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Stabilization for Iwasawa modules in Z,-extensions

ANDREA BANDINI (%) — FAB1O CALDAROLA (k%)

ABsTRACT — Let K/ k be a Z,-extension of a number field k with layers k,,. Let i, ;, be the
map induced by inclusion between the p-parts of the class groups of k,, and k,,, (m = n).
We study the capitulation kernels Hy, ,, := ker(i, ) and Hy, := Um2 n Hpn,m to give
some explicit formulas for their size and prove stabilization properties for their orders
and p-ranks. We also briefly investigate stabilization properties for the cokernel of i;;;
and for the kernels of the norm maps and point out their relations with the nullity of the
Iwasawa invariants for K/ k.
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1. Introduction

Let K/k be a Z,-extension (p a prime number) of a number field k, with Galois
group I and whose layers we denote by k,. Assume that all ramified primes in
K/ k are totally ramified in K/k,,. We denote by A, the p-part of the ideal class
group of k, and, for any m = n, we let Ny, , (resp. in n) be the map A, — A,
(resp. A, — Ap) induced by the natural norm (resp. inclusion). Put

X(K):=limA, and A(K):=limA4,
n n
(defined via norms and inclusions respectively). By class field theory there is a
(canonical) isomorphism X(K) ~ Gal(L(K)/K), where L(K) is the maximal
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abelian unramified pro- p-extension of K. Let

A 1= lim Z,[Gal(kn/ k)] = Z,[[I']
n

be the Iwasawa algebra associated with K/k. Via the usual action of conju-
gation X(K) and A(K) can be considered as A-modules, moreover there exist
A-submodules Y, of X(K) and elements v, ,, € A such that Y, = v, mYs
and X(K)/Y, ~ A, for any n = ng (see [15, Chapter 13]). Many results relat-
ing the A-module structure of X(K) with the ker(i, ) and the ker(Ny, ) have
been proved since the beginning of Iwasawa theory (see, e.g., [8]). In particular
the relation between the finiteness of X(K) and the groups H, » := ker(in m)
and H, := U,;>, Hnm has been exploited in [7] and [12] (and generalized to
Zz -extensions in, for example, [1], [2] and [9]). We consider this type of relations
together with the phenomenon of stabilization.

We say that the order (resp. the p-rank) of the modules {M, },en stabilizes
if there is an index ¢ such that |M, | = |My| (resp. rk,(M,) = tk,(My)) for all
n = q. It is customary for Iwasawa modules to stabilize at the very first step in
which they do not vary: in particular one can prove (see, e.g., [3] and [5])

THeoreM 1.1. The following hold:
(a) iffor some n = ng one has |Ay| = |An+1|, then Y, = 0and X(K) >~ Ay;
(b) if for some n = ng one has tk,(A,) = 1ky(An+1), then Y, € pX(K) and
tk, (A,) =1k, (A) for any m = n.
In this paper we provide a description of H, ,, in terms of the maximal finite
submodule D of X(K) (see Proposition 3.3, derived from [12, Proposition])
Hym ~ker{vym:D/(Y,ND)— D/(YyN D)} and H, >~ D/(Y,N D).

With that we can prove statements like the ones of Theorem 1.1 for the modules H,
(see Theorem 3.7).

The following theorem enables us to give examples of finite Iwasawa mod-
ules for which the H,, ,, have “delayed” stabilization (cf. Theorem 3.11 and Exam-
ple 3.12).

THEOREM 1.2. Let r = ng be the least index such that |H,| = |Hy41].
If r > n = ny, there exist an index h(n) (cf. Definition 3.9) such that

1= |Hn,n| < |Hn,n+1| < |Hn,n+2| <. < |Hnr|
= |Hur| < |Hnr+1| < |Hnrs2| <+ < [Hppml

= |Hpn(y)l = [Huhy+1| = |Hyhny42| = -+ = |D/D N Y.
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Other examples arise from the non-abelian theory discussed by M. Ozaki
in [14], since the setting is quite different we shall present them in another paper
(see [4]).

We recall that Iwasawa proved the following formula for the orders of the A,

|An| — pM(K/k)P"+A(K/k)n+v’ n> 0,

where the Iwasawa invariants W(K/k) and A(K/k) depend on the A-module
structure of X(K). In the final section we provide relations between the trivial-
ity of these invariants and the stabilization of the modules H,, coker(i, ) and
ker(Nm.n) (see Theorems 4.2 and 4.4).

2. Notations and preliminaries

We quickly describe the basic objects of Iwasawa theory we are going to work
with and list a few results which will be used in the next sections (comprehensive
references are [15, Chapter 13] and [11, Chapter V]).

LetI" := Gal(K/k) ~ Z, and choose a topological generator y of I'. The map
y — 1 + T provides a noncanonical isomorphism between Z,[[I']] (the Iwasawa
algebra of I') and Z,[[T]], and we shall always identify them with our A. Let
kn be the n-th layer of K (i.e., the fixed field of W}: we will assume that all
primes which ramify in K/ k are totally ramified in K/ k,, (sometimes it is useful
to take a minimal n¢ but it is not really necessary in the proofs). For any n = ny
we let Y, be the A-submodule of X := X(K) such that X/Y,, >~ A, (itis the
closure of the module generated by the commutators and the inertia subgroups of

Gal(L(K)/kn)). For any m = n = ng one has v, n Y, = Y, where

vm  (1+T)P" —1
ve  (14+T)P" —1

_ m—n_q

Vnm = =1+ A+ +--+ (1 +T)P")?
is a distinguished polynomial (irreducible if m = n 4 1). Moreover, for any
m = n = 0, the vy, ,, verify the following formula (see, e.g., [5, Lemma])

1+ 7)) — 1)+ 1P —1
(1) Vnm = @+ ()1 n T))P’-'i_—)l p™ " (mod Tvy,).

A homomorphism ¢ between A-modules will be called pseudo-isomorphism if
it has finite kernel and cokernel. If ¢: M — N is a pseudo-isomorphism, we write
M ~ N andsay that M and N are pseudo-isomorphic; being pseudo-isomorphic
is an equivalence relation between finitely generated torsion A-modules.
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If M is a finitely generated A-module, there exists an exact sequence
) 0 —> D(M) — M -2 E(M) — B(M) —> 0,

where ¢ is a pseudo-isomorphism, D (M) is the maximal finite submodule of M,
B(M) is finite and E(M) is an elementary A-module, i.e.,

B0 = 4 & (@ A/()
i=1

with s,u € NN, the g; are irreducible distinguished polynomials and the e; are
positive integers (all uniquely determined by M ). The characteristic polynomial
of M is defined to be

0 if s 0,

() =12
Hgi’ if s =0.
i=1

Note that a A-module M is finite (i.e., M ~, 0) if and only if fa(T) € A*.
The Iwasawa invariants of the extension K/k are related to fx(x)(7): indeed
w(K/ k) is the exact power of p dividing fyx)(7T) and A(K/ k) = deg( fxx)(T)).

For any finitely generated Z,-module M we let rk, (M) denote the p-rank of
M (i.e., 1ky(M) = dimg,(M/pM)).

RemARrKk 2.1. We recall a general fact on modules over a commutative ring R.
Let N € M be R-modules such that |M/N| is finite and let a = (ay,...,ay) be
a finitely generated ideal of R. Then, using induction on u, it is easy to see that
|aM/aN| < |[M/N|". Note, furthermore, that the given bound is sharp: take for
example M = R=Aand N =a=(p,T).

ProrposiTion 2.2. Let ¢: M — N be a pseudo-isomorphism of A-modules,
a an ideal in A, t a nonzero element of A and M|t] (resp. N|t]) the kernel of
.M — M (resp. of t: N — N). Then we have canonical pseudo-isomorphisms

(@) ¢|mp: M[t] — NIzl
®) ¢lap:aM — aN;

(c) p:M/tM — N/tN (where ¢ is induced by ¢).
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Proor. For (a) and (c) just consider the snake lemma sequences associated to
the diagrams

0 Mi|z] M ™ 0
L
0 Nt] N N 0
and
0 o™ M M/tM 0
Pk
0 TN N N/tN —— =0

with easy estimates between the cardinalities of kernels and cokernels. For (b) use
also the previous remark. O

CoroLLARY 2.3. Let M be a finitely generated torsion A-module and t a
nonzero element of A, then

ged(z, fu) =1 <= M[t]~A 0 <= M/TM ~; 0.

Moreover, if any of the previous conditions holds, then, for any submodule N of
M, the induced map T: M/N — tM/tN has finite kernel.

Proor. The statements are obvious for an elementary torsion A-module E
(where one actually finds E[t] = 0 and E/N =~ tE/tN). For a general module
M just consider a pseudo-isomorphism ¢: M — E(M) and apply the previous
proposition. O

3. Stabilization of the capitulation kernels

We now consider capitulation of ideals and study the maps iy m: An — Am
induced by inclusion (in particular their kernels denoted by H, ). We provide
a description in terms of D := D(X(K)) (the maximal finite submodule of
X(K) appearing in the sequence (2)) in the spirit of the results of [12] for H,, =

UmZn Hn,m'



142 A. Bandini — F. Caldarola

DEerintTION 3.1. We put
(@) forallm =2n =20, Dy :=vymD;

(b) foralln = ngy, D, := D NY,.

The following lemma shows that the D, behave well with respect to the usual
Iwasawa relations.

Lemma 3.2. Forallm = n = ng, we have vy Dy = Dy = Dy jn N Yoo

Proor. The relation v, , D € Dy, is trivial. Now take z € Dy, — vy Dy,
i.e.,ay € Y, such that

Z=Vymy €D —vymDy,

and note that y ¢ D, yields y ¢ D. Since |X /vy mX| < |X/Ym| = |Am] is finite
and X /vy mX ~a E(X)/vnmE(X) (by Proposition 2.2 (c)), Corollary 2.3 shows
that v, ,: E(X) — E(X) isinjective. Hence the induced map v, ,,: X/D — X/D
is injective as well: this contradicts our choice of y ¢ D with v, ,,y € D.

For the last equality, observe that
Vn,mDn - Vn,mYn =Y, = Vn,mDn - Vn,mD NYy, € Dy,
and we have already seen that the two extremities of the chain are equal. O

Since vpm € (p,T) (the maximal ideal of A), Nakayama’s lemma and
Lemma 3.2 show that, for n = ng, D,4+1 # Dy unless D, = 0. Moreover, since
D is finite, there exists an r such that D, = 0. The isomorphisms X/Y,, >~ A,
induce embeddings D/ D,,, < A,, forall m = n¢ and, in particular, we can embed
D into A,.

The following is a reinterpretation of [12, Proposition] which we shall repeat-
edly use.

ProrosriTioN 3.3. With the above notations we have

3) Hym >~ ker{vy, m: D/ Dy —> D/ Dy}
and
“4) H,~D+Y,/Y,~D/Dy,

forallm = n = ng. Moreover, if D,, = 0, then Hy ,,, ~ D[p™ "] (Where D[p" "]
is the submodule of the p™~"-torsion elements of D).
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Proor. From the well-known commutative diagram

Am ~ X/Ym
(5) Win_m Tl)n.m
Ay ————=X/Y,

we have that H, ,, >~ ker{v, m: X/Y, — X/Y,}. Now consider the diagram

D+Y, Y, = X/Y, X/D + Y,

lv#}n l’” lu:f_zn

D+Yy/Ype—— s X/Yyy———— X/D + Yy,

Leto € X besuchthat v, o € D+ Yy, ie., o0 (mod D+Y,) € ker(v,(fm). Then
there existd € D and y,, € Y, suchthatv, n,o = d+y,, and, since Yy, = vy ;m Y,
Vnm® = d + vy my, for some y, € Y,. Therefore v, m(a — y,) = d and
o — y, € ker{v, m: X — X/D}. The injectivity of the map v, ,,: X/D — X/D
yieldsa — y, € D,i.e, o € D + Y,, which means v,(,z,),, is injective. Hence

Hum =~ ker(vpm) >~ ker{v{)) : D + Y, /Yy —> D + Y/ Y}
and the isomorphism D/D; = D/DNY; ~ D +Y;/Y; concludes the proof of (3).

The second isomorphism follows easily (note that v,,,D = 0 for large
enough m).

For the final statement use (1) to get v, ,, = p™ " + g(T)Tv, (for some
g(T) e N).If D,, = 0, then
TvaD = vuynVngTD S Vugn(Yng N D) = vpgnDny = Dy =0,

by Lemma 3.2. Hence v, ,, acts as multiplication by p™~" on D. |

COROLLARY 3.4. Forallm = n = ng we have

|D|- | Dl
@ |Hym| = —————=1|D + Yu/Dnm + Ym| - ——:
| nm| |Dn|'|Dn,m| | n/ o m| |Am|

(b) if D # 0and n = ny, then iy: A, — A = A(K) is injective if and only if
n = ng and D is contained in Yy,,.

| 4n] .

Proor. (a) For the first equality just note that im(v, ) = Dy m/Dm and use
Proposition 3.3. For the second one note that im(v,gf,)n) = Dpm + Ym/Ym yields
|D + Y,/ Y|
|Dn,m + Ym/Ym| ’

|Hn,m| =
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Using the exact sequences
Yn/Ym—> D+ Y, /Yy —> D+ Y,/ Yy, Yu/Yy— X/Yyy —» X/Y,

and
Dym+Yn/Ym— D +Yy/Ym —> D+ Yy/Dpm~+ Ym

(recalling that | X/ Y;| = |A;| for any i = ny), one gets

D+ Ya/Yal D+ Yu/Yul D+ Ya/Dpm + Yl
1Dun + Ym/Yml ~ |Yn/Yml 1D + Y/ Y
D+ Yn/Dnm + Yl
B Y/ Yo
| An|

= |D + Yu/Dnm + Ym| - 1.
| Am|

(b) By Proposition 3.3, H, = 0 implies D C Y, C Y,,,50 D = D, = Dy,.
Now as remarked before Proposition 3.3, since D is not zero, we obtain n = ny.
The converse is trivial. |

Note that from the last assertion it follows that if D # 0 and n > ng, then there

are at least p — 1 ideal classes in A, which capitulate in some A,,.

CoroLLARY 3.5. For any Zp,-extension K/ k, the following are equivalent:
(a) X does not contain any nontrivial finite submodule;
(b) Hpp1 =0;
(©) inm: An — Am is injective for allm = n = ny.
Proor. (a) = (c) follows from Proposition 3.3, (c) = (b) is obvious and
(b) = (a) is given by Corollary 3.4 (b). O
The following corollary generalizes [5, Proposition].

CoRrROLLARY 3.6. Let K/k be a Z,-extension, assume that A, # 0 and iy, y, is
injective for some m > n = ng. Then |Ay| = p™ " | Ayl

Proor. It suffices to prove that Y; 2 Y; 4 forany n <i < m — 1 or, equiva-
lently, Y,,—1 # 0 (by Nakayama’s lemma the modules Y, and Y, +; become equal
only when they are zero). So we assume Y,,—; = 0 and look for a contradiction.

Obviously

|An| = |in,m—1(An)| = |Vn,m—1X/Ym—1| = |Vn,m—1X|
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and
|An| = linm(An)| = [Vvam X/ Ym| = [vpm X|.

This yields
Vm—l,mvn,m—lx = Vn,m—IX

and, by Nakayama’s lemma,
vn,m_lX =0.

Then iy, ,, is the zero map and this contradicts 4, # 0. |

We are now ready to state the stabilization result regarding the modules H,,.

THEOREM 3.7. Assume n = ny:

(a) if |Hp|=|Hp+1|, then Hy,, >~ H, >~ D for allm = n. In particular there exists
r = ng such that

(6) |Hnol < [Hng+1| < -+- < |Hy| = |Hp41| = -+ = |D];

(b) ifrk,(H,) = rtkp(Hy41), thentk, (H,,) = 1k, (Hy,) = 1kp (D) forallm = n.
In particular there exists ¥ = ng such that
(7
tky, (Hpo) < 1Kkp(Hpg41) < -+ <1kp(Hzf) =1k, (Hf41) = -~ =1k, (D).

Proor. (a) Since H, ~ D/D,, the hypothesis yields
Dy =Dpi1 =vpnr1Ds

(by Lemma 3.2). Nakayama’s lemma implies D, = 0, so, foranym = n, D,,, =0
and H,, ~ H, ~ D.

(b) The hypothesis yields
D/Dy + pD =~ D/Dy41 + pD,
ie.,
D, + pD = Dy4+1 + pD.

Therefore
Dyn + pD/pD = vy ni1(Dy + pD/pD),

and, from Nakayama’s lemma, D, + pD/pD = 0. Thus, for any m = n,
Dy, € D, € pD and D/D,, + pD = D/D,, + pD = D/pD, which is the
claim. O
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Remark 3.8. From the proof of Theorem 3.7 it is easy to see that the or-
ders (resp. the p-ranks) of the H, stabilize exactly when D, = 0 (resp. when
Dy C pD).

The H, , have a less regular (hence more interesting) behaviour with respect
to stabilization, at least for small indices: to describe it we use the following

DerintTION 3.9. For any n = 0, let h(n) := min{z > n s.t. D, ; = 0}.

ProposITION 3.10. Let |D| = p® with § € N and let p® € N be the exponent
of D (i.e., the minimum integer for which p D = 0). Then

(a) foranyn = 0, we have h(n) —n < § and, for everyn = 6, h(n) —n = ¢;

(b) foranyn = r, we have h(n) —n = e.

Proor. (a) The first statement follows from Nakayama’s lemma: indeed, for
any n = 0, v, ,4+5D = 0 (since v, , P = P if and only if P = 0, the order of a
nontrivial module must decrease of a factor at least p at any step, i.e., D vanishes
after at most § steps).

For the second statement, consider the action of I' = Gal(K/k) over D and
let p® be the cardinality of the greatest orbit in D. Then I'?” acts trivially on D,
so, forallm > § > w, the element v, 41 = 1 + y?' 4 4 y@TDP" gets
on D as multiplication by p. This implies both v, ,+.—1D = p*~!D # 0 and
VnnteD = p*D = 0,ie., h(n) =n +e¢.

(b) The hypothesis n = r yields D, = 0, hence, as seen in the proof of
Proposition 3.3, v, ,4+1 D = pD. This immediately leads to h(n) = n + &. O

Tueorem 3.11. Let n = ny, then

(a) ifn <r, one has

1 = [Hpul| < |Hpp+1l < [Hpp2| < < [Hpy

= |Hpr| < |Hnr+1] < [Hpri2| <0 < [Hppl

= |Hn,h(n)|
= |Hpnmy+1| = |Hp nny+21 = -+ = |D/Dul;
(b) ifn =r, one has |Hy m| = IDlnDlnlforallm =n, h(n) =n + ¢ and

1< |Hn,n+1| <--< |Hn,n+s| = |Hn,n+s+1| == |D|
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Proor. Everything follows from Corollary 3.4 and Proposition 3.10. For the
strict inequalities of the central line of (a) note that, since v, 4D, = D,41; =0
for any j = 0, one has

D

Hnrtjl = 57—
B Dal - 1D

and, by Lemma 3.2 and Nakayama’s lemma, the D, ,; ; stabilize (i.e., become 0)
only at the level Dy, (). O

ExampLE 3.12. By [13, Theorem 1], for any finite Z,[[I']]-module D there
exists a field k whose cyclotomic Z,-extension kcyc/k provides X(kcyc) >~ D.
Take D ~ A/(p*,T) and let uy be such that 0 < uy < u and Dy = p“°D
(enlarging the base field, if necessary, we can assume n¢ = 0). A little calculation
shows that

1 if0<n<m<u-—uo,
\Hyp o] pmTUtuo ifp <u—ugandu —ug <m <n +u,
e pm ifn>u—upandn <m <n+u,
p* ifn>u—upgandm > n + u.

Furthermore we can easily see that our parameters take the following values:
r=u—ug, =20
and
h(n)=n+u foralln = 0.
In particular, if n < u — uy, the equation of Theorem 3.11 (a) becomes

1= |Hn,n| == |Hn,u—u0| < |Hn,u—uo+1| << |Hn,n+u| == |Hn|

and shows that the orders of the H,, (unlike the ones of the other Iwasawa
modules) can be constant for some indices, then increase and finally stabilize for
good.

4. Stabilization and Iwasawa invariants

In this final section we deal with relations between the stabilization of A-modules
and the triviality of Iwasawa invariants for K. To simplify notations we assume
the following
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AssumpTioN 4.1. All primes which ramify in K /k are totally ramified, i.e.,
ng = 0.

We remark that all statements can be proved for a general ny (substituting 0
with ng and 1 with nog + 1) with no relevant modifications.

THEOREM 4.2. The following are equivalent:
(@) A(K/k) = u(K/k)=0;

(b) im(iy,m) = im(iy—1,m) for somem = n = 1;
(©) ker(Nymn) = ket(Np,u—1) for somem =n = 1;
(d) rk,(Hp) = 1kp(An) = 1kp(An41) for some n = 0.

Proor. The first equivalences are just exercises with A-modules. For
(b) = (a) the hypothesis yields v,—1 » X = vu,,mX, hence one gets v, , X = 0,
Ym = 0, and X ~ A,. Conversely (a) = (b) because if X is finite, then
Vn—1,mX = Va—1nVa,mX = 0form > 0.

For (c) = (a) recall the commutative diagram

A - = Xm >~ X/ Ym
(8) le.n l”m.n
An = X, ~X/Y,

(where 7, , is the projection), which, in particular, implies ker(Ny, ») ~ Yn/ Y.
The hypothesis yields Y,—1/Ym = Yu/Ym = va—14VYn—1/Ym, ie., one gets
Yoo1 =Yy = vp—1,n¥n—1.Hence ¥,y = 0and X ~ A,_; (and ker(Np4) = 0
forall b = a = n — 1). The reverse arrow is similar to the previous one (if X is
finite, the Y,, are finite as well).

For (a) = (d) just recall the well-known fact that the finiteness of X implies
A, = H, for any n = 0. For the reverse (and final) arrow consider the map
Y := m oi given by the composition

D4 Yy X X/Yy + pX.
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Since 1k, (A4,) = rk,(A4,41) (i.e., Y, € pX by Theorem 1.1(b)), we have the
equalities
ker(¥) = (D + Yn) N (pX + Yy)
= (D + Y, NpX
=D NpX)+ Yy,
=pD + Yy,
where the last equality comes from Corollary 2.3 (indeed if px is an element of

DN pX of order p#, then x € ker{ p#*!: X — X} which s finite, hence contained
in D, because u(K/k) = 0). So ¢ induces an embedding

7
D +Y,/pD + Yy —> X/Y, + pX.

Now note that D + Y,/pD + Y, ~ D/(D NY, + pD ~ H,/pH,
(by Proposition 3.3), hence the hypothesis rk,(H,) = rk,(4,) implies that
is an isomorphism. Then X = D + pX and eventually X = D. O

RemaRrk 4.3. Note that if (b), (c), or (d) are true for a certain suitable n, then
they are true for every n (again because of A, = H, for alln = 0).

We mention that one can find several other equivalences (mainly dealing with
inverse images of norms and inclusions), but we decided to include only kernels,
cokernels and images since they are more commonly used in the theory (see, e.g.,
[6] or [10]) and they give a full account of the techniques used in the proofs.

The following theorem only deals with the triviality of the -invariant which is
related to the stabilization of the p-rank of kernels and cokernels of natural maps.

THeEOREM 4.4. The following are equivalent:
(@) w(K/k)=0;

(b) for some m = n = 1, 1k, (ker(Ny, n)) = 1K, (ker(Ny+1,,)) (equivalently,
rkp(ker(Nm,n)) = rkp(ker(Nm,n—l)));

(c) for somem = n = 1, 1k, (coker(in m)) = 1k, (coker(in m+1)) (equivalently,
tkp (coker(in,m)) = rkp (coker(in—1,m)));

(d) for somem =n = 1, 1k, (coker(iy m)) = rkp(Am).
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Proor. The proof will be provided by the main results of the following two
subsections. In particular,

e the equivalence (b) <= (a) follows from Theorem 4.7 and Proposition 4.9;
e the equivalence (c) <= (a) follows from Theorem 4.10 and Proposition 4.12;

o the equivalence (¢) <= (d) follows from Theorem 4.10 and Remark 4.11.
|

4.1 — The kernel of the norm map

Since the extension K/k is totally ramified at some prime, the maps N, , have
trivial cokernels, hence we focus on the ker(N,, ,) to show their link with the
stabilization of the rk,(A4,). Before studying the stabilization properties of the
rk, (ker(Npm »)), we give a final result on the relation between ker(Ny, ), Hy, and
the finiteness X (which we left out of Theorem 4.2 because it does not involve
stabilization).

Prorposition 4.5. The following hold
@) if Hym = An forsomem =n = 1, then X >~ Ay;
(b) ifker(Nyn—1) C Hpm for somem =n = 1, then X >~ Ay,
Proor. (a) Note that H, ,, = A, implies H; ,, = A1, so we only consider the
case n = 1. From diagram (5) and the hypothesis, one gets
VimX C Y = vo,1vi,mYo € vo,1vi,mX.
Nakayama’s lemma yields vy , X = 0, thus ¥, = 0and X ~ A,,.
(b) By diagram (8), the hypothesis yields Y,,—1/Y, C ker(vy,m), i.e., one gets

Vam¥n—1 € Ym. Since Yy, = vpm¥n S VumYn—1, we have v, nYn—1 = Y.
Multiplying by v,—1.,, one has Y, = v,—1,Ym, which yields Y, = 0 and
X >~ Ap. O

Having seen that ker(N,, ,) € H, implies the finiteness of X, we point out
that the reverse inclusion holds if and only if D = 0.

ProvrosiTion 4.6. The following hold
(@) ifm=n =1, then Hy, C ker(Np ) if and only if D = 0;
(b) ifn =0, then H, C ker(Np,0) if and only if Hy = 0.

Proor. Note that H,, < ker(Ny, ) <= D = Dj,. Then (b) follows from (4),
while, in case (a), n = 1 yields D = D, = D,_; and finally D = 0. O
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Now we work on results involving p-ranks which appear in Theorem 4.4 .

THeOREM 4.7. Let K/ k be as above.
(@) Ifrky(ker(N, 1)) = rk,(ker(Ny, ;—1)) for somen =1 = 1, then
1k, (Y1) = rkp(ker(Np,1)) = 1k (ker(Ny 1))
and
tk, (Am) = 1kp(An)
Jorallm = n;
(b) ifrk,(ker(N, 1)) = rk,(ker(N,41,7)) for somen =1 = 0, then
1k, (Y1) = rkp(ker(Np,1)) = 1k (ker(Ny 1))
and
tkp (Am) = 1kp(An)
forallm = n.
Proor. (a) Since ker{v;_;;:Y;—y — Y;/Y,} 2 v;,Y;_; one has a surjective
map
/4 Vi—1.1
Yi_1/Yn — Yi—1/vipYi-1 — Y1/ Yn
(where = is the projection). This map v := v;_;; o m induces a surjection
v: Y1/ Yy + pYi—1 = Y1/ Y, + pY;. By hypothesis
Ky (Yi—1/Yn) = 1kp(ker(Np,1—1)) = tkp(ker(Ny 1)) = 1kp(Y;/Yy),

thusbothvand 7:Y;—1 /Y, + pYi—1 — Y;—1/vi»,Yi—1 + pY;— are isomorphisms.
This means that Y,, + pY;—y = v;,Y;—; + pY;_; and, if we consider the quotient
module M :=v; ,Y;_1 + pY;_1/pY;—_1, we have that v;_; ;M = M. Nakayama’s
lemma yields M = 0 and v; ,Y;—; € pY;_;. Therefore Y, € pY; and, in general,
Ym € pY; € pX for any m = n. Hence

tkp (ker(Np,1)) = dimg, (Y;/ Yy + pY;) = dimg, (Y;/ pY)) = 1k, (1))
and
1ky(Am) = dimg, (X/ Yy + pX) = dimp, (X/pX)
for any m = n (note that, in particular, the last equality implies w(K/k) = 0).

(b) From the hypothesis we have Y;/Y, + pY; ~ Y;/Y,+1 + pY;, then
Yo+ pY; = Y41 + pY;. Asin (a), letting M := Y, + pY;/pY;, one gets M = 0,
i.e., ¥, € pY; and, in general, Y;, € pY; C pX for any m = n. O
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Remark 4.8. The previous statements cannot be reversed, i.e., the equality
tk,(A,) = 1Kkp(Ans1) for some n = [ = 0 does not imply that one gets
rk, (ker(N, 1)) = rkp(ker(N,+1,7)). But with the following proposition we can
give a bound for the delay of the stabilization of the rk, (ker(N,, ;)).

ProrosiTiON 4.9. Let 1k, (A,) = 1k, (An+1). Then, for any | € {0,1,...,n},
we have
tky (ker(Ny,, 1)) = tkp(ker(N,1¢,,)) forallm = n + ¢

(where p®! is the exponent of Ay).
Proor. The hypothesis yields Y, € pX. Now exp(4;) = p® and (1) imply
Vnnte; X € Y. Thus
Y = Vn—i—sl,mYn-i-sl - Yn+s; = Vn,n+eg Y, C Vn,n-‘rsle CpY;.

Since rk, (ker(Ny, 1)) = 1k, (Y7/Ym + pY)), the statement follows. |

4.2 — The cokernel of the inclusion maps

First note that, once n and m are fixed, we have increasing sequences
9) rk, (coker(iy,m)) < rkp(coker(iy m+1)) < rkp(coker(iy my2)) < ---
and
(10) tk,, (coker(in,m)) < rkp(coker(in—1,m)) < rkp(coker(ip—2,m)) <:--.
THEOREM 4.10. If, for some m = n, rkp(coker(i, »)) = rkp,(coker(iy m+1))
(or rkp (coker(in,m)) = 1k, (coker(in—1,,)) withn = 1), then
(a) rkpy(coker(i; 4)) = rky(coker(in,m)) foralll <n <m <gq;
(b) 1k, (Ag) = 1kp(Am) = 1kp(coker(in,m)) forall g = m.
Proor. (a) By hypothesis
X/VemX + pX ~ X/vyme1X + pX,
hence
PX +vamX = pX + vyt X
and
Vmm+1(WnmX + pX/pX) = vpmi1 X + pX/pX.

By Nakayama’s lemma, v, ,X + pX/pX = 0, thus v, ,X < pX and
VigX CpXforanyl <n<m<gq.

(b) Just note that v, ,, X C pX implies Y, C Y,, C pX forall g = m. O
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RemARrk 4.11. An immediate consequence of Theorem 4.10 (resp. of Theo-
rem 4.7) and of Theorem 4.2 (d) is that if rk,(coker(is,,)) (resp. rk,(ker(Ny.q)))
stabilizes and is equal to rk,(H,), then X is finite. Note also that the equality
rk,(Am) = rkp(coker(i, ;)) is easily seen to imply v, X C pX, i.e., the stabi-
lization of rk, (coker(in m)).

We can give a bound for the delay of the stabilization of the rk, (coker(i, »))
analogous to the one in Proposition 4.9 (the proof is similar).

ProrosiTiON 4.12. Let 1k, (An) = 1kp(An+1). Then, for anyl € {0,1,...,n},
we have

rkp (coker(ij ) = rkp(coker(i; ,4¢,)) forallm=n4¢; .

4.3 — A relation between coker(in n) and ker(Ny, )

We conclude with a special case in which the stabilization of the two modules is
achieved at the same level (i.e., without the delay described in Propositions 4.9
and 4.12). If |AY| = |Ao| (resp. Ao = 0, but limiting ourselves to n > 1), one
has Yo = TX (resp. Yo = X) and it is easy to see that the stabilization of the
rk, (coker(i,,,)) yields stabilization of the 1k, (ker(N,, ,)) (.e., vamX < pX
implies Y;, € pY;). To obtain a relation in the other direction one needs to assume
also the maximality of rk, (ker(Ny, »)).

Tueorem 4.13. Assume |AY| = |Ao| or Ap = 0 and n > 1. If one has
tk, (Am) = 1k, (ker(Nom,n)), then tk,(coker(in 4)) stabilizes for ¢ = m. Moreover
tk, (Ay) and 1k, (ker(Ny ,)) stabilize for ¢ = m too.

Proor. We give a proof only in the case |A!'| = |4¢| because the other one is
similar. Consider the map
B:=mov,0T

pictured as
T v T
X—Yy—Y,— Y,/ Y+ pY,

where 7 is the canonical projection. Since pX + v, » X < ker(8), we can consider
the map

B
X/ Ym+ pX+— X/vymX + pX — Yy /Y + pYa,

where f is induced by 8 and the first map is again a projection. By hypothesis

X/Ym+ pX = Yy/Ym + pYa,
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hence, from the middle term, we get

Ym +pX =vymX + pX.

Moding out by pX one has

T(WamX + pX/pX) = vamYo + pX/pX

= vnmX + pX/pX.

Nakayama’s lemma yields v, » X + pX/pX = 0,ie., v, X <€ pX and, in
general, v, 4 X C pX for any g = m. This implies

rkp (coker(iy,g)) = dimp, (X /vy X + pX) = dimp, (X/pX)

for any g = m. The final statement follows from Theorem 4.10. O
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