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Weak local-global compatibility and ordinary representations

PrzEMYSLAW CHOJECKI (%)

ABSTRACT — We introduce a general formalism with minimal requirements under which
we are able to prove the pro-modular Fontaine—Mazur conjecture. We verify it in the
ordinary case using the recent construction of Breuil and Herzig.
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1. Introduction

In [10], Emerton has shown that the completed cohomology of modular curves
realises the p-adic local Langlands correspondence and used this result to prove
the Fontaine—Mazur conjecture for GL,(Q). We start from the observation that
Emerton’s methods can be well formalized to work for other groups, at least if
we assume certain hypotheses, for example the existence of the p-adic Langlands
correspondence. Fortunately, only some of the properties of the conjectural p-adic
local Langlands correspondence are needed for applications to the pro-modular
Fontaine—Mazur conjecture. We list them under hypothesis (H1) in the body of
this text. After introducing this local definition, we move to the global setting.
We work on the unitary Shimura varieties of type U(n) (also called arithmetic
manifolds). After establishing certain basic results on the completed cohomology
of these objects, we introduce the notion of an allowable set, which is a dense set
of points on the eigenvariety, such that the specialisation at its points of a certain
universal deformation of p lies in the completed cohomology of our Shimura
varieties. This gives a necessary global condition to link the local hypothesis (H1)
with the completed cohomology. Having to deal only with allowable sets is easier,
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as we may hope that the description of the p-adic Langlands correspondence for
certain representations (regular and crystalline) will be explicit.

We remark that eventually we use two deformation arguments: one at the local
level and the other at the global level (the existence of allowable points). They
are related to two hypotheses ((H1) and (H2) respectively) on our global Galois
representation p. Assuming also a mild hypothesis (H3), we are able to prove the
pro-modular Fontaine—-Mazur conjecture for U(n) in the following form (actually,
we develop even more general formalism).

ProrosiTiON 1.1. Let F be a CM field and let E be a finite extension of Qp.
Let p: Gal(F/F) — GL,(E) be a continuous Galois representation such that

(1) pis pro-modular,
(2) py is de Rham and regular for every v|p;
(3) p satisfies hypotheses (H1)—(H3).

Then p is a twist of a Galois representation associated to an automorphic form on
U(n).

The pro-modularity condition is explained in Section 3. It should not be very
restrictive, as it is believed that any representation p for which p is modular, is
pro-modular (this is proved by Emerton for GL, over Q).

As a corollary to this proposition, we obtain a version of the Fontaine—Mazur
conjecture on the respective eigenvariety.

CorOLLARY 1.2. Let p:Gal(F/F) — GL, (k) be a continuous Galois repre-
sentation which satisfies hypotheses (H1)—(H3). Let X[p] be the p-part of the eigen-
variety X associated to U(n) by the construction of Emerton from [9]. Let x € X[p]
be an E-point such that its associated representation py: Gal(F/F) — GL,(E)
is de Rham and regular at every place of F above p. Then x is modular.

There is one principal example (besides GL»(Q,)) when our formalism is sat-
isfied and it was the motivation behind writing this text - namely, the recent con-
struction of the ordinary representations of Breuil-Herzig ([3]). We review this
setting in the second part of this paper and then we prove unconditionally the pro-
modular Fontaine—Mazur conjecture for U(n) in the ordinary totally indecompos-
able setting at the end of this text (see Theorem 4.18 and its Corollary 4.19). Inter-
estingly, the proof is relatively simple and we do not use in it the full construction
of Breuil-Herzig. Our main unconditional result is



Weak local-global compatibility 161

THEOREM 1.3. Let z € XI‘}IS(E), where X}}rg is the ordinary part of the
eigenvariety of some tame level K? associated to U(n) and let p be the Galois
representation associated to z. For each v | p we assume that

(1) py is de Rham and regular;
(2) the reduction p, is generic and totally indecomposable.

Then z is classical (i.e. z arises from a classical automorphic representation of

U(n)).

This result is also implied by a well-known classicality theorem of Hida.
Nevertheless, our proof is completely different.

Acknowledgements. We thank Jean-Francois Dat, Toby Gee, Christian Johans-
son, and Claus Sorensen for useful remarks regarding this text. We also thank John
Bergdall, Christophe Breuil, and Florian Herzig for a useful correspondence. The
author was partially funded by Polish grant 2015/17/B/ST1/02634.

2. Definitions and basic facts

Let L denote an imaginary quadratic field in which p splits and let ¢ be the
complex conjugation. Choose a prime u above p. Let us denote by FT a totally
real field of degree d. Set F = LF™. We will assume that p totally decomposes
in F. Let D/F be a central simple algebra of dimension n? such that F is the
centre of D, the opposite algebra D°P is isomorphic to D ®p, . L, and D is split at
all primes above u. Choose an involution of the second kind % on D and assume
that there exists a homomorphism h: C — Dy for which b +— h(i)~'b*h(i) is a
positive involution on Dp.

Define the reductive algebraic group G,q where
G(R)={(A,8) e R xD?®®qR|gg" =1}
for any Q-algebra R. We assume that G is a unitary group of signature (0, n) at all
infinite places.

We choose a p-adic field £ with ring of integers O and residue field k. These
will be our coefficient rings.

We will fix an integral model of G over O +[1/N] (see for example 4.1 in [3]
for details). We consider 0-dimensional Shimura varieties Sy = G(Q)\G(Ay)/K
for G, where K is a compact open subgroup of G(Ay).
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Let W be a finite-dimensional representation of G over E. By the construction
described in Chapter 2 of [9], we can associate to W a local system Vy on Sk.

Let us fix a finite set X of primes w of F, such that w|z+ splits and w does not
divide pN. We can now define the abstract Hecke algebra

TYS = O[T ]pes

where Tu(,i) are the Hecke operators for 1 < i < n. The operator Tu(,i) acts on the
Shimura variety Sk by a double coset GL,, (O Fw)( 1”0‘ ;0 ) GL,(OF, ), where

wwlj
@y is a uniformiser of OF,, .

We define the completed cohomology of Emerton by

HO(KP) = (imlim H°(Sk,x». 0/@*0)) ®¢ E
s Kp

where K, C G(Qp) and K? C G(AJ’Z) are open compact subgroups. We also
define its O-submodule

HO(KP)o = l(ﬂql;{_n)q H°(Sk,k»,0/w*0).
s D

We will fix the tame level K ? for the rest of the text. Let K= =[], ¢x G(Z;). We
assume that (K?); = G(Z;) ateach [ ¢ X.

We write T(K, K?) for the image of T‘g’s in Endg (HO(SKpr, 0)). Then we
define
— Py — i P
T =T(K?) := l(lnT(KpK )
Kp
where the limit runs over open compact subgroups K, of G(Q,). We remark that
T has a finite number of maximal ideals and is a product of its localisation at those
maximal ideals. We refer the reader to p. 28 of [17] for details. In particular, if m
is a maximal ideal of T, then T\, is a direct factor of T.

We define also

H°(K?,Vw) = lim H®(Sk,k». Vw)
Kp

where W is an irreducible algebraic representation of G and Vyy is the E-local
system on (S ) associated to W.

We recall the definition of locally algebraic vectors from [12] (for the following
G we will take G q, eventually using the previous notation).
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DeriniTION 2.1. Let G be the group of Q,-points in some connected linear
algebraic group G over Q, and let V' be a representation of G over E. Let W
be a finite-dimensional algebraic representation W of G over E. A vector v in
V is locally W-algebraic if there exists an open subgroup H of G, a natural
number 7, and an H -equivariant homomorphism W” — V whose image contains
the vector v. We write Vi, for the set of locally W -algebraic vectors of V.

Emerton proved in Proposition 4.2.2 of [12] that Vyy_;, is a G-invariant sub-
space of V.

DEerintTION 2.2. A vector v in V is locally algebraic, if it is locally W -algebraic
for some finite-dimensional algebraic representation W of G. We denote the set
of locally algebraic vectors of V by V] .

It is a G-invariant subspace of V' by Proposition 4.2.6 of [12]. We have the
following proposition

ProposiTiON 2.3. We have a G(Ax,)-equivariant isomorphism

j—\lo(Kp)l.alg = @ HO(KP, VW) ® wY
w

where the sum is taken over all isomorphism classes of irreducible algebraic
representations of G.

Proor. This follows from the Emerton spectral sequence. See Corollary 2.2.18
of [9]. O

Let m be a maximal ideal of T which we fix and let p,: GF — GL, (k) be
the continuous Galois representation which is unramified outside ¥ and whose
characteristic polynomial satisfies

n
charfy, (Froby) = Y "(=1)" 7 Nm(w)"“"Y27,O X" mod m
i=0

for all places w which do not belong to ¥ and which split when restricted to F+
(here Frob,, is the geometric Frobenius). This is the Galois representation associ-
ated to m. We refer the reader to Proposition 3.4.2 in [8] for the construction. We
remark that we can suppose that py, is valued in GL, (k) after possibly extending
E (which we allow).
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We assume that the maximal ideal m of T is non-Eisenstein, that is py, is
absolutely irreducible. We let p,, be the universal automorphic deformation of p,
over T\, (its construction is standard and we do not recall it here; precise references
may be found in Section 4.3 of [7]). It is an n-dimensional Galois representation
over T, which satisfies

n
charp, (Frob,,) = Z(—l)”—i Nm(w)i(i_l)/zTu(j)Xi
i=0

for all places w which do not belong to ¥ and which split when restricted to FT.

3. General formalism

We now explain the general formalism for proving the pro-modular Fontaine—
Mazur conjecture which we specialize at the end to the ordinary setting.

Let T’ be alocal complete reduced O-algebra finite over Ty, and let p;,: Gr —
GL, (T;,) be the pushout of the universal representation py, to T/, . In what follows,
we will always write p’ for an ideal of T, and p for its inverse image in T\,. In
particular, we will write m’ for the maximal ideal of T, .

We will make certain hypotheses (the last one depending on an ideal p’ €
Spec T,).

(H1) There exists an admissible representation IT(py, ) of GL,(Qp) over
T, associated to each local representation pj, , for v|p. This represen-
tation is such that for each prime ideal p’ of T, which comes from
Spm(T,[1/p]) (where Spm is the maximal spectrum, i.e. the set of
maximal ideals) for which p; ,/p'[1/p] is regular and de Rham at all
places v dividing p, the locally algebraic vectors of I1(pj, ,)/p[1/p]
are non-zero for all v|p. Moreover we assume that the k-representation
T = [(py, ,)/m’ is of finite length.

(H2) There exists an allowable set of points for T1(py, ,) (for each v|p), that
is, there exists a dense set of points € in Spec(T",) which is contained in
Spm(T,[1/ p]) and such that for each p’ € C we have

Homr, (60, (@1, (o1 0)/p'. HO(KP)) # 0.
(H3)[p’] Every non-zero Ty, [G(Qp)]-linear map
@’vlpn(ﬂ;l,u)/P/ — FIO(Kp)

is an embedding.
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Let us make some comments before showing how these hypotheses imply the
pro-modular Fontaine—Mazur conjecture.

Hypothesis (HI) gives an existence of a representation which shall be viewed
as an approximation of the p-adic local Langlands correspondence applied to p,.
In what follows (HI) will be satisfied by using the construction of Breuil-Herzig
of the ordinary part of the p-adic local Langlands correspondence.

Regarding the hypothesis (H3)[p] we will not say anything here. It is needed
to deduce that certain locally algebraic vectors are non-zero.

We are left with discussing (H2). Let us define
I, = @’UIPH(P;L,U)-
We define T’ -module
X = Homr, (6, (Tlp. H(K?)o)

of T [G(Qp)]-linear homomorphisms which are G(Q))-equivariant and continu-
ous, where IT,, is given the m-adic topology.

Hypothesis (H2) is equivalent to demanding the existence of an allowable set
for p that is a dense subset € on Spec T, such that for all p’ € € we have

X[p'] = Homr, (60, (Tp/p's HO(KP)o,m) # 0.

Let us prove a preliminary lemma.
LemmMma 3.1. Homg (X, O) ® E is a finitely generated T’ [1/ p]-module.

Proor. By Proposition C.5 of [10] we have to show that X is cofinitely gen-
erated. By Definition C.1, because H O(KP?)o,m is w-adically complete, separated
and O-torsion free, we are left to show that (X /@ X )[m’] is finite-dimensional over
k. But we have

(X /@ X)[m'] = Homg[g(q,y (Tp/m', HO(K?)k.m)

and we show that Hom is finite-dimensional. Because IT,/m’ = ®,|,7m,» and
each mn, is of finite length, for each v we can choose a finite-dimensional
k-subspace W, of my , which generates my, , as a GL, (Q,)-representation. Let
W = ®y)pWy. Since W, is smooth and finite-dimensional we can choose a com-
pact open subgroup K, fixing W, point-wise. Let K, = [[,, Kv. By restriction
we have

vlp

Homgg g (Tp/m', HO(KP)g m) = Homy k1 (W, H(KP)j ).
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Since K, acts trivially on W we moreover have
Homyx,1(W, HY(KP)m) =~ WY @4 H(Sk, k7, k)m

which is of finite dimention over k. O
LemmMma 3.2. Assume (H2). Then X[p'] # 0 for all p’ € Spec T,.

Proor. By Lemma C.14 of [10], we have
(Tin/p/) ®T<’n Homgy (X, 0) ® 9 E >~ Homg (X[p/], 0)®y E

and so it suffices to show that the elements on the right are non-zero for all p’ if
and only if they are non-zero for all p’ in €. Consider things in more generality. Let
M be a finitely generated T/, [1/p]-module such that M/p’M # 0 for all p’ € C.
Because T, [1/p]/p’ is a field, it follows that M/p’M is a faithful T} [1/p]/p’-
module. If 7 € T, [1/p] acts by 0 on M then it acts by 0 on M/p’ M for all p’, and
as M/p'M # 0if p’ € €, we have t € p’ for all p’ € C, thatis t € Npeep’ = 0.
So T/ [1/p] acts faithfully on M. Now, let p’ be any maximal ideal of T/ [1/p]
and suppose that M/p’M = 0, thatis M = p’M. As M is finitely generated
T!.[1/ p]-module, Nakayama’s lemma gives us a non-zero element ¢ of T/ [1/p]
such that tM = 0, which is impossible as we have shown above. We deduce that
M/p'M # 0 forall p’. Applying this reasoning to M = Homg (X, O) ® 9 E which
is finitely generated by Lemma 3.1, we conclude. O

DerINITION 3.3. We say that a representation p: Gal(F/F) — GL,(E) is
pro-modular with respect to T, if there exists a prime ideal p’ of T, such that
0 =~ pm/p[1/p] and H°(KP)[p] # 0, where p is the inverse image of p’ in T,,.

One natural source of pro-modular representations are representations attached
to points on the eigenvariety for G. We shall review this notion later on.

An automorphic representation & of G and tame level K7 is an irreducible
G-subrepresentation of H°(K?,Vy) for some irreducible algebraic representa-
tion W of G. We can associate to 7 a Galois representation, see [8]. We say that
p is modular if it is the Galois representation associated to some automorphic
representation of G of tame level K”. This is equivalent to H O(KP)1aiglp] # 0
by Proposition 2.3. Our three hypotheses imply the pro-modular Fontaine—Mazur
conjecture in the following form.

TueOREM 3.4. Let p: Gal(F/F) — GL,(E) be a pro-modular Galois repre-
sentation with respect to T’ with the associated prime ideal p' of T,,. Assume

that p is de Rham and regular at all places dividing p. Assume also that hypothe-
ses (H1), (H2), and (H3)[p'] hold. Then p is modular.
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Proor. As p, is de Rham and regular for every v|p, by (H1) we have that
I(py)1ale 7 O for every v|p. By Lemma 3.2 and the hypothesis (H3)[p'] we
conclude that also

HO(K?)1aglp] # 0

which is what we wanted. o

In the rest of this text we will explain the ordinary setting.

4. Ordinary case

In this section, we show that the ordinary part of Breuil-Herzig ([3]) fulfills the
formalism presented in the previous section.

4.1 — Preliminaries on reductive groups

We recall certain results on reductive groups used in [3]. Let G be a split con-
nected reductive Z,-group with a Borel subgroup B and a torus 7 C B. We let
(X(T), R, XY(T), RY) be the root datum of G, where R C X(T) (respectively
RY C XY(T)) is the set of roots (resp. coroots). For each « € R, let s, be the
reflection on X(7') associated to «. Let W be the Weyl group, the subgroup of
automorphisms of X(7') generated by s, for « € R.

We fix a subset of simple roots S C R and we let RT™ C R be the set of positive
roots (roots in @qesZ>oct). Let G9¢" be the derived group of G and let G be the
dual group scheme of G (which we get by taking the dual root datum). We have
also dual groups Band T.

To o« € R one can associate a root subgroup U, C G. We have o € Rt if
and only if U, C B. We let g, be the Lie algebra of U,. We call a subset C C R
closed if foreach @ € C,8 € C suchthata + 8 € R,wehavea + € C. If
C C R™ is aclosed subset, we let Uc C U be the Zariski closed subgroup of B
generated by the root subgroups U, for o« € C. We let B¢ = T Uc be the Zariski
closed subgroup of B determined by C.

Let us spell out all the assumptions that we put on G and its dual group
G. We suppose throughout this text that both G and G have connected centers.
Moreover we suppose that G?¢" is simply connected (some of these conditions
are equivalent, see Proposition 2.1.1 in [3]). This condition implies that there exist
fundamental weights A, for & € S. They satisfy forany g € S

1 ifa=8,

a. P >={0 ifa # p.



168 P. Chojecki

We define as in Section 3.1 of [3] a twisting element ¢ for G by setting 6 =
Y wes Aa- Forany o € S we have (6,a) = 1.

If C C Ris aclosed subset, write G¢ for the Zariski closed subgroup scheme
of G generated by T, U, and U_,, for « € C. For C = {a} we write simply Gy
for G¢. A subset J C S of pairwise orthogonal roots is closed (see the proof of
Lemma 2.3.7 in [3]) and hence we can define G as above.

LemMma 4.1 (Lemma 3.1.4, [3]). Let J C S be a subset of pairwise orthogonal
roots. Then there is a subtorus T; C T which is central in G such that

Gy~ TjxGLJ.

We use this lemma in the construction of I1(p)°™® which we define as a sum
over certain induced representations of G ;(Q,). We construct representations of
G (Qp) by using the p-adic local Langlands correspondence for GL,(Q)).

4.2 — Ordinary part of the p-adic local Langlands correspondence

Let E be a finite extension of ), with ring of integers O and let k be its residue
field. We fix also a uniformiser @ . Let A be a complete local Noetherian O-algebra
with residue field k.

We have
T(Qp) = Homspec(q,,) (Spec(Qp), Spec(Q,[X(T)]))
= Homz(X(T),Q,)
= Homz(X(T).Z) ®z Q,
= X(T) ®2 Q.
To a continuous character
7:Gal(Q,/Qp) —> Gal(Qy/Qp)™ — T (A)

we can associate a continuous character y: 7(Q,) — A* by taking the composite
of the maps

T(Qp) ~ X(T) ®2 Q) — X(T)®2Gal(Qp/Qp)™ — X(T) @2 T(A) — A

where the first injection comes from local class field theory (we normalize the
reciprocity map of local class field theory so that uniformizers correspond to
geometric Frobenius elements).
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We define the p-adic cyclotomic character €: Gg, — A by composing the
standard p-adic cyclotomic character which takes values in O* with the inclusion
0> < A*. By the local class field theory we can also consider it as a character of
Q, which we tacitly do in what follows.

Let us consider a continuous homomorphism
p:Gal(Q,/Q,) —> G(A).

DEeriniTION 4.2. We say that p is triangular when it takes values in our fixed
Borel B(A) of G(A).

We let C, C R*Y be the smallest closed subset such that Ecp (A) contains all
the p(g) for g € Gal(Qp /Qp) (compare with Lemma 2.3.1 of [3]). Here by B¢ for
C C R* (and dually B¢ for C € R™Y) we mean T Uc, where T is a torus as in
B = TU and Uc is the group generated by U, (the standard notation) for & € C.
For more details see Section 2.3 of [3].

Thus p factorises via Ecp (A)

p:Gal(Q,/Q,) —> Bc,(A) C B(A) C G(A).
We associate a character ), to p by composing p with the natural surjection
R Gal(Qp/Qp) — B, (4) —> T(4).

We attach to ¥, a continuous character y,: 7(Q,) — A* by the local class field
theory as above.

DerINITION 4.3. We say that a triangular p is generic if «¥ o ¥, ¢ {1,€,€71}
for all @ € R™ (or equivalently all « € R). We say that a triangular  is generic if
oV ojys¢{le,et)foralla € RT.

In what follows we will consider only triangular representations p. We assume
that p is generic.

We now construct several representations of G(Q,) over A attached to p. Let
I C SV be a subset of pairwise orthogonal roots. We shall firstly construct an
admissible continuous representation [(p); of Gyv (Qp) over A. We imitate the
proof of Proposition 3.3.3 in [3], though we present a simplified construction,
because we do not need to show unicity of ﬁ(p) 7. Only later on and under
additional assumptions we will show that we recover the construction of Breuil
and Herzig over fields. Then we obtain a representation IT(p)°™ of G(Q,) over 4,
which generalizes the construction of Breuil and Herzig over fields, and which we
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define as a direct limit of I1(p); over different / (where I1(p); is simply (p);
induced to G(Qp)). In particular, we shall consider a representation I1(p)g =
(Indgégl’: )) Ko (7! 09))(20 which we use for the proof of the pro-modular Fontaine—
Mazur conjecture. All these representations are functorial in A and hence behave
well with respect to reduction modulo prime ideals.

If B € IV, Tp is the maximal torus of Bg (a Borel subgroup of GL,(Q),)) and
xp:Tg(Qp) — A* is a continuous character, we define

Mg(xp) = (IndE’iZo‘“;p) X (€ 007 -
* %
This is a representation of GL,(Q,) which we use as a building block. We let
Pg: Gal(Q,/Q,) — GL,, gv (A) be the representation which we get by composing
p:Gal(Q,/Q,) — B(A) with B(A) — Bg(A) — GL, gv(A4). We define €4 as
the representation attached to the 2-dimensional Galois representation pg by the
p-adic local Langlands correspondence for GL»(Q)). In order to have a functorial
construction we fix a quasi-inverse ME™! to the Colmez functor MF for GL, (Qp)
(we use the notation of Emerton from [10]). For any B it sends a lifting of pg to a
lifting of w4 with a central character (where 74 is the smooth representation over
k corresponding to pg by the mod p local Langlands correspondence). Then we
define
€p = MF ™' (pp).

We remark that over & this is an extension of I1g (sg (X p|745(Q,))) bY g (X p1T45(Qp))
because pg is lower-triangular with the appropiate character on the diagonal (see
Proposition 3.4.2 in [10]).

Let )(;), v = XolT) @p)- We define an admissible continuous representation of
4
TI/v (Qp) x GLZ(Qp)I

(p); = Xppv-(€ho O, @) ®4 (®pervEp).
This is exactly the representation we look for.

We set

G ~ 0
M(p)r = (Indy %) & o,y TOID®

where we view II(p); as a continuous representation of B~ (Q,)Grv(Qp) by
inflation. The representation I1(p); of G(Qp) is admissible and continuous.

We now use an argument similar to the one of Breuil-Herzig appearing
before Lemma 3.3.5 in [3] to construct a direct limit. Following the proof of
Proposition 3.4.2 of [10] we have natural injections of TTg(x, 14(q,)) into Eg.
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Indeed, Proposition 3.2.4 of [10] gives us a natural embedding yx,74q,) <
Ord(€g), where we have denoted by Ord the ordinary part functor of Emerton.
By adjointness property of Ord this gives us a GL,(Qp)-equivariant injection
g (XpiTs@Qp)) <> €p- We remark that those injections will be functorial because
of Proposition 3.2.4 of [10] and because we have fixed a quasi-inverse MF .

By Theorem 4.4.6 and Corollary 4.3.5 of [11], we have for I’ C I

Homg(Qp) (IT(p) 7, T (p)1)

~ Gv(Qp) 3 c’ 7
~ Homg,\ 0,)(Ind 3=, )6, @6, ., (@ 1™ TH(P)D).

Observe that our injections

Hg(xpiT5@p) < €8

invoked above induce an injection

G;v(Qp) T co "'
Ind 53— q,)n6,v @06, ., @) 1PN — TP}

and hence also a G(Q)p)-equivariant injection
(o) = (p)r.

This actually gives a compatible system of injections, by which we mean that for
any I” C I' C I, the corresponding diagram of injections is commutative. We
then define an admissible continuous representation of G(Q,) over 4 by

ord __ 1;
(p) —h7n>1H(P)I

where I runs over subsets of SV of pairwise orthogonal roots.

4.3 — Compatibility with the construction of Breuil-Herzig

We study in this section how IT(p)°" behaves with respect to reduction modulo
prime ideals in A. Recall that G and its dual are split, hence we can canonically
identify RY(A) and RY (A/p) for any prime ideal p of A.

LeMMA 4.4. Let A — A’ be a morphism of complete local O-algebras and let
p be triangular over A with p generic. Then

(p ®4 A1 = T(p) ®4 A’
for any subset I C SV of pairwise orthogonal roots and

H(p ®4 A/)ord ~ H(p)ord ®u A
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Proor. Observe that p ®4 A’ is triangular because p is. By the definition of
I1(p); it is enough to check, that the construction of [I(p); we have given above
is compatible with the base change A — A’ (because the parabolic induction
is compatible with the base change A — A’ by the main result of [14]). This
follows from the fact that the p-adic local Langlands correspondence for GL>(Q))
is compatible with the base change A — A’ (cf. [15] where functorial properties
of the correspondence are explained). |

To put more content into this lemma let us specialize to the totally indecom-
posable case.

DeriNiTION 4.5. We say that p is fotally indecomposable if C, = RV is
minimal among all conjugates of p by B (equivalently, Cp,,—1 = RTY for all
b € B).

We prove now that for GL,, we retrieve the construction of Breuil-Herzig after
reducing modulo p. Before continuing, we shall give another characterisation of
totally indecomposable representations valable for G = GL,,.

LEmMMA 4.6. Let p: Gal(Qp /Qp) — GL,(A) be a triangular representation
and A be a field. The following conditions are equivalent.

(1) All semi-simple subquotients of p are simple (equivalently, the graded pieces
of the filtration by the socle are irreducible).

(2) B is the unique Borel that contains the image of p (equivalently, the image
of p fixes a unique Borel B (flag)). Here B is the Borel we have fixed before
in the definition of being triangular.

(3) p is totally indecomposable.
Proor. (I <= 2) If there exists soc; 1 / soc; which is not irreducible then

we can construct two distinct flags which are stable by the image of p. On the other
hand, if there exists two distinct flags fixed by the image of p, say

VicV,C---CVy

and
vicvy,c---CV,

and let j be the smallest index such that V; # V/. Then (V; + V/)/Vj_1 is of
dimension 2 and semi-simple, hence p is not totally indecomposable.
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(2 < 3) Suppose that p stabilizes another Borel B’ (apart from B). Let
b € B be an element which conjugates B’ into a Borel containing the maximal
torus 7. This Borel bB’b™! is of the form w(B) for some w in the Weyl group.
Hence we see that Cj,,—1 is contained in the intersection of R*Y and w(R™Y),
and in particular is different from R*V.

If C, is different from R™V, then there exists a positive simple root « which
does not belong to C,. It follows that s4(C,) is contained in R and hence the
image of p is contained in s, (B). O

LemMA 4.7. Let p: Gal(Qp /Qp) — GL,(O) be a triangular representation
such that p is triangular, generic and totally indecomposable. Then pg = p Qo E
is also totally indecomposable and generic.

Proor. The statement about genericity of pg is clear. Let us prove that it is
totally indecomposable. Let us denote by y; characters appearing on the diagonal
of p which we have supposed to be pairwise distinct hence linearly independent.
Let B be a Borel in GL, (E) containing the image of p. It corresponds to a flag

VicV,cC---CV,=E".
By intersection with O” we obtain a flag
w1 Cwy C--Cw, =0"

of O" stable by the image of p which reduces to the standard flag modulo m by
the hypothesis that p is totally indecomposable. In particular, we see that G acts
on V;/V;_1 by a character y; with values in O* which lifts the character j;. By
genericity of p, the characters y; are mutually distinct and each appears in the
semi-simplification of p with multiplicity 1.

Suppose now that we have another Borel B’ different from B and stable by the
image of p with the associated flag

vicV,c---CV,.

Let i be the smallest index i such that V;/ # V;. Then G acts on the 2-dimensional
subquotient (V; + V/)/ Vi1 by the character y;, which contradicts the fact that
xi appears with multiplicity 1. Hence B’ = B and we see that p is totally
indecomposable by Lemma 4.6. |

ProrosiTion 4.8. Suppose that p is generic, triangular and totally indecom-
posable and p is triangular. Then for any morphism A — E' (where E' is a finite
extension of E), the E'-Banach representation T1(p)*"4®4 E' is the representation
I(p ®4 E)° of Breuil and Herzig.
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Proor. By Lemma 4.4 we can suppose that A = Og/. Observe that pgr =
p ®o,, E’is generic and totally indecomposable by Lemma 4.7. To finish the
proof we have to show that pg/ is a good conjugate of itself (Definition 3.2.4
in [3]). This follows from (3) of Lemma 4.6 and we conclude by Lemma 3.3.5
of [3]. O

4.4 — Universal ordinary modular representation

In this subsection we will apply the formalism developed above to a particular
example. We consider triangular deformations of modular representations and our
goal is to define H(pm,w)ord, where pn .y is a certain universal modular Galois
representation at a place w|p.

We take up the setting of Section 2. For each place w|p of FT we choose a
place w of F, so as to get an identification

G(Qp) ~ [ [ GLa(Fi) = GLA(Qp)”

w|p

where f = [F* : Q]. We denote by B the upper triangular Borel subgroup and
we have B ~ B,,(Qp)f.

We will now define a certain quotient T(K?)°™d of T(K?). There are two
equivalent approaches for this.

Firstly, we may follow Geraghty who introduced in 2.4 [13] a certain direct fac-
tor T(K? K, (n))° of T(K? K,(n)) where K, (n) denotes the group of matrices in
GL,(Z,)’ that reduce to a unipotent upper-triangular matrix mod p”. More pre-
cisely, in loc. cit is defined the algebra Tf’ord(U (I™™), Q). There, A is a dominant
weight for G (but we take A = 0 in this case), U(/""") is our K” K,(n) (our p is
denoted by /), T is our X. Beware that Geraghty’s algebra contains diamond oper-
ators at places above p (his ), in contrast with ours. So our T(K? K, (n))° is the
image of T(K?) in Geraghty’s T2°"(U(1""), ©). When n varies, these construc-
tions are compatible and we may take the projective limit Tg ’Ord(U (1°°), 0). We get
a quotient T(K ?)°™ as the image of the natural map T(K?) — T¢ ord(g(r0), 9)
in Geraghty’s notation on p.14 of loc. cit.

Alternatively, we may use Emerton’s ordinary part functor and define
T(K?)° := image of T(K?) in Ende(Ordg (H°(KP)))

Note that Ordp (?I O(KP)) is a continuous representation of 7(Q,) over T(K?)
and in particular is a T(K?)[[T (Zp)]]-module. Then Geraghty’s algebra can be
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identified with the image of T(K?)[[T (Zp)]] in Endy (Ordp (fIO(KI’))) (compare
with 5.6 of [10]).

Let now m be a maximal ideal of T(K?) as in Section 2. We say that m
is ordinary if it comes from a maximal ideal of T(K?)°™d. The quotient map
T(KP)m — T(KP)% is a surjection.

Let us fix an ordinary non-Eisenstein maximal ideal m of T(K?). Recall that
we have defined p,, and py, in Section 2. For any prime ideal p in T(K?)° coming
from the maximal spectrum Spm(T (K ?)%[1/ p]), we will write

Pp = Pm Ok pyord T(K?)%¢/p[1/ p]

which is a continuous Galois representation over a finite extension of Q,. We will
need the following result of Geraghty.

PropOSITION 4.9. Consider the set PSS of maximal ideals in T(KP?)%M[1/p]
such that H°(KP? K ,(0), Vw)[p] is non-zero for some irreducible algebraic repre-
sentation W of G.

e This set is Zariski dense in Spec(T(K )41/ p]).

e For any p in PSS | the representation p, is triangularisable (and crys-

talline) at each place dividing p.

Here, by triangularisable, we mean a representation conjugate to an (upper)
triangular representation.

Proor. The second point follows from Corollary 2.7.8 of [13]. The first point
is the density of cristalline points which is proved in Corollary 4 of [17], or can
be deduced from the density result of Hida used by Geraghty in the proof of
Corollary 3.1.4 in [13]. O

As a consequence of this proposition, the residual representation Py, ., is
triangularisable for each w|p.

We now assume further that py, 4, is totally indecomposable and generic for
each w|p. Note that generic was only defined for triangular representations. How-
ever the definition extends unambiguously to triangularisable representations,
provided they are totally indecomposable, because such representations factor
through a unique Borel subgroup.

In what follows we will write T for T(K?)%™. This should cause no confu-
sion.
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Our goal is to define l'I(pm,w)Oml where pn,y iS the restriction of py, to the
decomposition group G, = Gal(F,,/ F) for any place w|p of F. In order to do
s0, we need to prove that py, 4, is triangularisable. We basically do so, but not over
T9 but rather over a bigger O-algebra T/, . This is sufficient for our applications.

Following Geraghty (Section 3.1 of [13]) we introduce a subfunctor G of
Spec T4 x F defined on A-points as the set of O-homomorphisms T4 —
A and filtrations Fil € F(A) (F is the flag variety) preserved by the induced
representation pg4,,,. In fact, Geraghty defined this functor over a universal ring
R, but we shall need it only over the Hecke algebra.

This functor is representable by a closed subscheme G of Spec T x F
(Lemma 3.1.2 in [13]). We consider the resulting morphism f:§ — Spec T‘;{d.

ProposITION 4.10. The morphism f: G — Spec T is proper with geometric
fibres of cardinality one.

Proor. The properness of f follows from that of the flag variety (cf. the proof
of Lemma 3.1.3 in [13]). Let us now prove that each geometric fibre is of cardinality
one. Let us denote by yi1,w, ¥2.w,---, Xn.w characters of Gr, appearing on the
diagonal of pp 4. Firstly, we remark that geometric fibres are non-empty. Indeed,
f is dominant by Proposition 4.9, hence surjective since it is proper. On the
other hand, there is at most one filtration Fil over each geometric point, because
Pm,w i generic and totally indecomposable hence each j-th graded piece gr; =
Fil; / Fil;_; has to be a lifting of y; ,, (see proofs of Lemma 4.6 and Lemma 4.7).
This allows us to conclude. |

By Proposition above and Zariski main theorem we conclude that f is finite
and hence § = Spec T}, ,, for some O-algebra T, , finite over T,

CoroLLARY 4.11. The morphism f:SpecT, ,, — Spec T is a homeo-
morphism which induces an isomorphism of residual fields at each prime p' €
Spec T, ,, with perfect residual field.

Proor. It follows from the fact that geometric fibres of f are of cardinality
one. O

We define T/, to be the tensor product over T3 of T}, ,, for all w|p. This is
still an O-algebra finite over T with Spec T/, homeomorphic to Spec T,

Consider the base-change of py, to T/, that is p/ : GF — GL,(T},). By the
definition of T, py, ,, can be conjugated to a triangular representation py, ,, for
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each w|p, which is also generic and totally indecomposable at each w|p, because
Pm,w is by our assumption. By Corollary above, for each prime ideal p C T\,
associated to an automorphic representation = on G(A), there exists a unique p’
in T}, such that o[, /p'p1,[1/p] = pw/Pow[1/P].

The above discussion leads us to the following definition (which is independent
of the choices, see below)

T (pm,w)™™ = T(ppy 1)

and similarly
M (pm,w)1 = (o, )1

for any /, in particular for / = @ which we shall use below. These are representa-
tions over T, . To conclude using our preceding results that the reduction modulo
prime ideals (O-points) of IT(pm, )% is well-behaved and compatible with the
construction of Breuil-Herzig we need the following fact.

LeEmMA 4.12. For each prime ideal p of T',, which comes from a maximal ideal
of T’ [1/ p), the representation H(p;ﬁ’w)ord /p[1/ p] does not depend on the chosen
triangulation py, ., of py, ., (Where by triangulation of pj, ,, we mean a triangular
representation which can be conjugated to py, ,,).

Proor. By Proposition 4.8 we deal with the construction of Breuil-Herzig
and hence we can use facts from [3]. We have to prove that for any triangulation
P the reduction pf/ /b is a good conjugate of py ., /p (Definition 3.2.4 in [3]).
This would give our claim by Lemma 3.3.5 of [3]. By our assumption that pp, 4
is generic triangular and totally indecomposable, any triangular lift p of pu,y is
totally indecomposable and generic by Lemma 4.7. Then we conclude by (3) of
Lemma 4.6 that each triangulation of p, ,,/p (in particular p{ ,/p) is a good
conjugate of py, ,,/p. O

Thus we can define

(Pl )™ = T(ppy 1)

where o ,, is any triangulation of o, .
We summarize our efforts so far in the following theorem.

THEOREM 4.13. Let m be an ordinary non-Eisenstein ideal of T such that
Pm,w I8 totally indecomposable and generic for each w|p in F. Then we have
for any prime ideal p" of T, (with the inverse image p in Tg{d) which comes from
a maximal ideal of T’ [1/ p]:

T (01,0 /0 TH(P,0) "1/ P) 2 Lm0 /P, [1/ pD)
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Similar compatibilities with reduction modulo prime ideals hold for IT(pu,w)71-

4.5 — On the pro-modular Fontaine—Mazur conjecture

We come back to our general formalism which we will apply to I1(omw)g. We
assume that m is a non-Eisenstein ordinary ideal of T such that py, ,, is triangular,
generic and totally indecomposable for each w|p. We take T/ to be T, from
preceding sections. We start with two lemmas.

LemMma 4.14. Let Y1, ¥2: Gal(Q,/Qp) — E be two de Rham characters such
that Y1y ¢ {1,e,e" '} and let 0 — Y1 — V — Yo — 0 be the non-split
extension (there is a unique one; see below). Suppose that V is de Rham. Then
HT(y1) < HT(¥2) (normalizing HT(e) = —1).

Proor. The fact that there is a unique extension of ¥y by ¥, follows from
the fact that H' = H'(Gal(Q,/Q,), V11, !) is of dimension 1 because vy !
is generic. Observe that V € H!. One can define the Selmer group Hé} =
H}(Gal(Qp/Qp). Y15 ") which measures whether V' is de Rham (we refer the
reader to Chapter II of [1]; Definition is given before Proposition 2.17). By Corol-
lary 2.18 of [1] we see that V € H gl. Hence H 5} is of dimension one. But Propo-
sition 2.19 of [1] gives us a formula for the dimension of H g}, by which we in-

fer in our case that dimH g} = 1 is equal to the number of negative Hodge—
Tate numbers (compare with the discussion after Proposition 2.19 in [1]). Hence
HT(y1) < HT(y2). u

Recall that we have defined the character 6 in Section 4.1. For GL, this
character is simply diag(zy....,z,) = [[; z} 7.

LemMma 4.15. Let p: Gal(@l, /Qp) — GL,(E) be a de Rham, triangular, totally
indecomposable, generic Galois representation. Then the character y, - (¢ 0 0)
is locally algebraic dominant.

Proor. Triangularity permits us to define x,. It is clear that the character is
locally algebraic because p is de Rham. We conclude that x,- (¢~ 06) is dominant
by applying the lemma above to each pair of consecutive characters on the diagonal
of p (which we can do because p is totally indecomposable and generic). |

We can now check that for representations I1(pom,,y)g hypothesis (H1) holds.

(H1) We have to check that if p is a prime ideal of T, corresponding to
the Galois representation p, which is de Rham and regular at all places w|p,



Weak local-global compatibility 179

then locally algebraic vectors in I1(pm,w)a/9[1/p] = H(ppw)el[l/p] are non-
zero. Indeed, the locally algebraic vectors in IT(py . )g[1/ p] are non-zero because
it is the representation induced from the locally algebraic dominant character
X = xp ® (7! 0 0) (by Lemma 4.15); to see it we write y = ysméw for this
character, where ysn, is smooth and éy is algebraic corresponding to an irreducible

algebraic representation W of G(Qp). We have W = (Indg(_d%fé) ) Sw)¥e. Then the

universal completion of the locally algebraic representation (Ind B((%) ) Xsm)™" ®

W is equal to (Indg(d%a) ) X)@O = II(pp,w)a[1/ p] because y is unitary (we inject

the locally algebraic induction into the continuous induction by sending fin ®
falg tO fom * falg, Wwhere fim, falg are functions on smooth, respectively algebraic
part) - this is clear from the definition of the universal completion and the fact
that (Indg (%é ) e = (Indg %3 ) xsm)™™ ® W. In particular, the set of locally
algebraic vectors in IT(pp,w)g[1/ p] is non-empty. The fact that IT(pm,w)g/m’ is of

finite length is clear from the definition.

For p € PSS as in Proposition 4.9, we know that each py ,, is crystalline
triangularisable. Our hypothesis on py, ., implies that p; ., is also totally inde-
composable (Lemma 4.7) and generic. So we may unambigously associate to it a

character y,, ,, of T,(Qp).

Let us recall a classical local-global compatibility result.

LemMma 4.16. Fixp € PSS . Let W be the irreducible algebraic representa-
tion of G(Qp) such that HO(K?,Vy)[p] # 0. Let 7 be an automorphic represen-
tation such that n;(p C HY%K?,Vw)[p]. Then

GL, _
wY = ®w|p(IndB—(($5))(Xpn,w (e Yo 9))alg)alg,

GL _ s
Tp = ®WIP(IndB—(ﬂ(quI;)(Xpn,w (e Yo 6))sm)™",

where we have denoted by (.)sm (respectively, (.)ay) the smooth (resp. algebraic)
part of the character.

Proor. The first isomorphism follows from Corollary 2.7.8(i) of [13] with the
following dictionary:

e our W is Geraghty’s M, therefore WV = Inng:" (woA)~1;

e hisA = (A¢)r.p+ g = (Aw)w|p Since p was assumed to be totally split in
F;

e for each w|p, loc. cit. tells us that (y,, ,,)ale = (WoAw) " - 60
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The second isomorphism follows from Corollary 2.7.8(ii) of [13] and the first
formula on p. 27 of [13] (proof of Lemma 2.7.5). Namely, loc. cit. tells us that 7y, is
the unramified subquotient of (n — IndShn @) Ao )sm) ® | det |1/ (normalized

B(Qp)
induction). But the genericity of py ., implies that

GL, —
7y = (1 = Indg ¥ (1, )om) ® | det |1/

and smooth representation theory tells us that this is also

GL»(Qp) -
(n = Ind5"0 % (Aprsm) ® | det|"~D/2

GL»(Qp) -1/2 -
= (Ind5"10™ (tpa)smbp %) @ | det| D72

where §p is the modulus character. We conclude by observing that
85" -1 det|" V2 = (e71 0 O)gm: (z1..... zn) —> [ [zl O

Using IT(pm,w)s We can make use of our formalism (Theorem 3.4) to get the
pro-modular Fontaine—Mazur conjecture in the following form.

THEOREM 4.17. Let m be an ordinary non-Eisentein ideal of T such that pey v
is totally indecomposable and generic for all w|p. Let p be pro-modular with
respect to TOY which is de Rham and has regular Hodge—Tate weights. Then p is
modular.

Proor. To conclude by Theorem 3.4 we have to check that hypotheses (H2)
and (H3) hold for IT(pm w)g. Hypothesis (H2) says that there exists an allowable
set for IT(pm,w)g, Which means that there exists a dense set of prime ideals p in
the Hecke algebra T, for which the associated Galois representation py, ,, (w|p is
a split place) gives a Banach representation IT(py . )g With an injection

®w|pn(pp,w)@ — ?IO(KP)E

We can prove it for the set PSS which is dense by Proposition 4.9. Indeed, if
p corresponds to a classical automorphic representation = with the Galois rep-
resentation p,. Following Lemma 4.16 we put yu, = xppw - (67! o 0). Take
X = QuipXw and write y = ysméw as above in the verification of (HI). Then
by the description of locally algebraic vectors of H O(K?)Eg 1.41g from Proposi-
tion 2.3 we see that WV ® (Indg(_d;zal) xsm)®™ injects into ﬁO(Kp)E’l.alg, (we use

here Lemma 4.16). Hence taking the completion we see that the universal comple-

//\
. G G e e Ty
tion WY ® (Indy; %) | yam)*™ of WY @ (Ind,t2) | )™ sits in HO(K?) . But
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because y is unitary, we have

//\
G( S G 0
WY @ (Indg<{g) ) xsm)™ = (ndg<e) ) 0 = @u1pT(pp)a

by which we conclude.

The hypothesis (H3)[p’] (p’ is the prime ideal of T, corresponding to p by our
pro-modularity assumption and Corollary 4.11) says that we have a closed injection

(ppw)a > HO(K?)g[p']

This is clear in our context because p, . is generic and hence IT(py )g is
topologically irreducible (see Theorem 3.1.1(ii) in [3]).

This allows us to conclude. O

We can get a more explicit result by using eigenvarieties. In [9] Emerton
has constructed the eigenvariety X associated to the group G using completed
cohomology. We do not recall here this construction explicitely, but let us mention
that X parametrises (certain) pro-modular representations. Let X[5,]°™ be the
pm-part of the eigenvariety associated to U(n) parametrising ordinary points
(i.e. points associated to ordinary p-adic automorphic forms). In particular every
point x € X[pn]° is pro-modular with respect to T, We denote by A, its
corresponding Hecke character and by p; its associated Galois representation.

The above theorem implies the following result.

CoroLLARY 4.18. Let m be an ordinary non-Eisenstein ideal of T such that
Pm,w IS totally indecomposable and generic for all w|p. Let x be an E-point on
the eigenvariety X[pm]|”"4(E) such that for each place w|p the representation px
is regular and de Rham. Then x is classical.

Proor. Modularity is clear so we need only to comment upon the classicality
of x. It follows under our assumptions by Lemma 4.15 that p, ., has dominant
weights which is enough to conclude that x is classical as it was modular. O

We obtain a similar result (i.e. pro-modularity with additional assumptions im-
plies modularity) for U(2) in [7] in the setting of irreducible Galois representations
(rather than triangular).
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