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A new characterization of some families of finite simple groups

M. Foroupr GHASEMABADI (x) — A. IRANMANESH (%) —
M. AHANIIDEH (k%)

ABSTRACT — Let G be a finite group. A vanishing element of G is an element g € G such
that y(g) = 0 for some irreducible complex character y of G. Denote by Vo(G) the set
of the orders of vanishing elements of G. In this paper, we prove that if G is a finite
group such that Vo(G) = Vo(M) and |G| = |M|, then G = M, where M is a sporadic
simple group, an alternating group, a projective special linear group L, (p), where p is
an odd prime or a finite simple K,,-group, where n € {3, 4}. These results confirm the
conjecture posed in [17] for the simple groups under study.
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1. Introduction

Let G be a finite group. A vanishing element of G is an element g € G such
that y(g) = 0 for some irreducible complex character y of G. We will denote by
Van(G) the set of vanishing elements of G and by Vo(G) the set of the orders of
elements in Van(G). According to [3] and [14], we know that the set Vo(G) can
release some information about the structure of a finite group G. For instance,
Theorem C of [15] as a strengthening of (Corollary 3, [14]) states that if p is a
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prime divisor of |G| and G does not have any vanishing element of order divisible
by p, then G has a normal Sylow p-subgroup. It is also shown in [36] that if G is
a finite group such that Vo(G) = Vo(4s), then G = A5, i.e., the alternating group
As is characterizable by the set of orders of vanishing elements. According to this
result, one may ask the following question:

are all finite nonabelian simple groups characterizable by the set of
orders of vanishing elements?

The answer to this question is not affirmative in general. For example, for the
simple linear group L3(5), we have Vo(L3(5)) = Vo(Aut(L3(5)) but L3(5) %
Aut(L3(5)) because |L3(5)| # |Aut(Ls3(5))|. Therefore, in [17], the following
conjecture was put forward.

CoNJECTURE. Let G be a finite group and let M be a finite nonabelian simple
group. If Vo(G) = Vo(M) and |G| = |M|, then G =~ M.

Also, in [17], an affirmative answer was given to this conjecture for the simple
groups L»(q), where ¢ € {5,7,8,9,17}, L3(4), A7, Sz(8) and Sz(32). In this
paper, we first prove that the conjecture is confirmed for all sporadic simple
groups, the alternating groups and projective special linear group L,(p), where p
is an odd prime. So, we have the following result.

THEOREM A. Let G be a finite group and M be a sporadic simple group, an
alternating group or a projective special linear group L,(p), where p is an odd
prime. If |G| = |M| and Vo(G) = Vo(M), then G =~ M.

The finite simple group G is called a K,-group if its order has exactly n distinct
prime divisors, where n € IN. The following lemma determines all K,-groups,
where n € {3, 4}:

Lemma 1.1 ([4], [18], [30], [35]). Let G be a finite simple K, -group.
(1) Ifn = 3, then G is isomorphic to one of the following groups:
As, Ae, L2(7), L2(8), L2(17), L3(3), Us(3), Us(2).

(2) Ifn = 4, then G is isomorphic to one of the following groups:

(a) A7, Ag, Ao, Aro, M1y, My2, J2, L2(16), L2(25), L2(49),
Ly(81), L2(97), L2(243), La(577), L3(4), L3(5), L3(7),
L3(8), L3(17), La(3), Sa(4), S4(5), Sa(7), S4(9), S6(2),
04 (2). G2(3), Us(4), Us(5), Us(7)., Us(8), Us(9). Ua(3),
Us(2), Sz(8), Sz(32), *D4(2). *F4(2);
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(b) L,(r), where r is a prime, r>—1 = 243 v, v > 3isaprime, a,b € N;
(c) L(2™), where m, 2™ — 1 and (2™ + 1)/3 are primes greater than 3;
(d) Lo(3™), where m, (3™ + 1)/4 and (3™ — 1)/2 are odd primes.

As a second result of this paper, we show the validity of the conjecture for the
groups listed in Lemma 1.1. In fact, we have the following result.

THEOREM B. Let G be a finite group and let M be a simple Ksz-group or a
simple K4-group. If |G| = |M| and Vo(G) = Vo(M), then G =~ M.

Throughout this paper, we use the following notation. Let G be a finite group, p
be a prime number and m be a positive integer. The number of Sylow p-subgroups
of G is denoted by 1, (G). Also, Syl,(G) denotes the set of all Sylow p-subgroups
of G. The notation p™ || |G| means that p™ divides |G| but p™*! does not divide
|G|. Also, by w(G) we denote the set of orders of elements of group G. All further
notation is standard and can be found in [12], for instance.

2. Preliminaries

One of the main keys for the proof of our results is a result by Dolfi, et al.
in [15] on the vanishing prime graph of a finite group and its relationship with the
Gruenberg—Kegel graph. For this reason, we will recall the required definitions in
the following.

Given a finite set of positive integers X, the prime graph I1(X) is defined as the
simple undirected graph whose vertices are the primes p such that there exists an
element of X divisible by p, and two distinct vertices p, g are adjacent if and only
if there exists an element of X divisible by pg. For a finite group G, the graph
I[I(w(G)), which we denote by GK(G) is also known as the Gruenberg—Kegel
graph of G. Also, the prime graph I1(Vo(G)), which in this paper we denote by
I'(G), is called the vanishing prime graph of G.

We denote by #(G) the number of connected components of GK(G) and by
wi(G), i = 1,2,...,t(G), the ith connected component of GK(G). If the order
of G is even, we set 2 € m1(G). We also, denote by w(n) the set of all primes
dividing n, where n is a natural number. Now |G| can be expressed as the product

of my,my,...,myqG), where m;’s are positive integers with 7(m;) = m;(G).
We call my,ms, ..., myg) the order components of G and we write OC(G) =
{mi,ma, ..., myq)}, the set of order components of G. A finite simple group S is

said to be characterizable by its order components, if S =~ G for each finite group
G such that OC(G) = OC(S).
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A 2-Frobenius group is a group G that has proper normal subgroups K and
L such that L is a Frobenius group with kernel K and G/K is a Frobenius group
with kernel L/ K. The following lemma determines the structure of the finite group
with disconnected Gruenberg—Kegel graph:

LemwMma 2.1 ([31]). Let G be a finite group. If t (G) > 2, then the structure of G
is as follows.

(1) G is either a Frobenius group or a 2-Frobenius group.

(2) G has a normal series 1 < H < K < G such that n(|H|) U n(|G/K]) C
71(G), H is nilpotent and K /H is a nonabelian simple group.

LemMma 2.2 ([8]). Let G be a Frobenius group of even order with kernel F and
complement H. Then

(D) 1(G) =2, {m1(G). m2(G)} = {x(|H|). = (| F ]}

(2) if H is a nonsolvable group, then there exists Hy < H such that Hy =
L2(5) X Z, where (2-3-5,|Z|) = 1 and the Sylow subgroups of Z are cyclic.

LemMma 2.3 ([S]). If G is a 2-Frobenius group with normal series 1| < H <
K < G, then

(D) 1(6) =2, m(G) = n(|G/K|) Un(|H]|) and 72(G) = n(|K/H|);
(2) G/K and K/H are cyclic, |G/K| | (|[K/H|—1) and G/K < Aut(K/H);
(3) G is solvable.

A group G is said to be a nearly 2-Frobenius group if there exist two normal
subgroups F and L of G with the following properties: F' = F; x F; is nilpotent,
where F; and F, are normal subgroups of G, furthermore G/F is a Frobenius
group with kernel L/ F, G/ F; is a Frobenius group with kernel L/ F;, and G/ F,
is a 2-Frobenius group.

Lemma 2.4 ([15], [16], [24]). (1) If G is a finite nonabelian simple group, then
GK(G) = I'(G), unless G = A;.

(2) If G is a solvable Frobenius group with Frobenius kernel F and Frobenius
complement H, then either GK(G) = I'(G) or I'(G) coincides with the connected
component of GK(G) with vertex set w(|H|).

3) If G is a solvable group, then T'(G) has at most two connected components.
Moreover, if T'(G) is disconnected, then G is either a Frobenius group or a nearly
2-Frobenius group.
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(4) Let G be a solvable group with a Fitting subgroup F(G). If x is a non-
vanishing element of G, then xF(G) is a 2-element of G/ F(G).
(5) Let N be anormal subgroup of G. If xN € Van(G/N), thenxN C Van(G).

LemMma 2.5. (1) Let S be a simple group with disconnected Gruenberg—Kegel
graph, except U4(2), Us(2). If G is a finite group with OC(G) = OC(S), then G
is neither Frobenius nor 2-Frobenius.

(2) Let S € {Us(2), Us(2)}. If G is a finite group with OC(G) = OC(S), then
G is a 2-Frobenius group or G = S.

Proor. (1) is Main Theorem of [28]. Also, according to [28], there are
2-Frobenius groups U and W with OC(U) = OC(U4(2)) and OC(W) =
OC(U4(2)). If G is a finite group with OC(G) = OC(U4(2)) = {2°.3%,5}and G is
not a 2-Frobenius group, then by (Theorem 1, [28]) and Lemma 2.1, G has a normal
series | < H < K < G suchthat n(|H|) U n(|G/K]|) € 71(G), H is nilpotent
and K /H is a nonabelian simple group. Since |G| = 26.3%.5, according to [33],
K/H =~ A5, A¢ or Uy(2). If K/H =~ As, Ag, then since G/H < Aut(K/H), we
have 3 | |H|. Let H; € Syl;(H) and Gs € Syls(G). Thus |Hs| = 3%, where
i = 2 or 3. Since G does not have an element of order 15, we can conclude
that Gs acts fixed point freely on H3 and hence, 5 | (3' — 1) (i = 2.3), a con-
tradiction. Thus K/H = U4(2) which implies that G =~ U4(2), as desired. If
OC(G) = OC(Us(2)) = {2'9.35.5, 11}, and G is not a 2-Frobenius group, then a
similar argument implies that G has a normal series 1 << H < K < G such that
w(|H|) Ur(|G/K]|) € 7:1(G), H is nilpotent and K/H = L,(11), M1, My, or
Us(2). So, it is enough to replace the roles of 5 and 11 in the previous argument
to get G = Us(2). O

Let p be a prime number. Recall that a character y in Irr(G) is said to be of
p-defect zero if p does not divide |G|/ x(1). By a fundamental result of R. Brauer
(Theorem 8.17, [23]) if y € Irr(G) is of p-defect zero then, for every element
g € G such that p divides o(g), we have y(g) = 0.

LemmMma 2.6 (Proposition 2.1, [14]). Let S be a nonabelian simple group and p
a prime number. If S is of Lie type, or if p > 5, then there exists y € Irr(S) of
p-defect zero.

RemARrk 2.7. If y vanishes on a p-element of G, then y(1) is divisible by p.

Proor. According to (Corollary 22.26, [25]) the proof is straightforward. O
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LemMma 2.8 ([32]). Let G be a nonsolvable group. Then G has a normal series
1 < H <K G, such that K/H is a direct product of isomorphic nonabelian
simple groups and G/ K < Out(K/H).

LemMma 2.9. Let G be a finite group of even order. Suppose that there exists
p € 7(|G]) such that p and 2 are nonadjacent in GK(G). If G is nonsolvable,
then G has a normal series 1| < H < K < G such that K/H is a nonabelian
simple group, |G/K| | |Out(K/H)|and K/H < G/H < Aut(K/H).

Proor. According to Theorem 3 in [11] and the proof of Lemma 1 in [32], the
proof is straightforward. O

LemMma 2.10 (Theorem 1, [2]). Let G be a finite nonsolvable simple group
whose order g is divisible by p > g%. Then G is isomorphic either to La(p),
where p > 3 is a prime or Lo(p — 1), where p > 3 is a Fermat prime.

3. Main Results

The following general results play a role in the proof of Theorems A and B.

LemMma 3.1. Let G be a finite group and let S be a finite simple group with
disconnected Gruenberg—Kegel graph such that S % A7 and there exists 2 <i <
t(S) such that for every p € w;(S), we have p || |S|. If Vo(G) = Vo(S) and
|G| = |S|, then m;(S) € OC(G). Particularly, the Gruenberg—Kegel graph of G
is disconnected.

Proor. According to Lemma 2.4(1) and the fact that Vo(G) = Vo(S), we have
I'(G) =T(S) = GK(S). Since |G| = |S|, there exists 2 < i < ¢(S) such that for
every p € m;(S), we have p divides |G| and p? does not divide |G|. Suppose the
assertion of the lemma is false. Thus there exists ¢ € 7;(S), where 1 < j <1(S)
and i # j, such that p and ¢ are adjacent in GK(G). Since p | |S|, according to
Lemma 2.6 and the fact that Vo(S) = Vo(G), we have p € Vo(G). So G has an
element g of order p such that y(g) = 0 for some irreducible complex character y
of G. Now, Remark 2.7 implies that p divides y(1). Since p || |S| and |S| = |G|,
x is an irreducible character of p-defect zero of G. Thus p and ¢ are adjacent in
I'(G), which is a contradiction to the fact that I'(G) = I'(S) = GK(S). O

According to the above lemma, we have the following corollary.

CoroLLARY 3.2. Let G be a finite group and S be a finite simple group
with disconnected Gruenberg—Kegel graph except A;. Assume that for every
p € wi(S), where 2 < i < t(S), we have p || |S|. If Vo(G) = Vo(S) and
|G| = |S|, then OC(G) = OC(S).
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Proor oF THEOREM A. The proof of Theorem A falls naturally into three
parts.

Part 1. Let M be a sporadic simple group. Then according to [31], the
Gruenberg—Kegel graph components of M are shown in Table 1 and hence, M
and G satisfy the conditions of Corollary 3.2. Thus according to [6], we have
G=M.

Table 1. The Gruenberg—Kegel graph components of some simple groups

M Restriction on M T (M) my m3 my ms me
An 6<n=p.p+l.p+2 % P
not both 72, n — 2 prime
Ap 6<p )l » p—2
2p(p—2)
Pp. p— 2 are primes
Mis {2.3.5} 1
Jo {2.3.5} 7
Ru {2.3.5.7.13} 29
He {2.3.5.7} 17
McL {2,3,5,7} il
Coy {2,3,5,7,11,13} 23
Coz {2,3,5,7.11} 23
Fizy {2,3,5,7.11} 13
HN {2,3,5,7.11} 19
L>(q) 3 <qg=e(modd), e ==+1 (g —¢€) w(q) %ﬁ
Ly (q) 3 <gq,qeven {2} q—1 q+1
L34 (2} 32 5 7
L 2.4 24 431
3(@) q#2, 7(q(q= — 1) @1 3G.q—D
Ly(3) {2.3.5} 13
2
S4@) m@@? 1) Fah
S6(2) {2,3,5} 7
0;(2) {2.3,5} 7
G>(3) {2,3} 7 13
U 24 3+1
3(q) m(q(g= —1)) @FOB.qFD
Uy(2) {2,3} 5
U4 (3) {2,3} 5 7
Us(2) {2,3,5} il
3D42) {2.3.7) 13
2FL@ (2.3,5} 13
My 5 1l
M»>3 1l 23
Moy 1 23
J3 7 19
HisS 7 1
Suz 1 13
Cos 1 23
Fij3 17 23
F3 19 31
F> 31 47
My 5 7 11
Jy 7 11 19
O'N 11 19 31
LyS 31 37 67
Fiby, 17 23 29
Fy 41 59 71
Jg 23 29 31 37 43

Part 2. Let M = A, be an alternating group. If GK(G) is not connected,
then according to Table 1, one of the numbers n, n — 1 or n — 2 is prime. Thus
Corollary 3.2 and [1] imply that G = M. So, to complete the proof, we should
consider the case GK(G) is connected, i.e., n,n — 1 and n — 2 are not primes.
We will prove the cases n = 10 and n > 16, separately.
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e Ifn = 10, then Vo(G) = {2,...,10,12,15,21} and |G| = 27.3*.52.7. Since

7 divides |G| and 7% does not divide |G|, Remark 2.7 implies that G has an
irreducible character of 7-defect zero. Thus G does not have any element of
order 14. Now we claim that G is nonsolvable. If not, then G has a subgroup
K of order 35. We can easily see that K is nilpotent and hence, G has an
element of order 35. But this is a contradiction to the fact that G has an
irreducible character of 7-defect zero and 35 & Vo(G).

Now from Lemma 2.9 we deduce that G has a normal series 1 < H <
K < G such that K/H is a nonabelian simple group, |G/K| | |Out(K/H)|
and K/H < G/H < Aut(K/H). According to |G| and [33], K/H is one
of the simple groups A,, where n € {5,6,7,8,9, 10}, Us(2), L3(4), L2(7),
L>(8), Us(3), J». Moreover, we know that in these cases, Out(K/H) is a
{2, 3}-group. So we have the following three characterizable cases.

Case 1. If 7 does not divide |K/H |, then K/H is one of the groups As,
Ag or U4(2). In this case, we can easily see that |H| = 35k, where 35 and
k are coprimes. Let P be a Sylow 7-subgroup H, then the Frattini argument
implies that G = HNg(P) and hence, 5 | |Cg(P)|. Thus G has an element
of order 35. But this is a contradiction to the fact that G has an irreducible
character of 7-defect zero and 35 ¢ Vo(G).

Casg 2. If 7 divides |K/H| and 5 divides |H |, then K/H is one of the
simple groups A,, wheren € {7, 8,9}, L3(4), L2(7), L2(8), U3(3).Let P be a
Sylow 5-subgroup H , then the Frattini argument implies that G = H Ng (P).
Since 7 | |G/H]|, 7| |Ng(P)|. Now we can see that 7 | |Cg(P)|. Thus G has
an element of order 35 and we can get a contradiction similar to Case 1.

Casg 3. If 7 divides |K/H | and 5 does not divide | H |, then according to
|Out(K/H)|, K/H = J», A19. Let K/H = Ajo. According to |G|, we can
easily conclude that G =~ A¢. Let K/H = J,. Since |G/ K| | |Out(K/H)|=2
and |G|/|K/H| = 3, we conclude that G is a central extension of a group of
order 3 by J,. Also, according to the order of the Schur Multiplier of J5, we
have this extension splits. Thus G = C3 x J,, where Cj is the cyclic group
of order 3. It is easy to see that in this case 30 € Vo(C3z x J,), which is a
contradiction to the fact that 30 ¢ Vo(G).

Let n > 16 and r, be the largest prime not exceeding n. Since Remark 2.7
enables us to follow the proofs in [29] to conclude G =~ M, here we just
mention the sketch of the proof in the following three steps.
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SteP 1. In this step, we prove that G has anormal series1 < H < K I G
such that K/H is a nonabelian simple group and ¢#,(1) | |K/H]|. (tn(k) =
]_[f;l (H$< p<t pi)', where p; is defined as 1 if there is no prime between
j”? and %.)

Letl = Hy < Hy < --- < H;; = G be a chief series of G. Suppose p
is a prime dividing #,(1). Since p || |G|, we can assume p | |H;+1/H;| and
p t |H;|. Moreover, we can assume that p’ } |H;|, for every p’ | t,(1). Put
K := Hj;1y and H := H;. Since K/H is a direct product of isomorphic
simple groups and p || |K/H|, K/H is a group of order p or a nonabelian
simple group. If K/H is cyclic, then % is embedded in the cyclic
group of order p — 1. Since n > 16, there is a prime ¢ (¢ # p) such that
q | ty(1). An easy calculation shows that g 4 (p — 1) and p } (¢ — 1). Thus
q € n(|Cg/u (K /H)|) which implies pg € w(G). Since p || |G|, Remark 2.7
yields pg € Vo(G) = Vo(A4,) = w(A,), which is a contradiction to the fact
that p + ¢ > n. Therefore, K/H is a nonabelian simple group. To complete
the proof of this step, let p’ | t,(1) and p’  |K/H]|. Thus p’ | |G/K| and
by the Frattini argument, we have G = Ng (P)K, where P € Syl ,(K). This
implies that G has a subgroup of order pp’ which is a contradiction, because

P t(p—=1,pt(p —1)and pp’ & w(G).

Step 2. Let 16 < n < 82 and assume that n,n — 1 and n — 2 are
not primes. According to step 1 and [33], we can see that G has a normal
series | < H < K < G suchthat K/H =~ Ay, r, < m < n. Let
N be the inverse image of Cg/g(K/H) in G. Thus 4,, < G/N =< Sp.
Moreover, by an easy calculation, we can see that G/N =~ A, or S, and
hence, G =~ A,. For instance, let n = 27. We have 4,, < G/N < S,
where m € {23,24,25,26,27}. If m = 27, then since |G| = |Az7|, we
can easily conclude that G =~ M, as desired. So, it is enough to get a
contradiction for the case m # 27. In this case, we have |N| € {33,2.33.13,
33.13,2.33.52.13,33.52.13,24 34.52.13,23.34 52.13). If [N | = 33, then since
8.17 € w(Az7) = Vo(Az7), 8.17 € w(G) and hence, we can easily see that
8.17 € w(Am) or w(Sy,), where 23 < m < 26, a contradiction. Thus 13 | |N].
If Ni3 € Syl;5(N), then the Frattini argument shows that 19 | |[Ng(N13)|
and since |Ng(N13)/Ca(N13)| | 12, we conclude that 13.19 € w(G). Now,
Remark 2.7 implies that 13.19 € Vo(G) = Vo(A437), a contradiction.
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Step 3. Letn > 83 and n,n — 1 and n — 2 are not primes. According
to Step 1, G has a normal series | < H < K < G such that K/H is a
nonabelian simple group. Also, by Remark 2.7, we can easily follow (Lemma
2.1, [29]) to prove that #,,(6) | |K/H |. This is the main key to show that there
exists a normal subgroup N of G such that G/N = A, or Sy, 1y <m <n
in (Lemma 2.4, [29]). Now, it is enough to show that n = m. If m # n,
then we derive a contradiction. Let ¢ be the largest prime factor of n!/m!.
In (Theorem 2.1, [29]), the following results are obtained:

(1) g=17andg > n—m + 3;

(2) if A, contains the elements of order ¢, where gcd(f,q) = 1, then
tq € w(G).

Since the proof of the above statements relies on the fact that G/N = A,,
or Sy,, we have the same statements here. Put p; := ry,,. If m — p; > 2, then
we take pr = ry—p, . Also, if m —(p1 + p2) > 2, thentake p3 = rpm—(p, +p2)-
and so on. Thus there exist certainly some odd primes p; > p» > -+ > pi
suchthat m —2 < p1r+po+ -+ pr <mlfqg # pi, 1 <i <k,
then from the fact that A,, has an element of order p; p> ... pi, we see that
G has elements of order gpi p> ... px from (2). According to (1), we have
pr+p2+--+pr+qg = (@m—2)+ (n—m+ 3) > n which implies
that gp1p2 ... px € w(A4y). But q || |G| and hence, gp1p> ... pr & @(G),
a contradiction. Therefore, there exists 1 < i < k such that ¢ = p;. Put
l=p1+p2+---+pi—1.Thusqg = r,—yand hence, 17 < g = p; <m—1 <
2p;. We know that there exists another prime p/, %(m —1) < p; <m—1Iand
p; < pi. ¥ pr + po+ -+ pic1 + p; = m — 2, then we can similarly
get a contradiction. Thus p; + po + --- 4+ pic1 + p; < m — 2 and we
can assume that m’" = m — (py + p> + -~ + pi-1 + p}) < 2(m — ).
Wetake again g = 1/, g2 = Imi—gys - - - 4s = T'm/—(q, +q2+-+q5—,) SUch that
m—=2<gqgi+qr+---+ps—1 <m' . Thus py > pp >---> pi_1 > p. >q1 >
g2 >-->qgsandm—2 < pi+pr+--+pi1+pi+q+q2+-+qs <m.
Moreover, q¢; # q,i = 1,2,...,s, and hance, we can get a contradiction as
above.

ParT3. Let M = L,(p), where pis an odd prime. Since Vo(G) = Vo(L,(p)),

according to Lemma 2.4(1) and Table 1, we have I'(G) = GK(L»(p)) and
G is a nonsolvable group. Thus Lemma 2.9 implies that G has a normal se-
ries 1 < H < K < G such that K/H is a nonabelian simple group and
|G/K]| | |Out(K/H)|. According to |G|, we can conclude that p | |G/K]|, p | |H|
orp | |K/H|.
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If p | |G/K]|, then as in the proof of Step 2 in [27], we can get a contradiction.
If p | |H|, then the Frattini argument implies that G = Ng(P)H, where P is
a Sylow p-subgroup of H. Also, since for every k > 1, pk is not an element
of Vo(G), we have Cg(P) = P. Thus G/H is isomorphic to a homomorphic
image of Ng(P)/P. But Ng(P)/P is embedded in the cyclic group Aut(P).
Thus G/H is cyclic, which is a contradiction to the fact that G/H is not solvable.
Therefore, p | |K/H | and according to |G| and Lemma 2.10, we have G = L,(p),
as desired. O

Proor or THEOREM B. We have divided the proof of Theorem B into a se-
quence of cases.

Case 1. Let M = S¢(2). According to Table 1 and Corollary 3.2, we can see
that OC(G) = OC(Ss(2)). Thus Lemmas 2.1, 2.5, and 2.9 imply that G has a
normal series | << H < K < G such that K/H is a nonabelian simple group,
|G/K| | |Out(K/H)| and K/H < G/H < Aut(K/H). According to [33], K/H
is isomorphic to one the following simple groups

A51 A67 A71 A87 A9s U4(2)7 L2(7)1 L2(8)7 U3(3)1 L3(4)7 S6(2)

If K/H =~ As, Ag, Us(2), then 7 does not divide |G/H|. Since 5 € Vo(G/H),
Van(G/H) contains an element x H of order 5. Without loss of generality we can
assume that o(x) = 5. Thus xH is a subset of Van(G). Fix L =< x > H.
If R € Syl;(H), then Frattini argument implies that L = Nr(R)H. Since
5|1[L : H] = [NL(R) : Ng(R)], we deduce that 5 | |Nr(R)|. Thus there exist
he Handl <i <4suchthat x'h € Nz (R) has order 5. Since G does not contain
any element of order 35, < x'h > acts fixed point freely on R and hence, 5 | 7—1,
a contradiction. If K/H =~ L,(7), L2(8), U3(3), then 5 does not divide |G/H | and
7 | |G/H|. Thus replacing the rules of 5 and 7 in the previous argument leads us to
get a contradiction. If K/H =~ A7, Ag, L3(4), then replacing 7 with 3 and 5 with 7
in the argument given in the above leads us to get a contradiction. Let K/H =~ Ay.
If G/H = Sy, then |H| =2 and if G/H =~ Ao, then |H| = 8. Now applying the
previous argument for 2 and 7 shows that 7 | (|H| — 1) and hence, G/H =~ Aq
and |H| = 8. If H; is a normal minimal subgroup of G such that H; < H, then
applying the above argument shows that 7 | (|H;| — 1) and hence, |H;| = 8.
Thus H is a normal minimal subgroup of G and hence, H =~ Z, x Z,; x Z,.
Therefore, G/Cg(H) < Aut(H) = GL3(2). Therefore, 26.33.5 | |Cg(H)| and
|Ce(H)| | |G|/7. Also, Cg(H)/H is a normal subgroup of G/H = K/H and
hence, simplicity of K/H forces Cq(H)/H = K/H or Cq(H)/H = 1, whichis
a contradiction. Therefore K/H == S¢(2) which implies that G == S¢(2).
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Case 2. Let M = Us(2). According to Table 1 and Corollary 3.2, we have
OC(M) = OC(G). It follows from Lemma 2.5 that G is a 2-Frobenius group
or G = M. We claim that G is not a 2-Frobenius group. Conversely, suppose
that G is a 2-Frobenius group with normal series 1 < H < K < G. Since
OC(M) = OC(G), according to Table 1 and Lemma 2.3, we have n(|K/H|) =
m(G) = {11}, |[K/H| = 11 and |G/K]| | 10. Thus by |Us(2)| = 2!°.3%.5.11,
|H| € {2°.3°.5,210.35, 29 35},

Let Q € Syl;;(K). Since Q acts fixed point freely on A, Thompson’s nilpo-
tency criterion shows that / is nilpotent. Thus if P € Syl,(H), where p | |H],
then P < K and hence, 11 | (|P| — 1). This forces |H| = 2!°.35 which implies
that |G/ K| = 5. According to [12], 4,8 € w(G). Thus if P, € Syl,(H), then P,
is not an elementary abelian 2-group. Now, assume that N is a normal minimal
subgroup of G such that N < P,. Since G is solvable, we conclude that N is an
elementary abelian 2-group of order 2, where ¢ > 0. Thus our assumption on
P, implies that 1 < 2! < 2!° But K/H acts fixed point freely on N and hence,
11| (2" —1), which is impossible by checking the different values of 7. This shows
that G is not 2-Frobenius and hence, G = M.

The proof for M = U4(2) is similar and we omit the details for the sake of
convenience.

Cast 3. Let M = S4(7). Note that |S4(7)] = |G| = 28.32.52.7* and the
components of I'(G) are {2,3,7} and {5}. Let G be solvable and let F(G) be
the Fitting subgroup of G. According to Lemma 2.4(2-3), it is easy to see that
G is a nearly 2-Frobenius group. If 5 € n(|F(G)|), then since 25 € Vo(G),
we deduce that 25 € w(G) and hence, P € Syl;(F(G)) is a cyclic nor-
mal subgroup of G. Therefore, G/Cg(P) is a cyclic group which its order di-
vides 4. Thus considering the components of I'(G), shows that 5 is an isolated
point in I'(G), and Lemma 2.4(4) implies that G/ F(G) is a 2-group. Since G
is nearly 2-Frobenius, F(G)/F, < F(G/F;) and hence, G/ F,/F(G/F>) is a
2-group. Thus (G/ F,)/ F(G/ F,) is not a Frobenius group and hence, G/ F, is not a
2-Frobenius group, which contradicts to the fact that G is nearly 2-Frobenius.
Thus 5 & #(|F(G)|). If there exists an element x € G such that o(x) = 5r, where
r € {2,3,7}, then since 5r & Vo(G), x is a non-vanishing element. Lemma 2.4(4)
now implies that o(xF(G)) | 2' and hence, 5 € n(|F(G)|), which is a contra-
diction. This shows that GK(G) = I'(G) = T'(S4(7)) = GK(S4(7))). Therefore,
OC(G) = OC(S4(7)). Now according to [19] we have G = S4(7), this contradicts
the fact that G is solvable. So G is not solvable and by Lemma 2.8, G has a normal
series 1 < H < K < G, such that K/H is a direct product of isomorphic non-
abelian simple groups and |G/ K| < |Out(K/H)|. Considering the orders of S4(7)
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and the finite simple K3-groups and K4-groups show that K/H =~ As, As X As,
Ae, L2(7), L2(7) x L2(7), L2(8), A7, As, L2(49), L3(4) or S4(7).

If K/H # As, As x As, Ag, L2(7), L2(7) x La(7), L2(8) and S4(7), then
G/H contains an element xH of order 5. Also, for P € Syl,(H), considering
the order of G/H forces 1 < |P| < 73. Since G = Ng(P)H, without loss of
generality, we can assume that x € Ng(P) and x is a 5-element. Also, since G/H
does not contain any normal 5-subgroup, we can assume by (Theorem C, [15])
that xH € Van(G/H) and hence, Lemma 2.4(iv) shows that xH C Van(G). Thus
xP < Van(G). On the other hand, 5 is an isolated point in I'(G), so (x) acts
fixed point freely on P. Thus 5 | | P| — 1, which is impossible. If K/H = L,(7),
L, (7)x L,(7) or L»(8), then replacing the roles of 5 and 7 in the previous argument
and if K/H = As and Ag, then replacing 5 with 3 and 7 with 5 and the relative
subgroups in the previous argument lead us to get a contradiction. Also, since
25 € Vo(G), 25 € w(G), so K/H % As x As.This shows that K/H =~ S4(7) and
hence, G =~ S4(7), as claimed.

Case 4. Let M = L,(49). According to Table 1 and Lemma 2.4(1), we obtain
that G is nonsolvable. Since |L,(49)|] = 2+.3.52.72, Remark 2.7 implies that
G has an irreducible character of 3-defect zero. Thus by Lemma 2.8, G has a
normal series 1| < H < K < G such that K/H =~ S; x --- x S;, where
Si, 1 < i < t,is a simple K3-group or a simple K4-group and for every
1 <i,j <t, wehave S; = S;. Since 3 | |S;|, where | <i <t,and3 | |G|,
we conclude that K/H =~ S, where S is a simple K3-group or a simple K4-group
and K/H < G/H < Aut(K/H).

SuBcaske 1. Let K/H be a simple K3-group. Since |K/H| | |G| and 3 | |G|,
checking the orders of simple K3-groups shows that K/H € {As, L»(7)}. If
K/H = As, then As < G/H < Ss. It follows that 22 - 3.5 | |G/H| and
|G/H||2%-3-5.Thus |H| = 7%-2-50r |H| = 7?-22.5.Let P € Syls(H) .
By Farttini’s argument, we have G = Ng(P)H. Thus G/H = Ng(P)/Nu(P)
and 3 | [Ng(P)|. Put Q € Syl;(Ng(P)). Since G has an irreducible character of
3-defect zero and 15 ¢ Vo(M ) = Vo(G), we deduce that 15 € w(G). Thus Q acts
fixed point freely on P and hence, 3 = |Q] | (|P|—1) = 5—1, which is impossible.
If K/H = L(7), then we conclude that G/H < Aut(L,(7)). Thus23.3.7 | |G/H |
and |G/H| | 2*.3.7. Therefore, |H| = 5*-2-7 or |H| = 5% -7, which implies
that ns(H) = 1. If P € Syl;(H), then P < G and we have P = Zj;s, because

Ng (P
25 € Vo(M) = Vo(G) and P € Syls(G). Since P < Cg(P), % | 4. Thus
G
G G
i | 4 and hence, u | |Cg (P)|, which implies that 3.25 € o(G). But G
|Ca (P)| 4
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has an irreducible character of 3-defect zero and hence, 3.25 € Vo(G) = Vo(M),
a contradiction.

SuBcaske 2. Assume that K/H is a simple K4-group. If K/H is isomorphic
to one of the groups listed in Lemma 1.1 (2), then comparing the orders of these
groups and K/H forces K/H =~ L,(49)andhence, H = land K = G = L,(49),
as desired. If K/H =~ L,(r), then r € {2,3,5,7}, which is impossible. If
K/H =~ L,(2™), where m > 5,2™ —1 = y and (2™ + 1)/3 = t are primes,
then since u,t € #(|G|) = {2,3,5,7}, we get a contradiction. Finally, assume
that K/H = L»(3™), where m and (3™ + 1)/4 = t are odd primes. But
t € 7(|G|) = {2,3,5,7}, which is a contradiction.

Case 5. Let M = L,(2™), where 2™ + 1/3 =t and 2" — 1 = u, are primes
greater than 3. Then according to Table 1 and Lemma 2.4(1), we obtain that G is
nonsolvable. Thus Lemma 2.3 implies that G is not a 2-Frobenius group. Also,
if G is a Frobenius group with kernel F and complement H, then according
to Lemma 2.2, we have OC(G) = {|F|,|H]|}. Since u || |G| and u € OC(M),
we obtain ¥ € OC(G), by Lemma 3.1. If u = |F|, then |H| | (u — 1). Thus
2M(2™ 4+ 1) | (2™ — 2), which is impossible. If ¥ = |H| and P € Syl,(F), then
since F is nilpotent, we see that P < G and hence, H acts fixed point freely on
P.Thus, (2" —1) = |H|| (|P|—1) = 2(2™"! —1)/3, which is impossible. Thus
according to Lemma 2.1, G has a normal series | < K < H <G and K/H isa
nonabelian simple group such thatu | |K/H|.

Suscask 1. If K/H is a simple K3-group, then K/H € {As, L,(7)}, because
3| |G| and hence, 3 || |K/H|. Wehaveu € n(|K/H|) and hence,u = 5oru = 7.
Since u = 2™ — 1, we deduce that u # 5 and hence K/H % As. If u = 7, then
m = 3, which is a contradiction.

SuBcaske 2. If K/H is a simple K4-group, then since 3 || |G|, we deduce that
3 || |K/H| and hence, K/H € {L,(16), L,(25), L1(49), L3(5), Us(7), L,(2™"),
L>(r)}, under conditions of Lemma 1.1(2). If K/H =~ L5(16) or L,(25), then
2™ — 1 € {5,13,17,31, 43}, which is impossible. If K/H =~ L,(49), then u = 3,
which is impossible. Now, if K/H =~ L,(r),thenr € {u,¢t}.Ilf r = u =2" —1,
then |Lo(r)| = r(r> = 1)/2 = 2™ — 1)2" (2™ 1 — 1) | (2™ — 1)2™(2™ + 1), and
hence (2"~ —1) | (2 4 1). It follows that m = 2 or m = 3, which is impossible.
Ifr=t,thenr =t =2" 4+ 1/3.Since u | |L»(r)| = r(r — 1)(r + 1)/2, we have
2" 1 =u|(t—-1)/2=2"1=1)/30r2"—1=u|(t+1)/2=2Q2"2+1)/3,
which is impossible. Finally, if K/H = L2(2’”/), then2™ —lisa prime number.
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Thus 2" —1 =wuor2™ —1 =¢.Butt | 2" + 1), and 2 — 1 = u. From this,
we have 2 — 1 = u = 2" — 1, and hence m’ = m. It shows that G =~ L,(2™), as
claimed.

Case 6. Let M = L,(25). According to Table 1, we obtain that I'(L,(25))
has three components. Thus Lemmas 2.4 and 3.1 show that G is a nonsolvable
group and 13 € OC(G). Since G is nonsolvable, G is not 2-Frobenius. Also,
Lemma 2.2 and checking the orders imply that G is not a Frobenius group. Thus
according to Lemma 2.1, G has a normal series | < K < H < G such that
13 € 7(|K/H|). Furthermore, |K/H| € {13 - p* - q#,13.2% .38 . 57} where
p.q € {2.3,5)and o, B,y € N.If |[K/H| = 13- p* . ¢P, then by checking
the orders of simple K3-groups in Lemma 1.1(1), we can easily get a contradiction.
Thus |K/H| = 13-2%-38.57 and K /H is one of the groups listed in Lemma 1.1(2).
If K/H is a group listed in Lemma 1.1(2-a), then checking the orders of the
groups shows that K/H =~ L,(25). Thus |G| = |K/H| which implies that
G = K =~ L,(25), as desired. If K/H is a group listed in Lemma 1.1(2-b,d),
then we can see that 7 € = (|K/H]|), a contradiction. Also, if K/H is a group
listed in Lemma 1.1(2-c), then K/H =~ L,(2™), where m > 5and 2" — 1 = u is
prime. Thus u ¢ {3, 5, 13}, which is a contradiction.

If M = L,(81), then replacing 13 with 41 in the argument given for L,(25)
leads us to see that G =~ L,(81).

Case 7. Let M = L,(3"™), under conditions of Lemma 1.1(2-d). According to
Table 1 and Lemma 2.4(1), we obtain that G is nonsolvable. Thus by Lemma 2.8,
G has a normal series | < K < H < G such that K/H =~ Sy x---x 8,
where S;, 1 < i <[, is a simple K3-group or a simple K4-group and for every
1 <i,j <t,wehave S; = S;. Since |L,(3™)| = 3".3" — 1).3™ + 1)/2,
conditions of Lemma 1.1(2-d) show that 4 || |G| and G has an irreducible character
of u-defect zero, where t = (3™ + 1)/4. Since 4 || |G| and 4 | |S;|, we deduce that
I =1and4| |K/H|. Therefore, K/H is asimple K3-group or a simple K4-group.
Letu | (3™ — 1)/2, under conditions of Lemma 1.1(2-d).

Suscask 1. Let K/H be a simple K3-group. Since 4 || |K/H |, we deduce that
K/H =~ As, by checking the orders of simple K3-groups. Thus 5 € #(|G|) =
{2,3,u,t}. Therefore, 5| (3™ — 1) or 5 | (3™ + 1). This shows that 2 | m, which
is a contradiction with conditions of Lemma 1.1(2-d).

SuBcask 2. Assume that K/H is a simple K4-group. Since 4 || |K/H|, we
deduce that K/H = L,(3°) or L,(r) satisfying conditions of Lemma 1.1(2-b,d).
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Firstlet K/H =~ L,(3°).Since n(|K/H|) = n(|G|) and |K/H| | |G|, we deduce
thate <mandu,t € x(|K/H|).Ifu | (3™ —1)/2andu | (3* —1)/2,thene = m
and hence, K/H =~ M. Since |G| = |M| = |K/H|, we deduce that H = 1 and
K = G and hence, G =~ M, as desired. Also, ifz | (3™ 4+ 1)/4and ¢ | (3¢ —1)/2,
then ¢ | ged((3™ +1)/4, (3°—1)/2) and hence, 2m | e. This forces e is even, which
is a contradiction.

If K/H =~ L,(r), then we can see at once that r € {t,u}. If r = u, then
since |[K/H| = u(u?® — 1)/2 and either 3™ — 1 = 2u or 2.112, we deduce that
|K/H| = 33" — 1)(3™ + H(3™ ! —1)/8 | |G| or |[K/H| = 22.3.5.11. Thus
either 3™~! —1)/4 | 3™ Y ort = (3° + 1)/4 | 22.3.5, which is impossible. If
r = t, then since |K/H| = t(t*> — 1)/2, we deduce that u | (t — 1) or (t + 1),
which is a contradiction, because 3™ + 1 = 4¢.

It M e {L3(4),L2(8),Sz(8), Sz(32)}, then according to [17], we have G =
M . Thus it remains to consider the case in which M is one of the groups L,(16),
L3(q), where g € {3,5,7,8,17}, Us(q), where g € {3,4,5,7,8, 9}, S4(q), where
g € {4,5,9), L4s(3), Us(3), D4(2), G2(3), 3D4(2), 2F4(2)'. Thus M satisfies
the conditions of Corollary 3.2 and hence, we have OC(G) = OC(M). If M €
{L3(3),Us(3), Us(4), U3(5), 2 F4(2)'}, then similar argument for the group U4 (2)
in Lemma 2.5 shows that G = M. Moreover, according to [7], [9], [10], [13], [19],
[20], [21] , [22], [26], [34] the remaining groups are characterizable by their order
components and hence the proof of Theorem B is complete. |

Acknowledgments. The authors wish to thank the referee for the invaluable
comments. Also, the authors are grateful to Professor Isaacs for several valuable
comments, which improved the manuscript. The second author was partially sup-
ported by Center of Excellence of Algebraic Hyperstructures and its Applications
of Tarbiat Modares University (CEAHA).

REFERENCES

[1] S.H. ALavi — A. DANESHKHAH, A new characterization of alternating and symmetric
groups, J. Appl. Math. Comput. 17 (2005), no. 1-2, pp. 245-258.

[2] R.Brauer — W.F. REyNoLDs, On a problem of E. Artin, Ann. of Math. (2) 68 (1958),
pp. 713-720.

[3] D. BuBoLonI — S. DoLr1 — P. SpiGa, Finite groups whose irreducible characters
vanish only on p-elements, J. Pure Appl. Algebra 213 (2009), no. 3, pp. 370-376.

[4] Y. Bugeaup — Z.Cao — M. MIGNOTTE, On simple K 4-groups, J. Algebra 241 (2001),
no. 2, pp. 658-668.



(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

A new characterization of some families of finite simple groups 73

G.Y. CHEN, On Frobenius groups and 2-Frobenius groups, J Southwest China Normal
Univ. (Natural Science Ed.) 20 (1995), no. 5, pp. 485-487.

G. Y. CHEN, A new characterization of sporadic simple groups, Algebra Collog. 3
(1996), no. 1, pp. 49-58.

G. Y. CHEN, A new characterization of PSL(2, q), Southeast Asian Bull. Math. 22
(1998), no. 3, pp. 257-263.

G. Y. CHEN, Further reflections on Thompson’s conjecture, J. Algebra 218 (1999),
no. 1, pp. 276-285.

G. Y. Cuen, Characterization of Lie type group G2(q) by its order components,
J Southwest China Normal Univ. (Natural Science Ed.) 26 (2001), no. 5, pp. 503—
509.

G. Y. CHEN, Characterization of 3D4(q), Southeast Asian Bull. Math. 25 (2001),
pp- 389-401.

N. CHiGirA — N. Itvort — H. Yamaki, Non-abelian Sylow subgroups of finite groups
of even order, Invent. Math. 139 (2000), no. 3, pp. 525-539.

J. Conway — R. Curtis — S. NorTON — R. PARKER — R. WiLsoN, Atlas of finite
groups, with computational assistance from J. G, Thackray, The Clarendon Press,
Oxford University Press, Eynsham, 1985.

M. R. DarAFsHEH, Characterization of the groups Dp41(2) and Dp41(3) using
order components, J. Korean Math. Soc. 47 (2010), no. 2, pp. 311-329.

S. Dovr1 — E. Pacrrict — L. SANUS — P. SpiGa, On the orders of zeros of irreducible
characters, J. Algebra 321 (2009), no. 1, pp. 345-352.

S. DorLr1 — E. Pacirict — L. Sanus — P. Spiga, On the vanishing prime graph of
finite groups, J. Lond. Math. Soc. (2) 82 (2010), no. 1, pp. 167-183.

S. DorLr1 — E. Pacirict — L. SaNus — P. Spiga, On the vanishing prime graph of
solvable groups, J. Group Theory 13 (2010), no. 2, pp. 189-206.

M. Foroupi GHASEMABADI — A. IRANMANESH — F. MAVADATPOUR, A new charac-
terization of some finite simple groups, Sibirsk. Mat. Zh. 56 (2015), no. 1, pp. 94-99,
in Russian; English translation, Sib. Math. J. 56 (2015), no. 1, pp. 78-82.

M. Herzog, On finite simple groups of order divisible by three primes only, J. Alge-
bra 10 (1968), pp. 383-388.

A. IRANMANESH — B. KHosravl, A characterization of C2(q), where ¢ > 5, Com-
ment. Math. Univ. Carolin. 43 (2002), no. 1, pp. 9-21.

A.IRANMANESH — S. H. ALavi — B. KHosravl, A characterization of PSL(3, q) where
q is an odd prime power, J. Pure Appl. Algebra 170 (2002), no. 2-3, pp. 243-254.

A. IrRanMANESH — S. H. Aravi — B. KHosravl, A characterization of PSL(3, q)
where g = 2", Acta Math. Sin. (Engl. Ser.) 18 (2002), no. 3, pp. 463-472.

A. IrRanMANESH — B. KHosravi — S. H. Avavi, A characterization of PSU(3, q)
where g > 5, Southeast Asian Bull. Math. 26 (2002), no. 1, pp. 33-44.



74

(23]

(24]

[25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

[35]

(36]

M. Foroudi Ghasemabadi — A. Iranmanesh — M. Ahanjideh

I. M. Isaacs, Character theory of finite groups, Pure and Applied Mathematics, 69,
Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London, 1976.

I. M. Isaacs — G. Navarro — T. R. WoLF, Finite group elements where no irreducible
character vanishes, J. Algebra 222 (1999), no. 2, pp. 413-423.

G. JamEs — M. LiEBECK, Representations and characters of groups, Cambridge
Mathematical Textbooks. Cambridge University Press, Cambridge, 1993.

A. Knosravi — B. KHosravi, Characterizability of PSU(p + 1,q) by its order
components, Rocky Mountain J. Math. 36 (2006), no. 5, pp. 1555-1575.

B. Knosravi — B. KHosravi — B. KHosravI, Recognition of PSL(2, p) by order and
some information on its character degrees where p is a prime, Monatsh. Mathesis. 175
(2014), no. 2, pp. 277-282.

A. R. MOGHADDAMFAR, A comparison of the order components in Frobenius and
2-Frobenius groups with finite simple groups, Taiwanese J. Math. 13 (2009), no. 1,
pp- 67-89.

W. J. Sur — J. X. B1, A new characterization of the alternating groups, Southeast
Asian Bull. Math. 16 (1992), no. 1, pp. 81-90.

W. J. SHi, On simple K4-groups, Chinese Science Bull. 36 (1991), no. 17, pp. 1281-
1283.

J. S. WiLLiawmS, Prime graph components of finite groups, J. Algebra 69 (1981), no. 2,
pp. 487-513.

H. Xu — G. Y. CHEN — Y. YAN, A new characterization of simple K3-groups by their
orders and large degrees of their irreducible characters, Comm. Algebra 42 (2014),
no. 12, pp. 5374-5380.

A. V. ZAVARNITSINE, Finite simple groups with narrow prime spectrum, Sib. Elektron.
Mat. Izv. 6 (2009), pp. 1-12.

L. Zuanc — W. J. SH1, New characterization of S4(q) by its noncommuting graph,
Sibirsk. Mat. Zh. 50 (2009), no. 3, pp. 669-679, in Russian; English translation, Sib.
Math. J. 50 (2009), no. 3, pp. 533-540.

S. ZaanG — W. J. SH1, Revisiting the number of simple K4-groups, preprint 2013.
arXiv:1307.8079 [math.NT]

J. Zuanc — Z. L1 — C. SHAo, Finite groups whose irreducible characters vanish only
on elements of prime power order, Int. Electron. J. Algebra 9 (2011), pp. 114-123.

Manoscritto pervenuto in redazione il 12 febbraio 2015.


http://arxiv.org/abs/1307.8079

	Introduction
	Preliminaries
	Main Results
	Acknowledgments
	References

