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On the existence of Gorenstein projective precovers

J. Asadollahi (�) – T. Dehghanpour (��) – R. Hafezi (���)

Abstract – We provide a simple proof for a recent result of Bravo, Gillespie and Hovey,

showing that over a left coherent ring for which the projective dimension of �at right

modules is �nite, the class of Gorenstein projective right modules is precovering.

As an immediate application, we provide a description for the Gorenstein defect cate-

gory over such rings.
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1. Introduction

Let R be ring. ‘Module’ will always mean ‘right module’. Mod-R, resp. mod-R,

denotes the category of all, resp. all �nitely presented, rightR-modules and Prj-R

denotes the category of projective R-modules.

An acyclic complex X of projective R-modules is called totally acyclic if for

every P 2 Prj-R the induced complex HomR.X; P / is acyclic. AnR-moduleG is

called Gorenstein projective if it is the zeroth syzygy of a totally acyclic complex

of projectives. The class of all Gorenstein projective modules will be denoted by

GP-R.
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LetX be a class ofR-modules andM be anR-module. A morphism 'WX ! M

with X 2 X is called an X-precover of M if every morphism from an object X to

M factors through '. X is called precovering if every module has an X-precover.

One of the open problems in homological algebra is whether the class of

Gorenstein projective modules is precovering in Mod-R. Holm [9, Theorem 2.10]

showed that over a Gorenstein ring R, GP-R is precovering in Mod-R. Beli-

giannis [2] proved that GP-ƒ is a precovering subclass of Mod-ƒ, provided ƒ

is an artin algebra. If furthermore ƒ is virtually Gorenstein, then Gp-ƒ WD

GP-ƒ \ mod-ƒ is a precovering subclass of mod-ƒ, see [3, Proposition 4.7].

The most recent result in this direction appeared in [6] showing that over a left co-

herent ringR in which �at right modules have �nite projective dimension, the class

GP-R is precovering in Mod-R. In fact, they showed that over such rings the co-

torsion pair .GP-R;GP-R?/ is cogenerated by a set and hence is complete. There-

fore has enough projectives, that means the class GP-R is precovering in Mod-R,

see [6, Proposition 8.10]. This result generalizes Corollary 2.13 of [10] which

proves similar result for noetherian rings admitting a dualising complex and also

Theorem A.1 of [12] which proves this fact for noetherian rings of �nite Krull

dimension. The proof presented in [6] is based on cotorsion theory techniques.

In this paper, we provide a proof for this fact using more elementary approach.

As an application, we provide a description for Gorenstein defect categories over

such rings, that extends Theorem 6.7 of [11].

2. Facts

For the convenience of the reader we collect all the facts used throughout the paper

in this short section.

2.1. An R-module C is called cotorsion if Ext1R.F; C / D 0, for all �at

modules F . All modules have cotorsion envelopes [5]. So every R-module M

has a (co)resolution by cotorsion modules

0 �! M �! C 0 �! C 1 �! C 2 �! C 3 �! � � � :

Note that in this resolution all the terms, but probably, the �rst two are cotor-

sion and �at. In case M itself is �at, then C 0 also is �at and cotorsion [14, Theo-

rem 3.4.2]. IfM admits such resolution but of �nite length, we say that the cotor-

sion dimension of M is �nite.

2.2. An acyclic complex F of �at R-modules is called F-totally acyclic if

it remains acyclic after applying the functor � ˝R E, for every injective left

R-module E. An R-module G is called Gorenstein �at if it is a syzygy of an

F-totally acyclic complex.
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2.3. One may use the class of Gorenstein projective modules to assign an

invariant to a module, known as the Gorenstein projective dimension of module.

For every R-module M , the Gorenstein projective dimension of M , denoted

GpdRM , is de�ned to be the minimum number n such that there exists an exact

sequence 0 ! Gn ! Gn�1 ! � � � ! G0 ! M ! 0, where Gi is Gorenstein

projective, for all i � 0. If no such number n exists, we de�ne GpdRM WD 1.

2.4. Let C.R/ denote the category of complexes over R. Recall that a com-

plex P 2 C.R/ is a projective object if P is acyclic with projective syzygies.

By [13] C.R/ is an abelian category having enough projective objects. Moreover,

by [1, 2.10] there is a functor ki WK.C.R// ! K.R/, called evaluation functor,

that assigns to any (bi)complex X in K.C.R// the complex X i 2 K.R/ sitting on

the i-th row of X , where for a class X of modules, K.X/ denotes the homotopy

category of complexes over X.

2.5. Let R be a ring with the property that all �at R-modules have �nite

projective dimension. This assumption, implies that there is an integer N so that

the projective dimension of each �at right R-module F is less than or equal to N ,

see [10, Remark 2.2]. The reader may see comments in Subsection 5.1 of [8] on

the ubiquity of such rings.

3. Main result

Let us begin with the following proposition. We would like to thank Edgar Enochs

for providing us with an elementary proof of the part .1/ ) .2/. See also proof of

Proposition 3.4 of [9], where similar argument is used for this part.

3.1 Proposition. LetR be a left coherent ring in which all �at (right) modules

have �nite projective dimension. Let P be a complex of projective rightR-modules.

Then the following are equivalent:

.1/ HomR.P; Q/ is acyclic for every projective R-module Q;

.2/ P ˝R E is acyclic for every injective left R-module E.

Proof. .1/ H) .2/: Let P be a complex of projective R-modules such that

HomR.P; Q/ is acyclic for every projective R-module Q. Let L be a module of

�nite projective dimension. We use induction on the projective dimension of L to

show that HomR.P; L/ is also acyclic. Assume inductively that pdL D n and the

result holds for all modules of projective dimension less than n. Consider the short
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exact sequence 0 ! L0 ! Q ! L ! 0, where pdL0 D n � 1 and Q is a pro-

jective module and apply the functor HomR.P;�/ to get the short exact sequence

0 ! HomR.P; L
0/ ! HomR.P; Q/ ! HomR.P; L/ ! 0 of complexes. By

induction assumption the complexes HomR.P; L
0/ and HomR.P; Q/ are acyclic,

so we get the result. Now let E be an injective left R-module. Apply the functor

HomZ.�;Q=Z/ to P ˝R E and use adjoint duality to get the isomorphic complex

HomR.P;HomZ.E;Q=Z//. Clearly P˝RE is acyclic if and only if this later com-

plex is acyclic. Since R is left coherent, HomZ.E;Q=Z/ is a �at right R-module.

Hence, by assumption, it has �nite projective dimension. So, by the �rst line of

the proof, the complex HomR.P;HomZ.E;Q=Z// is acyclic. This completes the

proof of this part.

.2/ H) .1/: Let P be a complex of projective R-modules such that P ˝R E

is acyclic for every injective left R-module E. Since all �at R-modules have

bounded projective dimension, every module has �nite cotorsion dimension, see

[14, Remark 3.4.9]. In particular, every �at (projective) module has �nite co-

torsion �at dimension. So, by induction, we deduce that to complete the proof

it is enough to show that HomR.P; C / is acyclic for every cotorsion �at mod-

ule C . By [14, Proposition 2.3.5], every cotorsion �at module C is a direct sum-

mand of HomZ.HomZ.C;Q=Z/;Q=Z/. So we need to show that the complex

HomR.P;HomZ.HomZ.C;Q=Z/;Q=Z// is acyclic. By adjoint duality, this com-

plex is acyclic if and only the complex P ˝R HomZ.C;Q=Z/ is acyclic. Since

HomZ.C;Q=Z/ is an injective left R-module, it follows from our assumption that

the complex P ˝R HomZ.C;Q=Z/ is acyclic. So the proof is complete. �

3.2 Remark. (1) The part .2/ H) .1/ of the above proposition has been

proved by Murfet and Salarian when R is a commutative noetherian ring. They

also proved the converse by adding the extra assumption that R is of �nite Krull

dimension [12, Lemma 4.20]. Note that the techniques used in [12] to prove this

result also works to prove the extended version over coherent rings. Our proof here

is more elementary, just using usual homological algebra.

(2) There is also a version of the above proposition for the coherent rings.

In fact, Theorem 6.7 of [6] implies that if R is a left coherent ring, then a

complex P of projectives is acyclic with respect to the functor � ˝R E, for every

absolutely pure leftR-moduleE if and only if it is exact with respect to the functor

HomR.�; F /, for every �at right R-module F .

As an immediate consequence of the above proposition, we have the following

corollary. See also [7, Proposition 3.7].
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3.3 Corollary. LetR be a left coherent ring in which all �at (right) modules

have �nite projective dimension. Then every Gorenstein projective module is

Gorenstein �at.

3.4 Proposition. LetR be a left coherent ring in which all �at (right) modules

have �nite projective dimension. Then all Gorenstein �at modules have �nite

Gorenstein projective dimension.

Proof. Let N be the upper bound on the projective dimension of �ats. Let G

be a Gorenstein �at R-module. There exists an F-totally acyclic complex F of �at

modules such that G is its zeroth syzygy. Consider the following soft truncation

of a projective resolution of F in C.R/

�NP�W 0 �! K �! PN�1 �! PN�2 �! � � � �! P1 �! P0 �! F �! 0:

Hence the complex is acyclic in C.R/, Pi is a projective complex for every

0 � i � N � 1, and K D Ker.PN�1 �! PN�2/. For every j 2 Z, apply the

evaluation functor kj on the above resolution, to obtain its j th row, which is an

exact sequence

kj .�NP�/W 0 �! Kj
�! P

j

N�1
�! P

j

N�2
�! � � �

�! P
j
1 �! P

j
0 �! F j �! 0;

where F j is �at and each P
j

i is a projective R-module, for 0 � i � N � 1. Since

projective dimension of �ats is less than or equal to N , we deduce that Kj , for

all j 2 Z, is projective. Therefore K is an acyclic complex of projectives. On the

other hand, since F and also every complex Pi , for 0 � i � N �1, are acyclic with

respect to the functor � ˝R E, for every injective left R-module E, we deduce

easily that the complex K ˝R E is acyclic, for every injective left R-module E.

Proposition 3.1 now apply to deduce that the complex HomR.K; Q/ is acyclic for

every projectiveR-moduleQ. Hence the syzygies of K are Gorenstein projective.

This in turn implies that the Gorenstein projective dimension ofG is �nite. So the

proof is complete. �

It has recently been proved that all modules have a Gorenstein �at precover [15].

We shall use this fact in the proof of the following theorem.

3.5 Theorem. Let R be a left coherent ring in which all �at (right) modules

have �nite projective dimension. Then everyR-module has a Gorenstein projective

precover.
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Proof. LetM be an arbitrary R-module. By [15], it has a Gorenstein �at pre-

cover F
'

! M . By Proposition 3.4, F has �nite Gorenstein projective dimension

and hence by [9, Theorem 2.10], has a Gorenstein projective precover G
 
! F .

Using de�nition of Gorenstein �at precover, in view of Corollary 3.3, we have that

for every Gorenstein projective module G0, every morphism '0WG0 ! M can be

factored through '. So there is a morphism  0WG0 ! F such that the following

diagram is commutative:

G0

 0

��

'0

!!❇
❇

❇

❇

❇

❇

❇

❇

F
'

// M

Since G
 
! F is a Gorenstein projective precover of F , there is a morphism

�WG0 ! G such that  � D  0. Now in view of the following diagram

G0

�

~~

 0

��

'0

!!❇
❇

❇

❇

❇

❇

❇

❇

G
 

// F
'

// M

we deduce that G
' 
�! M is a Gorenstein projective precover of M . Hence the

proof is complete. �

3.6 Remark. Let X be a class of R-modules. An X-precover 'WX ! M of

M is called special if Ker.'/ 2 X?, where orthogonal is taken with respect to

Ext1. X is called special precovering if every module has an special X-precover.

Of course, special precovers are much more useful.

We know from [6] that GP-R is an special precovering class. The proof pre-

sented here does not show this. In fact, by the proof of [15, Theorem A] used in

the proof of above theorem, we do not have control on the kernel of a Gorenstein

�at precover of a module.

An application. Let A be an abelian category with enough projective object.

The Gorenstein defect category Db
defect.A/ of A is de�ned in [4] as the Verdier

quotient

Db
defect.A/ WD Db

sg.A/=ImF;

where Db
sg.A/ denotes the singularity category of A and F is a functor de�ned

from GP-.A/ to Db
sg.A/, sending a Gorenstein projective object G to the stalk

complex G at degree zero.
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Several descriptions for the Gorenstein defect categories are presented in Sec-

tion 6 of [11]. In particular, by [11, Theorem 6.7], if GP-.A/ is a precovering class

in A, then

Db
defect.A/ ' K�;GPb.GP-A/=Kb.GP-A/;

where K�;GPb.GP-A/ denotes the full subcategory of K�.GP-A/ consisting of all

bounded above complexes X such that for every G 2 GP-.A/, A.G;X/ is acyclic,

in small degrees.

Using Theorem 3.5, we have the following result.

3.7 Proposition. LetR be a left coherent ring in which all �at (right) modules

have �nite projective dimension. Then there is a triangle equivalence

Db
defect.Mod-R/ ' K�;GPb.GP-R/=Kb.GP-R/:

Proof. By Proposition 3.5, GP-R is precovering in Mod-R. Hence similar

argument as in the proof of Theorem 6.7 (i) of [11] works to prove the result. �
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