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special case of (infinite) simplicial arrangements. Such an object carries a simplicial
structure similar to the geometric representation of Coxeter groups. The standard con-
structions of subarrangements and restrictions, which are known in the case of finite
hyperplane arrangements, work as well in this more general setting.
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Introduction

Let (W, S) be a Coxeter system. There is a canonical real representation of W
which is called the geometric representation of (W, S) and which is known to be
faithful by the work of Tits in the 1960s (a proof can be found in [25]). In the
proof he considers a convex cone 7T in the dual module which is stabilized under
the action of W. By means of the standard generating set S he defines an open
simplicial cone C which turns out to be a prefundamental domain for the action
of WonT.

It is now the standard terminology to call the cone T the Tits cone and C the
(open) fundamental chamber. The conjugates of the fundamental generators act as
linear reflections on the module and its dual. Their reflection hyperplanes yield a
simplicial decomposition of 7" and thus provide a simplicial complex which is the
Coxeter complex of (W, S). The geometric representation of (W, ), the geometry
of the Tits cone, and the properties of the Coxeter complex are fundamental tools
for the investigation of Coxeter groups.

Coxeter systems play an important role in various branches of mathematics.
In combinatorics and geometric group theory they are a rich source of interesting
phenomena ([3] and [12]). In representation theory and the theory of algebraic
groups the crystallographic Coxeter systems occur as Weyl groups of several
structures. There, they play the role of basic invariants, often called the type of
the algebraic object under consideration.

In [18] and [8] Weyl groupoids and their root systems have been introduced.
They emerged as basic invariants of Nichols algebras in earlier work ([17] and [1])
and are natural generalizations of Weyl groups. Weyl groupoids of finite type are
those which generalize finite Weyl groups. These have been studied intensively
in [7], [11], [10], and [9], where a classification has been obtained. This classi-
fication is considerably harder than the classification of the finite Weyl groups.
It was observed by the first two authors in 2009 that the final outcome of this
classification in rank 3 is intimately related to Griinbaum’s list of simplicial ar-
rangements in [16]. There is an obvious explanation of this connection: to each
Weyl groupoid one can associate a Tits cone which is the whole space if and only
if the Weyl groupoid is of finite type. Based on these considerations, crystallo-
graphic arrangements have been introduced in [6], where it is shown that their
classification is a consequence of the classification of finite Weyl groupoids.

In view of the importance of the Tits cone and the Coxeter complex for the
understanding of Coxeter systems it is natural to investigate their analogues in
the context of Weyl groupoids. Although it is intuitively clear what has to be
done in order to generalize these notions, there are instances where things have



Simplicial arrangements on convex cones 149

to be modified or some extra argument is needed. Our intention is to provide
the basic theory of the Tits cone and the Coxeter complex of a Weyl groupoid.
This paper deals with the combinatorial aspects of this project and therefore the
crystallographic condition doesn’t play a role at all. Hence, here we deal with Tits
arrangements rather than with Weyl groupoids.

The basic strategy for setting up the framework is to start with a simplicial
arrangement A on a convex open cone 7 and to investigate the abstract simplicial
complex 8(A, T) associated with it. This is a gated chamber complex and has
therefore a natural type function. We call a simplicial arrangement on a convex
open cone a Tits arrangement if 8(A, T) is a thin chamber complex because
these arrangements are very close to the reflection arrangements of a Coxeter
group on a Tits cone. The latter have been used by Tits in his fundamental
paper [25] to define the Coxeter complex associated with a Coxeter system and
all his ideas and results on the combinatorial side remain valid for thin simplicial
arrangements on open convex cones. We elaborate this in detail in Section 3, where
we also introduce root-systems associated with Tits-arrangements. There are two
standard procedures to obtain from a given simplicial arrangement new simplicial
arrangements of lower rank. Those will be considered in Section 4.

We would like to point out that this paper is meant to be a contribution to the
foundations of the theory of Weyl groupoids of arbitrary type. The concepts and
ideas are at least folklore and several of the results for which we give proofs are
well established in the literature. The only exception is probably our systematic use
of gated chamber complexes at some places. Our principal goal here is to provide
a fairly complete account of the basic theory of the Tits cone of a Weyl groupoid
by developing the corresponding notions to the extent that is needed for just this
purpose. Therefore, we have decided to include short proofs for standard facts and
refer to other sources only when we need a more elaborate result.

We are not able to give a systematic account of the origins of the concepts and
ideas which play a role in this paper. Here are some comments based on the best
of our knowledge.

1. Simplicial arrangements were first introduced and studied by Melchior [20]
and subsequently by Griinbaum [16]. Shortly afterwards, simplicial arrange-
ments attracted attention in the seminal work of Deligne [13]: they are a nat-
ural context to study the K(7r, 1) property of complements of reflection ar-
rangements, since the set of reflection hyperplanes of a finite Coxeter group
is a simplicial arrangement. They further appeared as examples or counterex-
amples to conjectures on arrangements.
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2. We do not know where arrangements of hyperplanes on convex cones were
considered for the first time. The concept seems most natural and they are
mentioned in [23] without further reference. Of course, our definition of a
simplicial arrangement on an open convex cone is inspired by the Tits cone
of a Coxeter system.

3. The fact that arrangements of hyperplanes provide interesting examples of
gated sets in metric spaces appears in [4] for the first time. At least in the
simplicial case it was observed much earlier [24].

4. The observation that there is a natural link between root systems and sim-
plicial arrangements is quite natural. We already mentioned that it was our
starting point to investigate the Tits cone of a Weyl groupoid. But it also ap-
pears in Dyer’s work on rootoids [14] and [15]. It is conceivable that the ob-
servation was made much earlier by other people and is hidden somewhere
in the literature.

The paper is organized as follows.

In Section 1 we will provide some basic examples for our objects of interest.
These will be used for later reference, since they are either basic examples or
counterexamples for the properties which we introduce. Like in Example 1.2, the
geometric representation of a Coxeter group is a prominent sample for simplicial
arrangements.

In Section 2 we fix notation and develop the notion of a hyperplane arrange-
ment on an open convex cone in a real vector space V. We introduce the common
substructures for these objects, i. e. subarrangements and restrictions. Furthermore
we define the chamber graph of an arrangement and show that parabolic subsets
of the set of chambers are gated subsets with respect to the canonical metric.

In Section 3 we introduce simplicial arrangements and Tits arrangements. We
add additional combinatorial structure to a Tits arrangement by associating to the
set of hyperplanes a set of roots, linear forms which define the hyperplanes. With
respect to the study of Nichols algebras root systems with additional properties
will be interesting, however in this paper we deal with root systems as very general
objects. We also associate to a simplicial arrangement a canonical simplicial
complex. The main results regarding this complex are proven in the appendix.

In Section 4 we consider subarrangements and restrictions of simplicial ar-
rangements and Tits arrangements. We give criteria when the substructures of a
simplicial/Tits arrangement is again a simplicial/Tits arrangement, and in the case
of a Tits arrangement we describe canonical root systems.
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The appendices provides proofs for the properties of the poset associated to a
simplicial hyperplane arrangement which are stated in Section 4. While most of
these properties are quite intuitive, a rigid proof can be tedious.

In Appendix A we show that the poset S(A, T') associated to a simplicial
hyperplane arrangement (A, T') is indeed a simplicial complex. The results of this
section are summarized in Proposition 3.18. In particular, we provide an equivalent
definition for simplicial cones, which has an implicit simplicial structure.

Appendix B provides the remaining properties of 8. The first part recalls the
definitions of chamber complexes and type functions.

In the second part it is shown that § is a gated chamber complex with a type
function, a collection of the results can be found in Proposition 3.26. We also show
that the notions of being spherical and thin, which we introduced for simplicial
hyperplane arrangements before, coincide with the classical notions for chamber
complexes.

Acknowledgments. Part of the results were achieved during a Mini-Workshop
on Nichols algebras and Weyl groupoids at the Mathematisches Forschungsinstitut
Oberwolfach in October 2012, and during meetings in Kaiserslautern, Hannover,
and Giellen supported by the Deutsche Forschungsgemeinschaft within the prior-
ity programme 1388.

J. Weigel was partly funded by a scholarship of the Justus-Liebig-Universitit
Giessen.

1. Introductory examples

ExampLE 1.1. Consider the following setting. Let
V =R2,
T'={(x,y) | x.y € R>o},
L={(x,x)]|xeR}.
Then T \ L consists of two connected components
Kii={(x,»)eT|x <y} Ka:={(x,y) €T | x > y}.
Let aq, ap be the dual basis in V* to (1, 0), (0, 1), then we can write
K1 = a7 (R=0) N (a1 + a2) ' (R>0).

K> = o5 (Rx0) N (a1 — a2) ' (Ro).
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We will later define objects which can be written in this way, i. e. as intersections
of half spaces, as simplicial cones.

Both K; and K are cones with exactly two bounding hyperplanes, for K; these
are L = ker(e; — az) and {(0,y) | ¥y € R} = ker(a;), for K, these are L and
{(x,0) | x € R} = ker(a).

In this example only one of the bounding hyperplanes, namely L, of K;, K»
meets 7', while the other meets 7', but not 7 itself.

Figure 1. The line setting from Example 1.1.

ExampLE 1.2. Let V and T be as before. Define for n € IN~( the lines

Ly, ={(x,y)|y—nx =0},

L, = {(x,y) ‘ y—%x =0}-

Then the connected components of 7'\ U, en_, (Ln U L,") are again simplicial
cones for suitable linear forms. The number of connected components is not finite
in this case, and every component has bounding hyperplanes which meet T (see
Figure 2).

ExampiE 1.3. Let V = R3 and
T :={(x1,x2,x3) € R | x] + x5 — x5 < 0}.

Then T is a convex open cone. Consider the universal Coxeter group W in 3
generators, i. e.
W= (stu|s®>=t>=u?>=1).
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The geometric representation (see [19, Chapter 5.3]) of W yields a set of
reflection hyperplanes A, which meet T after choosing a suitable basis.

We obtain the picture in Figure 3 by intersecting 7" with a hyperplane par-
allel to (e1, e2), which corresponds to the Beltrami—Klein model of hyperbolic
2-space. The connected components of T\ | Jz <4 H are again cones which carry
a simplicial structure. However, the vertices of the simplices are not contained in
T, but in its boundary a7 .

Figure 2. An infinite collection of hyperplanes, tessellating R~o x R>o.

Figure 3. The hyperbolic hyperplane arrangement associated to W.
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2. Hyperplane arrangements, subarrangements and restrictions
2.1 — Hyperplane arrangements

Throughout this paper, all topological properties are with respect to the standard
topology of R", unless stated otherwise. We also use the standard notation, in
particular X denotes the closure of X C R’.

DeriNiTION 2.1. Let V = R". A subset K C V is called a cone, if Av € K for
allv e K,0 < A € R. For asubset X C V we call

ReoX :={Ax | x € X,A € R>¢}

the cone over X.

Let A be a set of linear hyperplanes in VV = R, and T an open convex cone.
We say that A is locally finite in T , if for every x € T there exists a neighborhood
Uy C T of x,suchthat {H € A| HN X # 0} is a finite set.

A hyperplane arrangement (of rank r) is a pair (A, T), where T is a convex
open cone in V', and A is a (possibly infinite) set of linear hyperplanes such that

(1) HNT #@forall H € A,
(2) Ais locally finite in T'.

If T is unambiguous from the context, we also call the set A a hyperplane arrange-
ment.

The connected components of 7'\ | J < 4 H are called chambers, denoted with
K(A,T) or just X, if (A, T') is unambiguous.

Let K € K(A, T). Define the walls of K as

WX :={H <V | H hyperplane, (H N K) = H, H N K° = ¢}.

A hyperplane arrangement is thin, if WX C A for all K € X.

If A" C A, we call (A, T) a subarrangement of (A, T). Subarrangements sat-
isfy the conditions (1) and (2) above and are therefore again hyperplane arrange-
ments.

Let X C T. Then the localisation at X (in A) is defined as the subset

Ay ={H e A|X C H).

If X = {x} is a singleton, we write A, instead of A,;. We call the pairs (Ay, T)
the parabolic subarrangement at x. A parabolic subarrangement of (A, T) is a

subarrangement (A’, T'), such that A’ = A, for some x € T. Furthermore set
Ky ={KeX|xek).
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The support of X (in A)is defined to be the subspace supp 4 (X) = (e, H-

Define the radical of A as Rad(A) := (\yecq H = supp,(0). We call the
arrangement essential, if Rad(A) = 0, and degenerate otherwise.

In this paper we call the set

seca(X):=|JAx={HeA|HNX #0}
xeX
the section of X (in A). We will omit A when there is no danger of confusion.

RemARrk 2.2. (1) By construction, the chambers X are open sets.

(2) In our notation, if (A, T') is a hyperplane arrangement, A being locally finite
in T is equivalent to: for every point x € T there exists a neighborhood U, C T
of x such that sec 4 (Uy) is finite.

LemMma 2.3. Let (A, T) be a hyperplane arrangement. Then for every point
x € T there exists a neighborhood Uy such that A, = sec(Uy). Furthermore the
set sec(X) is finite for every compact set X C T.

Proor. Let x € T, in particular there exists an open neighborhood U of x
such that sec(U) is finite. By taking the smallest open e-ball contained in U and
centred at x, we can assume U = U,(x). Let H € sec(U), with x ¢ H. Let
§ = d(H,x) > 0,thend§ < ¢, and U’ := U% (x) is an open subset such that
sec(U’) Csec(U) \ {H}. Since sec(U) is finite, sec(U) \ sec(x) is finite. We can
therefore repeat this process finitely many times until we find an open ball B such
that sec(B) = Ay.

The second assertion is a consequence of the first. Let X be compact, and for
x € X let U, denote an open subset such that sec(U,) = A,. Then

sec(X) C Usec(Ux)
xeX

as X € |J,cx Ux. But the Uy are open and X is compact, therefore there exists a
finite set {x1,...,x,} C X, n € NN, such that

XQO%.
i=1

Consequently, if H N X # @, then there exists an index i such that H N Uy, # 9
and H € sec(Uy,). Hence

n

sec(X) € U sec(Uy; )

i=1

and sec(X) is finite. |
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2.2 — Subarrangements

We want to say more about hyperplane arrangements arising as (A, T') for points
xeT.

DerintTION 2.4. Let (V, d) be a connected metric space. Define the segment
between x,y € V to be

o(x,y):={z eV ]d(x,z) +d(z.y) = d(x.y)}.

When referring to the metric of R”, we will use the more common notion of
the interval between two points x and y:

x,y]i=0(x,y) ={Ax+(A-A)yeR" | Ae]0,1]},
(x.9) = 0. )\ {(r.y} = (Ax + (1= A)y € R" [ X € (0. )},
The intervals (x, y], [x, y) can be defined analogously.

DEerINITION 2.5. Let o € V* be a linear form on V , then

at = kera,
ab = a1 (Rso),
o =a (Rep).

With notation as above we find
at = a '(Rxo) = atUat,
o= =a '(Reg) =t Ua™.

DEeriNiTION AND REMARK 2.6. Every hyperplane H separates V' into half-
spaces. One way to describe the half-spaces uses linear forms.

Choose an arbitrary linear form « € V* such that «* = H. Then a™ and o~
(a_+ and oz_—) are the two open (closed) half-spaces bounded by H .

For an arbitrary subset X C T, if X is contained in one open half space
bounded by H, we denote this particular half-space by Dy (X). In this case we
write —D g (X) for the unique half-space not containing X. By definition every
chamber K is contained in a unique half space of H € A, therefore the sets D g (K)
existforall H € A, K € K. Let K, L be chambers, we say that H € A separates
Kand L,if Dyg(K) =—Dg(L).

Wedenoteby S(K, L) :={H € A | Dyg(K) # Dg (L)} the set of hyperplanes
separating K and L.
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Lemma 2.7. If K, L € Xy, H € S(K, L), then H € Ay.

Proor. Assume H ¢ A, then the half-space D ({x}) is well defined and
unique. As a consequence we have Dy (K) = Dg({x}) = Dy (L), and H does
not separate K and L. O

LemMma 2.8. The chambers of the hyperplane arrangement (A, T) correspond
to K.

Proor. Let X’ denote the chambers of (A, T). Assume K, K, € K, are
both contained in K € X'. Then there exists a hyperplane H € A such that K,
K, are contained in different half-spaces with respect to H, in contradiction to
Lemma 2.7. Since A, C A, every chamber in K, is therefore contained in a
unique chamber in X’.

Likewise, every chamber in K’ contains a chamber in Ky, which completes
the proof. |

2.3 — Reductions

We show that it is always possible to mod out the radical of an arrangement to
obtain an essential one.

DEerintTION 2.9. Assume that (A, T) is a hyperplane arrangement, set W =
Rad(A) and

yed.—v/w,

TV —Ve v+ W,
T = 7(T),
Al = 7 (A).

LemMa 2.10. The set T is an open convex cone in V',

Proor. The set 7(7') is open as the image of an open set and 7 is an open
map. Furthermore, if [y, z] is an interval in 7 (T'), then there exist y’,z’ € T with
y =y + W,z =2z + W. The interval [y’, z'] is contained in T as T is convex,
and we find 7 ([y’, z']) = [y, z].

Finally, 774 is a cone, since for y € 7™ we find y’ € T with y = y’ + W,.
Since T is a cone, for every A > 0 we have Ay’ € T, so0 Ay € Tred, O
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We gather basic properties of A4,

LemMa 2.11. The pair (A™, T™) is an essential hyperplane arrangement
with chambers {n(K) | K € K}. The chambers are furthermore in one to one
correspondence to X.

Proor. The set A™ is a set of hyperplanes in V™4, since W C H for all
H e A

Let H e A™ with H = n(H) for H € A, then H' N T™ £ @, since
HNT 0.

We show that A™Y is locally finite in 779, Let y’ € n(T), then there exists
ay € T such that yY = y + W. Since A is locally finite in 7, there exists a
neighborhood U C T containing y such that {H € A | H N U # @} is finite. As
7 maps open sets to open sets, 7(U) is a neighborhood of y’in T™4. Let H’ ¢ A4
and H € Awithz(H) = H' and assume z € H' Nz (U). Then there existz’ € H
with (z") = z and z” € U with n(z"”) = z, thus z/ + w = z” for some w € W.
Hence z” € H as well, and we conclude that H N U # @.

We have thus established for H € A

HNU#0 < n(H)NnU) 9.

Therefore {H € A™ | H N (U)} is finite.

Forall K € X the set 7(K) is a connected component of 7\ (g ¢ qrea H, in
particular, as K C T, n(K) C T red  furthermore for a connected component K’
of T™\ Upecara H, 77 1(K’) is a connected component of T \ | Jg 4 H. This
completes the proof. O

DErINITION 2.12. Let (A, T) be a hyperplane arrangement, x € T. Then set

Wy := supp 4 ({x}),

Vi i=V/ Wy,

T =0V —Ve, vE— v+ W,
Ty :=n(T),
AT = m(Ay).

Note that the set A, is finite if x € T'.
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CoroLLARY 2.13. The pair (A%, Tx) is an essential hyperplane arrangement
with chambers {n(K) | K € K}

Proor. This follows from Lemma 2.8 and Lemma 2.11, since W,, = Rad(A,).
O

ExampLE 2.14. The hyperplane arrangement in Example 1.1 is degenerate, as
Rad(A) = L. Reducing this arrangement yields the essential and thin hyperplane
arrangement ({0}, R).

2.4 — The chamber graph and gated parabolics

We now consider the structure given by the chambers and their adjacency.

DeriniTion 2.15. Let (A, T) be a hyperplane arrangement. We call two
chambers K, L adjacent, if (K N L) is a hyperplane. If K, L are adjacent and
(K N L) = H, then we also say that K, L are H-adjacent.

Define the chamber graph I' = I'(A, T') to be the simplicial graph with vertex
set X, {K, L} is an edge if and only if K and L are adjacent.

We call a path in I" connecting K, L € X a gallery from K to L. We say
a gallery from K to L is minimal, if it is of length dr (K, L), where dr is the
distance in T'.

RemARrk 2.16. Although we consider arbitrary hyperplanes in the previous
definition, we will obtain in Lemma 2.18 that if K and L are H-adjacent, H is
already contained in A.

Lemma 2.17. Let K, L € X, v € K, w € L. Then S(K, L) = sec([v, w]), and
|S(K, L)| is finite.

Proor. As T is convex, the line [v, w] is contained in 7', and is compact.
Therefore, as A is locally finite, by Lemma 2.3 sec([v, w]) is finite.

Let H € A and assume H N [v, w] is empty, then D g (v, w]) is well-defined
and Dy (K) = Dg([v,w]) = Dy(L), so H does not separate K and L. We
can conclude S(K, L) C sec([v,w]). On the other hand, let H € sec([v, w]).
Since v € K, w € L, the interval [v, w] is not contained in H and neither v
nor w is in H. Assume Dg({v}) = Dgy({w}), since Dy ({v}) is convex, we
obtain [v, w] C Dgy({v}), contradicting our assumption. Therefore Dy (K) =
Dy ({{v}) = —Dg(w}) = —Dg(L). This yields sec([v, w]) € S(K, L). O
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Lemma 2.18. Two chambers K, L € K are H -adjacent ifand only if S(K, L) =
{(H)}. In this situation L is the unique chamber H -adjacent to K.

ProoOF. Assume first that K, L are H-adjacent. So H = (K N L). Note that
H € WX n WZ by definition. Since H € WX the set F := K N L is a convex
cone spanning H . Take a point x in the interior of F C H. For a suitable ¢ > 0
we find Ugs(x) N H C F and sec(Ug(x)) = {H}. The hyperplane H separates
U, (x) into two connected components, say U, and U_. Since K is open, F C K,
without loss of generality K meets U. Since sec(Ug(x)) = {H }, indeed we find
U+ C K. Assuming that L meets Uy implies that L = K, butthen KN L generates
V, contradicting the assumption of K and L being adjacent. Thus U_ C L, and
H separates K and L.

Assume H' € A such that H' separates K and L. Then K C (Dg/(K)) and
L c (Dg/(L)), in particular K N L C H’. This implies H' = H, therefore
S(K,L)={H}.

For the other implication assume that H is the unique hyperplane separating
K and L. In this case, note that K and L are distinct. If H is not in WX, K and
L are on the same side of every wall of K, thus equal, a contradiction. Therefore
HewXnwt.

Consider v € K and w € L. The interval [v, w] meets only H by Lemma 2.17.
Therefore [v,w] N H = {p}, with p € K N L. Since A is locally finite, by
Lemma 2.3 we find a neighborhood U of p such that sec(U) = {H}. Again U is
separated by H into two connected components, one contained in K, one in L.
Therefore U N H is contained in K N L and this set generates H. Thus K and L
are adjacent.

For the second statement assume L' is a chamber adjacent to K by H. Then we
established S(K, L") = {H}.If L # L’, there exists a hyperplane H’ separating
L and L’, and we can assume Dg/(K) = Dg/(L) and Dgy/(K) = —Dpg/(L).
Then H' separates K and L’, which implies H" = H. This contradicts the fact
that Dg/(K) = Dg/(L). O

LemMa 2.19. Let K € K, H € AN WX, Then there exists a chamber L
adjacent to K by H.

Proor. Take a point x in the interior of K N H with respect to H and a
neighborhood U of x contained in 7 with sec(U) = {H}. Since H € A,
—Dpg (K) N U is contained in a chamber L, which is adjacent to K by H. O

In the case where (A, T') is not thin, we need to be able to handle hyperplanes
which are not in A but occur as a wall of a chamber.
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LemMa 2.20. Assume K € X, H ¢ WK and H ¢ A. Then TN H = 0. In
particular for all K, L € X the set Dy (K) is well defined and Dg(K) = Dg (L)
holds.

Proor. Assume T'N H # @, then H separates T into two half spaces. As
H isawall of K and H ¢ A, we find that K is not a connected component of
T\ Ugeq H. Therefore T N H = @, which proves our claim. O

LemMma 2.21. Let K, L € X. Then there exists a minimal gallery of length
|S(K, L)| connecting K and L.

Proor. By Lemma 2.17 S(K, L) is finite, so let n = |S(K, L)|. Forn = 0, we
have Dy (K) = Dy (L) forevery H € Aandall H € WX UWZ by Lemma 2.20.
This implies that K and L are the same connected component. Let n = 1, then we
obtain the statement from Lemma 2.18.

We now use induction on n, let S(K, L) = {H;, ..., H,}. We cansort S(K, L)
in a way, such that H; € WX, By Lemma 2.19 and Lemma 2.18 there exists a
unique chamber K’ adjacent to K such that S(K, K’') = {H;}. We will show
S(K',L) = {H>, ..., H,}, then the statement of the Lemma follows by induction.
Since we have S(K, K’) = {H,}, we have Dy, (K) = Dy, (K') fori =2,...n.
Assuming that there exists an additional H' € A, H' # H, fori = 1,...n with the
property that H' separates K’ and L, provides a contradiction as H' also separates
K and L. By induction this yields a gallery of length n from K to L.

We show that this gallery is also minimal. For this purpose let K = Ko, Ky, ...,
K = L be an arbitrary gallery connecting K, L and let fori = 1,...,m the hy-
perplane H; € A such that Ki_1NK; C H;.Note that H; is unique with that prop-
erty by Lemma 2.18. Assume H € S(K, L), then there exists an index 0 <i < m
such that H separates K; and L but not K;+; and L. So Dg(K;) = —Dg(L)
and Dy (Ki+1) = Dpg(L), H separates K; and K;4+;. We obtain H = H;,
as K;, K; 11 are H;-adjacent and H; is unique with that property by Lemma 2.18.

Thus S(K,L) C {Hi,...,Hpn} and this yields |S(K, L)| < m. Above we
constructed a gallery of length |S(K, L)|, hence the gallery is already minimal.

d

CorOLLARY 2.22. The graph I is connected.

DEerintTION 2.23. Let (M, d) be a connected metric space. Let x € M and
A C M. A point y € A is called a gate of x to A or the projection of x on A if
y € o(x,z) for all z € A. The gate of x to A is uniquely determined, if it exists,
and we will then denote it by proj,(x). The set A is called gated if every x € M
has a gate to A.
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DEerINITION 2.24. Let x € T. Define the graph 'y = (X, Ex), where
Ex ={{K,K'} € E | K,K' € X\}. Then T is a subgraph of I" and is called the
parabolic subgraph at x. A subgraph I'’ of T is called parabolic, if it is a parabolic
subgraph at x for some x € T.

Remark 2.25. The parabolic subgraphs and subarrangements correspond to
the residues in the case where A is a hyperplane arrangement coming from a
Coxeter group.

LemMma 2.26. Parabolic subgraphs are connected.

Proor. The graph I'; corresponds to the chamber graph of the hyperplane
arrangement (Ay, T'), and is therefore connected by Corollary 2.22. |

LemMma 2.27. Letx € T, K € K. Then there exists a unique chamber G € K,
such that Dy (K) = Dy (G) for all H € Ay.

Proor. We prove existence first. Let K € K and consider the intersection

S:=Tn()Du(K).
HeAyx

Then S is a chamber of (A, T), since it is a non-empty connected component
of T. By Lemma 2.8 S corresponds to a unique chamber G in Xy, and Dy (G) =
DH(S) = DH(K) holds.

Solet G # G’ be another chamber in K. Then there exists an element H € A
such that H separates G and G’. By Lemma 2.7 we obtain H € A,, but this
implies Dy (G’) # Dy (G) = Dy (K). Hence G is unique with the property that
Dy(K) = Dg(G) forall H € A,. O

ProposITION 2.28. For x € T the set Xy is a gated subset of (X, dr).

Proor. Let x € T and T, be a parabolic subgraph. Let K € X. By
Lemma 2.27 there exists a unique chamber Gx € Xr such that Dy (Gg) =
Dy (K)forall H € A,. We will prove that Gk is a gate of K to Xx. Solet L € K.
If H € A separates Gg and L, we immediately get by Lemma 2.7 that H € A,.
On the other hand we get that if H' € A separates Gx and K, by construction
of Gk we find H ¢ A,. Now assume H € S(K,L) N Ay, we find that since
H € A, H does not separate Gx and K and therefore must separate Gx and L.
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Assume on the other hand that H € S(K, L) N (A \ Ay), then it cannot separate
L and Gk, and therefore must separate Gg and K. Summarized this yields

S(K,L) = (S(K,L) N Ay) U (S(K, L) N (A \ Ay))
= S(K,Gk) U S(Gg. L).

We thus find for all L € X, that dr(K, L) = dr(K, Gg) + dr(Gk, L). So Gk is
indeed a gate for K to I'. O

2.5 — Restrictions

We will now consider the structure induced on hyperplanes H by the elements
in A.

DEerintTION 2.29. Let (A, T) be a hyperplane arrangement. Let H < V be a
hyperplane in V, such that H N T # @. Set

AR ={H' NH<H|H e¢A\{H},, HHNHNT # @},

this is a set of hyperplanes in H which have non empty intersection with T N H,
if T N H is not empty itself.
We also define the connected components of 7 N H \ Jg/c 4 H' as K.

LemMma 2.30. If (A, T) is a hyperplane arrangement of rank r and H T # 0,

then the pair (A, TNH) is a hyperplane arrangement of rank r —1 with chambers
XA,

Proor. By definition for H' € A¥ wefind HNHNT # @. Theset T N H is
an open convex cone in H, the latter being isomorphic to R"~!. Letx ¢ TN H, U
a neighborhood of x such that sec(U) is finite. Then sec 4 # (U N H) is also finite,
hence A is locally finite in 7 N H.

By definition X are the chambers of this arrangement. O

DerintTion 2.31. If (A,T) is a simplicial arrangement, then we call
(AH T N H) for H € A the induced hyperplane arrangement (by (A, T)) on
H or the restriction of (A, T) to H.

In the case where H € A, we need some basic relations between chambers in
K and in KH
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LemMma 2.32. Assume H € A andlet K € X. If H € WX, then KN H is
the closure of a chamber in K. For every K' € K there exists exactly two
chambers K1, K, € K, such that H € WXi and K; N H = Ffori =1,2.

Proor. For the first statement, K N H is contained in the closure of a chamber
K’ of (AH,T N H), since its interior with respect to H does not meet any
hyperplane. Let x € K’ \ (K N H). Then x € L for some chamber L € X.
Let H € S(K,L). Assume x ¢ H’, then x € Dg/(L), while K N H is either
contained in H' or in —Dg/(L) = Dpg/(L). A contradiction to x € K’. Thus
we find x € H’'. Since x ¢ K, there exists a wall of K separating K and x.
A contradiction, hence K’ = K N H.

For the second statement, take x € K’, then x € H and A, = {H}. Choose a
neighborhood U of X such that sec(U) = {H }, which is possible by Lemma 2.3.
The hyperplane H separates U into two connected components, which are each
contained in chambers K, K. By definition K; and K, are H-adjacent, and
by Lemma 2.18 there can not exist another chamber being adjacent to K; or K»
by H. O

3. Tits cones and Tits arrangements
3.1 — Simplicial cones

In this section we introduce simplicial cones and collect some basic properties.
As before, throughout this section let V = R”.

DEerINITION 3.1. Let B be a basis of V*, then the open simplicial cone associ-

ated to B is
KB .= ﬂ at.
a€B

DEeriniTION AND REMARK 3.2. Let B be a basis of V*. We can then define the
closed simplicial cone associated to B as

KF= ("

oE€B

Aset K C V is an open simplicial cone, if K = K B for some Basis B of V*, and
likewise a closed simplicial cone, if K = KB for some Basis B of V*.
We say a cone is simplicial if it is open simplicial or closed simplicial.
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A simplicial cone can also be defined using bases of V. Let C be a basis of V,
then the open simplicial cone associated to C is

KC:{Z)LUU‘)LU>O}

veC

and the closed simplicial cone associated to C is

KC = {Z)va ‘Av 20}.
veC
Both concepts are equivalent, and it is immediate from the definition that if
B C V*and C C V are bases, then K® = K€ if and only if B is, up to positive
scalar multiples and permutation, dual to C.
A simplicial cone K associated to B carries a natural structure of a simplex,
to be precise:
SK:={I?H maJ“B/CB}
a€B’
is a poset with respect to inclusion, which is isomorphic to P(B) with inverse
inclusion. If C is the basis of V dual to B, we find Sg to be the set of all convex
combinations of subsets of C, and Sk is also isomorphic to P(C). Moreover,
{Rsoc | ¢ € C} is the vertex set of the simplex Sk.

Before we introduce root bases later in this paper, when considering simplicial
cones K we will often be interested in bases B of V* satisfying K2 = K without
specifying one. Therefore in the following we will denote with Bx C V* one
(arbitrarily chosen) basis of V* such that KBx = K.

LemMma 3.3. An open or closed simplicial cone is convex and has non-empty
interior.

Proor. Let K be an open simplicial cone and Bx C V* a basis associated
to K. Then K is convex and open as an intersection of convex and open subsets.
Furthermore let C be dual to Bg, then we obtain that ) ', .~ v € K, hence K is
not empty and thus has non-empty interior.

If T is a closed simplicial cone, it contains the closure of an open simplicial
cone, and has non-empty interior. O

RemaARrk 3.4. There is a definition of properness of a cone K as the property
of having non-empty interior and being closed, convex, and pointed, the latter
meaning that v, —v € K = v = 0. Thus all closed simplicial cones are proper.
In our context being proper is not of interest, the cones we are dealing with are
either convex and open or already simplicial.
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3.2 — Root systems and Tits arrangements

In the following let V' = R" and T C V' be an open convex cone. In this section
we define Tits arrangements on 7. The interesting cases the reader may think of
are T = R’, or a half-space T = a™ for some a € V'*.

We can now define our main objects of interest.

DEerintTiON 3.5. Let T C V be a convex open cone and A a set of linear hyper-
planes in V. We call a hyperplane arrangement (A, T') a simplicial arrangement
(of rank r), if every K € K(A) is an open simplicial cone.

The cone T is the Tits cone of the arrangement. A simplicial arrangement is a
Tits arrangement, if it is thin.

RemARrk 3.6. (1) The definition of “thin” requires that all possible walls are
already contained in A. If we do not require this, a bounding hyperplane may arise
as a bounding hyperplane of T itself. This happens in Example 1.1, which is not
thin. Consider also the case where T itself is an open simplicial cone. Even the
empty set then satisfies that the one chamber, which is T itself, is a simplicial
cone. However, it has no walls in A, hence it is not thin.

(2) From the definition it follows that in dimensions 0 and 1, there are very few
possibilities for simplicial arrangements and Tits arrangements.

In dimension 0, the empty set is the only possible Tits arrangement.

Inthecase V = R,wefind T = RorT = R.g or T = R<g. In the first
case, {Or} is a Tits arrangement and in the other two cases, {Or} is a simplicial
arrangement, but not thin any more.

(3) Later in this section we introduce the notion of k-spherical arrangements,
which is a refinement of being thin.

(4) In the case where T = R’, the property of A being locally finite is
equivalent to A being finite, as 0 is contained in every hyperplane. Furthermore
T = R’ is the only case where 0 € T, as the cone over every neighborhood of 0
is already R".

ExampLE 3.7. (i) Consider Example 1.1, there K; and K, are simplicial cones,
with WX = {L ker(a;)} and WX2 = {L ker(ay)}. The set {L} is therefore
a simplicial arrangement of rank 2 in 7', which is finite and hence also locally
finite. But ({L}, T') is not thin, as

T Nker(a;) =@ = T Nker(az).
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While this particular example can be turned into a thin arrangement by factoring
out the radical (cp. Example 2.14). However, one can easily find examples of
essential simplicial arrangements which are not thin.

(ii) In Example 1.2, the set {L,, L,’ | n € Nx¢} of hyperplanes is not finite,
but it is locally finite in 7. If (x, y) € R2, we cannot find a neighborhood U of
(x, y) which meets only finitely many hyperplanes if and only if x =0 or y = 0,
and hence (x,y) ¢ T.

A chamber K satisfies one of the following:

(1) WK ={L,, L,y} for somen >0, or
) WK ={L,’, L,.1'} for some n > 0.

Therefore, ({L,,L," | n € Nxo}, T) is a Tits arrangement of rank 2.

Likewise, the hyperplane arrangement in Example 1.3 is a Tits arrangement of
rank 3 in 7. The vertices of the simplicial cones are contained in 97", but all walls
meet 7.

(iii) Figure 4 shows a Tits arrangement coming from the Weyl groupoid of an
infinite dimensional rank three Nichols algebra of diagonal type.

Figure 4. A Tits arrangement of rank three. The area outside of the cone is not entirely
black because we display only a finite subset of the hyperplanes.
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Lemwma 3.8. Tits arrangements are essential.

Proor. Let K € K, B a basis of V* such that K = KB. Since WX c A and
B is a basis, we find (), &t = {0}. O

Some of the “classical” cases are the following choices for 7.

DEerintTION 3.9. A simplicial arrangement (A, T) is spherical, it T = R". We
say (A, T) is affine, if T = y* for some 0 # y € V*. For an affine arrangement
we call y the imaginary root of the arrangement.

Remark 3.10. The Tits cone of a Tits arrangement (A, 7)) resembles the
interior of the Tits cone for Coxeter groups. The geometric representation of an
irreducible spherical or affine Coxeter group is a prototype of spherical or affine
Tits arrangements.

DerinITION 3.11. Let V = R', a root system is a set R C V* such that
1) 0 ¢ R,
2) —a € Rforall ¢ € R,
3) there exists a Tits arrangement (A, T) such that A = {a" | & € R}.

If R is a root system, (A, T') as in 3), we say that the Tits arrangement (A, T') is
associated to R.
A root system R is reduced, if « € R and B € (@) N R implies € {+a}.
Let (A, T), (A’, T’) be Tits arrangements associated to the root systems R and
R’ respectively. Then (A, T) and (A, T’) are called combinatorially equivalent,
if there exists an g € GL(V) suchthat gA = A, g* R = R’, g(T) = T’. Here %
denotes the dual action of GL(V) on V*, definedby g xa@ = a0 g71.

Remark 3.12. If (A, T) is associated to R, then so is (A, —T), but both ar-
rangements are combinatorially equivalent (via —idy ). While a given root system
R determines A uniquely, it is not clear whether or not there can exist an arrange-
ment (A, T’) associated to R, which is not equivalent to (A, T).

We note some immediate consequences of Definition 3.11.
Given a Tits arrangement (A, T'), a reduced root system to which they are
associated always exists.
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Lemma 3.13. Let (A, T) be a Tits arrangement of rank r, S" ™! the unit sphere
in R” with respect to the standard metric associated to the standard scalar product
(). Let

S=JH ' ng .
HeA
Then R = {(s,-) € V* | s € S} is a reduced root system for A.

Furthermore every reduced root system R’ associated to (A, T) is of the form
R = {Aqa | Aq = A_q € Rso,a € R}, and every such set is a reduced root
system associated to (A, T).

Proor. As H € Ais r — I-dimensional, dim H+ = 1,s0 H+ N§" ! = {£s}
for some vector s € V, with s* = H. So R is a root system associated to (A, T).
Let a,Aa € R for some A € R, then et = (Aa)L. As the map s — (s,-) is
bijective, we find A € {£1}. Therefore R is reduced.

For the second statement note that the hyperplane H € A determines s € H+
uniquely up to a scalar. So any R’ of the given form satisfies {a* | & € R’} = A.
Furthermore it is reduced, as () N R’ = {£Aq,a} fora € R. O

DEerinTION 3.14. Let (A, T) be a Tits arrangement and R a reduced root
system associated to (A, T'). Let K be a chamber. The root basis of K is the set

BX :={aeR|at e WK a(x) > 0forall x € K}.

Remark 3.15. If R is a root system associated to the Tits arrangement (A, T),
K € X, then
Wk .= {at |« € BX)}.
Also, as a simplicial cone K C R” has exactly r walls, the set BX is a basis of
V*. Furthermore, K% = K.

The following lemma is crucial for the theory and motivates the notion of root
bases.

LemMma 3.16. Let (A, T) be a Tits arrangement, R a root system associated to
(A,T) and K a chamber. Then R C £, px Rx>oc.. In other words, every root
is a non-negative or non-positive linear combination of BX.

Proor. The proof works exactly as in the spherical case, see [6, Lemma 2.2].
O

It is useful to identify Tits arrangements which basically only differ by the
choice of basis, therefore we make the following definition.
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3.3 — The simplicial complex associated to a simplicial arrangement

DEeriniTION AND REMARK 3.17. Let (A, T') be a simplicial arrangement. The
set of chambers X gives rise to a poset

si={Kn\H |Kex.A cwrl =] s«
HeA’ KeX
with set-wise inclusion giving a poset-structure. Note that we do not require any
of these intersections to be in 7". By construction they are contained in the closure
of T, as every K is an open subset in 7.

We will at this point just note that § is a simplicial complex. This will be
elaborated in Appendix A.

ProrosiTioN 3.18. The poset S is a simplicial complex.

DEeriNiTION AND REMARK 3.19. The complex § is furthermore a chamber
complex, which justifies the notion of chambers and is shown in Appendix B.

We have a slight ambiguity of notation at this point, as a chamber in the
simplicial complex 8 is the closure of a chamber in XK. For the readers convenience,
a chamber will always be an element K € X, while we will refer to a chamber in 8
as a closed chamber, written with the usual notation K. We show in Appendix B
that the closed chambers are indeed chambers in a classical sense.

Remark 3.20. (1) Depending on 7', the above mentioned simplicial complex
can also be seen as canonically isomorphic to the simplicial decomposition of
certain objects, arising by intersection with the respective simplicial cones. In
case T = R’, § corresponds to a simplicial decomposition of the sphere $"~!.
If T = of fora € V*, we find 8§ to be a decomposition of the affine space
A"~ which we identify with the set o~ 1(1). If T is the light cone and A is
locally spherical as defined in Definition 3.21 below, we can find a corresponding
decomposition of H" ™!,

(2) In the literature (see [5, Chapter V, §1]) the simplicial complex associated to
a finite or affine simplicial hyperplane arrangement is defined in a slightly different
manner. Let V be a Euclidean space, A a locally finite set of (possibly affine)
hyperplanes. Define for A € A, v € V' \ A the set Dy (v) to be the halfspace with
respect to H containing v. Set

vV~ w ifweﬂHﬂﬂDH(v).

veEHeA v¢gHEeA
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Then ~ is an equivalence relation, its classes are called facets. Facets correspond
to simplices, and form a poset with respect to the inclusion F < F’ <= F C F.

One obtains immediately that every point in V is contained in a unique facet.
However, when the space is not the entire euclidean space but a convex open cone,
it is desirable to consider some of the points in the boundary, as they contribute to
the simplicial structure of 8. Therefore, we prefer our approach before the classical
one.

(3) The above approach could also be used to define k-sphericity (see below)
for hyperplane arrangements, which are not necessarily simplicial.

Using the simplicial complex 8, it is now possible to refine the notion of being
thin for a simplicial arrangement.

DEerintTioN 3.21. A simplicial arrangement (A, T') of rank r is called k-
spherical for k € Ny if every simplex S of §, such that codim(S) = k, meets
T. We say (A, T) is locally spherical if it is r — 1-spherical.

ReEmaRrk 3.22. Immediate from the definition are the following properties.

(1) A simplicial hyperplane arrangement of rank r is O-spherical, as K € X is
constructed as an open subset of 7.

(2) The arrangement (A, T) is spherical if and only if it is 7-spherical.

(3) The arrangement (A, T') is thin and therefore a Tits arrangement if and only
if it is 1-spherical.

(4) As 8 is a simplicial complex with respect to inclusion, being k-spherical
implies being k — 1-spherical for 1 <k <r.

(5) Examples of locally spherical arrangements are all arrangements belonging
to affine Weyl groups, where the affine (r — 1)-plane is embedded into a
real vector space of dimension r, as well as all arrangements belonging to
compact hyperbolic Coxeter groups, where T is the light cone. The notion
locally spherical is inspired by exactly this property for groups.

(6) As a generalization of (5), take a Coxeter system (W, §) of finite rank. Then
W is said to be k-spherical if every rank k subset of S generates a finite
Coxeter group. The geometric representation of W then yields a hyperplane
arrangement which is k-spherical in the way defined above. Therefore, being
k-spherical can be seen as a generalization of the respective property of
Coxeter groups.
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(7) Anequivalent condition for (A, T') to be k-spherical, which we will use often,
is that every (r —k —1)-simplex meets 7. This uses just the fact that simplices
of codimension k are exactly (r — k — 1)-simplices.

ExampLE 3.23. The arrangement in Example 1.1 yields the simplicial complex
8, with maximal elements K, K, vertices L N T = {(x,x) | x > 0}, {(x,0) |
x > 0}, {(0,x) | x > 0}, and the set {0} as the minimal element. Thus ({L}, T)
is O-spherical, but not 1-spherical, as it is not thin (see also Remark 3.6 and
Example 3.7).

The arrangement in Example 1.2 is thin and therefore 1-spherical and locally
spherical. The vertices are the rays L, N T, L, N T, the minimal element, which
has codimension 2, is {0}. Since 0 ¢ T, it is not 2-spherical and in particular not
spherical.

In Example 1.3, the arrangement (A, T') is thin and therefore 1-spherical, but
since all vertices are contained in 97, it is not 2-spherical and thus not locally
spherical. The group W from this example is not compact hyperbolic.

An important observation is the fact that the cone 7" can be reconstructed from
the chambers.

Lemwma 3.24. For a simplicial arrangement (A, T') we find

~|

I
C

s

Furthermore (A, T) is locally spherical if and only if

T=|JK

KeX

holds.

PrOOF. As|Jgeq K C T, the inclusion | geqe K C T holds. If x € T, either
x € K for some K € X, or x is contained in a finite number of hyperplanes, thus
in a simplex in 8 and also in the closure of a chamber, and therefore x € | Jgcqc K.

Solet x € T\ T. Assume further that x is not contained in any simplex in
8, else the statement follows immediately as above. Therefore A, = @, and as T
is convex, this means x is in the boundary of 7. So let U := Us(x) be the open
8-ball with center x, then U N T # @. As U is open, U N T is open again. The
set sec(U N T) can not be empty, else U, N T is not contained in a chamber, in
contradiction to the construction of chambers. So let X, be the set of chambers
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K with K N U # 0. If x is not contained in the closure of | Jg ¢4, K, we find
an § > & > 0 such that the open ball U,(x) does not intersect any K € Xo.
But Ug(x) N T must again meet some chambers K, which are then also in X, a
contradiction. So x € | Jgeq K and equality holds.

For the second statement, if (A, T) is locally spherical, every x € T is
contained in some simplex F € 8,50 T C (Jgeq K holds. If x € K for some
K € X, x is contained in some simplex F C K. Now A is locally spherical, so F
meets 7. Boundaries of simplices are simplices, hence the intersection F N(T\ T)
is again a simplex in 8, being locally spherical yields that this intersection is empty,
which proves the other inclusion.

The other direction of the second statement is immediate from the definition
of being r — 1-spherical. O

RemARrk 3.25. For a Tits arrangement (A, T') it is possible to show that we can
also describe T as the convex closure of T := | Jgcq K, or alternatively as

T=Jxl

x,y€Ty

We will require the existence of a type function of 8§ (for the definition, see
Definition B.3), which is given by the following proposition, proven in Appen-
dix B.

ProrposiTion 3.26. Let (A, T) be a simplicial arrangement. The complex § :=
8(A, T) is a chamber complex of rank r with

Cham(8) = {K | K € K.

The complex S is gated and strongly connected. Furthermore there exists a type
function ©:8 — I of 8§, where I = {1,...,r}. The complex § is thin if and only if
(A, T) is thin, and 8 is spherical if and only if (A, T) is spherical.

We will now take a closer look at the relations between the bases of adjacent
chambers. Again the proof follows [6, Lemma 2.8] closely.

LemMma 3.27. Let (A, T) be a Tits arrangement, R a root system associated
to (A, T), and let K,L € X be adjacent chambers. Assume K N L C ozf- for
a; € BK, IfB e BL, then either

i) B =—a;or

11) IB € Z(IEBK Rzoa.
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holds.

Proor. By Lemma 3.16 we can assume f is either as in case ii) or - =
Y wepe Ao With Ay € Rxo. Using that for arbitrary ¢, ¢ € V* we have ¢+ N

F - m, we get K = Nyecnk at C W We also observe that
L C B+, therefore we get K N L C B+ N (=p)+ = pL.

By choice of «; and since the elements in BX | BL are reduced by definition,
we find i = B+ and B = —a;. O

DEFINITION AND REMARK 3.28. Assume for K € X that BX is indexed in some
way, i.e. BX = {a1,...,a,}. For any set I, define the map «;: P(I) — P(I) by
k(J)=1\J.Setk :=«q,. r}

For every simplex F C K there exists a description of the form F = K N
Nacs, at for some Br C BX by Remark 3.2, which gives an index set Jr =
{i | o €B F}- B

This gives rise to a type function of K in 8, by taking the map tz: F — «(JF).
By Theorem B.15 the map 77 yields a unique type function 7 of the whole
simplicial complex 8. So let L € X be another chamber, then the restriction 7|z
is a type function of L as well. Assume BL = {B,..., B}, this yields a second
type function of L in the same way we acquired a type function of K before,

7 Fr—k({i | F C Bi)).

We now call the indexing of BL compatible with BX, if t; = t|;.
Since the type function 7 is unique, there is a unique indexing of BZ compatible
with BX,

The existence of the type function and Lemma 3.27 allow us to state the
following lemma, which gives another characterization root bases of adjacent
chambers.

LemMma 3.29. Assume that (A, T) is a Tits arrangement, R a root system
associated to (A, T). Let K, L € X be adjacent chambers and choose a indexing
BX = {ay,...,a,). Let the indexing of BX = {B.....,B,} be compatible with
BX. Assume KN L C a,i-forsome 1 <k <r.Then B; € (a;, o).

Proor. Ifi = k, this is immediate from Lemma 3.27. Soleti # k and assume
without loss of generality kK = 1.

Consider the type function 7z of K and 77 of L as restrictions of the unique
type function 7. Being compatible yields that 7(KNL) = t(KNaj) = {2,...,r}.
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Then t(K N L Nait) = {2,....r}\ {i} = ©(K N L N ;") holds and we
get (K Nt Naf) = {2,...,n) \ {i} = ©(d N B+ N Bi). We conclude that
B+ N B = BN, andasa; = —B1 we find B N = ot Naf.

Then we find (B;, 1) = (@i, 1), so B; is a linear combination of «; and «;,
which proves our claim. O

4. Parabolic subarrangements and restrictions of Tits arrangements
4.1 — Parabolic subarrangements of Tits arrangements

We will collect more properties of parabolic subarrangements of Tits arrange-
ments. In particular we will indicate suitable root systems associated to these
subarrangements. Remember from Corollary 2.13 that (AF, Ty) is a hyperplane
arrangement.

DEerintTION 4.1. Assume (A, T) is a Tits arrangement and R a root system
associated to (A, 7). Let x € T, define R, := {& € R | a* € Ay}. For K € K,
set BX .= BX N R,.

LemMma 4.2. With notation as above, let K € XK, then (BX) = (R,).

P
In particular, BK is a basis of (R).

Proor. The inclusion (BX) C (R,) holds due to BX C R,.

Now the space (BX)L = {v € V | a(v) = 0V a € BX} is a subspace of V
and (BX)L N K is a face of K containing x. Assume F is a face of (BX)L n K
containing x. Then F is also a face of K and has the structure F = K N(/L, o
for some a1p,...,a,, € BX. Then by definition x € o fori = 1,...,m, and
(BKYL N K c F,so (BX)L N K is aminimal face of K containing x.

The inclusion (BX) < (R,) implies (Ry)* < (BK)L, therefore the set
(Rx)* N K is also a face of K, furthermore it contains x by definition. We can
conclude (BX)+ c (R,)*, which yields the equality.

The second claim follows since BX := BX N R, and the elements in BX are
linearly independent. O

RemaRrk 4.3. The linear form o € R, definesamap V, - Rbyv + W
a(v), which is well defined since W € ker o. We will identify this map with « and
think of Ry as a subset of V}.

Most of the time we are interested only in R, and its combinatorial properties,
therefore it does not matter whether we consider these in V,* orin V' *. But formally
the transition to Ty is necessary to obtain a root system in the strict sense.
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We will consider Vi as a topological space with respect to the topology in
V/ W, which comes from the standard topology on R’.

Prorposition 4.4. Assume (A, T) is a Tits arrangement, R a root system asso-
ciated to (A, T) and x € T. The hyperplane arrangement (AT, Ty) is simplicial.
The chambers of this arrangement correspond to K.

Moreover, if x € T, then (A%, Ty) is spherical. If x ¢ T, dimVy = m, and
(A, T) is k-spherical for some k € I, then (A%, Ty) is min(m, k)-spherical.

In particular (AT, Ty) is a Tits arrangement and Ry a root system associated
to (AL, Ty).

Proor. Assume dim Vy = m, so dim(R,) = m anddim W+ = r —m.

Let K € Ky, m:V — Vi denote the standard epimorphism. Let X’ be the
connected components of Tx \ Uyer, al. The set 7(BX) is a basis for V, by
Lemma 4.2 and we find 7(K) C Ty N ﬂa€B§ 7*(a)t by definition. Denote this
intersection by K'.

First we show that K’ € X’. Assume there exists 8 € R, such that there exist
y',z" € K" with 8(y") > 0, B(z) < 0. Then we find y, z € T with the properties:
B(y) >0, B(z) <0,a(y) > 0,a(z) > Oforall« € BX. Forany 0 < A < 1 and
o € BE wefinda(y —A(y —x)) = a(y)(1 —2) > 0and a(z —A(z — x)) < 0
asa(x) =0.Sofor0 < Ay, A; < 1thepoints y —A,(y —x),z —A,(z — x) still
satisfy the above inequalities.

Now let o € BX \ BK then a(x) > 0. So choosing 0 < A,,A, < 1 large
enough we find that the points y; := y —A,(y —x), z1 := z— A are close enough
to x to satisfy B(y1) > 0, B(z1) < 0 and a(y;) > 0 < a(z;) foralla € BX. So
¥1,21 € K, in contradiction to the simplicial structure of 8.

By its definition, K’ is a simplicial cone, the arrangement (A%, Ty ) therefore
is simplicial. It remains to determine for which k the pair (A7, Ty) is k-spherical.

In the case where x € T, n(T) = V, and A7 is spherical. Construct a simplex
F’ in the following way.

Since K is a simplicial cone, there exists an closed simplex S with the property
K = RS U {0} (for details, see Remark A.1). Let F, denote the minimal face of
S such that x € R~¢Fy, and let V(Fy) be the vertex set of F,. Then the vertices
V(S) \ V(Fy) span a face of S, denote this face by F’. The vertices 7(V(F’)) are
linearly independent: Assume Y_, cyzry Av(v) = 0, then Y- cppn Ay € W
Furthermore note that W+ is spanned by V(F,). So we get a linear combination
of the form Y,y (pry AU = X, cp(r,) Avv. Linear independence of V(S) yields
Ay =0 for all v € V(S).
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This also gives us |V(F’)| < m. Assuming inequality, we find more than r —m
vertices in W+, a contradiction to dim W+ = r — m. So 7w (F’) spans indeed an
(m — 1)-simplex in V.

We show K’ = Rxon(F’) U {0}. In general for every v € V(K) there exists a
unique o € BX such that o(v) > 0 by Remark 3.2, all other o # B € B€ satisfy
B(v) = 0. Since for v € V(F') the vector v is not contained in any proper face of
K containing x, we find a unique « € BX such that a(v) > 0.

Lety € Roon(F'), theny =} cy(pr Av(v) with A, > Oforall v € V(F).
Then a(v) > 0 forallv € F', o € BX* yields a((v)) > 0. Therefore y € K'.

So assume 0 # y ¢ Rsonm(F'), then y = >, cy(rr Avm(v) and there exists
aw € m(V(F’)) such that A, < 0. Now there exists a unique « € BX such
that a(w) > 0, so we find a(ZveV(F/) Ayv) < 0. Therefore a(y) < 0 holds, and
therefore y ¢ K’. We can conclude K’ = R ox(F’) U {0}.

Now assume x ¢ T and A is k-spherical. Let F’ be as above, then F’ is
isomorphic as a simplicial complex to the closed chamber R~ o7 (F’)) U {0} and
all simplices contained therein. A face of F’ meets 7 if and only if a face of
Rso7(F’) U {0} meets Ty. Now F’ is an (m — 1)-simplex, as it is spanned by m
vertices, likewise Fy is an (r — m — 1)-simplex.

Let F; C F’ be a face of F’, and assume Fj is an /-simplex. Then V(F;) U
V(Fy) generate an (r —m + [)-simplex F, of S. As A is k-spherical, F, therefore
meets T if r —k — 1 < r —m 4+ is satisfied, or equivalently m —k — 1 < /. Under
this condition also wx(F>) = mx(F;) meets Ty, we can conclude that A7 is k-
spherical. Since AT will not be more than m-spherical, since it is an arrangement
of rank m, we find that A7 is min(k, m)-spherical.

Soas (A, T) is thin, (A%, Tx) is a Tits arrangement with root system R,. Since
chambers K € K, and in K’ € X’ are uniquely determined by the sets BX and
BX" we find that 7 induces a bijection between K and K'. |

Remark 4.5. (1) The Tits arrangement (A%, Ty) is not so much dependent on
the point x as on the subspace spanned by x, as one gets the same arrangement
for every Ax, 0 < A € R. This hints to the fact that one can see a simplicial
arrangement as a simplicial complex in projective space. However, we will not
elaborate this further.

(2) It is worth mentioning that the chambers X, and the underlying simplicial
complex correspond to the star of the smallest simplex in 8 containing x.

(3) It is possible to show that for a simplicial hyperplane arrangement (A, T),
the arrangement (A7, Tx) is also simplicial. However, the existence of a root
system simplifies the proof.
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(4) When x ¢ T, (AT, Tx) may become k’-spherical for some k' > min(k, m).
The reason for this is that A not being k’-spherical does not imply that every
(r — k' — 1)-simplex contained in a chamber in X, does not meet 7.

The above statements make sense if R, = @, this occurs if and only if either
x € T is in the interior of a chamber, or x ¢ T does not meet any hyperplane
H € A. However, in this case we have (BX) = {0} and the induced arrangement
is the empty arrangement. This is not a problem, since in this case W+ = V and
Vyx = {0}, but this case is somewhat trivial. Therefore the requirement R, # 0 is
quite natural to make, and we will assume this from now on.

Another trivial case is x = {0}, in whichcase Ry = R, Ax = Aand T, = T.

We can also give an exact criterion to when A7 is a spherical arrangement.

CoroLLARY 4.6. Assume (A, T) is a Tits arrangement of rank r > 2 and R a
root system associated to (A, T). Let x € T. Then Ay is finite ifand only if x € T.
In particular, a simplicial arrangement is finite if and only if it is spherical.

Proor. If x € T, Ay, Ry are finite by Proposition 4.4. So assume Ay, Ry are
finite and let x € T. Then also K, is a finite set, so let K € K, and by Lemma 2.26
we find K’ € X, such that d(K, K’) is maximal. Any minimal gallery between
chambers in X, is already in Ky, since for H € A with Dg(K) = —Dg(K') we
obtain H € A, by Lemma 2.7.

Let dim V,, = m, then the m adjacent chambers K, ..., K™ of K’ exist, since
A is thin, and are all closer to K than to K'. Let K’ be H; -adjacent to K, we can
conclude Dg;(K) = —Dpg;(K') fori = 1,...,m. Let U be an open ball with
center x,andletU' = UNK',U"” = UNK,then U" and U"” are open as well and
contained in 7. Take y’ e U',s0y' = x + (y' —x) €e U'and y” := x — (y/ — x)
isin U”. We find x € 6(y’, ") C T, which shows our first statement.

The last statement is obtained by taking x = Oy. |

‘We finish this section with two observations.

LemMma 4.7. The root system R is reduced if and only if Ry is reduced for every
xeT.

Proor. This follows immediately since R, is constructed as a subset of R and
R = |J,cr Ry, note that for & € Ry we findat N T # @. O
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Lemwma 4.8. Let (A, T) be a Tits arrangement and R a root system associated
to (A, T). Let x € T with Ry # 9. Let K,L € X, be af--adjacent, and
BK = {ay,...,a,), BY = {B1....,Bn} indexed compatible with BX. Then
BX — BL «; v B is a bijection.

Proor. We know by Lemma 4.2 that (BX) = (BL). Since BX, BL consist of
linear independent vectors, we get |BX| = |BL|.

It remains to show that the map is well defined. For o; € BX we find x € ;-
We have x € af and x € ;. Now B; = A1 + Ao for some A, A; € Z by
Lemma 3.29, so Bi(x) = A1a1(x) + A;e;(x) = 0 and we are done. O

4.2 — Restrictions of simplicial arrangements

In this section, we will discuss how a Tits arrangement (A, T') induces a Tits ar-
rangement on hyperplanes in A. In the classical theory of hyperplane arrange-
ments this is also called the restriction of an arrangement [cp. [22]].

DEeriniTION 4.9. Let (A, T') be a Tits arrangement, R be a root system associ-
ated to (A, T') and let H be a hyperplane. Define

g V¥ — H*, ar—oalg,
and set
R =725 (R\ ({0} U{a e nfy(R) |at N HNT = @}).
We can also define the connected components of H \ |y e H' as K.

ReMARK 4.10. In the case r = 0 there exists no hyperplane which is not in
the arrangement. In the case r = 1 the set A% is just the point {0} or empty. Our
statements will remain true in these cases, but most of the time they will be empty.

In particular we will examine the case where H € A, since otherwise we will
not necessarily see an induced simplicial complex.

An interesting special case occurs for affine arrangements with imaginary root
y and H = y=, since in many cases this yields as R¥ a root system associated to
a spherical Tits arrangement.

LemMa 4.11. With notation as above, we find A¥ = {a*NH | () € RHY.

Proor. This follows immediately from the definition. O
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COROLLARY 4.12. The elements K' € K are simplicial conesin H N T.

Proor. If r = 0, the statement is empty, so let » > 1. Lemma 2.32 yields that
for K’ € Ky the set K is actually an maximal face of some chamber K € X. This
is a simplicial cone by Remark 3.2. |

The following observation is immediate from a geometric point of view, but
necessary to point out.

LemMma 4.13. Let H <V be an arbitrary hyperplane, and let o € R. Then we
find n} (@)t =t NH, nf(@)" =at* NHand n}y(0)” =~ NH.

Proor. First note that 7, (er)(x) = a(x) by definition of rj,. The equalities
follow immediately by considering the cases a(x) = 0 or a(x) > 0. O

The above lemma immediately yields the following statement.
COROLLARY 4.14. A” = {a+ < H |a € RH).

LemwMma 4.15. Let (A, T) be a Tits arrangement, R a root system associated to
(A.T), K € X, H e WK. Let B := n};(BX)\ {0}. Then

i) HNK =K' for a unique K' € X4,
iil) (K’ Nat)=atandat NK' =0 fora € B,
iii) K’ ={x € H | a(x) > 0forallx € B}.

ProoF. Part i) is clear by the definition of K and X, since H N K is a unique
maximal face of K.

For the second statement assume H = B+ for B € BX. We use that K’ is
a maximal face of K. The maximal faces of K’ are exactly the sets of the form
KNHNat =K' Nat fora € BX\ {B}, by Lemma 4.13 we obtain that the faces
can also be written as K’ N a* for & € B. As the maximal face K’ N a* spans a
hyperplane in H contained in a*, we conclude (K’ Nat) = a* for o € B and ii)
holds.

Assertion iii) is a direct consequence of Lemma 4.13. |

ProrposiTion 4.16. Let (A, T) be a k-spherical Tits arrangement for k > 1.
Let R be a root system associated to (A, T) and H € A. Then (A", T N H) is
a (k — 1)-spherical simplicial arrangement. If (A®, T N H) is thin, it is a Tits
arrangement associated to R .
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Proor. The set R¥ does not contain 0 by definition, and if « € R¥, we find
o' € Rwitha = };(e’), so —o’ € Rand —a € RH.

By Lemma 4.13 we know that A = {a < H | « € R} and by definition
we have ot N H N T # @. Furthermore we know that the connected components
in K are simplicial cones by Corollary 4.12.

Let K’ € XH and K e K such that K’ is a face of K. Let 8 € BX such that
B+ = H.By ii) in Lemma 4.15 we find WK = {x},(¢)* | « € BK\ {B}}, and
with iii) in Lemma 4.15 we BX” is of the form {lq0 € RH |« € Ty (BK)\ {0}},
where 1y € R-¢. Hence AH is a simplicial arrangement in 7 N H, and AH =
{at | @ € RH} holds. So if A is thin, R¥ is a root system for A .

Now assume F is an m-simplex in the simplicial complex 8# associated to the
simplicial arrangement (A, T N H). Since this is a subset of 8, F meets T N H
if and only if F meets 7', and therefore (A¥, T N H) is k — 1-spherical if (A, T)
is k-spherical. |

CoroLLARY 4.17. Assume that in the setting of Proposition 4.16 the pair
(AH T N H) is a Tits arrangement and R™ a root system associated to
(AH T N H). Let K € X such that H € WH. Then the set JT};(BK) \ {0} is
a basis of H*.

ProoF. By Proposition 4.16 the set BX” is a basis of H*, by Lemma 4.15 iii) we
find that the elements in 7, (BX)\ {0} are non zero scalar multiples of BX' . O

Appendices

A. The simplicial complex 8

We freely use the standard notions of simplicial complexes and refer in particular
to [12, Appendix A2] and [24]. Notice that in this article, a chamber is a maximal
simplex and a morphism of simplicial complexes is rank preserving on the set of
simplices.

Fix a simplicial arrangement (A, 7). We will show that § is actually a simplicial
complex and furthermore a chamber complex with set of chambers K. We already
showed in Remark 3.2 that the simplicial structure on a closed chamber K is
induced from the simplicial structure of S, where S is an open simplex such that
K =R-oS.

Recall the notion of the convex hull of a set.
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DEeriniTION AND REMARK A.1. Let (V, d) be a connected metric space. For an
arbitrary subset X C V the convex hull of X is the smallest convex set Y C V,
such that X C Y. For a different approach, recall that the segment between
X,y e Mis

o(x,y):={zeM|d(x,z)+d(z,y) =d(x,y)}.
This can be used to define
H(X):= Ua(x,y).
x,yeX

We can then recursively define
HO(x):= X,
H®™(X):= HH®Y(X))for1 <n €.

Then the convex hull of X is the set |, oy H™ (X).
For V' = R’ and a linearly independent set X C R” the convex hull of X can
be more easily described as

{3 dax|0= 2= Torallxe X, ) A =1},
xeX xeX

In this setting, we will refer to the set

{Z)Lxx‘0<Ax<1f0rallxeX,ZAx: 1}
xeX xeX
as the open convex hull of X .

If X C R’ is linearly independent, then its convex hull S carries the structure
of a simplex of rank |X| — 1. The vertex set is V/(S) = X and the simplicial
structure coincides with the poset (P(X), ).

Moreover, if C is a basis of R", and S is the open convex hull of C, the cone

R-oS :={Av | A € Rsp,v €S}

coincides with K€ as defined in Remark 3.2. If F is a face of S, there exists
a subset Cr C C such that F is the convex hull of Cr. Then R-¢F is a face
K in the simplicial complex K. Therefore P(C), S, and K€ are all isomorphic
simplices, via the isomorphisms

S — K, F +— R=oF,

S —P(C), Fr—Crp.
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LEmMMA A2. Let C = {vy,...,v,}, C' = {v],...,v,} be bases of V such
that K€ = K€'. Then, up to permutation, o; = Aia for some A; € Rxg for all
1<i<r.

The same holds for two bases B, B’ of V* such that K® = K%'

Proor. Let S be the open convex hull of C. Then RS = K¢ = K¢,
One can choose positive scalars p; € Rso such that w; = p;v; € S. Then
w; = erc=1 K v; With ZI’;=1 kir =1,0<kj <1.LetC" := {wi,...,w,}, we
find KC = Kc//. Hence v; = Z;=1 Vij Wi with Z;=1 Vij = land 0 < Vij = 1.

Therefore the matrix M, CC " (id) describing the base change is non-negative, and
the same holds for its inverse MCC,, (id). It is well known (see Theorem 4.6 in
Chapter 3 of [2] for example) that the inverse of a non-negative matrix is non-
negative if and only if the matrix is monomial. Adding the fact that the sum
of every column adds up to 1, we get that ME" (id) and M, (id) are already
permutation matrices.

The statement for B, B’ C V* just follows from Remark 3.2 by considering
the dual basis. O

RemAark A.3. For the following statement recall from 3.2 that for a basis B of
V* the cone KB C V is given by

KB = ﬂoﬁ.

oE€B

For a basis C of V the cone K€ is given by

Kcz{ZAvv‘O<AU}.

veC

CorROLLARY A.4. Let K = K€ = K8 for a basis C of V and a basis B of V*.
Let B € V*. Then B(v) > 0 forallv € C ifand only if B € Y, cp R>ow. Likewise
B) <0forallveC ifandonlyif p € =) ,cp Rsoc.

Proor. Let B = ) ,cpAee. By Remark 3.2 we find that B is dual to C
up to positive scalar multiples. Denote with o, € B the dual to v € C. So
B = > ,ec Avoty. Applying this to C yields f(v) = A, for all v € C. This
immediately yields both equivalences. O

LemMa A.5. Let F € 8. For every H € A, either F C H or F is contained
in a unique closed half-space of H, denoted by Dy (F). Furthermore F N H € §,
and if F € K for some K € K, then F N H € K.
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Proor. Incase F C H, there is nothing to show, so assume F ¢ H.Then the
first statement is an immediate consequence of Corollary A.4 and the fact that the
elements K are defined as connected components of V' \ Uy, H. Leta € V*
such that H = ot and Dy (F) = a™.

Let F be the convex hull of the vertices R-qv1, ..., Rsovg, where &k > 1 as
we assume F ¢ H. For the same reason we can assume v;,...,v; ¢ H for
some i < k, and without loss of generality we can assume vy,...,vj—1 € H.
Then F N H is the convex hull of R>gv1,...,Rsov;—;. By Remark 3.2 K is a
simplicial complex, hence F N H is a simplex in 8 contained in K. O

Proof of Proposition 3.18. Let F € 8, then F = K N Naea, H for some
KeX A c WK . In particular F carries the structure of a simplex, since by
Remark 3.2 K is a simplex.

So let F' € 8, we have to show F N F’ € 8. The intersection F N F’ is not
empty, as it contains Oy .

Assume F' =K' N (\yeq, H, for K' € X, Ay C WK . In the case K = K’
there is nothing to show, as K is a simplicial complex by Remark 3.2. So from
now on let K # K'.

Consider the case that A, = @, we find F’ = K’. The set K’ can be written
as K' = (\yewx Du(K’) by Remark 3.2. By Lemma A.5 the intersection
FNDy(K') for H e WK iseither F, in case that Dy (K’) contains F, or equals
F N H.Inboth cases, it is again a simplex in K. We can conclude that FNK’ € 8
for every F € 8.

Now let Az # @, then F N (g4, H is a simplex in K by Lemma A.5.

But F N F’ can be written as F N (\ycq, H N K, using the previous part of
the proof shows our claim.

B. 8 as a gated, numbered chamber complex

In this section we recall definitions and basic facts regarding chamber complexes
and type functions following [21] and [24].

DEeriniTION B.1. Let A be a simplicial complex. We call A a chamber complex
if it satisfies.

1) Every A € A is contained in a chamber.
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2) For two chambers C, C’ € A there is a sequence
C=Cy, Cy, ..., C=D
such that
codimg,_, (Ci—1 N C;) = codim¢; (Ci—1 NC;) <1

forl <i <k.

We call a sequence as in 2) a gallery ( from C to D) and k its length.

The first property is always satisfied if rk(A) is finite. In this situation it is easy
to see (cp. [21, 1.3, p.15]) that every chamber of a chamber complex has the same
rank. A consequence from 2) is that every element in a gallery is again a chamber.
If C, D are chambers, note that for codim¢(C N D) = codimp(C N D) = 0
implies C = D. Thus in a gallery the same chamber can occur repeatedly.

DEeriniTiON B.2. Let A be a chamber complex. For two chambers C, D € A
and A € A with A4 < C and A < D we have codimc(4) = codimp(A4)
(cp. [24, 1.3]). This allows us to define the corank of A as corank(A) = codimc¢ (A4)
for any chamber C containing A. We call C and D adjacent, if corank(CND) = 1.

For A € A with corank(A4) = 1, we call Cham(St(A4)) a panel of A.

The complex A is meagre (resp. thin, firm, thick), if every panel contains at
most two (exactly two, at least two, at least three) chambers.

A chamber complex A is strongly connected, if St(A) is a chamber complex
for every A € A.

DEerintTIiON B.3. Let A be a chamber complex and / be an index set. A fype
Sfunction of A is a morphism of chamber complexes 7: A — P([/).
A weak type function of A is a family of type functions

(tc: € —> P(I))ceCham(a)

which is compatible in the sense that 7c|cnp = tplcnp for adjacent chambers
C and D.

RemMARrk B.4. A type function t with index set / induces a weak type function
(tlc: € — P(I))cecham(a)- Conversely, we show in Lemma B.14 that a weak type
function (z¢:C — P(I))cecham(a) On a strongly connected chamber complex
gives rise to a type function  such that r|¢c = 7¢.
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The following lemma is immediate from the definitions.

LemMA B.5. Let A be a chamber complex, K, K' chambers. Define da (K, K')
to be the length of a minimal gallery from K to K'. Then (Cham(A), da) is a
connected metric space.

We recall the following proposition.

ProrosiTion B.6 (see [21, 1.5.3]). Let A be a chamber complex, such that all
sets Cham(St(x)) are gated for F € A with codima(F) € {1,2}. Let C be a
chamber and t be type function of C, there exists a unique weak type function
(TD)DeCham(A) such that ¢ = t.

>From now on, let V = R" and (A, T') be a simplicial arrangement, with the
respective simplicial complex 8.

The set T itself is a metric space as a convex open subset of R". We will for the
rest of the chapter denote this metric as dr, and the more metric on the chambers
as dg.

Remember that A is locally finite in 7', which means that if we take a compact
(with respect to d7) subset X C T, the set sec(X) is finite.

At this point we can justify the notion of the chambers X.

Lemma B.7. Cham(8) = {K | K € K}.

Proor. By definition every maximal element in 8 is of the form K for some
K € K. Assume K C K’ for K, K’ € X, then K is contained in some H € A
by Remark 3.2, which contradicts to the definition of K. This proves Cham(8) =
{K| K € K}. O

To prove that § is already a chamber complex, we need a bit more information
about the distance between two chambers, depending on the number of hyper-
planes separating them.

Lemma B.8. Let K € Cham(8), then K = \gewx Du(K).

Proor. This is a direct consequence of the fact that K = {x € T | a(x) >
0 for all « € Bx}and WK = {r+ | r € Bk} for some basis Bx C V*.Fora € Bx
withat = H e WK we find Dg(K) = {v € T | a(v) > 0}. O

LemMma B.9. Two chambers are adjacent in the chamber graph if and only if
they are adjacent in the chamber complex. Hence minimal galleries in I corre-
spond to minimal galleries in Cham(3).
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DEFINITION AND REMARK B.10. Two closed chambers K, L are adjacent, if
codimg(K NL) = 1 = codimz (K N L). With respect to Lemma 2.18 we find that
K, L are adjacent if and only if (K, L) is a unique minimal gallery from K to L.

DEerintTiOoN B.11. For a simplex F € § we set
Krp:={KeX|FCK)

and
Ap:={H e A| F C H}.

With this notation Cham(St(F)) = {K | K € Xr} holds.

Proposition B.12. The simplicial complex § is a strongly connected chamber
complex.

Proor. The complex 8 is a chamber complex, since every simplex is contained
in a chamber and two chambers K, L € X are connected by a gallery of length
|S(K, L)| by Lemma 2.21 and |S(K, L)| is finite by Lemma 2.17. For two elements
K, L € X we can therefore define the distance ds (K, L) as the length of a minimal
gallery connecting K, L.

Let F be a simplex in 8, and consider the simplicial complex St(F) with
chambers Kr. Let K, L € KF and assume dg(K,L) = n = |[S(K,L)| > 1,
so K # L. The fact that K, L € K implies F € K N L.

We need to show that there exists a gallery in S¢(F) from K to L, which we do
by induction on ds(K, L). For ds(K, L) = 1 we have that K, L are adjacent. So
let ds(K, L) = n and assume K’ € X with the properties that K, K’ are adjacent,
KNK' C Hyand S(K,L) = {H,,..., H,}. Then H; € Ar by Lemma 2.7, and
F € KN H, implies F ¢ K NK’. In particular we get K’ € K and by induction
there exists a gallery from K’ to L in X, so we are done. O

With respect to Lemma 2.28, the following Lemma yields that the sets
Cham(St(F)) are gated for all F € S.

LemMma B.13. For every F € 8, there exists an x € T such that F is the
minimal simplex in 8 which contains x.

Proor. Let F € 8, then there exists K € K and A’ ¢ WX such that
F = KN (\geq H. in particular, F C (g, H. A point x as above exists,
since F has nonempty interior with respect to (g H. O
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We now make use of an abstract result for type functions of chamber com-
plexes. The following lemma is mentioned in [21] as an easy consequence, but we
elaborate this result.

LemMa B.14. Let A be a strongly connected chamber complex. If A is weakly
numbered, it is already numbered. In particular, if (Tk)kecham(a) is a weak type
function, there exists a type function t such that t|g = 1k for all K € Cham(A).

Proor. Let € = Cham(A) and (tx)kec be a weak type function, so g |knL =
‘L—L|L{QL for all K,L € C.

Assume F € A, and let K, L be chambers with F € K, L. Since A is strongly
connected, St (F) is connected, and we find K, L € St(F). Thus we find a gallery
K = Ko, Kq,...,Kx—1, K, = L from K to L with all K; € St(F), so in
particular F € K; forall0 <i < m. Also K;— and K; are adjacentfor 1 <i <m,
therefore tg, | (F) = tk, (F) and inductively we obtain tx (F) = 1 (F).

This allows us to define 7(F) := tx(F) for every simplex F and every
chamber K containing F. By definition t coincides with tx on all simplices
F' contained in K, in particular 7|k is a type function and thus a morphism of
chamber complexes.

Finally, 7 itself is a morphism, since every simplex F is contained in a cham-
ber K, and 7| is a morphism. O

With respect to Theorem B.6, a direct consequence is the following theorem.

THeorREM B.15. The complex 8 has a type function. In particular, if we have a
type function tx of a closed chamber K, this extends uniquely to a type function
of 8.

Remark B.16. The construction of the weak type function is actually quite
simple. Begin with a chamber K and consider a type function r of K. Let L be
adjacentto K suchthat F = KN L.Thensett|r = t|p.Leti € I be the unique
index such that i ¢ 7(F), then t maps the vertex not contained in F to i, so 1z,
must map the vertex v in L not contained in F to i as well. So as every simplex
S # @ is either contained in F or contains v, if S is contained in F then 77 (S) is
already defined, if it contains v set 74(S) = (S N F) U {i}. One can check that
77, is a morphism of chamber complexes, and furthermore 77, is the only possible
type function of L satisfying 7z | F =T|F.

In this way we can inductively construct type functions for all chambers with
arbitrary distance to K. This construction works always, however being well
defined arises as a problem. Given a chamber L with ds(K, L) = n > 2, there
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may be two chambers K;, K, with dy« (K, K1) = dx (K, K;) =n—1and K3, K>
adjacent to L. Then L has induced type functions from K; as well as from K.
Now Theorem B.15 yields that these two induced type functions coincide, and thus
the method gives us a weak type function of 8.

Since we introduced the notion of being spherical for arrangements, we recall
the respective notion for chamber complexes.

DEeriniTiON B.17. We say that a complex A is spherical if it contains a pair
of chambers K, K’ such that projp (K’) # K for all panels P containing K. The
chamber K’ with such a property is called opposite to K.

Some properties of spherical complexes are the following, which can be found
in [21].

LeEmMMA B.18. Let A be a chamber complex.
i) If A is firm, it is spherical if and only if it has finite diameter.

ii) If A is meager and spherical, K, K’ opposite chambers. Then Cham(A) =
o(K, K.

To complete the proof of Proposition 3.26, we also need the following obser-
vation.

LemMma B.19. The simplicial complex S is thin (resp. spherical) if and only if
the simplicial arrangement (A, T) is thin (resp. spherical).

Proor. THIN. Since V' \ H has two connected components, the complex 8 is
meager. It is thin if and only if for every chamber C and every wall H € W€ there
exists a chamber Cy which is H-adjacent to C. In this case C NCy C T, since
T is convex. Then C N Cy C H, therefore H meets T and is contained in A.

SpHERICAL. Assume (A, T) is spherical, then T = V by definition and A is
finite. Hence also X is finite and § is thin, and therefore spherical by Lemma B.18.

Let 8 be spherical. By definition we find two opposite chambers C and C’.
As 8 is meagre by construction, we also know X = o(C, C’). In particular
S(C,C’) = A, and X is finite as well as A.

Assume C has no i-adjacent chamber for an i € I and let P be the i-panel
containing C, then projp(D) = C for all D € X, a contradiction. Thus 8 is also
thin. By our previous argument therefore (A, T) is thin.



190

M. Cuntz — B. Miihlherr — Ch. J. Weigel

Letx € 9T . Since T can not be written as a finite union of hyperplanes, we can
assume that x ¢ H for all H € A. Thus take a neighborhood U of x and consider
the chambers intersecting U. By taking a smaller U we can also assume that only
a single chamber D intersects U. Thus there exists a wall of D not meeting 7', a

contradiction to A being thin. Hence d7 is empty and 7 = V holds. O
REFERENCES
[1] N. ANDRUSKIEWITSCH — I. HECKENBERGER — H.J. SCHNEIDER, The Nichols al-

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

gebra of a semisimple Yetter—Drinfeld module, Amer. J. Math. 132 (2010), no. 6,
pp- 1493-1547.

A. BErmAN — R.J. PLEMMONS, Nonnegative matrices in the mathematical sciences,
Computer Science and Applied Mathematics, Academic Press, New York and Lon-
don, 1979.

A. Bi6rNER — F. BRENTI, Combinatorics of Coxeter groups, Graduate Texts in Math-
ematics, 231, Springer, New York, 2005.

A. BiORNER — M. Las VERGNAS — B. STURMFELS — N. WHITE — G. M. ZIEGLER,
Oriented matroids, 2™ ed., Encyclopedia of Mathematics and its Applications, 46,
Cambridge University Press, Cambridge, 1999.

N. Boursakt, Lie groups and Lie algebras, Chapters 4-6, Translated from the 1968
French original by Andrew Pressley, Elements of Mathematics (Berlin), Springer-
Verlag, Berlin, 2002.

M. Cunrtz, Crystallographic arrangements: Weyl groupoids and simplicial arrange-
ments, Bull. London Math. Soc. 43 (2011), no. 4, pp. 734-744.

M. Cuntz — 1. HECKENBERGER, Weyl groupoids of rank two and continued fractions,
Algebra & Number Theory 3 (2009), pp. 317-340.

M. Cuntz — 1. HECKENBERGER, Weyl groupoids with at most three objects, J. Pure
Appl. Algebra 213 (2009), no. 6, pp. 1112-1128.

M. Cuntz — . HECKENBERGER, Reflection groupoids of rank two and cluster algebras
of type A, J. Combin. Theory Ser. A 118 (2011), no. 4, pp. 1350-1363.

M. Cuntz — 1. HECKENBERGER, Finite Weyl groupoids of rank three, Trans. Amer.
Math. Soc. 364 (2012), no. 3, pp. 1369-1393.

M. Cuntz — 1. HECKENBERGER, Finite Weyl groupoids, J. Reine Angew. Math. 702
(2015), pp. 77-108.

M. W. Davis, The geometry and topology of Coxeter groups, London Mathematical
Society Monographs Series, 32, Princeton University Press, Princeton, N.J., 2008.

P. DELIGNE, Les immeubles des groupes de tresses généralisés, Invent. Math. 17
(1972), pp. 273-302.



[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

(25]

Simplicial arrangements on convex cones 191

M. DYER, Groupoids, root systems and weak order 1, preprint 2011. arXiv:1110.3217
[math.GR]

M. DyER, Groupoids, root systems and weak order 11, preprint 2011. arXiv:1110.3657
[math.GR]

B. GRUNBAUM, Arrangements of hyperplanes, in R.C.Mullin, K. B. Reid,
D. P. Roselle, and R. S. D. Thomas (eds.), Proceedings of the Second Louisiana
Conference on Combinatorics, Graph Theory and Computing (Louisiana State
University, Baton Rouge, La., March 811, 197]), ouisiana State University, Baton
Rouge, La., 1971, pp. 41-106.

I. HECKENBERGER, The Weyl groupoid of a Nichols algebra of diagonal type, In-
vent. Math. 164 (2006), no. 1, pp. 175-188.

I. HECKENBERGER AND H. YAMANE, A generalization of Coxeter groups, root systems,
and Matsumoto’s theorem, Math. Z. 259 (2008), no. 2, pp. 255-276.

J. E. HumPHREYS, Reflection groups and Coxeter groups, Cambridge Studies in Ad-
vanced Mathematics, 29, Cambridge University Press, Cambridge, 1990.

E. MeLcuior, Uber Vielseite der projektiven Ebene, Deutsche Math. § (1941),
pp. 461-475.

B. M. MUHLHERR, Some contributions on the theory of buildings based on the gate
property, Ph.D. thesis, Eberhard-Karls-Universitit zu Tiibingen, Tiibingen, 1994.

P. OrLik — H. TERAO, Arrangements of hyperplanes, Grundlehren der Mathematis-
chen Wissenschaften, 300, Springer-Verlag, Berlin, 1992.

L. Paris, Lectures on Artin groups and the K(m, 1) conjecture, in N. S. Narasimha
Sastry (ed.), Groups of exceptional type, Coxeter groups and related geometries,
including papers from the International Conference on Groups and Geometries held
in Bangalore, December 10-21, 2012, Springer, New Delhi, 2014, pp. 239-257.

J. Trts, Buildings of spherical type and finite BN-pairs, Lecture Notes in Mathemat-
ics, 386, Springer-Verlag, Berlin and New York, 1974.

J. Trts, Groupes et géométries de Coxeter, in (Euvres/Collected works, Vol. 1, edited
by F. Buekenhout, B. M. Miihlherr, J.-P. Tignol, and H. Van Maldeghem, Heritage
of European Mathematics, European Mathematical Society (EMS), Ziirich, 2013,
pp. 803-817.

Manoscritto pervenuto in redazione il 24 novembre 2015.


http://arxiv.org/abs/1110.3217
http://arxiv.org/abs/1110.3657

	Introduction
	Acknowledgments
	Introductory examples
	Hyperplane arrangements, subarrangements and restrictions
	Tits cones and Tits arrangements
	Parabolic subarrangements and restrictions of Tits arrangements
	The simplicial complex S
	S as a gated, numbered chamber complex
	References

