
contradiction ensues. Therefore (w)(B N B*) is a proper subgroup of 7 and,
since T # (w, x)B, we conclude that |(w,x)B : T| = p. In particular we see
that |G : T| = p2.

Sincew € T = (B N B¥)% < Cg([(w), B]) < Ce([(w), B N B¥], we see that
(w)(B N B¥) centralises [{w), B N B*]. We further have (B N B*)’ < B’ N (B")*,
which is centralised by BB* = (w) B so, in particular, (w)(B N B*) centralises
(B N B*)'. Hence

((w)(B N BY))' = (B N B*)'[{w), BN BY|
< Z((w)(B N BY)).

Thus (w)(B N B*) has class at most two. Now (w)(B N B*)/(B N B*) = Cp,
so (w)(B N B¥) is a (normal) subgroup of index p in T'. Thus, letting

By = (w)(B N BY),

we have B), < Z(B,) and, since T = (B N B¥)% = ((w)(B N B¥)® = BY,
we conclude that |BY : By| = p and |G : BY| = p2, as desired. O

CoROLLARY 6. Let the finite p-group G = AB be the product of an abelian
subgroup A of order p* and a subgroup B of class two. Then G®) = 1.

Proor. If AN B # 1then |G : B| < p2, and the result follows from
Corollary 2. If AN B = 1 then, by Theorem 5, either G = AB; where (Bi)G
is abelian and the result follows from Lemma 3, or G has a subgroup B-, of class
at most two, such that [BS : By| = p and |G : BS| = p2. In the latter case
B, < BzG and, letting y € G\ Ng(B>), we see that BZG = BzBi’ is the normal
product of two subgroups of class at most two and index p. Thus Lemma 1 applies
and we have (Bg)® = 1. But |G : BY| = p? so G/BY is abelian and we
conclude that G® = 1. O

The following elementary example shows that G will not necessarily have
derived length three if the factor A of order p3, as in Corollary 6, is non-abelian.
We let H be be a p-group of class two and let K be a non-abelian p-group of
order p3. We then let G = HwrK be the regular wreath product of H by K.
Since the regular wreath product of two groups of derived length two has derived
length four, G is thus a p-group of derived length four that is the product of the
base group H K which has class two, and K which has order p? andis non-abelian.
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