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The isoperimetric problem
in the Grushin space R*! with density |x|?

He, GUuoQING (%) — ZHAO, PEIB1AO (%)

ABsTRACT — In this paper we study the isoperimetric problem in a class of x-spherically
symmetric sets in the Grushin space R”T! with density |x|?, p > —h + 1. First we
prove the existence of weighted isoperimetric sets. Then we deduce that, up to a vertical
translation, a dilation and a negligible set, the weighted isoperimetric set is only of the

pia
2

form {(x,y) e R"*T1:]y| < Juvesin x| sin®tl(0)de, |x] < 1}.

MaTHEMATICS SUBJECT CLASSIFICATION (2010). 53C17, 49Q20.
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1. Introduction

Manifolds with density, a new category in geometry, arise naturally in geometry as
quotients of Riemannian manifolds, in physics as spaces with different mediums,
in probability as the famous Gauss space and in a number of other places as well
(see [23, 25, 26]).

The isoperimetric problem in Euclidean spaces with density has been investi-
gated with increasing interest in recent years. Given a positive function f on an
n-dimensional Euclidean space, usually called “density”, for any set E of locally
finite perimeter, the weighted volume V¢ (E) and the weighted perimeter Py (E)
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are defined by

Vi(E) :=/Ef(x)dx, Pr(E) := /a*E Fx)dH" 1 (x),

where 0* E denotes the reduced boundary of E, which coincides the usual bound-
ary of E if itis a smooth or piecewise affine set. The theory of finite perimeter sets
and functions of bounded variation in Euclidean spaces with density or in more
general metric spaces with density are studied in [6, 1, 2, 3, 4, 5]. The isoperimetric
problem in Euclidean spaces with density concerns the existence and characteri-
zation of minimizers of

(D) inf{ Pr(E): E € A suchthat Vy(E) = v},

for a given volume v > 0 and for a given admissible sets .A. Minimizers in (1) are
called weighted isoperimetric sets.

One of the first and most important examples is Gauss space, an Euclidean
space with Gaussian density exp(— |x|?). The mathematical interest in the Gauss-
ian density question comes from its wide range of applications in Probability The-
ory and Functional Analysis. Half-spaces are Gaussian isoperimetric sets. Then
the isoperimetric problem in Euclidean spaces with density has been widely stud-
ied. However, in spite of the last advances, the characterization of the solutions
has been achieved only for some densities having a special form or a nice behav-
ior with respect to a certain subgroup of diffeomorphisms, see the related works
[28, 11, 25,7, 9, 15, 10, 14, 27, 8] and reference therein.

On the other hand, in the context of sub-Riemannian spaces, the perimeter of
a Lebesgue measurable set £ C R” is defined via a system X = {X1,..., X3},
2 < h < n, of self-adjoint vector fields in R”, X; = —X ;‘,

2) Px(E) = sup{/ divy pdx: ¢ € CCI(R”;Rh), max |p(x)| < 1},
E

where divy ¢ = —ZLI Xroi(x) = ZLI Xii(x) is called X-divergence
of the vector field ¢ € C!(R";R"). This definition is introduced and studied
systematically in [16]. The perimeter Py is known as X -perimeter (horizontal, sub-
elliptic, or sub-Riemannian perimeter). One important example is the «-perimeter
P, in R"T* = {(x, y): x € R", y € R¥} defined via Grushin vector fields

d d

Xi=—, Yi=|x|—, i=1,....h j=1,...,k,
1 8)(1 J |X| ay] l .]

where « > 0, |x| is the standard Euclidean norm.
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The isoperimetric problem in the Grushin plane R? was thoroughly resolved
by Monti and Morbidelli [22]. Franceschi and Monti [13] studied the isoperimet-
ric problem in a class of x-spherically symmetric sets in the high dimensional
Grushin space R?** h > 1, k > 1. They proved that, up to a vertical translation
and a null set, any isoperimetric set is of the form {(x, y) € R***:|y| < f(|x])}
for some decreasing function f: (0, r9) — R™ which satisfies a differential equa-
tion. Particularly, when k = 1, up to a vertical translation, a dilation and a null
set, any x-spherically symmetric isoperimetric set is of the form

T

3) Eaz{(x,y)eR”“:|y|</2

csin | x|

sin**tl(t)dt, |x| < 1}.

In the respect of studying sub-Riemannian manifolds with density, the weighted
Sobolev and Poincaré inequalities for Hormander’s vector fields were well studied
in [12, 19, 18]. Recently, the weighted isoperimetric and Sobolev inequalities for
hypersurfaces in Carnot groups have been obtained in [17]. As far as we know,
there is very little about the isoperimetric problem in sub-Riemannian manifolds
with density.

In this paper we will consider the Grushin space R**! with a certain density
and study the isoperimetric problem in a class of x-spherically symmetric sets.
It is well known that the existence of weighted isoperimetric sets depends on
the form of the density. So the choice of the density is very important. Here we
endow the Grushin space R”**! with density f = |x|?, p > —h + 1. Following
the classical approach by De Giorgi, we define the weighted «-perimeter of a
Lebesgue measurable set £ in R?*! with density |x|? as follows:

Pug(B) = sup { [ diva(lxPP (e, vy o < CLRMRI),
E

“4)
max |p(x, y)| < 1},
where
ad ad i
dive ¢ := X101 + -+ Xpop + Yop41 = 991 NI 9%n + Mdﬂ
0x1 oxp, dy

is called a-divergence of a vector valued function ¢ € C'(R"*+1; R +1).

The weighted volume of a measurable set £ in R"*! with density |x|? is
defined as

5) Vi) = [ Ixprdxay.
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We will study the existence and characterization of minimizers of

(6)
inf{Py,7(E): E C R+ is an x-spherically symmetric set with Vi(E) = vo}.

Minimizers in (6) are called weighted x-spherically symmetric isoperimetric sets.

Though the density |x|? is simple, it has some interesting properties. Since
|x|? is homogeneous, we can prove that the weighted perimeter measure and the
weighted volume measure are (d — 1)-homogeneous and d-homogeneous with
respect to a dilation 83 (x,y) = (Ax,A*Tly) (VA > 0), respectively, where
d =h+ 1+ a+ p.So the minimizers in (6) are just minimizers of

Py r(E)
inf {L() E C R"*1is an x-spherically symmetric set with

) Vr(E)4!

0 < Vy(E) < +oo}.

On the other hand, for every x-spherically symmetric set £ in the Grushin
space R"**! with density |x|?, whose generating setis F C Rt x R, we have the
following reduction formulas:

Po,f(E) = hwp Q(F),  Vy(E) = hwpV(F),

where the definitions of Q(F) and V¢ (E) are introduced in Section 2. Then (7) is
equivalent to

O(F)?

®)  hoyinf |- i

. F C R* x Ris a set with 0 < V(F) < +oo}.
Minimizers in (8) are called Q-isoperimetric sets. Thus the isoperimetric problem
in the class of x-spherically symmetric sets in the Grushin space R**! with
density |x|? is turned into the Q-isoperimetric problem in R* x R, which can be
studied by using the argument in [20].

Our main result in this paper is as follows:

TueoreM 1.1. In the Grushin space R**1 with density |x|?, p > —h + 1, the
infimum in (6) is attained. Up to a dilation, a vertical translation and a negligible
set, the weighted x-spherically symmetric isoperimetric set is only of the from

b/

©) &={wweﬁﬂwﬂ</2

resin | x|

sin® T (r)dt, |x] < 1}.

Here, by a vertical translation we mean a mapping of the form (x, y) — (x, y+ o)
Jor some yy € R.
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Remark 1.2. Using Theorem 1.1 we can get a weighted isoperimetric inequal-
ity in the Grushin space R*! with density |x|?. Namely, let E be any measurable
set with finite weighted volume in the Grushin space R"*! with density |x|?,
p > —h + 1. Then we have

1

Vy(E) = %(hwh)‘ﬁ [2/07(sint)h_ﬁpwdz}_d_1 [Po s (E)]7ET.

Remark 1.3. When & > 1 and p is zero, Theorem 1.1 is exactly a result in [13].

RemARKk 1.4. In the case of @ = 1, following the argument of Proposition 2.3
in [13], we also have Py r(E) = P, r(E) for any z-spherically symmetric set
E where Py s (E) denotes the weighted horizontal perimeter in the Heisenberg
group H” with a horizontal radial density f(|z]) = |z|?. So by Theorem 1.1, we
derive that up to a Heisenberg dilation, a vertical translation and a negligible set,
any weighted z-spherically symmetric isoperimetric set in the Heisenberg group
is a Bubble set, i.e.,

1
Eisop = {(z,l) € H": 1] < 5[ arccos |z] + [z]y/1 - |z ]. |z| < 1}.

The paper is organized as follows. In Section 2, we give some definitions and
deduce reduced formulas for the weighted a-perimeter and the weighted volume
of x-spherically symmetric sets in the Grushin space R"*! with density |x|?.
In Section 3, we rearrange the generating sets in the half-plane R™ x R by the
rearrangement techniques in [20], and prove the existence of Q-isoperimetric
sets. In Section 4, we use a variational method to obtain the equation of weighted
isoperimetric sets.

2. The reduction formulas of the weighted a-perimeter and weighted volume

For any open set A and m € IN, let us denote the family of test functions

Fn(A) ={p = (@1.....0m) € CH(AR"): |¢llo = max [p(x,y)] <1}
(x,y)eA

For a fixed real number « > 0, the Grushin vector fields in R?*! are given by

0 d
Xi=—, Y=xI—, i=1,...,h,
0x; ay
where |x| is the standard Euclidean norm. For any function ¢ (x,y) € CL(R"+1; R),
the a-gradient of ¢ is given by

V(x¢ = (X1¢1 e '7Xh¢’ Y¢)
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The «-divergence of a vector field ¢ = (¢1,...,¢p4+1) € CHRITL; R is
defined as
dive ¢ = X191 + -+ Xnon + Yon41.
Let f = e? be a smooth density on the Grushin space R**!. The weighted vol-
ume measure on R"*1 is defined as dv; = e?dxdy. Forallp € C'(RFFT1; RFHY),
we define the weighted a-divergence of ¢ as

dive, 7 ¢ = divg ¢ + (¢, Vo),

where (-, -) denotes the standard scalar product.
In the sense of De Giogi, the weighted -perimeter of any Borel set E is defined
as

(10) Py r(E) = sup {/ divy, 7 cp(x,y)dvf}.
peFp RAT) LJE
Since divy, r ¢(x, y)dvs = dive(e?@(x, y))dxdy, equation (10) is equivalent to
an Pas®) = s | [ divitetot dsay
9€Fpp (RATY) LJE

Now we endow the Grushin space R"*! with the density f = |x|?, p >
—h+1.By (11), the weighted a-perimeter of a measurable set E ¢ R"*+ is given
by
@ r@= s [ dvaetdsay|.

peFp 1 RAT) LJE

If Py r(E) < +o00, the set E is said to have finite weighted a-perimeter. The
weighted volume of a measurable set E C R"*! is given by

(13) Vf(E)=/E|x|pdxdy.

For a set E C R"*! with Lipschitz boundary, the outer unit normal N¥ =
(NE, NE)is defined at 3*-a.e. point of dE. The vector field NF = (N, [x|*NF)
is called the o-normal to JE.

Following the argument of Proposition 3.1 in [21], we have the following
proposition.

ProrosiTioN 2.1. Let E be a bounded open set with Lipschitz boundary in the
Grushin space R+ with density |x|?, then the weighted a-perimeter of E is

(14) Po(E) = / INE||x|Pd 5,
0E

where H" is the standard h-dimensional Hausdor{f measure.
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Remark 2.2. The formula (14) holds also in the case of general density.

Setting d = h + o + 1 + p, the weighted volume and the weighted o-
perimeter are d-homogeneous and (d — 1)-homogeneous with respect to the
dilations (x, y) > 8, (x,y) = (Ax, A%*1y) for any A > 0, respectively.

PropOSITION 2.3. Let E be a measurable set in the Grushin space R+ with
density |x|P. Then we have

(i) Vr(Bu(E)) = A9V (E),
(ii) Po,r(82(E)) = 2971 Py s (E).

Proor. (i) The formula is directly obtained by the definition of the weighted
volume.

(ii) Assuming that ¢ € Fj,1(R"*1), we have
/8 el ot dxdy
A

/ME) Z8xl(|x|1’¢)z(x ¥)) + [x1%0y (|1x1P g1 (x, y))]dxdy

:/mm[z”' o )

h
+ Y 610, i (. 3) + x40y g (x. 1) | dxdy
i=1
h

AE; h
= /E [ZPM?V’_IM?%‘ 08 (&,n) + Z |AE|P(0x; 0i) 0 8, (E, )
i=1 i=1

RGP Dygnin) © 2 (6 ) Mo g

Tel”
o [£17 0y (pn1 © 626 0) |dEdn

_ jhtatp /E diva ([&]7 (¢ 0 83)(E. m)d&d.

h h
= [ e[S plelr Tt a6 + 3 78 G 0 526
i=1 i=1



248 He, G. — Zhao, P.

Obviously we have ¢ o §; € F,41(R"T1). Taking the supremum over test
functions we have
Po s (81(E)) < A% Py s (E).

The converse inequality is obtained in the same way. |

We say a set E C R"! is x-spherically symmetric if there exists a set
F Cc R* x R such that

E ={(x.y) e R"*": (x|, y) € F).
The set F C R™ x R is called the generating set of E.

ProrosiTiON 2.4. Let E be a measurable x-spherically symmetric set in the
Grushin space R\ with density |x|P. Assume that E has finite weighted o-
perimeter and let F be its generating set. Then we have

15 PusBy=han s | [ @67y yajaray
veFr,(RTxR) \/F

where wy, denotes the Euclidean volume of a h-dimension unit ball.
In particular, if E has Lipschitz boundary then we have

(16) Py r(E) :ha)h/ (NF re NP =14 a5 (1),
oF

where N¥ = (NF, NyF ) is the outer Euclidean unit normal to the boundary 0F
and J' denotes the 1-dimensional Hausdor{f measure.

Proor. We call

O(F)=  sup { /8 BT+ r"—1+“+Payw2]drdy}

YeF(RTxR)

the Q-perimeter of the generating set F in R* x R.

Step 1. We claim that if E is a x-spherically symmetric set generated by the
set F C R* x R and has finite weighted a-perimeter, then we have Py _r(E) >
howp Q(F).

For any ¢ € F,(RT x R), we define the test function ¢ € F,4; (R"*1) as

o, 9) = (Sl ), ¥a(x], 7)), for x| £0,

x|
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and
¢(0,y) = 0.

Foranyi = 1,...,h and x # 0, we have

1 X-2 x.2
O01003) = (17 = 15 )V 0) + Tz (el ),

dyen+1(x,y) = dy¥a(|x], ).
Then we have

17)
dive (Ix[P@(x, ) = [x]? dive ¢ + (@, Va|x|?)

h
= [x17 (32 85,01 (21 3) + ¥ 8y ns (151, )) + plel? ! (. Vel
i=1
h—1 .
= P [l + 0 llel ) + ey v (. )]
+ plx[P7 g (Ixl, y)
= (h= 1+ Py (x], ) + 170,y (], 3) + 121770, 921, ),

For any y € R, we define the section F, = {r > 0:(r, y) € F}. Using Fubini
theorem, the symmetry of £, the Coarea formula and (17) we obtain

/ dive(|x|P@)dxdy
E

— [ [ [ To= 14 pel el )+ 1170 (el )
R JFy J|x|=r
+ xlP By vl ) A9 (x)drdy

(18) = /R/Fy hopr"[(h =14 p)yrP= Wi (r, y) + rPd, 91 (r, y)
+ rp+“8y1p2(r, y)]drdy

= ha)h/]R/F [0, (A= TPy 4 ph=1FPTeY o ldrdy
y
= hwy, /F[a,(rh—lﬂ’wl + ph1rPrey nldrdy.

Taking the supremum over all v € F,(R* x R) of the right side of (18), we obtain

Po,f(E) = hop Q(F).
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SteP 2. We claim that when E C R**! is a x-spherically symmetric set with
smooth boundary, it holds P, s (E) < hw, Q(F).

The unit outer normal N = (N, NF) is continuously defined on 9E. At
points (0, y) € dE, we have NE (0, y) = 0 and thus NE (0, y) = 0. Forany ¢ > 0
we consider a compact set K C dE\Y, where Y = {(0, y) € R"*!,y € R}, such
that

(19) / INE||x|PdH" < e.
AE\K

Let H C R* x R be the generating set of K. By standard extension theorems,
there exists ¥ € F>(R* x R) such that
(NF.reNf)
|(NrF’ rOtNyF)| )

Setting ¢(x, y) = (fg¥1(Ix[. ). ¥2(Ix]. y)) for [x] # 0 and (0, y) = 0, then
we know ¢ € Fj,1(R"*"). And we have
NE(x,y)
INE (x. y)

By the definition of Q(F), the identity (18), the divergence theorem, (19)
and (20), we have

y(r,y) = for (r, y) € K.

(20) p(x,y) = for (x, y) € K.

hopQ(F) > ha)h/ [0,(r" =14 Py + ph=1¥etPy yoldrdy
F
- / diva ([x|7(x. y))dxdy
E

- / x|? (@, NE)d 3¢
0E

NE
— [ (R NEJas + [ lxiPtg. NEYase
K [Ny | DE\K

> / Ix|?|NE|d " — 26
IE
= Py r(E) —2e.
Letting ¢ — 0, we get hw, Q(F) > Py, r(E).
Step 3. The general case hw, Q(F) > Py, r(E) follows by the approximation
argument as in [20].

Starting from (15), the formula (16) is obtained by using the divergence theo-
rem and taking the supremum. O



The isoperimetric problem in the Grushin space R”*! with density [x|? 251

Using the spherical coordinates, we obtain the reduction formula of the
weighted volume for x-spherically symmetric sets £ in the Grushin space R/*!
with density |x|?, i.e.

Vf(E)=/ |x|Pdxdy
E

+oo ptoo
= / / / |x|PdH" 1 (z)drdy
—oco JO |x|=r

+o0 p+o0
= / / hopr" 4P drdy
—00 0

=ha)h/ P drdy.
F

Letting V(F) = [ r*='*Pdrdy , then we have Vy(E) = hw;,V(F). Moreover
we have
Pr(E) O(F)?
=1 = hon -1
Vy(E) V(F)

Thus the weighted isoperimetric problem (7) is turned into

O(F)?

@) heyinf { L

F C R* x R with 0 < V(F) < +oo}.
Minimizers (21) are called Q-isoperimetric sets.

It is easily verified that Q (F') and V(F) are invariant under Euclidean vertical
translations of the form (r, y) — (r,y + yo), for some yo € R. Q(F) and V(F)
are homogeneous with respect to dilations 8, (r, 1) = (Ar, A%*1¢) for any A > 0.
Namely, we have

Q@u(F)) = A71Q(F),  V(6a(F)) = 2/V(F).

3. Existence of Q-isoperimetric sets

In this section we first rearrange the generating sets F by using the rearrangement
technique introduced in [20]. Then we prove the existence of Q-isoperimetric sets.
By the homogeneity of Q(F) and V(F), we can define the constant

(22) C; =inf{Q(F): F Cc R" x R with V(F) = 1}.



252 He, G. — Zhao, P.

THeOREM 3.1. The infimum in (22) is attained and any Q-isoperimetric set F
satisfies:

i) up to a L?-negligible set, F = F* := {(r,y) € RT x Rir < g(y)} where
g:R — [0, +00] is a nonnegative function;

ii) the sections F, are intervals for Llae reRT;
iii) F is bounded. In fact it holds

FC {(rvy) € R+ xR:0<r < (MQ(F)>”+“+P
23) AN

for some yg € R.

Proor. We will complete the proof by three steps.

Step 1. Since V(F) < +o0, by Fubini theorem we know
1
h(r) = ELI(FV) € Lll()c(RJr)’

where F, = {t € R:(r,t) € F} is a section. So we can rearrange the set F using
the Steiner symmetrization in direction y. Namely, we let

*={(r,y) e Rt xR:|y| < h(r)).
By Theorem 3.2 in [20], we have
Q(F*) < Q(F),

and the equality Q(F*) = Q(F) implies that F, are intervals for £'-a.e.r € RT.
Moreover we have

V(F*) = / r"="*Pdrdy

+oo
/ dr/ h— 1+pdy

(24) / h 1+pL (F )dr
0

+o00
/ rh=1+pr gy dy
0 F,

V(F).
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Assume that F = F* and Q(F) < 4o00. We rearrange F in the coordinate
r using the function r#~1+2+? Namely, we define the function g: R — [0, +00]
via the identity

g(»)

1
25 h+a+p —
(25) —g(y) /0

rh—1+a+pdr — / rh_1+“+pdr.
h4+a+p Fy

Let Ff = {(r.y) e Rt x R:0 < r < g(y)} By Theorem L5 in [20], we
know Q(F ) < Q(F) and moreover, if Q(Fl) = Q(F), then F = Flﬁ, up to a
L2-negligible set.

Using Example 2.5 in [20], we know that for any measurable set F,, C R™, for
any p > —h + 1, it holds that

h+p

1
=T+a¥p
(26) [(h + o+ p) rh—1+a+pdr] 2 . [(h + ) rh—1+pdr]

Fy Fy

By (25) and (26), we get

@7) /F ﬁ

1y

rh_1+pdr2/ P
Fy

and (27) is an equality if and only if F), = F fy = (0,g(y)), up to a £L'-negligible
set.

Using (27) and Fubini theorem we have V(F lﬂ ) > V(F), with equality if and
only if F = F lﬂ , up to a £2-negligible set.

Setting A = (;gu)))d <1land F# = SA(Flﬁ), we have

V(F*) = V(F)

and

Q(F%) = 71 Q(Ff) < O(F)) < Q(F") < O(F).
Moreover, if Q(F*#) = Q(F), then it must A = 1 and Q(Flﬁ) = Q(F). Thus we
have F = F*, up to a £2-negligible set.

Step 2. Assume that F = F* and the sections F, are intervals. We claim that

F C {(r’y)ER+XR:O§r§ (h+a+pQ(F))h+a+p
2 \h=ltp Q(F)MHP
Iy—yo|§<h+p> W}

for some yy € R.
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Up to a £L2-negligible set, the set F is of the form
(28) F={(ry)eR"xR:0<r <g(y),yecR}

for some function g: R — [0, +o0] which is decreasing on (yg, +00) and increas-
ing on (—o0, yg) for some yy € R. Set

M = sup g(y).
y€R

By the definition of Q(F), we have

O(F)>  sup / PPy (7, y)drdy
YeF (Rt xR) JF

> sup / Ph=1tatry y (y)drdy
YveFI(R)JF

o0
> / phlrets gup 9, (¥ ()dydr
0 veF 1 (R) J{g(y)>r}

_ 2/00 rh—1+a+pdr _ 2Mh+a+P.
0 h + o+ p

Then we get the estimate

(h+a +p)Q(F)]m
. .

On the other hand, the set F in (28) is also of the form

(29) M=

F={ry) e R" xR:k(r) <y <h(r),r e RT}

for some functions k,h: Rt — [—o0, +00] such that & and —k are decreasing,
thanks to F = F¥ Moreover, we can assume that i1(r) = k(r) = y, for all
r > M. Thus by the definition of Q(F'), we have

O(F)=  sup / 0, (P (r, y))drdy
veF (RTxR) /F

> sup (h(r) — k()3 (r" TPy (r))dr
yeF (RT) JRT
> lir(r)1+(h(r) —k(r))M* 1P,

Then we get

F
(30) [y = 3ol = lim (h(r) = k(")) < %-
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From (29) and (30), we know

0(F) o 1

31) F CR:=[0.M]x [y0— 2550+ o5

Now from (31) we have

20(F)
h+p

V(F) < V(R) = / PP drdr = M.
R

Thus we get an estimate from below for M:

_ i+ pV(F)
- T200F

Finally from (29), (31), and (32) we get (23).

(32)

StepP 3. We claim that the infimum in (22) is attained.
Let {F} };jen be a minimizing sequence for (22). Namely, let

V(F) =1, lim Q(F) = Cr >0,

By Step 1, without loss of generality we can assume that every set satisfies
Fp = F* = Fjﬁ. So we let F; = {(r,y) € RT x R:|y| < hj(r)} for some
function i;: R*™ — [0, 4+00] which is decreasing on (0, +oc]. By Step 2 functions
hj are uniformly bounded and moreover, there exists ro > O such 4; (r) = 0 for all
r > ro and for all j € IN. So there exists a subsequence of {/,};en, still denoted
by {h;}, such that lim; .o hj(r) = h(r), for all r > 0 and the function /(r) is also
decreasing. Let

F ={(r,y) e R" xR:|y| < h(r),r e R"}.
By the dominated convergence theorem, we have
V(F)= lim V(F;)=1.
Jj—>+oo

1

Moreover, XF;, —> XF in L

perimeter, we have

(RZ). Then by the lower semicontinuity of the

O(F) < lim inf Q(F}) = Cr.
j—o00

By the definition of Cy, we have Q(F) = Cjy.
Now let F be any Q-isoperimetric set. By Step 1, F satisfies F = F¥ and the
section F, are intervals for £!-a.e. r > 0. By Step 2, the set F satisfies (23). O
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4. Characterization of weighted x -spherical symmetric isoperimetric sets

In this section we give the main result and use the variational principle to finish
its proof.

THEOREM 4.1. In the Grushin space Rt with density |x|?, p > —h + 1, the
infimum in (6) is attained. Up to a dilation, a vertical translation and a negligible
set, any weighted x-spherically symmetric isoperimetric set is of the from

T

(33)  Ea- {(x,y) eRM iy < [

resin | x|

sin® T (r)dt, |x] < 1}.

Here, by a vertical translation we mean a mapping of the form (x, y) — (x, y+ o)
Jor some yy € R.

Proor. By Theorem 3.1, the infimum in (22) is attained ata set F C R x R.
By the homogeneity of Q(F) and V(F), the set F is also a minimizer for (21).
In the following we will compute the Q-isoperimetric set F' by the variational
method.

Let F C Rt x R be a minimizer for (21). By Theorem 3.1, up to a negligible
set and a vertical translation, the set F is of the form

(34) F={(r,y) e RT xR:|y| < h(r),r € (0,70)}

where h:(0,r9) — (0,+00) is a decreasing function, for some ry € (0, +o0].
By the regularity theory of isoperimetric hypersurfaces (see [24]), the boundary
OF N (RT x R) is a curve of class C®. By (16) we have

Q(F) = /BF | NrF,raNyF)|rh_l+de{1(r, ¥),
where (NF, NyF ) is the outer unit normal to dF. Thus by (34) we get

ro
O(F) = 2/ VI (r)2 + r2erh=1trqr,
0

ro
V(F) =/ r"IPdrdy = 2/ h(ryrh=1*r gy,
F 0

Forany ¢ € C2°(0, o) and ¢ € R, we consider perturbation /1 + ¢, and define
the set F, = {(r,y) € Rt x R:|y| < h(r) + ey (r)}. Then we have

Q(g) = Q(Fg) = 2/r0 \/(h/ + gw/)Z + r2(xrh—l+pdr’
0
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ro

V(e):= V(F,) = 2/ (h + ey)r" P4y,
0
Since F is a Q-isoperimetric set, we have

d Q(F)? _ dO() ' Q'(e)V(e)! ' — (d = 1) Q(e) V()! 2V (e)

dele=0V(F;)4-1 V(g)2d—1) £=0
=0.

It follows that

0'(0)— KV'(0) =0, where K = %%

ie. ro e
0 /(h/)2 + r2(x
Using the divergence theorem and the fact that v € C£°(0, ro) is arbitrary, we
deduce that h solves the following second order ordinary differential equation:

ro
rh=1+r gy =/ Kr' =1 Pydr.
0

h/rh—1+p / he14
— _pph-14p
(35) ( —— r2a) — —Krhir,
We integrate the equation (35) on the interval [0, r] and get
n K D
(36) =

Jiiira htp e
where D is some constant.

Because of p > —h+1, we deduce that D = 0. In fact, the left-hand side of (36)
is bounded as r — 0T, while the right-hand side diverges to +o0 according to the
sign D # 0. So (36) is

h' K

37 __ |
7 e e

By a dilation of the set F, we can assume that K = /& + p. Noting that »’ <0,
we have

a+1

V1—r2
From (38) we know the function 4’ is defined on the interval (—1, 1).

On the other hand, because dF N (R* x R) is of class C*, it must be 4(1) = 0.
With this condition, the solution of equation (38) is

(38) h(r)=-—

1 jotl z
h(r) =/ ds =/ sin*ti(t)de, r < 1.
r 1 —1¢2 arcsinr
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So the weighted x-spherically symmetric isoperimetric set £ generated by F
is the form

T

2
Ea = {(w) R < [T et odr, 6] < 1}. -
ar

csin | x|
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