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On the number of nonzero digits in the beta-expansions
of algebraic numbers

HanMe KANEKO (%)

ABSTRACT — Many mathematicians have investigated the base-b expansions for integral
base-b > 2, and more general S-expansions for a real number § > 1. However, little
is known on the S-expansions of algebraic numbers. The main purpose of this paper
is to give new lower bounds for the numbers of nonzero digits in the B-expansions
of algebraic numbers under the assumption that § is a Pisot or Salem number. As a
consequence of our main results, we study the arithmetical properties of power series
300 BTFEM where z > 1 is a real number and «(z;n) = |n” |.
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1. Normality of the digits in $-expansions

In this paper, let IN (resp. Z1) be the set of nonnegative integers (resp. positive
integers). We denote the integral and fractional parts of a real number x by |x |
and {x}, respectively. Moreover, we write the minimal integer n not less than x
by [x]. We denote the length of a nonempty finite word W = wjw,...wg on a
certain alphabet A by |W| = k. We use the Landau symbol O and the Vinogradov
symbols >, < with their usual meaning.

For a real number 8 greater than 1, let 7g: [0, 1] — [0, 1) be the B-transforma-
tion defined by Tg(x) := {Bx}. Using the B-transformation, Rényi [22] general-
ized the notion of the base-b expansions of real numbers for an integral base b as
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follows. Let x be a real number with 0 < x < 1. Putting #,(8, x) := |8 Tg_l(x)J
for any positive integer n, we have

M x =) ta(B.X)B".

n=1
The right-hand side of (1) is called the B-expansion of x. In what follows, we
assume that 0 < x < 1 when we consider the f-expansion of x. We have
that #,(8,x) < [B]. In particular, if § = b is a rational integer, then we see
th(b,x) < b — 1 except the only case of #1(b; 1) = b.
Parry [21] showed that the digits #,(8, x) for x < 1 are characterized by the
expansion of 1. Put

Zn(ﬂ’ 1_) = xli)lin_o Zn(lg’x)

for any positive integer n. Then we have

1= Ztn(ﬂ7 1_)13_n'

n=1

For any real number x < 1, let ¢(8, x) be the right-infinite sequence defined by

t(B,x):=t;(B, x)t2(B, x)....

We also define #(f8, 1—) in the same way. Consider the case where the sequence
t(B,1) is finite, namely, there exists a finite word a;...ap on the alphabet
{0,1,...,|B]} with aps # O such that

t(B,1)=a;...ap00....
Then it is known that
t(B,1-)=ay...apy—1(apy — Day ...apy—1(apr — Day . . ..

Suppose that the sequence # (8, 1) is not finite, that is, there exist infinitely many
n’s with #,(8, 1) # 0. Then

w(B.1-) =1t (B. 1)

for any positive integer n. We denote by <jex the lexicographical order on the
sets of the infinite sequences of nonnegative integers. Let o be the one-sided shift
operator defined by o ((s1)5>;) = (Sn+1)5=;. Parry [21] showed for any sequence
(82)y~, of nonnegative integers that there exists a real number x < 1 satisfying
sn = ty(B, x) for any positive integer n if and only if

o* ((sn)51) <iex (B, 1-)

holds for any nonnegative integer k.
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We review metrical results on the normality in the digits of S-expansions.
We now recall the notion of S-admissibility. For any positive integers » and &,
we define the finite word ¢, x (8, x) by

tn i (B X) := tn(B. X)tnt1(B, X) .. . Tnyk—1(B, X).

We call that a nonempty finite word W on the alphabet {0, 1, ..., | 8]} is B-admis-
sible if there exists a real number x < 1 such that

W= t1,|W|(ﬁ’x)'

If B = b is a rational integer, then any nonempty finite word W on the alphabet
{0,1,...,b} is b-admissible.

Borel [7] introduced the notion of normal numbers in base-b for any integer
b > 2. Recall that a real number £ < 1 is a normal number if, for any nonempty
finite word W on the alphabet {0, 1,...,b — 1}, we have

. Card{n € Z* | n < N, tyyw(b,§) = W}
lim

= p IVl
N—oo N ’

where Card denotes the cardinality.

Rényi [22] proved for any real number § > 1 that there exists a unique
Tg-invariant probability measure 114 on [0, 1) which is absolutely continuous with
respect to the Lebesgue measure on [0, 1). Moreover, he also verified that jg is
ergodic. Consequently, almost all real numbers § < 1 are normal with respect to
the B-expansion, that is, for any (nonempty finite) S-admissible word W, we have

i Card{n € Z* | n < N, t,;w|(B.§) = W}
N1—>oo N

= ug({x €[0,1) | t1,w (B, x) = W}).

On the other hand, it is difficult to determine whether a given real number
¢ < 1 is normal with respect to the S-expansion. For instance, if § = b is a
rational integer, then Borel [8] conjectured that every algebraic irrational number
is normal in base-b. However, neither proof nor counterexample is known for
Borel’s conjecture. The main purpose of this paper is to study the properties of
digits in the B-expansions of algebraic numbers in the case where f is a Pisot or
Salem number.

We recall the definition of Pisot and Salem numbers. Let 8 be an algebraic
integer greater than 1. Then 8 is called a Pisot number if the conjugates of 8 except
itself have moduli less than 1. Moreover, § is a Salem number if the conjugates of
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B except itself have absolute values not greater than 1, and there exists a conjugate
of B with absolute value 1.

In Section 2, we study the complexity of the sequence ¢ (8, ) in the case where
B is a Pisot or Salem number and 0 < § < 1 is an algebraic number. In particular,
we give new lower bounds for the numbers of nonzero digits in ¢ (8, §). The lower
bounds are deduced from Theorem 2.2, which is proved in Section 3.

2. Main results

Let 8 > 1and 0 < § < 1 be algebraic numbers. Lower bounds for the numbers
y(B,&; N) of digit changes, defined by

y(B.§:N) := Card{n € Z* | n = N, 1a(B.§) # tas1(B. )},

for positive integer N were studied in [9, 11, 13, 18, 19], which gives partial
results on the normality of & with respect to the B-expansion. In particular,
Bugeaud [11] proved the follwoing: Suppose that 8 is a Pisot or Salem number
and that #,(8, &) # t,+1(B, &) for infinitely many n. Then there exist effectively
computable positive constants C; (B, &), C2(B, &), depending only on § and &,
satisfying

(log N)3/?

(2) y(B.§:N) ch(ﬂ,f)m

for any N with N > C»(8, §). Lower bounds for the block complexity p(8, &; N),
defined by

p(B.&:N) := Card{t, (B, £) | n € Z*}
for positive integer N, were also obtained in [2, 3, 10, 13, 17]. Moreover, the
diophantine exponents of the sequence (8, £) were studied in [2, 15].

Bailey, Borwein, Crandall, and Pomerance [5] studied the numbers of nonzero
digits in the binary expansions of algebraic irrational numbers. More generally,
we estimate lower bounds for the nonzero digits in the f-expansions of algebraic
numbers. Let f > 1 and £ < 1 be real numbers. Put

v(B,E;N) :=Card{n € Z* | n < N,1,(B.£) # 0}

for any positive integer N. It is easily seen that

1
v(B,E:N) > Ey(ﬂ,E;N) + 0(1).
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Let 8 be a Pisot or Salem number and ¢ an algebraic number. Assume that the
digits of (8, &) change infinitely many times. Then (2) implies that

Ci(B.§)  (log N)3/2
3 (loglog N)1/2

3 V(B.E:N) =

for any sufficiently large N.

The main purpose of this paper is to improve lower bound (3). Bailey, Borwein,
Crandall, and Pomerance [5] proved for any algebraic irrational number £ < 1 of
degree D that there exist positive constants C3(§) and C4(§), depending only on
&, satisfying

4) V(2.E:N) = C3(§)NYP

for any integer N with N > C4(§). Note that C3(£) is effectively computable
but C4(£§) is not. Rivoal [23] improved the constant C3(€) for certain classes of
algebraic irrational numbers.

Adamczewski, Faverjon [4] and Bugeaud [12] independently verified for each
integral base b > 2 and any algebraic irrational number & of degree D that there
exist effectively computable positive constants Cs(b, §) and Ce (b, £), depending
only on b and £, satisfying

v(b.£:N) > Cs(b, E)N/P

for any integer N with N > Cg(b, &).

Let again § be a Pisot or Salem number and ¢ < 1 an algebraic number. Put
[Q(B,E) : Q(B)] = D, where [L : K] denotes the degree of the field extension
L/K. Suppose that there exist infinitely many nonzero digits in the sequence
t(B,&). Then we have [20]

N1/@D-1)

(5) v(B.& N) > C7(/3,5)W

for any integer N with N > Cg(8, &), where C7(B, &) and Cs(B, &) are effectively
computable positive constants depending only on 8 and &. The inequality (5)
follows from Theorem 2.11in [20], which we introduce as follows: For any sequence
s = (sn)52, of integers, we set

[(s) ={n e N|s, # 0}

and

f(s; X):= isnX”.

n=0
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Moreover, for any nonnegative integer N and any nonempty set A of nonnegative
integers, we put
A(A; N) := Card([0, N] N A).

THeorEM 2.1 ([20, Theorem 2.1]). Let B be a Pisot or Salem number and & an
algebraic number with [Q(B, ) : Q(B)] = D. Suppose that there exists a sequence
s = (8n)52, of integers satisfying the following two assumptions.

(1) There exists a positive integer B such that, for any n € N,
0<s, <B.

Moreover, there exist infinitely many n such that s, > 0.
2) &= f(s:p7).
Then there exist effectively computable positive constants Co9 = Co(f, &, B) and

Cio = C10(B, &, B), depending only on B, & and B, such that, for any integer N
with N > C1o, we have

1/(2D-1)

© ME)N) 2 Coe ey

In what follows, we improve Theorem 2.1 under the same assumptions.

THEOREM 2.2. Let B be a Pisot or Salem number and & an algebraic number
with [Q(B.£) : Q(B)] = D. Suppose that there exists a sequence s = (8,)y— Of
integers satisfying the following two assumptions.

(1) There exists a positive integer B such that, for any n € N,
0<s, <B.

Moreover, there exist infinitely many n such that s, > 0.
(2) We have

(7) E=f(s: 7).

Then there exist effectively computable positive constants C11 = C11(B, &, B) and
C12 = C12(B, &, B), depending only on B, €& and B, such that, for any integer N
with N > Cqa,

1/D

(8) AT (s); N) ZCHW'
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We note that Theorems 2.1 and 2.2 are applicable not only to the 8-expansion
but also to a general B-representation

g = Z tnﬂ_n,
n=0

where (1,)72, is a bounded sequence of nonnegative integers.
As a consequence of Theorem 2.2, we improve (5) as follows.

CoRrOLLARY 2.3. Let B be a Pisot or Salem number and & < 1 an algebraic
number with [Q(B,§) : Q(B)] = D. Suppose that there exist infinitely many
nonzero digits int (B, £). Then there exist effectively computable positive constants
C13(B, &) and C14(B, §), depending only on B and &, satisfying

1/D

v(B.§:N) = Cis(B, @W

for any integer N with N > C14(B, £).

We apply Theorem 2.2 to the arithmetical properties on certain values of power
series at algebraic points. Let (v,)52; be a sequence of nonnegative integers such
that v,4+1 > v, for sufficiently large n. Bugeaud [9, 11] posed a problem on the
transcendence of Y o> | V7, where « is an algebraic number with 0 < |a| < 1,
under the assumption that (v,)52, increases sufficiently rapidly. Corvaja and
Zannier [14] proved for any algebraic number « with 0 < || < 1 that if

. . Un+1
lim inf
n—o0 Upn

> 1

holds, then ) 2, ' is transcendental. In particular, consider the case of & =
B!, where B is a Pisot or Salem number. Adamczewski [1] proved that if

. Un+1
lim sup 2l

n—o00 Uy

then Y 72 | 7% is transcendental. However, if

9) lim 2L _

n—00 U,
then it is generally difficult to determine whether Y oo, @' is transcendental.
For instance, put, for any real number z > 1 and any positive integer n, k(z;n) :=
|n? |. Moreover, set ¥ (z; X) := Yo% | X" Then the transcendence of v/ (z; )
is unknown except the case where v (2;«) is transcendental for any algebraic



212 H. Kaneko

number o with 0 < || < 1, which was proved by Duverney, Nishioka, Nishioka,
Shiokawa [16], and Bertrand [6] independently.
Using Theorem 2.1 or Theorem 2.2, we obtain that if

. Un
(10) h;?lsolip R = (%)
for any positive real number R, then, for any Pisot or Salem number 8, we
have Y °2 | B~V is transcendental. This criterion for transcendence is applicable
to certain sequences (v,)5>, satisfying (9). For instance, let, for any positive
integer n,

wy = |n'°8" | = |exp ((logn)?)].

Then (w,)32, fulfills (9). Since (w,)32, satisfies (10), we see that Y 7>, %" is
transcendental.

Moreover, Using Theorem 2.1, we get for real number z > 1 and any Pisot or
Salem number g that ¥ (z; B~!) cannot be algebraic of small degree over Q(f),
precisely

(an Q™. = | 5 |

In fact, we put
o0
v(z; X) =: anX”.
n=0

Then a bounded sequence s = (s,);2, of nonnegative integers satisfies

o ACEIN)

N—o0 N1/z I

If ¥ (z; B~1) is transcendental, then (11) is clear because the left-hand side is equal
to infinity. Assume that ¥ (z; B~!) is an algebraic number satisfying

[Q(z:87).8): Q(B)] = D.

Then (6) holds only in the case of z < 2D — 1. Similarly, using Theorem 2.2, we
deduce that

[Q((z: 87, B) : Q(B)] = [=],

which improves (11).
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3. Proof of Theorem 2.2

For the proof of Theorem 2.2, we recall the following Liouville type inequality
deduced from Theorem 11 in [24, p. 34].

Lemwma 3.1 ([20, Proposition 3.1]). Let z and & be algebraic numbers. Suppose
that there exists a sequence s = (sp)5>, of integers satisfying the following three
assumptions.

(1) There exists a positive integer B such that, for any n € N,

0<s, <B.

(2) §= f(s:2).
3) Forany M € I,

M
Z szt £
n=0

Let (w(m));r_, be a strictly increasing sequence of nonnegative integers defined
by

{nelN|s, #0=:{w0) <w() <---}.
Then there exist effectively computable positive constants C15 = C15(z, €, B) and

Ci6 = Ci6(2,&, B), depending only on z, & and B, such that, for any integer m
with m > Cy6, we have

w(m + 1)

Cis.
w(m) < (s

If D = 1, then (8) is deduced from (6). Thus, we may assume that D > 2. For
simplicity, put
I':=T(), AN):=AT;N).

We may assume that s¢ # 0, that is,

(12) 0eT.

In what follows, the implied constants in the symbol « and the constants C;7,
Cys, . .. are effectively computable positive ones depending only on 8, & and B.
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We see for any M € N that Z,I,W:O sp 7" # & by (7) and the first assumption of
Theorem 2.2. Thus, using Lemma 3.1, we get that there exist Cy7 and Cyg satisfying

(13) T N [x,Ci7x) # 0

for any real number x with x > C;g. By [Q(8,§) : Q(B)] = D, there exists an
polynomial P(X) = ApXP? + Ap_1 XP~1 4 ... 4 Ay € Z[B][X] with Ap >0
such that P (&) = 0. In the same way as the proof of Theorem 2.1 in [20], we see
for any k with 1 < k < D that

(14) = (b ™) = X0 B otkm),
m=0

mel

where

plk;m) = Z Smy - Smy -
miy,.... mp el
my+-+mp=m
Note for any nonnegative integer m that p(k;m) is a nonnegative integer. More-
over, putting

kT :={m;+---+my |mq,...,mg €T},

we get that p(k; m) is positive if and only if m € kI". By (12), we have
(15) e rrca2rc---c(b-1nNrcDT.
Observe that

(16) A(kT'; N) = Card([0, N] N kT') < Card([0, N] N )k = L(N)¥

and that

(17) plk:m) < BX > 1 < B¥(m + 1)*.
miy,..., myp el
my+-+mp=m

We see that

D D oo
(18)  0=PE) =Ao+ Y Atk =Ao+ > A > B "plk:m)
k=1 k=1 m=0
by (14). Let R be a nonnegative integer. Then, multiplying (18) by SR, we get

D o]
0=AoBR+ > A Y B ™plkim + R).

k=1 m=—R
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In particular, putting

D 00
Yr = Z Ag Z B " p(k;m + R),
k=1 m=1
we obtain

D 0
(19) Yr=—Ap% =D A ) p"plkim+ R).
k=1 m=—
Note that Y is an algebraic integer by (19) because § is a Pisot or Salem number.
In the same way as the proof of Lemma 4.1 in [20], we deduce the following: There
exists positive integers Cy9 and Cyq such that if R is an integer with R > C5, then
we have

(20) Yr=0 or |Yg|> R Cw.

In the case of § = 2, Bailey, Borwein, Crandall, and Pomerance [5] investigated
the numbers of positive Y to prove (4). More precisely, they estimated upper and
lower bounds for the value

Card{Re N|R< N, Yg >0}

for a nonnegative integer N. However, if 8 is a general Pisot or Salem number,
then it is difficult to obtain upper bounds. So we modify their definition, that is,
we consider the value

yy:=Card{ReN |R <N, Ygr > Cy;}

for a integer N with N > 1, where C»; = min{l/8, Ap/B}. We give upper
bounds for yx in Lemma 3.2, using the function A(N). Note that we modify the
definition of yx to get (22), which is the key inequality for the proof of Lemma 3.2.
On the other hand, we estimate lower bounds for y in Lemma 3.5. The main tool
for the proof of Lemma 3.5 is Lemma 3.4, which is deduced from Liouville type

inequality (20).
In what follows, we assume that N is a sufficiently large integer satisfying
I\PD 148
1) (1 n N) <=+
Lemma 3.2

yn <L log N + A(N)P.
for any integer N with N > 1.
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Proor. Putting K := [(D + 1)logg N, we get

N-K
1
22  yv<K+ywvk=K+ Y LK+ Z Y.
0<R=<N-—-K
YR=C>q
Observe that
N-K N-K D oo
YIYRIS Y DY (Al pkim + R)
R=0 R=0 k=1m=1
D N-K oo
(23) = 4kl Y D B plk;m+ R)
k=1 R=0 m=1
D
= > Az,
k=1
where
N—-K oo
z]((,c) = Z Z B " p(k;m + R)
R=0 m=1
forany N and k with N > 0and 1 < k < D. By (22) and (23), it suffices to show
(24) 2§ < MNP
for any N and k with N > land 1 <k < D. We see that
K N-K 00 N-K
2y = DB plkim+ R+ > BT Y plkim+ R)
(25) m=1 R=0 m=K+1 R=0

=: S1(k) + S» (k).

Using the first assumption of Theorem 2.2 and the definition of p(k; R), A(N),
we obtain

S1(k) < Zﬁ Zp(k R) < Zﬁ Zp(k R)
m=1 m=1
< Z,o(k;R) Z s

(26) R=0 R=0 my.... mker

Z Smy -+ - Smy < B* Z 1

my,..., mkel" miy,..., mkel"
myp+-+mp <N my+-+mp <N

< BPA(N)? « A(N)P.
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On the other hand, (17) implies by k < D that

00 N—-K 00
Saky << Y- BT (m+R+DP <N Y BT(m+ N)P.
m=K+1 R=0 m=K+1

Thus, using (21), we obtain for any integer N with N > 1 that

S>(k) < NBTK(1 4+ K + N)P i ﬁ—m(ﬂ)m
27) m=0 2
< IB—KND+1 < 1.
Therefore, combining (25), (26), and (27), we deduce (24). O

Recalling that 0 € (D — 1)T" by (15), set

[0,N)N(D—Dr = {0=i(1) <i2) <---<i(r)},
where
(28) T =1(N) < A(N)P™!

by (16). Puti(1 + 7) := N.
Let 1 < h < t. We define the interval /j by

I li(h),i(1+h)) (1=h=-1+71),

"Ni@.id+0] =1

Moreover, let |I,| := i(1 + h) —i(h) and
yn(h):=Card{R eI | Yr > C2}.

Then we have

T

(29) Yol =N
h=1
and
(30) > () =y
h=1

Consider the case where [ satisfies

(31) |1h| > 8D(1 + C17)C19 logﬂ N =: C22 logﬂ N.
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If N > 1, then applying (13) with x = |I;|/(1 + C17), we see by (31) that there
exists 0(h) € I' with

Ci7
I <6(h) < 1.
1+C17|h|_ (h) 1+C17|h|
Putting M(h) := i(h) + 6(h), we get
. . Ci7
32 h) + Il < M(h) <i(h)+ 1.
B2 i)+ gl = M) <) +

Moreover, we obtain M(h) € DI',byi(h) € (D — )" and 8(h) € T.

LemMma 3.3. Let N, h be integers with N > 1 and 1 < h < t. Assume that (31)
holds. Then Yg > 0 for any integer R with i(h) < R < M(h).

Proor. We prove the lemma by induction on R. We first consider the case
where R = —1 4+ M(h). Observe that

o0
Y_rimay = Ap ) BT p(Dim + M(h) — 1)

m=1

(33) =&
+ YA Y B plkeim + M(h)— 1)
k=1 m=1
=: 83 + S4.

By M(h) € DT, we get
(34) §3> 22 o0 M) = 22

B B

We estimate upper bounds for |S4|. Let k, m be integers with 1 <k < D — 1 and
1 <m < —1+ [2Dlogg NT. Observe that, by (32), (31), and C19 > 1,

Ci7
1+ Cyy

i(14+h)y—Mh) = i(1+h)—i(h)— 1A

1
= I| >8Dlogg N >m
1+C17|h| &p

Hence, we see
ithy<m+Mh)—1<i(l+h),

by i(h) < M(h) <m + M(h) — 1. Consequently, m + M(h) — 1 & (D — )T". In
particular, by (15) we obtain m + M(h) — 1 & kT'. Therefore, we deduce that

plkim +M(h)—1) =0
forany k,m with1 <k <D —1land1<m < -1+ [2Dlogg N1.
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Using (17), we obtain

D—-1
Sal < D 1Al Y BTplkim+ M(h) — 1)

k=1 m=>[2Dlogg N1
D-1

<Y 4l Y. BTBPm+N)P
k=1 m>[2Dlogg N1

< Y pmMm+ NP

m=>[2Dlogg N1

Consequently, (21) implies that

o0
_ 1+ B\m
1S4l < BP0 (12D logy N1+ N)P Y- g7 (—5F)
m=0
< N7P.
If N > 1, then
Ap
35 S —.
(35) |S4| < 28

Combining (33), (34), and (35), we deduce Y_; 4 pr(n) > 0.
Next we assume Yg > 0 for some R with i(h) < R < M(h)(< i(1 + h)).
Using p(k; R) =0fork =1,..., D — 1 by (15), we see

D oo
Yr—1 = ZAk Z B™pk;m+ R—1)

k=1 m=1
36 1 1 D [
(36) = 5App(D:R) + DAY B Vptkim —1+ R)
k=1 m=2
1A p(D; R) + 1Y > 1Y >0
= —-Ap ; —TYRr = — YR
B B B
by the inductive hypothesis. Therefore, we proved the lemma. O

LemMma 3.4. Let N, h be integers with N > 1 and 1 < h < t. Assume that (31)
holds. Let R be an integer with

i(h) +4Crologg N < R < M(h).
Then we have

R—max{R' €N | R' < R, Y > Ca1} <2Ciglogg N.
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Proor. Let
Ry :=max{R' € N |R' <R, Yr > Ca}.

In the same way as the proof of (36), we see for any integer r with i(h) < r <
i(1 4 h) that

1
(37) Vi = 5 App(Dir) + %Yr.

For the proof of the lemma, we may assume that Yg < 1. In fact, if Yg > 1,
then we have Yr—1 > 1/8 > C1by(37)and R— Ry =1 < 2C1910gﬂ N.
Put § := [Ci9logg N']. Assume for any integer m with 0 < m < S that

o(D; R—m) = 0.
Since M(h) > R>R—1>---> R— S > i(h), we get by (37) that
1>Yr=PBYro1=-=pB5Yr_ s =B""SYr_s_1>0.

In fact, Lemma 3.3 implies Yr_s—1 > 0 by R — S — 1 > i(h). Consequently,
we see

18S+1 < YR—_IS_I — |YR—S—1|_1-

If N > 1,thenwe have R— S — 1 > 2Cyo logﬂ N > Cyp. Thus, using (20),
we obtain

B < Yros | ' S(R=S -1 < N,
Hence, we deduce that
[Clglogﬂ Nl+1=8S+1< Clglogﬁ N,

a contradiction. Therefore, there exists an integer m’ with 0 < m’ < S such that
p(D; R —m’) > 1. Finally, using (37) and Yg_,, > 0 by Lemma 3.3, we obtain

Ap
Yrom—1 > N > (1

and
R—lem/—FlSZClglOgﬂN. |
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LemmMma 3.5. There exists Co3 satisfying the following: If N > 1, then, for any
integer h with 1 < h < t, we have

7]
(38) yn(h) > \;WJ

Proor. If (31) holds, then (38) follows from Lemma 3.4. In what follows, we
suppose that |1;| < Cx2logg N. If necessary, increasing C,3, we may assume that
C23 > C22. ThUS, (38) holds by

L1 O
C23 logﬂ N '
If N > 1, then, combining (30), Lemma 3.5, and (29), (28), we deduce that
g a | 1n]
YN };yzv( )= }; (C2310gﬂ N )

N
> - _XN)P 1,
- C2310gﬂN T IOgN ( )

On the other hand, Lemma 3.2 implies that
N
log N +A(N)2 > yy > —— —A(N)P7.
log N

Therefore, we proved Theorem 2.2.
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