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Existence and multiplicity of solutions
for a p(x)-Kirchhoff type equation
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AssTtrACT — This paper is concerned with the existence and multiplicity to p(x)-Kirchhoff
type problem of the following form

1
—M(/ |Vu|p(x)dx)div(|Vu|p(x)_2Vu) = f(x,u) inQ,
Q p(x)

u=20 on 092.

By means of a direct variational approach and the theory of the variable exponent
Sobolev spaces, we establish conditions ensuring the existence and multiplicity of
solutions for the problem.
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1. Introduction

In this paper, we are concerned with the following problem

1
—M(/ —|Vu|1’(x)dx)diV(|Vu|1’(x)_2Vu) = f(x,u) inQ,
o p(x)

u=2~0 on 092,

(1

where @ C RY is a bounded domain with smooth boundary 32, M: Rt — R
is a continuous function and f: Q x R — R satisfies the Carathéodory condition.
The operator —div(|Vu|?®~2Vu) is said to be the p(x)-Laplacian, and becomes
p-Laplacian when p(x) = p (a constant). An essential difference between them
is that the p-Laplacian operator is (p — 1)-homogeneous, that is, A,(Au) =
AP~V A u for every A > 0, but the p(x)-Laplacian operator, when p(x) is not a
constant, is not homogeneous. Problems involving the p(x)-Laplace operator have
been intensively studied. Lebesgue and Sobolev spaces with variable exponent
have been used in the last decades to model various phenomena. Chen, Levine, and
Rao [6] proposed a framework for image restoration based on a variable exponent
Laplacian. Another application that uses nonhomogeneous Laplace operators is
related to the modeling of electrorheological fluids. The first major discovery
in electrorheological fluids is due to Willis Winslow in 1949. These fluids have
the interesting property that their viscosity depends on the electric field in the
fluid. They can raise the viscosity by as much as five orders of magnitude. This
phenomenon is known as the Winslow effect. Electrorheological fluids have been
used in robotics and space technology. The experimental research has been done
mainly in the USA, for instance in NASA laboratories.

(1) is called a nonlocal problem because of the presence of the term M,
which implies that the equation in (1) is no longer pointwise identities. This
provokes some mathematical difficulties which make the study of such a problem
particularly interesting. Nonlocal differential equations are also called Kirchhoff
type equations because Kirchhoff [20] has investigated an equation of the form

Pu  ypo  E [Fioupz . \0%u
) Pu (Do BT R,
@ Pz (h+2L/0 ax| )
which extends the classical D’Alembert’s wave equation, by considering the ef-
fect of the changing in the length of the string during the vibration. A dis-
tinguishing feature of (2) is that the equation contains a nonlocal coefficient
Loy E (L8412 gy which depends on the average 5 [ |2%|* dx, and hence
the equation is no longer a pointwise identity. The parameters in (2) have the fol-
lowing meanings: L is the length of the string, 4 is the area of the cross-section,



A p(x)-Kirchhoff type equation 97

E is the Young modulus of the material, p is the mass density and Py is the ini-
tial tension. Lions [22] has proposed an abstract framework for the Kirchhoff type
equations. After the work of Lions [22], various equations of Kirchhoff type have
been studied extensively, see e.g. [4, 5] and [8]-[13]. The study of Kirchhoff type
equations has already been extended to the case involving the p-Laplacian (for
details, see [8, 9, 12, 13]) and p(x)-Laplacian (see [10, 11, 19]). For the physi-
cal and biological meaning of the nonlocal coefficients we refer the readers to
[7,22, 23, 24] and the references therein. In [1] and [2] the authors considered (1)
where f(x,u) = Alu|?™~2y and f(x,u) = A(x)|u|?®)~2u, respectively. Com-
bining the mountain pass theorem of Ambrosetti and Rabinowitz and Ekeland’s
variational principle, they proved that under suitable conditions (1) has multiple
solutions. Our main purpose is to consider the perturbed problem (1) in general
case, we obtain conditions for the existence of infinitely many solutions.

2. Notations and preliminaries

In this section, we recall some definitions and basic properties of the variable
exponent Lebesgue space L?0) () and Wol’p © (2), where Q2 is a bounded domain
in RY. Denote

C+(Q) = (h(x); h(x) € C(Q), h(x) > 1,forall x € Q).
For any h € C4(Q), we define
ht = max{h(x); x € Q}, h~ = min{h(x); x € Q}.

For any p € C4(Q), we define the variable exponent Lebesgue space

LPO(Q) = {u; u is a measurable real-valued function such that

/ lu(x)|P®dx < oo},
Q

endowed with the Luxemburg norm
)
@ P dx < 1}.
i
Then (L?%)(Q), | - lp(x)) is a Banach space, cf. [21].

ulreo @) = lulpe) = inf {M > 0; /Q ‘

ProposiTioN 2.1 ([14]). (i) The space (LPX(Q),] - lpx)) is a separable,
uniformly convex Banach space and its dual space is L% (Q2), where 1/ p(x) +
1/q(x) = 1. For any u € LP®(Q) and v € LI%)(Q), we have

‘/ uvdx
Q

1 1
< (o= + 22 e vlaco = 2o lvlaco:
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(i) If p1(x), pa(x) € C1(R), pi1(x) < pa(x), for all x € Q, then we have a
continuos embedding LP2X) (Q) — LP1X)(Q).

An important role in manipulating the generalized Lebesgue space is played
by the p(x)-modular of the L?™) () space, which is the mapping

Pp(x)- Lp(x) (Q) — R
defined by
by ) = [ 1l
Q

ProposrTioN 2.2 ([15]). Foru € L?Y(Q) and u,, C LP%(Q),

(D) |ulpy <1(resp. =1,>1) <= ppx)(u) <1 (resp. =1,> 1),
(2) foru #0, lulpx) =1 = pp(X)(%) =1

3) if lulpy > 1 then [ul?, < ppe () < ulZs),

. + —
“4) lf|u|p(x) < 1, then |u|§(x) < pp(x)(u) < |u|11)7(x)’
(5) |un —ulpx) = 0 (resp. — 00) <= pp(x) (Un —u) — 0 (resp. — o),

since pT < oo.
The space W, ¥ @) (Q) is the closure of C$°(R2) under the norm

[l = V() px -

Let us define, for every x € €,

Np(x) .
) = N 0o () if p(x) < N,
00 if p(x) > N.

ProposiTION 2.3 ([17]). If ¢ € C+(Q) and q(x) < p*(x) (¢(x) < p*(x)) for
x € Q, then there is a continuous (compact) embedding Wol’p (x)(Q) s LIX)(Q).

LeMmMA 2.4 (See [16]). Denote
1
I(u) :/ ——|Vu|”®dx, forallu € X,
Q p(x)
then 1(u) € CY(X,R) and the derivative operator I’ of I is
(I'(w),v) = / |Vu|P®2VuVudx, forallu,v e X,
Q

and
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(1) I is a convex functional,
(2) I': X — X* is a bounded homeomorphism and strictly monotone operator,
(3) I’ is a mapping of type (S+), namely

(up —u and limsup I'(up)(up —u)) <0 = u, — u,
n—>+oo

(4) I is weakly lower semi-continuous.

In this paper, we denote by X = Wol’p(x) (Q); X* = (Wol’p(x) (Q))*, the
dual space and (-,-), the dual pair and let “—” represent weak convergence.
For simplicity, we use ¢; to denote the general nonnegative or positive constant
(the exact value may change from line to line).

3. Existence and multiplicity of weak solutions

In this section, we will state and prove our main results on problem (1).
We introduce the following assumptions on the functions M and f:

(M;) there exist my > m; > 0 and @ > 1 such that forall t € Rt, m 1%~ <
M(t) < mat*™

(Fo) f:Q2 xR — R satisfies the Carathéodory condition and there exist a
constant ¢; > 0 such that

| f(x,0)] <er(1+ |t|y(x)—1)’

forall (x,7) € @ xR where y(x) € C4 () and y(x) < p*(x) forall x € Q;

(F1) there exist M > 0, & > ap™ such that for all x € Q and all r € R with
lt| = M.
0 <OF(x,1) <tf(x,1),

where a comes from (M7 ) above;

Fr) f(x,t) = o(|t|"‘1’+_1) as t — 0 uniformly with respect to x € 2, where
Yy~ >a(ph)¥ > ap™, a comes from (M));

(F3) f(x,—t)=—f(x,t)forallx € Qand? € R;

(Fa) fx,t)=calt)f®1ast — 0, where § € C1(Q) and pT <&~ <&t <ap™
for a.e. x € Q, where a comes from (M;) .
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DEerintTION 3.1. We say that u € X is a weak solution of (1) if

1
M(/ ——|Vul[P® dx)/ |Vu|P®2Vu Vo dx :/ f(x,u)vdx,
o p(x) Q Q

forallv e X.

The Euler-Lagrange functional associated to (1) is given by

(3) J(u) = 1\2(/9 ﬁwuv’m dx) —/QF(x,u) dx,

where M (1) = [; M(t)dt and F(x,1) = [; f(x,s)ds. It should be noticed that
under the condition (Fy) the functional J is of class C!(X, R) and

p(x
—/ f(x,u)vdx,
Q

1
(J'(w),v) = M(/QﬂWuV’(x) dx)/Q|Vu|p(x)_2Vqudx

for all u, v € X, then we know that the weak solution of (1) corresponds to the
critical point of the functional J.

TueoreM 3.2. If (M) holds and f satisfies
4) |f(e )] < es(1+[t]")
where 1 <v < ap™, then (1) has a weak solution.

Proor. From (4) we have |F(x, )| < c3(|t] + |¢]”). We can write
~ 1
J() = M(/ —|Vu|P® dx) —/ F(x,u)dx
Q p(x) Q

1 o
> @(/ ——|Vu|P® a’x) —63/ |u|dx—63/ [u|” dx
a \Ja p(x) Q Q

mp
>
~a(pt)®
Due to the condition (Mj) and Proposition 2.3, it is easy to verify that J is weakly
lower semi continuous. So J has a minimum point # in X and u is a weak solution
of (1). |

7" — esllull = esflull” — +oo  as ull — +oo.

DerintTION 3.3. We say that J satisfies the (PS) condition in X if any sequence
(un) such that J(u,) is bounded and J'(u,) — 0 as n — oo, has a convergent
subsequence, where (PS) means Palais—Smale.



A p(x)-Kirchhoff type equation 101

Lemma 3.4. If (Fo), (F1), My), and
(5) Omi(p7)* ™" > amy(ph)®,

hold, then J satisfies the (PS) condition.
Proor. Suppose that (u,) C X, |J(uy)| < ¢4 and J'(u,) — 0. Then

ca + |lunll = J(un) — <J (Un), Un)

=M(/QT|W |1’(x)dx) /F(x,u,,)dx
—é[M(/Qqu |”(")dx)/Q|Vun|p(")dx
—/ O, uy)uy dx}
> %(/ qu |p(x)dx)

a—1
_m2 b p(x) b p(x)
z (/Q ooyl dx) (/Qp( j Vil dx)

+ / —f(x, Up)Uy — F(x, u,,)] dx

= a(P+)°‘ (/ Via P dx) - W(/ Vit |7 dx)

mi my ap—
> s(a(pﬂa 9(p_)a_1)||un|| .

Hence, (||u,||) is bounded. Without loss of generality, we assume that u, — u,
then J'(u,)(u, — u) — 0 as n — oo. Thus we have

(J'(un), up — u)

1
- M( / —— |V, |P® dx) / Vi, P92V u, (Vu, — Vu) dx
o p(x) Q

— / f(x,un)(up —u)dx — 0.
Q
From (F_0), Proposition 2.1 and Proposition 2.3, we can easily get that

/ fx,up)(uy —u)ydx — 0 asn — oo.
Q
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Therefore, we have as n — oo,

1
(6) M( / —— |V, |P® dx) / |V |P®~2Vu, (Vu, — Vu) dx —> 0.
e p(x) Q

Since (u,) is bounded in X, passing to a subsequence, if necessary, we may assume
that

1
/ _( )|Vun|1’(x)dx—>1020 asn — oo.
Q px

If 1o = 0 then (u,) converges strongly to ¥ = 0 in X and the proof is finished.
If o > 0 then since the function M is continuous, we get

1
M(/ —— |V, |P® a’x) —> M(tp) >0 asn — oo.
Q p(x)
Thus, by (M;), for sufficiently large n, we have
1
(7) 0 < cg sM(/ —— |V, |P® dx) <.
Q p(x)

From (6) and (7), we deduce that

(8) lim | |V, |?®2Vu,(Vu, — Vu) dx = 0.
Q

n—>oo

Using Lemma 2.4(3), we have u,, — u strongly in X asn — oo and the functional
J satisfies the (PS) condition. O

THeOREM 3.5. If M satisfies (My), f satisfies (Fo)—(F») and relation (5) holds,
then (1) has a nontrivial weak solution.

Proor. Let us show that J satisfies the conditions of mountain pass lemma
[3]. By Lemma 3.4, J satisfies (PS) condition in X. Since ap™ < a(ph)® <
y” <ykx) < p*(x), X — Lort (£2), then there exists cg > 0 such that

[ulgp+ < cgllull, forallu e X.

Let € > 0 be small enough such that ecg” T em /2a(p™)¥. By assumptions (Fp)

and (F,), we have

9) F(x,t) < elt|™ +c(@))t]"™  forall (x,1) € @ x R.
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In view of (My) and (9), we have
1 o
J(u) > ﬂ(/ _|Vu|p(x) dx) _6/ |u|ap+ dx—c(é)/ |u|y(x) dx
Q Q Q

o p(x)
mp + apt apt -
> [ul|*P" —ecg” Null*”" —collull”
a(pt)® s
m apt Y~
> ——|lu —collull¥ .
> Sl —eslul

Therefore, there exist > 0 and § > 0 such that J(u) > § > 0 for every |u| = r.
From (F,) it follows that

F(x,t) = ciolt]® — e,

forall x € Q and |t| > M. For w € X\{0} and ¢ > 1 we have
~ 1
J(tw) = M(/ —|Vtw|PW dx) —/ F(x,tw)dx
e p(x) Q

o
LM taﬁ(/ Vo] PO dx)
a(p7)* Q

—cloto/ lw|® dx — ¢11|Q2| — —o0  ast — +oo,
Q

due to & > ap™. Since J(0) = 0, J satisfies the conditions of mountain pass
lemmal[3]. So J admits at least one nontrivial critical point. O

THEOREM 3.6. If M satisfies (My) and f satisfies (Fy), (F1), (F3), and
y~ > a(pt)® > ap™, then problem (1) has a sequence of weak solutions (Fuy)
such that J(£uy) — +oo as k — oo.

THeOREM 3.7. If M satisfies (M1) and [ satisfies (Fy), and (F2)—(F4), then
problem (1) has a sequence of weak solutions (£vy) such that J(*v;) < 0,
J(+vr) > 0ask — oo.

We will use the following fountain theorem and the dual fountain theorem to
prove Theorem 3.6 and Theorem 3.7, respectively.

Since X is areflexive and separable Banach space, then X * is too. There exist
(see [26]) {e;} C X and {e]} C X™ such that

X =spanfej:j =1,2,...}, X~ = spanfe}: j =1,2,...},
and
1 ifi =,

(ei.ef) =
0 ifi#J,
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where (-, -) denote the duality product between X and X *. We define
k %)
Xj: span{ej}, Yk:@X', Zk:@Xj.
j=1 j=k

LeMmmMmA 3.8 (fountain theorem [25]). Assume that

(A1) X is a Banach space and J € C'(X,R) is an even functional.
If for every k € N, there exist py > ry > 0 such that

(A2) inf{J(u):u € Zy, ||u|| = rr} - +o0ask — +o0,

(A3) max{J(u):u € Y, |lul = pr} <0,

(A4) J satisfies the (PS) condition for every ¢ > 0,

then J has an unbounded sequence of critical points.

Lemma 3.9 ([18]). If y(x) € C(Q) for all x € Q, denote
Yk = sup{lu|pro @) llull =1, u € Zg},

then limg_, o v = 0.

LeMmma 3.10 (dual fountain theorem see [25]). Assume (Al) is satisfied and
there is ko > 0 so that, for each k > ko, there exist py > ry > 0 such that

(B1) ar = inf{J(u):u € Zg, |lull = px} =0,

(B2) by = max{J(u):u € Yy, |ul| =rr} <0,

(B3) dy = inf{J(u):u € Zg, |ul| <pr} —> 0ask — +oo,

(B4) J satisfies the (PS)}: condition for every ¢ € [dk,,0);
then J has a sequence of negative critical values converging to 0.

DeriniTION 3.11. We say that J satisfies the (PS)} condition (with respect

to (¥y)) if any sequence {u,,} C X suchthatn; — +00,upn; € Yn;, J(un,;) = ¢
and (J |ynj )'(un,;) — 0, contain a subsequence converging to a critical point of J.

LemMma 3.12. Assume that the conditions in Theorem 3.7 hold, then J satisfies
the (PS)} condition.
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Proor. Suppose (u,,) C X such that

nj —> 400, Uy; €Yy,

J
and
(1¥,,) (tn;) — 0.

Similar to the process of verifying the (PS) condition in the proof of Lemma 3.4,
we can get the boundedness of [|u,; ||. Going if necessary to a subsequence, we
can assume u,, — u in X. As X = Un, Yn,, we can choose Un,; € Ya, such that
Un,; — U. Hence

)t =)

. / . !/
= nj1—1>n—il-oo<J (unj)’ unj - vnj) + njl—l>r¥lf—oo<‘] (unj)1 Unj - M)

= lim_((J]y,;) Gin;)sttn; = Vn,)
= 0.
As J'is of type (S.), we can conclude u,,; — u, furthermore we have
I (un;) —> J'(u).

Let us prove J'(u) = 0 below. Taking wy € Y, notice that when n; > k we
have

(J (). o) = (J'(w) = I (). i) + (T (un; ), i)
= (J' () = I (un). k) + ((J]y,,,) (un, ). k).

Going to the limit on the right side of the above equation reaches
(J'(u),wr) =0, forall wg € Yy,

so J'(u) = 0, this show that J satisfies the (PS)} condition for every c € R. O

Proor oF THEOREM 3.6. According to (F3) and Lemma 3.4, J is an even
functional and satisfies the (PS) condition. We will prove that if & is large enough,
then there exist pr > rr > 0 such that A, and A3 hold. Thus, Theorem 3.6 follows
from the fountain theorem.
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(Ay). For any u € Z,
+ 1
lull = r = (6’12V+V;Z myt)er=—r¥

and we have

=M s =) _
J(u)—M(/Qp(x)WuV’ dx) /QF(x,u)dx

1 (04
> @(/ —|Vu|p(x)dx) —C12/ |u|7/(x)dX—6’12/ |u|dx
a \Ja p(x) @ “

m
. v@ _ cillu]l (where ¢ € Q)

> ul|*? = c12|u
ni - .
o lul®? = c12 = crzllu]| Gf ul, @y < 1)
_ Ja®)
- mi ap~ y+ y+ .
u —c u —c12||lul| — ¢ if |u > 1
a(p+)°‘” | 12V lull 2llull —ciz Gf Julyey > 1)
m - + +
> [l ®? = crayy lull” = ciallull — 13
a(pt)e k

( 1 1 ) ap~

=mi|——— — ), —cio-

Na(phye  y+/k 00

Since yx — 0, 1y — 00,y >y~ > a(p™)%, we know J(u) — oo as k — 0.

(A3). From (F,), we have F(x,t) > c10|t|® — c11. Therefore, for any w € Yj
with ||w| = 1 and 1 < ¢ = pg, we have

J(tw) = M(/Q $|Vtw|p(")dx) —/QF(x,ta))dx

1 o
< @(/ —|Vta)|1’(x)dx) —cm/ tw|?dx — c11
a \Ja p(x) Q

o
mi t"”’+(/ |Va)|p(x)dx) —clotef lw|?dx —c1y.
a(pm)® Q Q

By 0 > ap™ and dim Y} < oo, it is easy to see that J(u) — —oo as ||u| — +oo for
u €Y. O

IA
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Proor oF THEOREM 3.7. From (F3) and Lemma 3.12, we know that J satisfies
both (A1) and (B4). We prove (B;)-(B3).

(B1) Forany v € Zg, |[v| = 1and 0 < ¢ < 1, we have

J(tv) = 1\2(/9 ﬁleW(")dx) —/QF(x,tv)dx

1 o
> m(/ —|Vtv|p(x)dx) —/ F(x,tv)dx
a \Jg p(x) Q

m o
> iat‘”ﬁ(/ |Vv|p(x)dx)
a(p™) Q
—et"‘p+/ |v|"‘p+p+dx—c1t”_/ lv]? @ dx
Q Q
> M
~a(ph)”
cyp 7 lvll” G ulye < 1)

(10)
9P o) — e [|ul[er”

+ - + .
cayg Y Gf Julyey > 1)

Mt cyg 17 (if fulye <D

C1Y (f [ulyy > D).

Since y~ > ap™, taking p = t small enough and sufficiently large k, for v € Z
with ||v]| = 1, we have J(¢v) > 0. So for sufficiently large k

inf J(u) >0,

u€Zy, llull=px
i.e. (By) is satisfied.

(By)Forve Y, |v|=1and0 <t < pr < 1, we have

J(tv) = M(/Q$|Vtv|p(")dx) —/QF(x,tv)dx

8
< " z""’_(/ |Vv|p(")dx) —c13z5+/ w[E@dx.
a(p™)e Q Q

Condition £t < ap~ implies that there exists a ;. € (0, px) such that J(tv) < 0
when ¢ = r;. Hence, we get

by := max J(u) <0,

ueYy, lull=rg

so B, is satisfied.
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(B3) Because Y N Zy # 0 and ry < pg, we have

di = inf{J(u):u € Zg, ||ull < pr} < by = max{J(u):u € Yy, |lull = r} <O.

From (10), for v € Zg, ||[v]| = 1,0 <t < px and u = tv, we have

cy! v (if |u <1
Ty = J(v) = s _pert T o

B 2(X(p+)°‘ CIV]Z+[J/_ (if|u|y(x) > 1)

ayl 7 (if lulyw <1

+ - .
a0 G fulye > 1.

hence, d; — 0, i.e. (B3) is satisfied.

Theorem 3.7 follows from the dual fountain theorem. O
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