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Existence of stationary solutions
for some integro-differential equations with superdiffusion

VITALI VOUGALTER (%) — VITALY VOLPERT (%)

ABstrRACT — The work deals with the existence of solutions of an integro-differential
equation arising in population dynamics in the case of anomalous diffusion. The proof
of existence of solutions relies on a fixed point technique. Solvability conditions for
non-Fredholm elliptic operators in unbounded domains are being used.
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1. Introduction

In the present article we study the existence of stationary solutions of the integro-
differential equation

ou

M) G=-DV=But [ K= gl dy + 0,

which appears in cell population dynamics. The space variable x is correspondent
to the cell genotype, u(x,t) stands for the cell density as a function of their
genotype and time. The right side of this equation describes the evolution of cell
density due to cell proliferation, mutations and cell influx. Namely, the anomalous
diffusion term corresponds to the change of genotype via small random mutations,
and the nonlocal production term describes large mutations. In this context g (u) is
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the rate of cell birth which depends on u (density dependent proliferation), and the
function K(x — y) shows the proportion of newly born cells which change their
genotype from y to x. We assume that it depends on the distance between the
genotypes. Finally, the last term in the right-hand side of this equation describes
the influx or efflux of cells for different genotypes.

The square root of Laplacian in equation (1) represents a particular case of
superdiffusion intensively studied in relation with various applications in plasma
physics and turbulence [13], [14], surface diffusion [15], [16], semiconductors [17]
and so on. The physical meaning of superdiffusion is that the random process
occurs with longer jumps in comparison with normal diffusion. The moments of
jump length distribution is finite in the case of normal diffusion, but this is not the
case for superdiffusion. The operator v/—A is defined via the spectral calculus. A
similar equation in the case with the standard Laplacian in the diffusion term was
treated recently in [28].

Further we will set D = 1 and will explore the existence of solutions of the
equation

@ V=Bt [ K= g dy + ) =0

which is viewed as a perturbation of problem (11). Let us consider the case in
which the linear part of this operator fails to satisfy the Fredholm property, such
that conventional methods of nonlinear analysis may not be applicable. We will
use solvability conditions for non Fredholm operators along with the method of
contraction mappings.

Consider the problem

3) —Au+VExX)u—au = f,

where u € E = H2(R?) and f € F = L%(R?), d € NN, a is a constant and
the scalar potential function V(x) is either zero identically or converges to O at
infinity. For ¢ > 0, the essential spectrum of the operator A: E — F which
corresponds to the left side of equation (3) contains the origin. Consequently,
such operator fails to satisfy the Fredholm property. Its image is not closed, for
d > 1 the dimension of its kernel and the codimension of its image are not finite.
The present work is devoted to the studies of some properties of the operators of
this kind. Note that elliptic problems with non Fredholm operators were studied
extensively in recent years. Approaches in weighted Sobolev and Holder spaces
were developed in [2], [3], [4], [5], [6]. The Schrodinger type operators without
Fredholm property were treated via the methods of the spectral and the scattering
theory in [18], [21]. The Laplacian operator with drift from the point of view of non
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Fredholm operators was studied in [22] and linearized Cahn—Hilliard equations
in [24] and [26]. Nonlinear non Fredholm elliptic problems were treated in [25]
and [27]. Important applications to the theory of reaction-diffusion problems were
developed in [10], [11]. Non Fredholm operators arise also when studying wave
systems with an infinite number of localized traveling waves (see [1]). In particular,
when a = 0 the operator A is Fredholm in some properly chosen weighted
spaces (see [2], [3], [4], [5], [6]). However, the case of a # 0 is considerably
different and the approach developed in these works cannot be applied. In [8] the
authors prove regularity results concerning the solutions of problems involving
the fractional Laplacian by exploiting purely local techniques. The influence of
fractional diffusion in Fisher-KPP equations was well understood in [7]. Front
propagation problems with superdiffusion were studied extensively in recent years
(see e.g. [29], [30]).

Let us set K(x) = eXK(x), where ¢ > 0, such that the reproduction rate is much
less than that of diffusion and cell influx or efflux and suppose that the assumption
below is fulfilled.

AssumptioN 1.1. Let f(x):R3® — R be nontrivial, f(x) € L'(R3) and
V f(x) € L?>(R?). Assume also that X(x): R> — R and K(x) € L' (R?).

We choose the space dimension d = 3, which is related to the solvability
conditions for the linear Poisson equation (11) discussed in Lemma 3.1. Our results
obtained below can be generalized to d > 3 using similar ideas but somewhat
different techniques, for instance in the sense of Sobolev embeddings, which are
dimension dependent. From the perspective of applications, the space dimension
is not limited to d = 3 due to the fact that the space variable corresponds to cell
genotype but not to the usual physical space.

By means of the standard Sobolev inequality (see e.g. p.183 of [12]) under the
assumption given above we obtain

f(x) € L*(R%).
We consider the Sobolev space
H2(R?) := {u(x):R> = C | u(x) € L2 (R?), Au € L*(R?)}
equipped with the norm
4) 2y = el 22 3, + 18122 g)-
The Sobolev embedding yields

) lll oo r3y = cellullm2m3),
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where ¢, > 0 is the constant of the embedding. When the nonnegative parameter
¢ vanishes, we arrive at the linear Poisson equation (11). By means of Lemma 3.1
below under our Assumption 1.1 problem (11) admits a unique solution u¢(x) €
H'(R3) and no orthogonality relations are required. Lemma 3.1 yields that in
dimensions d < 3 we need specific orthogonality conditions to be able to solve
equation (11) in H'(R?). Let us not treat the problem in dimensions d > 3 to
avoid additional technicalities due to the fact that the proof will rely on similar
ideas (see Lemma 3.1). By virtue of Assumption 1.1, using that

(6) 18U 17253y = IV fCONT 2 g3y

we obtain for the unique solution of our linear problem (11) that uo(x) € H?(R?).
Note that equality (6) can be easily derived by applying the ~/— A operator to both
sides of (11) and using identity (14) for the function f(x). Let us seek the resulting
solution of the nonlinear equation (2) as

@) u(x) = uo(x) + up(x).

Evidently, we obtain the perturbative equation

®) V=B = o [ (= )glu0() + 1,0 .
Let us introduce a closed ball in the Sobolev space
9) By 1= {u(x) € HX(R?) | Jull oy <p} 0 <p=<1.

We seek the solution of (8) as the fixed point of the auxiliary nonlinear problem

(10) V=B = [ (= pgtu0) + vy

in ball (9). For a given function v(y) this is an equation with respect to u(x). The
left side of (10) contains the operator without Fredholm property

V=A: H'(R?) — L*(R?).

Its essential spectrum fills the nonnegative semi-axis [0, +00), such that this
operator has no bounded inverse. The analogous situation appeared in works [25]
and [27] but as distinct from the present article, the problems treated there required
orthogonality conditions. The fixed point technique was used in [20] to estimate
the perturbation to the standing solitary wave of the Nonlinear Schrédinger (NLS)
equation when either the external potential or the nonlinear term in the NLS
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were perturbed but the Schrédinger operator involved in the nonlinear problem
possessed the Fredholm property (see Assumption 1 of [20], also [9]). Let us define
the interval on the real line

(11) I = [—celluoll g3y — Ce» Celluoll p2msy + cel-

We make the following assumption on the nonlinear part of problem (2).

AssumpTiON 1.2. Let g(s): R — R, such that g(0) = 0 and g’(0) = 0. We

also assume that g(s) € C,(R), such that
ap :=sup|g”(s)| > 0.
sel

Evidently a; := sup,¢; |g'(s)| > 0 as well, otherwise the function g(s) will
be constant on the interval / and a, vanishes. For instance, g(s) = s2 clearly
satisfies the assumption above. When g(s) = s”, n > 1 it means that cells
stimulate proliferation by the surrounding cells by direct cell-cell contact or by
some signaling molecules. Such effects are known, in particular in cancer studies.

Let us introduce the operator T, such that u = Tgv, where u is a solution of
equation (10). Our main statement is as follows.

THeEOREM 1.3. Let Assumptions 1.1 and 1.2 hold. Then for any 0 < p < 1 there
exists ex > 0 such that equation (10) defines the map Tq: B, — B, which is a
strict contraction for all 0 < & < ex. The unique fixed point u,(x) of the map T,
is the only solution of equation (8) in B,.

Apparently the resulting solution u(x) of problem (2) will be nontrivial due
to the fact that the source term f(x) is nontrivial and g(0) = 0 as assumed. We
make use of the following elementary lemma.

LemwMma 1.4. Consider the function ¢(R) := aR + %for R € (0, +00), where

the constants o, > 0. It attains the minimal value at R* = (%)%, which is given
by p(R*) = Zaip3.
23

We proceed to the proof of our main result.

2. The existence of the perturbed solution (Proof of Theorem 1.3)

Proor. Let us choose arbitrarily v(x) € B, and denote the term involved in
the integral expression in right side of equation (10) as

G(x) := g(up + v).
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We apply the standard Fourier transform (15) to both sides of problem (10) and
arrive at

K(p)Gw)

i(p) = e(2m)? =

Hence for the norm we obtain

R3 p?

As distinct from works [25] and [27] involving the standard Laplacian operator in
the diffusion term, here we do not try to control the norm

ki
|pl

L°°(]R3)‘

Let us estimate the right side of (1) using (16) with R > 0 as

5 2 1K (p) 121G (p)I? 30 1K(p) 121G (p)I?
(2m)°e /IplsR —p2 dp+ (2n)’e /|p|>R —p2 dp

(2)
< 219012 o |z IGE R + 251G any |-
Since v(x) € B, we have
luo + viiz2m3) < lluoll g3y + 1
and the Sobolev embedding (5) yields

luo + v| < celluoll 23y + ce-
The formula
uo+v
G(x) = / g'(s)ds
0
with the interval / defined in (11) implies

|G (x)| < sup|g’(s)||uo + v| = ailug + v|.
sel

Thus

1G()z2@w3y < arlluo + vlz2wsy < ar(lluoll 2wz + -
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G(x) = /0u0+vds[/os g”(z)dz]

1 a
1G(x)| < = sup|g”(D)]luo + v|* = Z|uo + v|%,
2 tel 2

Obviously,

Hence, we arrive at

as as
G L1 r3) < 7”“0 + v”iZ(W) = 7(||u0||H2(1R3) +1)%
Thus, we obtain the upper bound for the right side of (2) as

2 2
a a
K71 g3y (ol 23y + 1)2{%—22(””0“}12(1}{3) +1)’R + R—lz}

with R € (0, +00). Lemma 1.4 yields the minimal value of the expression above.
Thus

2 2 3l % 3
2 1K112 1 gy (ol 2y + D345 a3
3

3) ul|? <
L2@®) = 5240

Evidently, (10) implies
—Au = 8\/—A/ Kx—y)G(y)dy
R3

and
VG(x) = g'(ug +v)(Vug + Vo).

We will use the identity
uog+v
g'(uo +v) = / g"(s)ds.
0
Sobolev embedding (5) yields

g (uo + )| < sup|g”()lluo + v| < azce(uol m2@s) + 1)

sel

The following inequality can be trivially obtained using the standard Fourier
transform, namely

(4) IVl 23y < lullm2s)-
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Then we arrive at
5) |82 sy = 2112, gsyade2 (ol gy + 1)

The definition of the norm (4) along with estimates (3) and (5) imply

2 3
©)  lullg2@sy < elKlLi@s) (uollg2msy + 13a; \/2%4—%‘1* +azcz<p
347

e |N]
N oo

for all positive values of ¢ small enough. Thus u(x) € B, as well. If for some
v(x) € B, there exist two solutions u; 2(x) € B, of problem (10), their difference
w(x) :=u(x) —uz(x) € L2(R3) satisfies

v—Aw = 0.

Since the operator ~/—A does not have nontrivial square integrable zero modes,
w(x) = 0 a.e. in R>. Therefore, equation (10) defines a map Ty: B, — B, for
¢ > 0 sufficiently small.

The goal is to prove that this map is a strict contraction. We choose arbitrarily
v1,2(x) € B,. The argument above yields 1, = Tgvi,» € B, as well. (10) gives
us

@ V=B = e [5G = )glu() +m () dy,

(®) V=~Auy = 8/133 K(x —y)guo(y) +va(y))dy.
Let us define
Gi1(x) :=g(uo +v1), Ga(x):= g(uo + v2)

and apply the standard Fourier transform (15) to both sides of problems (7) and (8).
We obtain

jC(P)Gl(!?)’ B (p) = e(2n)% jC(P)Gz(]?)'

0 (p) = e(27)3
Pl Pl

Evidently

K(p)I2IG1(p) — Ga(p)|?
||u1_u2||22(]R3):82(2”)3/ |K(p)I*|G1(p) 2(p)|

d
B3 P2 P
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Clearly, it can be bounded from above by means of (16) by

1 1
82||9C||21(R3){ﬁ||G1(x) — G271 g3y R + 1G1(x) — Gz(X)Hiz(Rs)ﬁ}

with R € (0, +00). Let us use the equality

up+v]
Gi(v) -G = [ gy
up+vo
Thus
|G1(x) — G2(x)| < sup|g'(s)||vi — v2| = ai|vy —val.
sel
Therefore

[G1(x) — G2(X) | L2m3y < a1llvr — v2llpz@sy < a1llvi — v2ll g2w3)-

up+vi K]
G1(x) — Ga(x) =/ ds|:/0 g”(t)dt].

up+vo

Evidently,

We derive the upper bound for G1(x) — G,(x) in the absolute value as

1 a
5 Sup 1" (0)||(v1 — v2)Quo + vi + v2)| = 72|(U1 —2)(Quo + v1 + v2)|.
tel

By means of the Schwarz inequality we estimate the norm |G (x) — G2(x)[ L1 (g3)
from above by

as
) lvi —vallL2@3) 210 + v1 + v2llp2®3) = azllvr — v2llg2 w3y ([Uoll g2 w3y + 1)-
Thus we arrive at the upper bound for the norm |[u;(x) — u2(x) ||i2 ®) given by

a22

2
a
m(HUOHHZ(R*) + 1)’R + ﬁ}

K3 gy 101 = V2122 |

Lemma 4 enables us to minimize the expression above over R > 0 to obtain that
lu1(x) — uz(x) ”22(11{3) is estimated from above by

4
3 2

3 4 2

©) 211503 1 oy 01— 0212 203) = 2 (ol sy + D
23 113

(7) and (8) imply that

—A(uy —uz) = ev—-A /}R3 Kx = y)[gwo(y) +vi(y) — guo(y) +v2(y))]dy.
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Thus

1A —12) 223 < €2 1K1 1 oy V& (o + v1) = Vg lto + v2) 22 3)-
We express Vg(uo + v1) — Vg(uo + v2) as

g (ug +v1)(Vug + Vi) — g’ (g + v2)(Vug + Vuy)

uo+vi

up+vo
= (Vug + Vuy) g’ (s)ds + (Vv; — sz)/ g’ (s)ds.
0

ug+vy

This yields the estimate from above for |[Vg(ug + v1) — Vg(uo + v2)| as

sup [g"(s)[|v1 — v2|[Vuo + Vui| + sup|g”(s)]uo + v2||Vvi — Vsl
sel sel

This expression can be trivially bounded from above by means of the Sobolev
embedding (5) by

azcelvi — vall g2@3y|Vuo + Vui| + azcelluo + vall g2 3| Vo1 — Voal.

Hence, by virtue of (4) for v, € B, we derive the upper bound for the norm
”A(ul - u2)||i2(]R3) as

(10) 4621121 sy 32 (ol 2y + D2 1o1 = v2 22 s,

By means of inequalities (9) and (10) the norm |[u1 —uz|| 23y is estimated from
above by
21 3 3 2 1
el oy (ol gy + a3 [ 5=t +daz 2] lor = va ey

Therefore, the map T,: B, — B, defined by equation (10) is a strict contraction
for all values of ¢ > 0 sufficiently small. Its unique fixed point u, (x) is the only
solution of problem (8) in B,. It can be observed that via (6) we have 1, — 0 as
e — 0 in the H?(R?) norm, which emphasizes the fact that it is a perturbative
result. The resulting u(x) € H?(R?) given by (7) is a solution of equation (2).
Note that v,(x) = 0 in R® would not necessarily imply that u5(x) = 0 in R as
well for the contraction argument above. O

3. Aucxiliary results

First we derive the solvability conditions for the following linear Poisson equation
(11) —Au= f(x), xeR? deN.

Our technical result is as follows.
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LemMa 3.1. Let f(x) € L>(R?),d € IN.

1) Whend = 1and in addition |x| f (x) € L'(R), equation (11) admits a unique
solution u(x) € H'(R) if and only if the orthogonality condition

(12) /_OO f(x)dx =0

holds.

2) When d = 2 and additionally |x| f(x) € L'(R?), problem (11) possesses a
unique solution u(x) € H'(R?) if and only if the orthogonality relation

(13) /]Rz fx)dx =0

holds.
3) When d > 3 and in addition f(x) € LY(R?), equation (11) has a unique
solution u(x) € H'(R4).

Proor. Let us first address the uniqueness of solutions for problem (11).
Suppose u;2(x) € H'(R?) both satisfy equation (11). Then their difference
w(x) ;= uj(x) — uz(x) solves the homogeneous problem

v—=Aw = 0.

Since the operator v/—A in the the whole space does not have nontrivial square
integrable zero modes, w(x) vanishes a.e. in R¢. Note that it would be sufficient
to establish only the square integrability for the solution of (11). Indeed, we have
a trivial identity

(14) | v _Au”iZ(]Rd) = ||Vu||iZ(Rd)-

Since the source term f(x) € L2(R%) as assumed, we arrive at Vu € L2(R%),
such that u(x) € H'(R?) as well. We will use the standard Fourier transform

1
(2m)®

Clearly, we have the estimate

(15) f(p) = /}Rd f(x)e 'P*dx, deN.

" 1
(16) I (P Looray < w”f(x)ﬂldl(]}{d)-
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Let us apply (15) to both sides of equation (11). We obtain

iy = L2
lpl
such that the norm can be expressed as
f ()2 f ()2
(a7 2, = | ap+ [ dp
L®RD ™ J < [pl pi>1 |pP?

Evidently, the second term in the right side of (17) can be estimated from above by
./ ||i2 (rdy < O as assumed. Let us estimate the first term in the right side of (17)
in dimension d = 1, using the identity

R R rdf
o =io+ [T s

Clearly, via definition (15)

dfp)|_ 1
< —||x < 0
B < il

due to one of our assumptions. Therefore,

/Pdﬂnds
ds 1
OTX{peR lpl<1}] < EIIIXIfIILI(R)X{peR o<1y € L*(R).

Here and further down y4 stands for the characteristic function of a set A €
R¢. The remaining term %X (peR | |p<1} belongs to L?(R) if and only if £(0)
vanishes, which gives us orthogonality relation (12) in dimension d = 1.

Then we turn our attention to the case of dimension d = 2. Let us use the
formula

R . lpl g £
ﬂm=f®+l Vs onds,

where 0 stands for the angle variable on the circle. Clearly, definition (15) yields

8f 1
_ << — <
%md— 1Ny < o0

as assumed. Thus

|p| 3]?(& 0)
/0 s

Pl

ds

X{peR? | |pl<1}

1
= Z”|x|f”L1(]R2)X{p€]R2 | lpl<1} € LZ(RZ)-
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Finally, the term % X(per? | |pl<1y € L*(R?) if and only if £(0) = 0, such that
we obtain orthogonality condition (13) for dimension d = 2.

To complete the proof of the lemma, it remains to study the case of higher
dimensions d > 3. By virtue of inequality (16), we easily estimate the first term
in the right side of (17) by

1
(2m)4

1
2
LF L1 gaylSal7— < o0

due to one of our assumptions. Here S; denotes the unit sphere in the space of d
dimensions centered at the origin and |S;| stands for its Lebesgue measure. [

Note that in dimensions d > 3 under the assumptions given above no orthog-
onality conditions are needed to solve the linear Poisson equation (11) in H'(R?).

Let us show that it is possible to incorporate a shallow, short-range potential
into the linear Poisson equation considered above and generalize the result of
Lemma 3.1. No orthogonality relations will be required in Lemma 3.3 below as
well. Consider the following equation

(18) V-A+V(x)u = f(x), xeR3

with the operator /—A + V(x) well defined via the spectral calculus, since under
our assumptions the operator —A + V(x) on L?(RR?) is nonnegative as discussed
below.

AssumMPTION 3.2. The potential function V(x): R3> — R satisfies the estimate

C
V(x)| < W

with some ¢ > 0 and x € R3 a.e. such that

19 2 1 8
Z - 9 9
4?58(47'[) 3||V||LOO(R3)||V||L%(R3) <1 and \/cuLs|V IIL%(R3) < 4.

This is analogous to Assumption 1.1 of [21] under which by virtue of Lemma 2.3
of [21] our Schrodinger operator —A + V(x) is self-adjoint and unitarily equiv-

alent to —A on L?(R?) via the wave operators. Thus the essential spectrum
of /=A + V(x): H(R®) — L?(R?) fills the nonnegative semi-axis [0, +00).
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Hence such operator does not have a bounded inverse and therefore it fails to sat-
isfy the Fredholm property. Here C stands for a finite, positive constant and cg 1. s
for the constant in the Hardy-Littlewood-Sobolev inequality

/ S1(x) f1(y)
R3 JR3

|x — y|?

3
dxdy| <cursllfil*s .. fi€L2(R?)
L3R

)

given on p. 98 of [12]. The functions of the continuous spectrum of our Schrodinger
operator satisfy

(A + V) (x) = K@ (x), k€ R,

in the integral formulation the Lippmann-Schwinger equation (see e.g. p.98
of [19])

ikx 1 ilk||x—y|
(19) o) = [ Va0 d
2r)z 4w Jrs [x -yl

and the orthogonality relations

/Rs ()G () dx = 8k — ), k.q e R,

They form a complete system in L2(RR?®). Let us denote by tilde the generalized
Fourier transform with respect to these functions, such that

(20) k) = /}R 0@y, keR
The integral operator involved in the right side of equation (19) is
1 i|kl|lx—y| o3
Qo)(x) :=—— [ ———Fp)(y)dy, ¢ecL™(R).

dr Jrz |x =y

We consider Q: L®(R3) — L% (R3). By virtue of Lemma 2.1 of [21] under
Assumption 6 above on the scalar potential we have || Q|| < 1. Moreover, this
norm is bounded above by the quantity, which is independent of the wave vector k
and can be expressed in terms of the appropriate L? (R*) norms of V(x). Corollary
2.2 of [21] yields the estimate

21 F(k 1(R3)-
(21) |f( )|§(2”)%1_||Q||m||f||L R3)

We have the following statement.
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Lemma 3.3. Let the potential V(x) satisfy Assumption 3.2 and f(x) €
LY(R?®) N L2(R3). Then equation (18) has a unique solution u(x) € H'(R?).

Proor. Let us first suppose that problem (18) has two solutions u;2(x) €
H'(R3?). Then their difference w(x) := u;(x) — u2(x) € LZ(R3) solves the

homogeneous equation
V=-A+V(xw=0,

which cannot have nontrivial square integrable solutions due to the fact that our
self-adjoint operator —A + V/(x) is unitarily equivalent to —A on L?(RR?). Hence
w(x) vanishes a.e. in R3.

Let us apply the generalized Fourier transform (20) to both sides of equa-
tion (18) to obtain

f(k)

i(k)y ===, keR3.
|k
This enables us to express the norm as
/)1 / /)1
22 2 = dk dk.
( ) ||u||L2(]R3) /|k|51 %2 + ko1 %2

Clearly, the second term in the right side of (22) can be bounded from above by
./ ||i2 R < 00 as assumed. Let us use (21) to estimate from above the first term
in the right side of (22) as

LI S
272 (1= [ Qllo0)?

as well. Hence u(x) € L2(IR?). A trivial calculation using (18) yields

”f”il(]}p) <0

2 _ 2 2
1 123 = IVUl 203, + /}R V@) Pdx,

Since f(x) is square integrable and the scalar potential V(x) is bounded as
assumed, we have Vu(x) € L2?(R3) as well, such that the solution u(x) €
H'(R3). O
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